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Approximation Properties of Some Multivariate 
Generalized Singular Integrals in the Unit 

Polydisk* 

George A. Anastassiou and Sorin G. Gal 
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University of Oradea 
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Abstract 

The aim of this paper is to obtain several results in approximation 
by Jackson-type generalizations of multi-complex Picard, Poisson-Cauchy 
and Gauss- Weierstrass singular integrals in terms of higher order moduli 
of smoothness in polydisks. 

AMS 2000 Mathematics Subject Classification : 30E10, 32E30, 41A25, 
41A35. 

Key words and phrases: Generalized multi-complex singular integrals, Jackson- 
type estimates, global smoothness preservation. 

1 Introduction 

Let us consider the open polydisk D m , where D = {z E C : \z\ < 1}, m e N, and 
A(D ) = < f : D — > C; / is analytic with respect to any variable Z\, ... , z m £ 

D, continuous on I? >. Therefore, if / <G A I D ), then according to e. g. [3], 
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Theorem 2, p. 65, we can write 

f(z u ...z m )= E 



DC 

Q%\ : ...,i n 
ii.....i m —0 



for all zi, . . . , z m £ D, m £ N. 

For f £ A(D ) and £j G K, ^ > 0,j = 1, ...,m, let us consider the 

multivariate variants of the Jackson-type generalizations of Picard, Poisson- 
Cauchy and Gauss- Weierstrass singular integrals given by 

^ , n,ii,...,u(/)(^l'---' 2: m) 

1 n-\-l / _i_ 1 \ /"OO /-OO 

— - — E^n t )/ •••/ /(*ie tt » i ,...,w tt "") 



nr=i( 2 ^ 



■ JJe-l"^/^ d Ul ...du m , 

3 = 1 
Qn,( 1 ,...,u{f){Zl,---Zm) 



■i "+ 1 / i 



lL m =i 



2 +„„-! ( JL 1 ^-f V fc 



E(-! 

/(«ie ifcui ,...,« m e ifcu ») 



rf«i . . . dit m , 



nr=i(«l+a 

W ",«l,...,? m (/)( 2; l:---' Z m) 



n+1 



I /<n -1- 1 \ /*°° /*°° 

= - W2n « li0 E(- 1 ) fc ( v fc )J_ oo ---J_ oo 

m 

I ( Zl e^ ,..., z m e iku ™) J] e- u ?/«? d«i . . . du m , 
i=i 

Zi £ D, i = l,...,m, with n e Nlj{0}, m £ N. 

In [1] we have obtained approximation results for the above singular integrals 
in the univariate case m = 0. On the other hand, in [2] we proved approximation 
properties of the above complex multivariate integrals in the case when n — 0. 
The aim of the present paper is to obtain similar results for arbitrary n, m £ N. 
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2 Mult i- Complex Generalized Picard Integrals 

In this section we study the approximation properties of the multicomplex sin- 
gular integral P„ ;?li ...^ m (/)(z 1 , . . . , z m ). 

Theorem 1. Let f e A I D ) and ^ > 0, j = 1, . . . , m. We have : 
(i) P n gj £ m (/)(zi> . . . , z m ) is continuous on D and analytic on D m . 

(ii) wi (P^r,...,u(/);*i.-- ■.y B ™ < ( 2 " +1 - 1) wi (/;*i, • • A)b" , 
/or aZZ £j > 0; j = 1, . . . , m, where 

wi (/;<5i,...,<5 m ) 5 ™ = swp{|/(ui,...,w m ) - /(vi, . . . , v m )\\ \uj - Vj\ < Sj, 

j = l,...,m}. 



< 



I P ",«1,...,U(/)( 2; 1' ■■■,Zm) ~ f (Zl, ...,Z m )\ 

-i m 
. 1\ 

W n +1 (/;$!,■•■ !Cm)(9D)» 






.fc=0 



/or oH £j > 0, j = 1, . . . , m, and Zj G D, where dD denotes the boundary of the 
disk D and we define 

Wn+l(/;£li • ■ • >£to)(&D)™ 

= sup{|AS+ 1 .. iUm /( e te S . . . ,e fa ™)| : 1^1 < tt, | Uj -| < &•; j = 1, • • • ,m} , 

wzi/i z 2 = — 1 and 

AS 1 + 1 .. >Um /(e tel ) ...,e fa ") 

n+l / _|_ 1 \ 

= ^(-l) n+1_j I ) / (e^ Xl+iui \ . . . , e i ( x " +J ' u "')) , n e N. 

i=o \ 3 J 

Proof, (i) Because Pn,£i,...,f m (/) can be written as a linear combination of 
usual multivariate-complcx Picard singular integrals proved in [2] to be contin- 
uous on D and analytic on D m , the continuity on D and analyticity on D m 
follows immediately. 

(ii) Let z\j, z 2 .j £ D, \z± j — z 2 j\ < 5j, for j = 1, . . . , m. We obtain 

|- P n,{ 1 ,...,«m(/) ( Z M> • • • J z l,m) ^ P n,ii,...,u(f) ( Z 2,U ■ • ■ , Z2,m)| 
n+l 



- nr=i(^) £i v fc 



OO /"OO 



l/(*l. 



1° > • • • ; • i l,r?i c - 



-/ (z 2A e iu \. . .,z 2 , m e iu ™)\ jje-l^l/^d«i ...d«„ 



i=i 



/n+l 



< Wl (/; \Z1,1 - 02, l|, • • • , kl,m ~ Z 2 . m \)pm y^ 



\fe=l 



n+l 
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)D m > 



<{2 n+1 -l)u; 1 (f;5 u ...,6 m ) 1 

proving the claim. 

(iii) By the multivariate maximum modulus principle, see e.g. [4], p. 23, 
Corollary 1.2.5, we can take \zj\ = 1 for j = 1, . . . ,m, i.e. Zj — e lXj , \xj\ < it, 
and it is enough to prove the result on the boundary (dD) m . 

We have that 



/ (zi, ...,Z m )- Pn,£ u ...,u(f) ( Z l' • ■ ' i Z ™) 
-j /*oo poo 



nr=i(^-) 






(_l)n+l A n+l ]Um/(zi) _ __ )Zm) 

f[e-^^du 1 ...du m . 



j'=i 



Hence 



I-Pn.li.-.UC/)^!! • • • i z «0 _ Z( Z 1' 



< 



-i /*00 /-00 m 

= r — — / .../ |AS^.. iUm /(«i,...,« m )|ne- |Uil/£j d«i.-.d« 

llj=l^SjV J-oo J-oo • 1 



ij=l'-V; 
< 



nr= 1 (2^1o '"lco n+1 V' 6 " 

m 

JJ e -|^l/«j d Ul ...du r 



(3D)" 



Wn+l (/;£l> • ■ ■ !?m)(3D)' 



n+1 



/>oo />oo 



nr=i(2o 

m 

. JJ e -M/& dui...du m < 



'— oo J— oo \ =1 Sj 



w n+l (/;Cl; • ■ • >£m) 



j = l 



n™i(2o 



(9-P) r 



/•CO /*00 

— oo J — oo 



1 n+1 



J = l 



n(i + |i 



JJe -1 "* 1 ^ d Ul ...du r 

3 = 1 



m 1 /*oo / I I 

= Wn+l(/;6.'--i?m)(8mm}| oT / 1+ "f ? " 

„_1 Z Sj J-oo V ?? 



in 



= bJ. 



i+i (f;€i, ■ ■ ■ >£m)(a£))m _[_[ 

(according to e. g. [1, p. 427]) 



'■•j J -co 

1 r 00 






n+1 



n+1 



-i«ji/e*d„. 



-»*& dm 



w n+l (/>£l> ■ ■ • >£m) 



(3D)- 



"n+1 

E 

.fc=0 



n+1 



fc! 



proving the claim. 



D 
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3 Mult i- Complex Generalized Poisson-Cauchy 
Integrals 

In this section we study the approximation properties of the multicomplex sin- 
gular integral Qn,|i,...,£ m (/)(-Si, •■■> z m )- 

Theorem 2. Let f € A ( fl™ j and £j > 0, j = 1, . . . , m. We have : 

(*) 0n,6.->u(/)( 2 i) • • • ' z ™) * s continuous on D and analytic on D m . 

(ii) vi(Qn,ti,...4 m (f);8i, ■ ■ • > <Sm)B~ ^ ( 2 " +1 - !) w i (/: *!.•■■. <Uu m . 
/or aZZ £j > 0, j = 1, . . . , m. 

l<3n,6,-,«m(/)(^l> ■ • ■ > z m) - f {Zl, ■■■,Z m )\ 



< Y[K(n,tj) w n +i(/;£i, ••-,&«) (5) 

/or aZZ £j > and Zj e D, j = 1, . . . , m. 
Here 



/an- ] ( ^ 



Proof, (i) Because Qn.£ 1 ,...,£ m {f) can be written as a linear combination of 
usual multivariatc-complcx Poisson-Cauchy singular integrals proved in [2] to 
be continuous on D and analytic on D m , the continuity on D and analyticity 
on D m follows immediately. 

(ii) Let Zij, Z2,j € D, \zij — Z2,j\ < Sj, for j = 1, . . . ,m. We obtain 



\Qn,i u ...,u(f) (^1,1' • • • ' *1,"0 - Qn,£i,...,u(f) ( z 2,l 

, n+1 



,Z2,m)| 



< 



E 



ra + 1 



nr=i [s tan_1 (£ )j s 
nr=i(«?+a 

w l (/j l z l,l — z 2,ll J • • • pl,m — 2; 2,m|)j5" 



dtti . . . <iu r . 



< 



roii 



A ton -1 £ 



/n+1 

E 



n+l 



dui . . . du n 



(2™ +1 - l) Wl (/; 1-21,1 - Z2,l|, • • • , |zi,m - Z2,m\)^r, 
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n 



[{(^tan-^ir/^)) [L* vj + £ 



duj 



_ ^2™+! _ l) Wl (j" ; | Zl (1 _ ^ 2)1 | ; . . . j \ Zlm _ Z2,m\)D m 

proving the claim. 

(Hi) By the multivariate maximum modulus principle, see e.g. [4], p. 23, 
Corollary 1.2.5, we can take \zj\ = 1 for j = l,...,m, i.e. Zj — e lXj , \xj\ < ir, 
and it is enough to prove the result on the boundary (dD) m . 

We observe that 



/ (zi, . . . , Z m ) - Qn,t u ...,uU) ( Z l' ' • ' i Z m) 




— TV J — TT 



nr=i(«?+^) 



dui . . . du m . 



Hence 



\Qn,t lt ...,u(f)( z i>- ■ ■ > z «0 _ /(zi' 
1 



/■7T /'TT 



< 






nr-ite*"- 1 ^ 



-71 J —-K 



t-i ^7i?i-^-)-- 



,6 



|«ml 






(3£>) r ' 



-dui . . . dw r , 



nr=i fe 



ton- ] ( I 



/— 7T J —7t 



n+1 



1 4- 'S^ m Mi 

s 7 5 ; ts\ clui . . . au m < 

,=1 1", 2 + e 2 ) 



1 + 11,7=1 g 3 

n™r(- 2 +C 



J n+1 (j! SI) • ■ • i?m)(8fl)« 

n+1 



/— 7r J —Tr 



-dui . . . du r 



= LU 



m 

i+l (Zi SI) • • • ) SmJ(aD)"> J_ j 
.7=1 



1 \ n+1 



ftan-Mf 



- 1+^ 



-7T U j + Sj 



-du„ 
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(according to c. g. [1], p. 428) 



= w„+i(/;£i,...,£ m ) (aD)m [ Y[K(n,£j) 



proving the claim. 



D 



4 Mult i- Complex Generalized Gauss- Weierstrass 
Integrals 

In this section we study the approximation properties of the multicomplex sin- 
gular integral W n ^ u .... im (f)(z u . . . , z m ). 

Theorem 3. Let f g A I D™ J and £j > 0, j = 1, . . . , m. We have : 

(i) W n £ t j m (/)(-2i; • • • i Zm * s continuous on D and analytic on D m . 
(ii) Ul \WnZ..., u (/);&,..., Smh™ < (2" +1 - 1) wi (/; S u . . . , <Uu™ , 
for all £j > 0; j = 1, . . . , m. 
fizz) 7i ZioWs 



|W / „ i4l ,... !Cm (/)(zi,...,z m ) -/(zi,...,z m )| < 



(l + w)™ + e~" du 



"Wn+l (/>£lj • ■ ■ >£ro) 



(3D)'- 



/or aZZ £,• > ond Zj € D, j = 1, . . . ,m,. 

Proof, (z) Because W / n,{i,...,^ m (/) can be written as a linear combination 
of usual multivariate-complex Gauss- Weierstrass singular integrals proved in [2] 
to be continuous on D and analytic on D m , the continuity on D and the 
analyticity on D m follows at once. 

(ii) Let Zij, Z2,j € D, \zij — z 2 ,j\ < 6j, for j = 1, . . . ,m. We obtain 

\ W n,i!,...,u(f) (^1,1' • ' • ' Z l,m) _ W n,«i,.-,? m (/) (^2,1) • • • , Z2,m)| 
n+1 



< I y n + l 



OO fOO 



— oo J — OO 



(/(zi^e 1 ,...,zi tTn e m ) 



-f(z 2A e iu \. . . , z 2 , m e iu ™)\ l[ e- u V$ dui ... du r , 

3 = 1 



< Wl (/; |zi,l - 02,1 1, ■ • • , |zi,m - 2 2,m|)5 



/ra+1 

E 



n+ 1 



/OO /-OO m 

" / n e ""' 2/ ^ du l--- du r, 

-OO J —OO -_i 
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= (2™ +1 - l) Wl (/; |zi,l - Z 2 ,i|, . . . , |zi, m - Z2,m\)D m 

<{2 n+1 -l)w 1 (f;6 1 ,...,6 m ) 15 m, 

proving the claim. 

(m) By the multivariate maximum modulus principle, sec e.g. [4], p. 23, 
Corollary 1.2.5, we can take \zj\ = 1 for j = l,...,m, i.e. Zj = e* x ^, \xj\ < ir, 
and it is enough to prove result on the boundary (dD) m . 

We have that 

/ Oi, . . . , Z m ) ~ W n ^ u .... im (f) (Zl,..., Z m ) 



1 



n+1 



/(zi,. .. , z m ) + ^ m/2 m 2^1 ^ 



/OO /-C 

-oo J — OO 

1 



w'n™^ 



/(Zle ifeul : 



• ) -2? 



1.7=1 « fc=] 



e .^)jj e -«^ d Ul ...du r , 



3 = 1 



.j = l Sj J-oo 



(-ir+ i A:+ i ., tIm .f(z 1 ,...,z m ) 



J=l 



Hence 



< 



< 



I Wn,£i,...,| m (/) (zi,...,Z m )- f(zi,.-., Z m )\ 

m 

KtLuJ^ ■ ■ ■ >*m)| Y[e- U '^ d Ul . ..du ri 

3 = 1 

i r r u ( f . f M * KA\ 

- m/2 nr=i o V-oo " ■ J-oo n+1 V' ^ & ' " • " ' u e™ J , 



I /*oo /*oo 

.j = l £j J-OG 



^ /2 n™i?. 



• IT e~ u i^i du\ . . . du ri 

3 = 1 



< 






/■OO /-OO 

— OO J — OO 



(8DY 



n+1 



m 

■ IT e~ u i'^idu\ . . .du ri 



3 = 1 



< 



Wn+1 (/;^1) ■ ■ ■ ,£m) 



w^n™!?. 



.j=l ^3 J-oo 



oo />oo 



1 + E !M 

3 = 1 « 



n(-¥) 



n+1 
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jQ e u j/^idu\ . . .du r , 



j=i 



— u n+1 (/;£i, • • • >£m)(aD)m | j 



j'=i l 



1+1 (/;£i, ■ ■ ■ >£m)(aD)m _[_[ 



proving the claim. 



1 


/•CO 

— OO 




\ n+1 


y/*ti J 


2 


/■00 


(-1: 


n+l 


y/TT^j 



( according to [1], p. 428) 



W n +l(/;6,---)^m)(aD)'« ( ~h I (l + w)" +1 e "~C?W 



□ 
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SOME PROPERTIES OF CHEBYSHEV SYSTEMS 



RICHARD A. ZALIK 



Abstract. We study Chebyshcv systems defined on an interval, whose con- 
stituent functions are cither complex or real-valued, and focus on problems 
that may have have an application in the theory of differential equations and 
cannot be solved by a mere rewording of existing proofs, specifically those deal- 
ing with the existence of an adjoined function, the extension of the interval of 
definition, and the problem of embedding a set of functions into an Extended 
Complete Chebyshcv System. 



1. Introduction 

A system of functions F — (/q, /i, . . . , /„,) of complex-valued functions defined 
on a proper interval / is called a Chebyshev system, or Tchebycheff system, or 
T-system, if the determinant 

(1) D(f , . . . /„; t , ...t n ) ■- det(/j-(t fc ); < j, k < n) 

does not vanish for any choice of points {£&; < k < n} in /. It is called a Complete 
Chebyshev system or CT-system or Markov system, if (/o, /i, . . . , fk) is a T-system 
for all k = 0, . . . , n. 

If the functions fj are sufficiently smooth, we can extend the definition of 
D(/o, . . . /„; to, . . . t n ), so as to allow for equalities amongst the t^: if to < • • • < t n 
is any set of points of /, then 

D*(fo, ■ ■ ■ f n ',to, ■ ■ ■ t n ) 

is defined to be the determinant on the right hand of (1), where for each set of 
consecutive tk , the corresponding columns arc replaced by the successive derivatives 
evaluated at the point. For example, 



D*{fo, fl,f2\to,tl,tl) 



/o(*o) fo(ti) /6(*i) 

A (to) A(ti) f[(ti) 

/ 2 (to) / 2 (*l) / 2 (ti) 



mdD*(f ,f 1 ,f 2 ;t,t,t) = W(f J 1 ,f 2 )(t). 

With this definition, the system F is called an Extended Chebyshev system 
or ET-system on /, provided that for any set to < ■ ■ ■ < t„ of points of /, 
Z)*(/o, .../„; to, ... t„) docs not vanish, and it is called an Extended Complete 
Chebyshev system or ECT-system on /, if (/o, /i, . . . , fk) is an ET-system on / 
for all k = 0, . . . , n. 

Chebyshev systems are of considerable importance in approximation theory, in 
particular in the study of spline functions, as well as in the theory of finite moments. 



2010 Mathematics Subject Classification. 30C15; 26A51; 26C10; 26E05; 34C07; 34C08. 
Key words and phrases. Chebyshcv systems; Extended Chebyshcv systems; Extended complete 
Chebyshev systems. 
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Examples of T-systems include eigenfunctions of Sturm-Liouville operators. These 
topics are discussed, for example, in Karlin and Studdcn's classical monograph [2]. 
Results on spline functions have appeared in a plethora of later publications. For 
more recent results in the theory of real-valued T-systems, the reader is referred 
to the article by Carnicer, Peha and the author [1], and references thereof. 

Lately, there has been renewed interest in Chcbyshcv systems because of their 
applications in the theory of differential equations. For example P. Mardesic in 
his memoir [3], which develops the theory of versal unfolding of cusps of order n, 
emphasizes the development of results on T-systems for the study of unfolding 
singularities of vector fields, whereas in [4] Manosas and Villadclprat use ECT- 
systems in their study of the period functions of centers of potential systems. It is 
therefore useful to study properties of T-systems that may be applied in the study 
of differential equations, and that may have been previously overlooked. 

The following theorem is well known, although it is usually stated for real-valued 
functions. 

Theorem 1. Let F = (fo,fi, • • • , fn) be a system of complex-valued functions 
defined on a proper interval I . Then 

(1) (/o, /i, . . . , /„) is a T-system on I if and only if any nontrivial linear com- 
bination of the functions of F has at most n zeros. 

(2) (/o, /i, . . . , /„) is an ET-system on I if and only if any nontrivial linear 
combination of the functions of F has at most n zeros counting multiplici- 
ties. 

(3) (/o, /i, • • • , fn) is an ECT-system on I if and only if for any k, < k < n, 
(/o, /l, ■ • • , fk) is an FT- system. 

Note that if F = (/o, ...,/„) is a real- valued T-system on a proper interval 
/, a continuity argument shows that, multiplying if needed /„ by —1, there is no 
essential loss of generality if we assume that for any set to < ■ ■ ■ < t n of points of 
/ the determinants D(fo, • • • fn] to, . . . t n ) are strictly positive. Moreover, if F is an 
ET- system for which D(/o, . . . f n ; to, ■ ■ ■ t n ) > for any set i < • • • < t n of points 
of I then, proceeding as in [2, pp. 6-8], we deduce that for any set to < ■ ■ ■ <t n of 
points of [a, b], the determinants D*(/o, . . . f n ;to, ■ ■ -t n ) are strictly positive. This 
in turn implies that if F is an ECT-system for which D(fo, ■ . . fk',to, ■ ■ ■ tk) > for 
any < k < n and any set to < ■ ■ ■ < t n of points of I then, for any < k < n 
and any set to < • • • < t n of points of /, the determinants D*(f , ■ . ■ fk', to, ■ ■ -tk) 
are strictly positive for < k < n. We shall call such systems positive. Thus we 
may speak of positive T-systems, positive ET-systems, and positive ECT-systems. 
Positive ECT-systems, as we define them here, are the ECT-systems of Karlin and 
Studdcn [2] . They are called full differentiate ECT-systems by Mardesic [3] . We 
emphasize that all functions in a positive systems, and in particular positive ECT- 
systems, are assumed to be real- valued. 

In the theory of real-valued ECT-systems defined on a closed interval [a, b], the 
following theorem is of fundamental importance. A proof can be found in [2, pp. 
376-379]. We have adapted the statement to our definition of T-systems. 

Theorem 2. Let /o, /i, . . . , u n be real-valued functions of class C n [a, b]. The fol- 
lowing two conditions are equivalent. 

(1) (/o, • • • fn) is a positive ECT-system on [a, b]. 
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(2) W(f , ..., f k ){t) > on [a, b] for < k < n. 

If, in addition, the functions f k satisfy the initial conditions 



e(l>) 



v. 



(2) fjf'(a)=0, 0<p<k-l; l<k< 
then (a) and (b) are equivalent to 

(3) There are functions uik, strictly positive on [a,b] and of continuity class 
C n ~ k [a, b], such that 

fo(t) = w (t) 

fi(t) = w (t) J a w 1 (s 1 )ds 1 

(3) t 

f 2 (t) = w (t) f a w 1 (s 1 ) f* 1 w 2 (s 2 )ds 2 ds 1 

f n (t) = w (t) J a wi(si)/ a Sl w 2 (s 2 )-- ■J a Sn_1 Wn(s»)ds n - --dsi. 

From [2, p. 380, (1.12) and (1.13)] we also know that if (/o, •••/«) has the 
representation (3), then 

(4) W(fo,fi > ---f k )=w k +1 w k 1 ---w k , 
which implies that 

WO = JO, Wl = 72 ' 

Jo 

(5) 

Wk = wuTf 1 via ' 2 < k < n - 

[W{fo,---fk-i)r 

To prove that (c) implies (a) in Theorem 2, Rolle's theorem is used. Thus, the 
proof is not valid for complex -valued functions. The other parts of the statement 
still hold. 

2. Existence of Adjoined Functions 

In this section we discuss the existence of adjoined functions i.e., given a T- 
system (/o, . . . , f n ), whether there exists a function /„+i such that 
(/o, ...,/„, fn+i) is a T-system. For dense subsets of open intervals this was an- 
swered in the affirmative by Ziclkc [7] , and for any interval by the author [5] . The 
question has been raised of whether the same is true for complex-valued T-systems 
and whether to a T-system of analytic functions can be adjoined an analytic func- 
tion. Although the methods usually used for real-valued functions cannot be ap- 
plied in this setting, but we can still give an answer for real analytic functions. 

Theorem 3. Let (/o, . . . , f n ) be an ECT-system on a proper interval I. Assume, 
moreover, that the functions f k are analytic on an open region D that contains I , 
and that they are real-valued on I. Then there is a function f n +i> analytic on an 
open region D\ that contains I and real-valued on I , such that (fa, . . . , /„, f n +i) is 
an ECT-system on I . 
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Proof. The hypotheses imply that the Wronskians W(fo, . . . , fk), 1 < k < n do 
not vanish on I. Multiplying the functions /& by —1 if necessary, we may assume 
without essential loss of generality that these Wronskians are strictly positive on /. 
Let a < b be points in /. Subtracting if necessary from each function fk a suitable 
linear combination of its predecessors we obtain a system (uq, ■ ■ ■ , u n ) that satisfies 
the initial conditions (2). Thus, from Theorem 2 we know that (uq, . . . , u n ) has a 
representation of the form (3) on [a, b]. It follows from (5) that the functions Wk 
are strictly positive on I and analytic on some open region D\ that contains /. Let 
w n+ \ be an entire function strictly positive on / (eg. e _t ), and define 

rt rSn-l fSn 

« n +i(t) := wo(t) wi(si)--- w n (s n ) w n+ i(s n+ i)ds n+1 ds n ---dsi. 

Ja Ja Ja 

Clearly u n+ i is analytic on D\. From (4) wc deduce that 

W(u , iti, • • • u n+1 ) = Wo +2 w™ +1 • • • w n+1 > 

on /, and by another application of Theorem 2 we deduce that (uo, . . . , u n , u n +i) 
is an ECT system on [a, b]. Since a and b arc arbitrary, the assertion follows. □ 

3. Extending the Domain of Definition 

The problem of extending the domain of definition of a T- system has been 
studied extensively (see [1]). Here we consider the problem of extending the domain 
of definition of an ECT-system of complex- valued functions. Theorem 2 cannot be 
applied in this case, which makes the arguments more involved. 

Theorem 4. Let F = (/o, . . . , /„) be an ECT-system of complex-valued functions 
defined on a proper interval I with endpoints a and b. Assume, moreover, that the 
functions fk are of class C n (a,(3), where a < a < b < ft. If a £ I there is a c < a 
such that F is an ECT-system on (c, a) U /, whereas if b £ / there is a d > b such 
that F is ECT-system on I U (b, d). 

Proof. It suffices to assume that ugl: the other case readily follows by the change 
of variables t — > —t. 

Let Ik denote the set of integers from to fc. A partition of Ik is a family 
{S r ; < to} of sets of integers such that 

(i)ir=o £■=/*. 

(2) If a is the largest number in S r and ft is the smallest number in 5 r +i,thcn 
/3 = a + l. 

The preceding definition implies that the S r are sets of consecutive integers. A 
simple inductive argument shows that there are 2 k+1 different partitions of If.. 

If P is a partition of Ik and S is a set in P, then S is called a component of 
P. A set of integers to < t\ ■ ■ ■ < tk is called a configuration associated with P if, 
whenever a and ft belong to the same component of P, t a = tp , and whenever a 
and ft belong to different components, then t a =/= tp. Thus, any set to < t\- ■ ■ <tk 
of points of Ik belongs to one of 2 fc+1 configurations. 

For each configuration, D*(/o, . . . fk', to, ■ ■ ■ tk) is a continuous function of the 
free variables involved. For example, if to < ii < ti, then D*(fo, /i, fi; to, ti, £2) is 
a continuous function of t\, £2 and £3, whereas if to < t\ = t2, then 
D*(fo, fi, f2',to,ti,ti) is a continuous function of to an d t\. It follows that for an 
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arbitrary k, < k < n, if P is a partition of Ik having m sets and S is a configu- 
ration associated with P, then L>*(/o, . . . fk]to, ■ ■ -tk) is a continuous nonvanishing 
function in the m-fold cartesian product of / with itself. Therefore there is a num- 
ber Cfc(P) < a such that D*(f 0} ■ ■ ■ fk] to, ■ ■ ■ tk) ^ whenever £ < t\ < ■ ■ ■ < tk is 
a configuration associated with P and the points tk are in (ck(P),a) U /. Setting 
Ck to be the largest of the Ck{P) and c to be the largest of the Ck, the assertion 
follows. □ 

4. Embedding 

Given a finite set of functions, the embedding problem consists in finding nec- 
essary and sufficient conditions for the existence of a T-system whose linear span 
contains them. For a single real-valued function, this problem was solved by the 
author in [6], whereas in [4, Proposition 2.2 and Proposition 2.3] Maiiosas and Vil- 
ladelprat show how to embed an analytic function into an ECT-system of analytic 
functions defined on an interval. The problem in its full generality remains un- 
solved. We can give an answer in a particular case, but first we need to prove some 
auxiliary propositions. 

Lemma 5. Let (/o, • • • , /„), n > I, be a positive ECT-system on a closed interval 
[a, b] such that the functions fk satisfy (3), and let (c(/c);0 < k < m) be a strictly 
increasing sequence with < c(0) < c(n) < n. Then (/ c (/j); < k < m) is a positive 
ECT-system on (a, b] . 

Proof. Let D - = f/w , 

and 

L r f(t):=D r D r _ 1 ---D f(t). 
We proceed by induction. The assertion is obvious for n = 1. To prove the inductive 
step we proceed as follows: Let a = cq. Since (L a fk\ct + 1 < k < n) has a 
representation of the form (3), the inductive hypothesis implies that (L a f c t k )'i c i ^ 
k < m) is a positive ECT-system on (a, b]. By repeated application of the inverse 
operators D~ x , D~_ 1 . . . D^ 1 to (L a f c ( k y,ci < k < m) and using Rolle's theorem at 
each step, we deduce that (f c (k)'i < k < m) is a positive ECT-system on (a, b\. □ 

Lemma 6. Let (/o, • • • ,f n ), n > 1, be a positive ECT- system on an interval 
I(a,b) having endpoints a < b, let c G I(a,b), assume that the functions fk satisfy 
initial conditions of the form (2) at the point c, that /g(t) > on /(a, b), and let 
gk{t) := (t — c)fk{t). Then (g' , ■ ■ ■ ,g' n ) is a positive ECT- system on I(a, b]. 

Proof We may assume, without loss of generality, that I(a, b) is a closed interval. 
Assume first that c = a. 

Let k be arbitrary but fixed and f := (/o, • • • fk) T ■ Then W(g' )(t) > 0, and for 
k>0 

W(g' , ■ ■ ■ ,g'k)(t) = det((* - a)f(t) + f(t), ■■-,(*- a)f^(t) + f**" 1 ^)). 

Let c = (c(r); < r < k) be a sequence of zeros and ones, let A denote the set of 
all such sequences, and for < r < k let q r (l,t) := (t — a)f( r+1 '(£), q r (2,t) := 
(r + l)fW(t). Then 

W fe (i):=det(q (l,i) + qo(2, *),-•■ , q fe (l, t) + q fe (2, t)) (t) = 
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J2 det (q*(c(r), t); < £ < k) = ^ D c (t). 

cGA c£A 

For a given < £ < k — 1 there are four possibilities: 

If c{£) = 1 and c(£ + 1) = 2 then qe(c(£),t) = (t - a)f^ +1 \t) and 

q e+1 (c(£+l),t) = (£ + 2)f {t+l Ht). (This implies that D c (t) =0). 

If c{£) = 2 andc(^+l) = 1 then qe(c(£),t) = (£+l)f^(t) and 

q e+ M£+l),t) = (t-a)f^ 2 \t). 

Ifc(£) = l andc(^+l) = l then qt(c(e),t) = (t - a) f ( - e+1 '> (t) and 

qi+1 (c(£+±),t) = (t-a)f( e+2 Ht). 

lic{£) = 2 and c(£ + 1) = 2 then qt>{c{£),t) = (£)f {e) {t) and 

? , +1 ( C (^+l) = (£+l).^+ 1 )(i). 

In summation, there are constants a > and /3 > 0, and a sequence ao < ai < 
• • • < afc such that 

D c (i) = a(t - af dct(f^(t), fM(t), ■ ■ ■ / (afc) (*)), 
whence Lemma 5 implies that D c (t) > 0. In particular, if c(£) = 2 for all £, then 

D c (t) = det ({£ + 1)/W(t); < £ < fc) = (fc + l)\W(f , • • • , / fe )(t) > 0. 

Thus W(g' , ■ ■ ■ , g' k )(t) > on I for < k < n. 

If c = 6, the assertion follows by the change of variable t — > —t. In the general 
case, whether t < c or t > c, the preceding discussion insures that W(g' , ■ ■ ■ , g'k)(t) > 
on / for < k < n. 

D 

Theorem 7. Let < k < n and assume that the functions fk+i, ■ ■ ■ , fn are in 
C n {a,b), that for k+l <r<n, any linear combination of the functions fk+i, ■■■, fr 
has at most r zeros counting multiplicities and there is at least one linear combi- 
nation of these functions having exactly r zeros counting multiplicities. Assume, 
moreover, that 

/W( a ) = 0, k + l<r<n, 0<p<r-l. 

Then there are functions fo, ■ ■ ■ , fk such that (/o, ...,/„) is an ECT system, on 
[a,b]. 

Proof. Without essential loss of generality we may assume that each function f r has 
exactly r zeros counting multiplicities. We proceed by induction. Assume first that 
n = 1. The hypotheses imply that f\{t) = (t — a)g(t), where g(t) is nonvanishing 
and continuously differentiable on [a,b]. Setting fo(t) := g(t), the assertion follows. 
To prove the inductive step, let g r -i(t) := (t — a)~ l f r (t). Then for k < r < n— 1 
every nontrivial linear combination of the functions g^, . . . , g r has at most r zeros 
counting multiplicities. By inductive hypothesis there are functions go, ■ ■ ■ gk-i such 
that (go, • ■ ■ , g n -\) is an ECT-system on /. Since 

W(exp(a ■)fo,-..,exp(a -)f r )(t) = exp(r a t)W(f , ■ ■ ■ , f r )(t), 

multiplying if necessary the functions f r by exp(a t) with a sufficiently large we 
may assume, without loss of generality that g' is strictly positive on /. If fe(t) := 
(t — a)gg + i, 1 < £ < k, we see that (/{,••• ,f' n ) is a positive ECT-system on /. 
Defining fo(t) :~ 1 we see that for 1 < k < n, 

W(f ,--- ,fk)(t) = W(f[,--- ,f' k )(t)>0, 
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whence the assertion follows from Theorem 2. □ 
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Abstract 

In this paper we solve the singular intcgro-diffcrential equation 

^ + (e xti + e» tl ) Hy = e utl (i) 

in the space of semi-almost periodic distributions where A, fi, v are positive and ratio- 
nally independent numbers and H is the Hilbert transform operator defined on the real 
line. 

Solution to the general problem 

C JL+a(t)Hy = f(t) (ii) 

when a(t), f(t) are any almost periodic functions still remains an open problem. It also 
remains an open problem to associate a physical problem with (i) and (ii). Nevertheless 
solutions to problems (i) and (ii) are important from the point of view of operator 
theory. 

AMS Subject Classification [2010]: Primary: 26A33, 42A75; Secondary: 46F12 

Keywords: Almost periodic functions and distributions, Hilbert transform of almost periodic 
functions and distributions, singular integral equations. 

Definitions and Preliminaries 

In [4, 5, 6] we have considered the case when the exponents of the exponential terms appearing in 
a(i) and f(t) of (ii) are rationally dependent. We are now dealing with the case when those terms 
of a(t) and f(t) are rationally independent. We have also noticed that when a(t) is a constant the 
system (ii) can be reduced to a simple differential equation with constant coefficients by eliminating 
the operator H of Hilbert transformation. Here (Hf)(x) is defined as 



(Hf)(x) = -(P) f°° ^~.dt. 



To solve (i) or (ii) when a(t) is not a constant cannot be reduced to linear d.e. with constant 
coefficients. In order to eliminate H we used the properties that 

f t (Hf)(x) = Hf(x) 

in the space of diffcrcntiable functions as well as in the spaces of generalized functions which are 
Hilbert transferable. However this technique does not work when a(t) is not a constant. In the 



28 PANDEY: INTEGRO-DIFFERENTIAL EQUATIONS 



process of eliminating H we come across an identity. For the detailed description of the Hilbert 
transform of periodic function one may look into [2] and [3] and for the Hilbert transform of almost 
periodic distribution one may look into [4] and the subsequent references [5] and [8] . 

The space of almost periodic functions and distributions. We denote by L the set of 

trigonometric polynomials J^k Ake lXkt with real A& and finitely many coefficients A^. Let M be 
the set of all continuous functions defined on R which are the uniform limit of the sequence of 
trigonometric polynomials then the set of functions LUM is the space of almost periodic functions 
defined on the real line M, where an almost periodic function is defined as follows (Bohr). 

We say that a continuous function / defined on M is an almost periodic function if for e > 
there exists a number £ — 1(e) > such that in every interval of length I there exists at least one 
r > such that 

|/(t + r)-/(t)|<eVte (-00,00). 

The set LUM is denoted by B and H. Bohr proved that a continuous function / defined on R is 
an almost periodic function if and only if it belongs to B. So an almost periodic function is either 
a trigonometric polynomial or a uniform limit of the sequence of trigonometric polynomials. 
The linear space (system) L is metrized as follows: 



/(t) = £^', <?(*) = x> 



jUst 



then the scalar product of the trigonometric polynomials / and g are defined by 

(/,<?>= Hm ±= I f{t)W)dt 

1 -^OO Zl J _rp 

m n -. „T 

= hm YYA r B s — / e"^-"')* 
t^L^L^ 2T J T 

r=l 8=1 J 

m n 

= Y J Y j 5{\ r , l x s )A r B s (1) 

r— 1 s— 1 

m 

ii/ii 2 = (/,/) = Ei^i 2 - ( 2 ) 

r=l 

It is a simple exercise to verify that the norm defined in (2) is actually a norm. The norm (2) 
can be easily extended over the space B by the continuity property. Let B 2 be the completion of 
the space L with respect to the norm defined by (2). The space B 2 is not separable as there exist 
uncountably many orthonormal systems {e xt }\ e ji in B 2 . [1] 

Thus the space B 2 is an example of non-separable Hilbert space. Let / and g be two almost 
periodic (a.p.) functions belonging to the closed linear span of the orthonormal set |e lA "'} r It 
is a simple exercise to show that if 

oo oo 

/(«) - Yl a ^ tXm \ and g(t) - ^ 6 m e lA ™* 

m— 1 m—1 

then 

f(t) = g(t), if and only if a m = b m V m = 1, 2, 3, . . . . (3) 

Property (3) will be used in solving the system of equations (1) and (2) in the space of almost 
periodic functions and distributions and also in the space of semi-almost periodic distributions. 
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The Weierstrass function Y^ b n cos(a n Trx), < b < 1 and ab > 1 + 4^, a is an odd positive integer 
is an a.p. function differcntiable nowhere on the real line but the function <fi(t) = X)^Li \&™ tl is an 
a. p. function differentiable to any order on the real line. Each of the derivatives <p k \t) is also an 
a.p. function. The function 

/« = X>„e^ (4) 

if S^Li l a n||An|' c is convergent for each k = 0,1,2, ... is an infinitely differentiable function on 
the real line converging uniformly there (on the real line), along with all its derivatives. Under 
these conditions it follows that Y^Li l a n| 2 |A„| 2fe is also convergent for each k = 0,2,3,4, and that 
ll-^/ll 2 = ll/ll 2 = X^°=i l a «| 2 |^ 2fe - Thus /(£) along with all its derivatives is an a.p. function. 

Semi-almost Periodic Distributions 

The testing function space $: Let B be the space of a.p. functions defined on M equipped with 
the norm topology defined by (2). This space is not a complete inner product space. Therefore, 
we generate completion space of B with the norm defined by (2) and denote this completion space 
(Hilbert space) by B 2 . The space B is dense in B 2 . Next let $ be a testing function space consisting 
of all the infinitely differentiable almost periodic functions defined on M. The topology over <J> is 
generated by the separating collection of seminorms {7fc}^ defined by 

7/cWO =i^ (k \t)) = J\^^f T \^\ 2 dt 

so a sequence {4>v}^i — * 4> in <I> if and only if for each k = 0, 1,2, . . . , jk(4'u~ < fi) — l(<t>v — <f>) — ► 
as v —y oo. The space $ is a subspace of the space B and we now define the spaces 

<J> D $! D $ 2 D $ 3 • • • 

by 

i.e. the space <l>fc is obtained by differentiating each element of <& k times. The topology over each 
of the subspaces $& is generated by the seminorm on 7 defined by (2), i.e. 




7(0) = 1/ Jim ^ / W^ ^ e$ fe- 

Define the sequence of seminorms {pk}kLo by 

Po(4>) = l{4>) = 7o(0) 
Pi(<t>) = 7o(0) +7i(0) 
P2(0) = 7o (0) + 7i (0) + 72(0) 
and 

Pn(^) = 7o(0) + 7i(0) H ln(4>)- 

The two sequences of seminorms which are separating generate the same topology [9] and if / is a 
continuous linear functional over $ then there exists k > such that 

|(/,0)|<7o(0)+7iWO + "-^(0) 

<7WO+7(0 (1) ) + '--7(0 (fc) )- 
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Since the completion space of each of the subspaces $o> ^l) ^2> " " " ^fe with respect to the seminorm 
7 (in fact 7 is a norm on B) is contained in the space B 2 ; therefore in view of Riesz representation 
theorem and Hahn Banach theorem there exist 170 7 <7i, ■ ■ • <?fc belonging to B 2 such that 

{f,4>) = W) + (9iA (1) ) + W (2) ) + ■■■{9kA (k) ) 

= lJ29 { k m \-ir,X V0e$. 

\m=0 / 

Since <J> is dense in B 2 we have 

\m=10 / 

K>/ = £jUos&°(-ir- 

Corollary 1. In a special case when g m are almost periodic functions / is an a. p. distribution. [7] 

Corollary 2. When the series obtained by differentiating g, m when g m are a. p. functions are 
convergent, then / is an a. p. function. [7] Thus we see that $' contains the space of a. p. functions 
as well as the space of a. p. distributions. We call the space $' as the space of semi-almost periodic 
distributions. 

Corollary 3. Using the Riesz theorem in Hilbcrt space one can show that f(t) = 1 also belongs to 
the Hilbert space B^ 2 ' . So this unit function is a semi-almost periodic distribution. 

To solve (1) we first solve the associated homogeneous differential equation 

d 4- + (e XU + e^ 1 ) Hy = 0. (5) 

ax 

Since A, /x are rationally independent A is not a rational multiple of \i and vice-versa. The solution 
space of (5) must satisfy the following properties 

(i) The space containing the solution to (5) must be closed with respect to the operator of the 
Hilbert transformation. 

(ii) It must also be closed with respect to the operation of multiplication by e xtl as well as e^ tl . 

(iii) It must also be closed with respect to the operator of differentiation. 

(iv) It must also be closed with respect to the operation of addition (or subtraction). 

Therefore a suggested solution to (5) should be in the closed linear span of 



f (mX+nn)U 1 
I J 7 



' m,n=0 

Hence, a suggested solution to (5) is of the form 



00 00 00 



J2 E «m,ne (mA+n ' l)ti = Yl am, n e (mX+n ^ u (6) 

n— m— m : n— 
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Since we are looking for solutions in the form (6) in the space of a.p. functions or a. p. distributions 
the terms in (6) can be arranged in any order. So we have written the solution (6) in the form 

DC 

V= Y. am,ne (mX+n » )u . (7) 

m,n— 

Substituting for y from (7) into (5) we get 

GO CO 

J2 w m ,„(mA+« /i )e('" w "''" 1 ^(e A "+e' li «) £ a ro , r 

ra, n = m, n = 

(m, n) ^ (0, 0) (m, n) / (0, 0) 

GO CO 



(mA+n/^)£« 



J2 a m ,„(mA+n M )e( mA+n ^ tl = (e A * l + e^) ^ <we (mA+r ^ )tl (8) 

m, n = m, n = 

(m, ra) ^ (0, 0) (m, ra) ^ (0, 0) 

We will now equate the coefficients of the like exponential terms to determine dij . 

Coefficients of e ( x+ ^ u : 

(A + /i)a M = ai. +a ,i 

ai,o + a o,i = ffli,i- 
Equating the coefficients of e ( mX + n n) tl we g e t 

a m ,n(m\ + n/j,) = a m -i !n + a m , n -i m, n = 0, 1,2,3, .. . (9) 

^m — l,n|m— ^— l,n- 

There is no such coefficients in (9). Therefore, a_i in is taken to be zero. For the same reason 

Q"m,n — l|n— t*m, — 1 "• 

Also, in the recurrence relation (9) it is improper to take to and n both zero simultaneously, as the 
coefficient a 00 vanishes both after differentiation as well as the operation of Hilbcrt transformation. 
So in (9) we will avoid the situation m, n being taken to be zero simultaneously But it is legitimate 
to take only one of to or n to be zero at a time with the interpretation that if one of the lower 
suffixes in a m ^ n is negative then a m ^ n is interpreted to be zero. 



with m = 2, n = 0; 



with to = 1, n = 0; 

with m — 1, n — 1; we get, 



G-m,n( m A + n/i) — &m-l,n + a m,n-l. 



a 2 , 2A = ai, + a 2 ,_i = ai, 

_ ai,o 
a2 '° " "2A ' 



ai, (A) = a ,o + oi ,_i = so a li0 = 0, 
a 0) i(M) = a-i,i +oo,o = 0, so a ,i = 0. 
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Note that in (9) c^o should not appear so it is taken to be zero in the recurrence relation only. 

a 2 , (2A) = 01,0 = 0, so a 2 , = 0. 

Thus by induction a m .o = V to = 1, 2, 3, ... . 
By induction we can also show that 

ao,n = 0, V n= 1,2,3, ... . 

With m — 2, n = 1 we get 

oi,i(A + //,) = ao,i + oi,o = so ai,i = 0. 

a 2 ,i(2A + n) = ai,i + a 2j0 =0 so a 2 ,i = 

&3,i(3A + (J,) = a 2 ,i + 03.0 = so by induction a TOi i =0 V m = 0, 1, 2, 3 . . . . 

Thus, continuing by induction we can also show that a m _ n = V m, n = 0, 1, 2, 3, . . . , (to, n) ± (0, 0). 
Therefore the solution in this case is y — a 00 , where 00,0 is an arbitrary constant. 

We now proceed to find a solution to (1) i.e. solution to 

^ + (e Xti + e"*) Hy = e vti 

at ' 

We assume that there is a solution to (10) of the form 



Vo + YL 

m, n = 
(m,n) £ (0,0) 

Xti 



l (m\+nfj,)ti 



Using the formula He — —i sgn(\)e we get 



Hy = —iy = —i 



&o,oe^ + Y b m , n e( mX+n ^ u 



m, n = 
(m,n) ^ (0,0) 



Therefore, from (10) and (11) we get 

00 
b 0fi v+ Y b m , n (mX + nfi + ^ mX+n ^ u 



m, n = 
(m,n) ^ (0,0) 



(e xti + e^ tl ) 



JOfi 



Y 

m, n = 
(m, n) + (0, 0) 



^(m\-\-nfi)ti 



(10) 



(11) 



(12) 
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Equating the coefficients of the like exponential powers of (14) we get 



bo,ov = -i i-c b 0fi 



1 1 — % 

blfi{\ + v)=b fi = , 6l,0 = 7T— 7 = —, -TT 

v v{X + v) v[y + A) 

i — i 

bo.iip + v) =ba,a = --, bo,i = —, — ; — r 



b m , n {mX + n^i + v) = 6 m _i,„ + 6 m ,„_i, 



with m = 2, n = we get 



^2,0 = 
&3,0 = 



&i,o ^i 

v + 2X ~ v{v + X)(v + 2A) 

&2,o -i 



By induction we get 



(^ + 3A) i/(i/ + A)(i/ + 2A)(z/ + 3A)' 
™'° i/(i/ + A)(i/ + 2A)---(i/ + nA) 

^0,2(2/i + ^) = &o,i 

, &o,i -i 

DO, 2 = - 



2/j, + v v(y + /i)(^ + 2^i) 



By induction we get 



—v, 



->0,n 



v(y + jj){v + 2jj) ■ ■ ■ {v + njj) 



From (13) with m = n = 1 we get 

, , — i i 

00,1+01,0 _ v(v+n) v{v+\) 



61,1 
61,1 = 



A + /x A + /i + i/ 



z/(i/ + /x)(A + /i + i/) z/(z/ + A)(A + /z + z / ) 
From (13) with m = 1, n = 2 we get 
»0.2 + &i,i 1 



01,2 = 



(13) 



A + 2/j + i/ (A + 2/j + i/) 
Proceeding this way we can calculate b\ n 
1 



^(z/ + m)(^ + 2m) i/(i/ + A)(A + m) z/(z/ + ,u)(i/ + A + /z). 



02,1 = 



(2A + /J + I/) 
1 

(2A + /x + ^) 



[6l,l + 02,1 



i/(v + ju)(i/ + ju + A) i/(i/ + A)(i/ + A + /x) v{v + X){v + 2X) _ 
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Thus each term like bij can be worked out. Substituting for bij in the series 



y = k 



E 



^(Xm-\-fin)it 



+ b ,o 



m, n = 
(m,n) ^ (0,0) 



(14) 



we get the required solution, k is an arbitrary constant, a replacement for ao,o- Note that this ao,o 
is different from ao,o that has appeared in the recurrence relation. Thus our solution has only one 
arbitrary constant. The general term of the coefficients b mn is hard to work out this way. We have 
given a method below giving the solutions to (i) in closed form and the coefficients b mn can be 
worked out from this solution. 

It is a simple exercise to show that the solution (14) to the system (i) is absolutely convergent 
trigonometric series and so it is a uniformly convergent trigonometric series and therefore represents 
an a. p. function. But there are cases when a series thus obtained is divergent. In that case our solu- 
tion is an a. p. distribution or some other kind of function, called semi-almost periodic distributions. 
The number of linearly independent solutions of the associated homogeneous system also depends 
upon the basis vectors we have chosen. If we find the solution to the associated homogeneous linear 
system of (i) in the closed linear span of | e ( mA +™A')t« j. ^ there may be three arbitrary constants 

appearing in our solution, including one of the constants as ao,o- It is particularly true when A and 
\i are of different signs. 

The foregoing method is the general one and applies in all such cases whether or not A, /i, /i are 
all of the same sign. We will now take advantage of the special situation mentioned by us and solve 
the problem using the technique of solving a linear differential equation of the order one. 

We first solve the associated homogeneous differential equation of (i) 



dy 
dt 



+ (e xti + e^ tl ) Hy = 0. 



We are seeking solutions of the form 



So now (5) takes the form 



y / Q>mn& 

m,n— 



(m\-\-np,)ti 



^(m\-\-nfi)ti 



— a 00 + 2_^i a m,r, 

m,n = 
(m,n) ^ (0,0) 

= a 00 + v(t). 
Hy = -i(y - a 00 ) = -iy + ia 00 . 



d j- t - i{e xu + e» u )y = -i(e xu + e^> 00 . 



This is linear in y and its general solution is 

y = aoo 



= a 00 + Ce ( — + — i, 



(15) 



aoo and C are arbitrary constants. 
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If we plug in y from (15) in (5) we get 

iC(e xu + e^ u ) =0 so C* = 0. 
Therefore the general solution in this case of (5) is 

V = aoo, 
(Zoo can be chosen arbitrarily and so 

y = k where aoo = k = arbitrary constant. 

So the general solution to (5) is y = k. 
We now solve 

dy 



^ + ( 6 A*i + gM«) H y = J* 

at v ' 



Let us use the substitution 
where 



V = (aoo + v)e 



Vli 



(16) 



in the d.e. (16). We now have 
dv 



m, n = 
(m,n) ^ (0,0) 



{\m+ \iri)ti 



^e vti + (a 00 + v)e vti vi + (e xu + e"") {-i){a 00 + v)e vti = e" 
^+v[vi- (e xu + e"")*] = 1 + ia 00 {e Xti + eP* - v) 



d 

dt 


vit-[ s-s — i-^— ) 

ve v A " / 




{' 


v ■ 


e A f = — 


GOO 


e 



* > [l + ia m {e xtl + e» u - V )\ 



"it-[^ s -+ t - 






(17) 



w = — a o + e A " 



e" " A ' * 'dt + c 
In order that v should be of the form (17) we must have c = a o = 0. So, 



/ «Ati _wti , 
-»*-( e —+ eJ ^)dt- 



V = (' 



I e At« 



-I/tt+ S-J- + 



, \ti pfJ-ti . 



Therefore, the general solution to (16) or (i) in this case is 



y = (v + a m )e vtt + k = 






«"(**- + 



e M*^ 



>A 



or 



4^+4^ 



,«'-(V+ 



— + — cfc + fc 



A:, 



(18) 



(19) 



y = k is the general solution to the associated homogeneous differential equation already found and 
(19) satisfies the d.e. (i) or (16). This general solution of (i) or (16) that we have found belongs to 
the closed linear span of f e (^+rn»+nv)ti\°° 
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Abstract. The idea of almost convergence for double sequences was introduced by Moricz and 
Rhoades [Math. Proc. Camb. Phil. Soc, 104 (1988) 283-294]. In this paper, we use this concept to 
prove a Korovkin type approximation theorem for functions of two variables along with a supporting 
example. Further, we present some consequences of our main theorem. 

Keywords and phrases: Double sequence; almost convergence; Korovkin type approximation theorem. 
AMS subject classification (2000): 41A10, 41A25, 41A36, 40A05, 40A30. 



1. Introduction and preliminaries 

Let c and l^ denote the spaces of all convergent and bounded sequences, respec- 
tively, and note that ccl^. In the theory of sequence spaces, a beautiful application 
of the well known Hahn-Banach Extension Theorem gave rise to the concept of the 
Banach limit. That is, the lim functional defined on c can be extended to the whole of 
Zoo and this extended functional is known as the Banach limit [1] which was used by 
Lorentz [4] to define a new type of convergence, known as the almost convergence 

A double sequence x = (xjk) of real or complex numbers is said to be bounded 
if ||:c||oo = supj fc \xjk\ < oo. The space of all bounded double sequences is denoted by 
M u . 

A double sequence x = (xjk) is said to converge to the limit L in Pringsheim's 
sense (shortly, p-convergent to L) [9] if for every e > there exists an integer N such 
that \xjk — L\ < e whenever j, k > N. In this case L is called the p-limit of x. If in 
addition x G A4 U , then x is said to be boundedly convergent to L in Pringsheim's 
sense (shortly, bp-convergent to L). 

Let Q denote the vector space of all double sequences with the vector space op- 
erations defined coordinatewise. Vector subspaces of Q are called double sequence 
spaces. In addition to above-mentioned double sequence spaces we consider the double 
sequence space 

C u := < x G f2 | ||x||i := VJ \ x jk\ < °° 
I j,k 
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of all absolutely summable double sequences. 

All considered double sequence spaces are supposed to contain 



where 



e- 1 , 



,J k 



$ := span{e> k | j,k e}, 



1 ; if (j,k) = (i,£), 
; otherwise. 



lim sup 

p,q^oo mn>0 



We denote the pointwise sums Yjjk^i Sj e ' k (& e )> an d J2k ^ k e ) ^y e, e k 
and ej respectively. 

The idea of almost convergence for double sequences was introduced and studied 
by Moricz and Rhoades [5]. 

A double sequence x = (xjk) of real numbers is said to be almost convergent to a 
limit L if 

m+p—ln+q—l 

- E E^- L =° w 

j=m k=n 

In this case L is called the F 2 -limit of x and we shall denote by F 2 the space of all 
almost convergent double sequences. 

Note that a convergent double sequence need not be almost convergent. However 
every bounded convergent double sequence is almost convergent and every almost con- 
vergent double sequence is bounded. 



Example 1.1 The double sequence z = (z mn ) defined by 

1 if m = n odd, 

Zmn — \ —1 if m = ra even, 
(m 7^ n); 
is almost convergent to zero but not convergent. 



1.1.1^ 



For recent developments on almost convergent double sequences and matrix trans- 
formations, we refer to [6, 7, 8, 10]. 

If m — n — 1 in (*) then we get (C, 1, l)-convergence, and in this case we write 
Xjk — > £(C, 1, 1); where <L = (C, 1, l)-lima;. 

Let C[a, b] be the space of all functions / continuous on [a, b]. We know that C[a, b] 
is a Banach space with norm 



oo := sup |/(x)|, / 6 C[a,b]. 

x£[a,b] 



The classical Korovkin approximation theorem states as follows [3]: 
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Let (T n ) be a sequence of positive linear operators from C[a, b] into C[a,b]. Then 
lim n \\T n (f,x)-f(x)\\ 00 = 0, for all/ G C[a,b] if and only if lim n \\T n (fi,x) -/i(x)||oo = 
0, for i — 0,1, 2, where /o(a;) = 1, /i(x) = x and fi{x) = x 2 . 

Quite recently, such type of approximation theorems are proved in [2] for functions 
of two variables by using statistical convergence. In this paper, we use the notion of 
almost convergence to prove approximation theorems for functions of two variables. 

2. Korovkin type approximation theorem 

The following is the inversion of the classical Korovkin approximation theorem 
followed by an example to show its importance. 

Let C(I 2 ) be the space of all two dimensional continuous functions on I x J, 
where I = [a,b]. Suppose that T m ^ n : C(I 2 ) — > C(I 2 ). We write T m>n (f;x,y) for 
Tm,n(f(s,t);x,y); and we say that T is a positive operator if T(f;x,y) > for all 
f(x,y)>0. 

Theorem 2.1. Let (Tj^) be a double sequence of positive linear operators from C(I 2 ) 

m+p—l n+q— 1 

into C(I 2 ) and D m ^ q (f; x, y) = ± £ £ T jtk (f; x, y). Then for all / G C(I 2 ) 



j=m k=n 



i*2- lim 

j,k— »oo 



Tj,k(f;x,y) - f(x,y) 



0, i.e. 





lim 


^m,n,p,q\J i-^iVj J\%i 


c 


if and only if 


lim 

p,q— >oo 


Um,n,p,q\*-i X,y ) 1 


oc 


lim 

p,q— >oo 


J-^m,n,p,q\S, X, yj X 


oc 


lim 


-LJm,n,p,q\t-i X, y ) y 


oo 


lim 

p,q— >oo 


-L'm,n,} 


>,g( s 


2 + t 2 ;x,y)-(x 2 + 


^/ 2 ) 



= 0, uniformly in m,n. 

uniformly in m, n, 

uniformly in m, n, 
uniformly in m,n. 
= uniformly in m, n. 



(2.1.0) 

(2.1.1) 

(2.1.2) 
(2.1.3) 
(2.1.4) 



Proof. Since each l,x,y,x 2 + y 2 belongs to C(I 2 ), conditions (2.1.1)-(2.1.4) follow 
immediately from (2.1.0). By the continuity of f on I 2 , we can write 
\f( x ,y)\ < M, — oo < x, y < oo, where M = ||/||oo- Therefore, 



\f(s,t) - f(x,y)\ <2M, - oo < s,t,x,y< oo. 



(2.1.5) 
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Also, since / G C(/ 2 ), for every e > 0, there is 5 > such that 

\f(s,t)-f(x,y)\ <e, V \s-x\ <5and \t - y\ < 5. (2.1.6) 

Using (2.1.5), (2.1.6), putting *0i = i>i(s,x) — (s - re) 2 and ip 2 = *l>2(t,y) — (t - y) 2 , 
we get 



1M 
T 2 



\f(s,t) - f(x,y)\ < e+ -=-(^1 + ^2), V \s-x\ < 5 and \t - y\ < 5. 



This is, 

2M 2M 

-£--^-(^1 + ^2) < f(s,t) - f(x,y) <e+— (^+^ 2 ). 

Now, operating T^fc(l; x, y) to this inequality since Tj tk {f', x, ?/) is monotone and linear. 
We obtain 

/ 2M \ ( 2M 

T jtk (l', x, y) I -e — ^(^1+^2) I < T i>fc (l; x, y)(/(s, t)-f(x, y)) < T jtk (l', x, y) I £+^(^1+^2) 

Note that x and y are fixed and so f(x,y) is constant number. Therefore 



1M 

2M 
But 



-eT i)fc (l; x, j/) - -^-^(^1+^2; x, j/) < T i)fc (/; x, y)-f(x, y)T jtk (l; x, y) 



< tT j)k (l]x,y) + -^3-^(^1 + ^2; a:,y). (2.1.7) 



r j,fc(/; x , y)-f( x , y) = TjM x > y)-f( x , y) T jA^ x > y)+f( x , y) T i,k( l ~> %> y)-f( x , y) 

= [Tj,k(f; x , y)-f( x , y)Tj, k {l] x, y)]+f(x, y)[T jyk (l; x, y)-l]. (2.1.8) 
Using (2.1.7) and (2.1.8), we have 

Tj,k(f] x, y) - f(x, y) < eT j:k (l; x, y) + — T^^i + ip 2 ] x, y) + f(x, y)(T j:k (l; x, y) - 1). 

(2.1.9) 
Now 

Tj,k(iJ>i + ^2; x, y) = T jik ((s - xf + (t- yf] x, y) 

= Tj >k (s 2 — 2sx + x 2 + t 2 — 2ty + y 2 ; x, y) 

= T j:k (s 2 + t 2 ;x,y) - 2xT jik (s;x,y) - 2yT j>k (t;x,y) 

+ (x 2 + y 2 )T jjk (l;x,y) 
= [T jtk (s 2 + t 2 ; x, y) - (x 2 + y 2 )] - 2x[T j:k (s; x, y) - x] 

-2y[T jyk (t;x,y) -y] + (x 2 + y 2 )[T j)k (l;x,y) - 1]. 



ANASTASSIOU ET AL: APPROXIMATION THEOREMS 



41 



Using (2.1.9), we obtain 



2M 



Tj, k (f;x,y) - f(x,y) < eT jtk (l;x,y) + ^-{[T jjk (s 2 + t 2 ;x,y) - (x 2 + y 2 )} 

- 2x[T j:k (s; x, y)-x\- 2y[T jjk (t; x, y) - y] 

+ {x 2 + y 2 )[T hk {l-x,y) - 1]} + f(x,y)(T j>k (l;x,y) - 1) 

= e[T jik (l;x,y) - 1] + e + ^{[T^s 2 + t 2 ;x,y) - (x 2 + y 2 )} 

- 2x[T jjk (s; x, y)-x\- 2y[T j:k (t; x, y) - y] 

+ (x 2 + y 2 )[T jik (l;x,y)-l]} + f(x,y)(T J!k (l;x,y)-l). 
Since e is arbitrary, we can write 

Tj,k(f', x >y) ~ f( x >v) <e[T i)fc (l;s,j/) - 1] + -^{[T^ k (s 2 + t 2 ; x,y) - (x 2 + y 2 )} 



- 2x[T j:k (s; x, y)-x\- 2y[T jjk (t; x, y) - y] 

+ (x 2 + y 2 )[T jtk (l;x,y)-l]} + f(x,y)(T J!k (l;x,y)-l). 



Similarly, 



2M 



D m ,n,p,q(fi X > V)-f( X i V) < 4 D m,n,p,q(^, X, y) ~ 1] + ^ {[D m ^ q (s 2 + ? \ X, y) - (x 2 + y 2 )} 

- 2x[D m ^ P)q (s\ x, y)-x\- 2y[D m>ntPtq (t] x, y) - y] 

+ (x 2 + y 2 ) [D m , a:P>q (l; x, y) - l]} + f(x, y)(D rn>n , Ptq (l; x, y) - 1) 



and therefore 

D m ,n, P ,q(fi x iy) - f( x >y) 



2M(a 2 + b 2 ) „, 
< e + ^ + M 



S 2 



Um,n,p,q\*-i X,y ) 1 



4Ma 



S 2 

4Mb 



+ 



8 2 

2M 



P 



J-'m,n,p,q\S ) X^Z) X 
*-'m,n,p,q\J'i x i V) V 

D m ,n,p, q (s 2 + t 2 ; x, y) - (x 2 + y 2 ) 



Letting p, q -> oo and using (2.1.1), (2.1.2), (2.1.3), (2.1.4), we get 



lim 

p,q— >oo 



D mtnjPiq (f;x,y) - f(x,y) 



0, uniformly in m, n. 
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This completes the proof of the theorem. 

In the following we give an example of a double sequence of positive linear opera- 
tors satisfying the conditions of Theorem 2.1 but does not satisfy the conditions of the 
Korovkin theorem. 

Example 2.1. Consider the sequence of classical Bernstein polynomials of two vari- 
ables 

j=0 fc=0 ^ / \J / \ / 

Let P m , n : C(I 2 ) -»■ C(I 2 ) be defined by 

* m,n\J j •£■>&) \*- ' Zmn)-LJm,n\J i^iVji 

where (z mn ) is a double sequence defined as above. Then 
B mtn (l;x,y) = 1, 

B mtH (t;x,y) = y, 

2 2 

2,1.2. \ 2 , 2 , -^ — "^ , V ~ V 



B m , n ( s + * ; ^> y) = a: + y + + 

m n 

and a double sequence (P m ,n) satisfies the conditions (2.1.1), (2.2.2), (2.1.3) and (2.1.4). 
Hence we have 

F 2 - lim \\P m , n (f;x,y)- f(x,y)\\ oo =0. 



m,n— >oo 



On the other hand, we get P m>n (/;0,0) = (l + z mn )f(0, 0), since P mj „(/;0,0) = /(0,0), 
and hence 

||P m ,„(/;a;,j/)-/(x,j/)|| oo >|P ro)n (/;0,0)-/(0,0)|=^ n |/(0,0)|. 



We see that (P mn ) does not satisfy the classical Korovkin theorem, since lim z mn 

m,n-^oo 

does not exist. 

3. Some consequences 

Now we present here some consequences of Theorem 2.1. 

Theorem 3.1. Let {T m ^ n ) be a double sequence of positive linear operators on C(I 2 ) 
such that 

lim ||i m+ i n+ i — l m ,n+l ~ J-m+l,n + -*m,n|| = 0. (3.1.1, 

m,n 

6 
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If 



F 2 -\im\\T m:n (t u ;x,y) - t„||oo = ° (y = 0,1,2,3), 



(3.1.2) 



where to(x,y) = 1, ti(x,y) = x, t2(x,y) = y and ts(x,y) = x 2 + y 2 . Then for any 
function / G C(/ 2 ), we have 

(3.1.3) 



(3.1.4) 



\im \\T mn (f;x,y) - j{x,y)\ 00 =0. 

m,n 

Proof. From Theorem 2.1, we have that if (3.1.2) holds then 

]im\\D mniPq (f;x,y) - /(x,y)||oo = 0, uniformly in m,n. 
p,q 

We have the following inequality 
\\T m , n (f;x,y) - f(x, 



< \\D m , n , Piq (f;x,y) -f(x,y)\\oo 

m+p—l n+q—1 , j k 

pa / j / j \ / j / j ' ' 

FH j=m+l k=n+l V=m+1 /3=ra+l 
S: ||-^m,n,p,ij(,J, %i y) J \X, 

p-lq-1 



a,/3 



T a -l,p — Tafi-l + T a . 



1,0-1 1 



Hence using (3.1.1) and (3.1.4), we get (3.1.3). 
This completes the proof of the theorem. 



(3.1.5) 



We know that double almost convergence implies (C, 1, 1) convergence. This mo- 
tivates us to further generalize our main result by weakening the hypothesis or to add 
some condition to get more general result. 

Theorem 3.2. Let (T mn ) be a double sequence of positive linear operators on C(I 2 ) 
such that 

(C,l,l)-]im\\T m , n (t v ,x)-t4 oo = (^ = 0,1,2,3), (3.2.1) 



and 



lim< 



. ran 
lim< sup 

V-,1 {m>p,n>q VQ. 



a m + P -i,n+q-i{f\ x, y) - er m _i,„_i(/; x, y) 



(3.2.2) 



where 



<r m ,n(f;x,y) 



1 



ru^^EE 7 ^/;^)- 



(m+ l)(n + 1) 



j=0 k=0 
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Then for any function / e C(I 2 ), we have 



F 2 - lim 



m,n— ¥00 



T m>n {f;x,y) - f(x,y) 



0. 



Proof. For m>p>l;n>g>litis easy to show that 



mn 



Dm,n,p,q{f', x,y) — a m + p -i,n+q-i\f] x,y)-\ \a m +p-i,n+q-i\ f ; x,y) — a m -i, n -i\J\ x,y)), 



which implies 



sup 

m>p,n>q 



Um,n,p,q\J i X,y ) Vm+p—l,n+q—l \I i -^iV ) 



mn 
sup 

m>p,n>q PQ 



(Tm+p-l,n+«-l(/; X, y) ~ <T m _i,„_i(/; X, J/)) 

Also by Theorem 2.1, Condition (3.2.1) implies that 



(C,l,l)- lim 



m,n— >oo 



T m>n (f;x,y) - f(x,y) 



0. 



. (3.2.3) 



(3.2.4) 



Using (3.2.1)-(3.2.4) and the fact that almost convergence implies (C, 1, 1) convergence, 
we get the desired result. 

This completes the proof of the theorem. 

Theorem 3.3. Let (T mj „) be a double sequence of positive linear operators on C(I 2 ) 
such that 



s+m—l t+n—1 



lim sup y~] y~] \\T mn -Tj 



0. 



m > n s ,t fnn 



j=s k=t 



If 



F 2 - lim \\T m n (t„, x) -t„||oo = [y = 0,1,2,3). 

m,n 

Then for any function / G C(I 2 ), we have 

lim||T ron (/;x,j/) -/(x,y)||oo =0. 

m,n 

Proof. From Theorem 2.1, we have that if (3.3.1) holds then 



(3.3.1) 



(3.3.2) 



F 2 - lim ||T m „(/; x, y) - f(x, 



oo U, 



which is equivalent to 



limsup||D S)t>m>n (/;a:,y) - f(x,y)\\oo = 0. 

m,n st 



(3.3.3) 
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Now 



_. s+rn— 1 t+n—1 

nan *-^ ^-^ 

j=s k=t 



_. s+m— 1 t+n—1 

E/ , \J-m,n J-j, 



van 

j=s k=t 



Therefore 



-. s+m—lt+n—l 
Slip \\1 m ,n ■L-' s.t.m.n oo _i SUp 7 J \\1 m ,n -* ' 

s,t s,t van ^ f— ' 

j=s k=t 



Now, by using the hepothesis we get 

limsup \\T mn {f',x,y) - D stmn (f; x,y)\\oo = 0. (3.3.4) 

m,n si 

By the triangle inequality, we have 

\\T m , n {f; x, y)-f(x, y) ||oo < \\T m , n (f; x, y)-D, jttmtn (f; x, y) \\oo+\\ D s,t,m,n(fi x > v)-f{ x , v) lie 
and hence from (3.3.3) and (3.3.4), we get 

lim||T m>n (/;a:,y) - /(s,2/)||oo =0, 

m,n 

that is (3.3.2) holds. 

This completes the proof of the theorem. 
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Wavelet Transforms of Schwartz Distributions 
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Abstract: Let T> be the Schwartz testing function space consisting of infinitely differentiable 
functions defined on M with compact supports. Let tp(t) be the Shannon wavelet defined as 

4>{t) = 2<f>(2t) - 4>(t) 

where the scaling function </>(£) is defined as 

= 1 t = 0. 

2^~ip(2 m t — n) > is a complete orthonormal 

J m,n=— oo 

set in L 2 (R). The discrete wavelet transforms of a function / G L 2 (R) is defined as 



(/(£), 2f^(2 m t-n)) =1 f{t)2fi;{2 m t-n)dt 

f(t)lpm,n(t)dt 



where ip m ,n{t) = 2^i\){2 m t — n) which exist for m,n G Z. But if / G V then (f(t),tp mtn (t)), 
m,n G Z is not defined. However for a fixed oj(t) G T> the weighted discrete wavelet transform of 
the distribution / is defined by a m ^ n = (f(t),uj(t)ip mjn (t)), m,n G Z, the function co(t) is termed 
as a weight function. We prove that 

oo 

la. lim Yl (/(*). w(t)#m,„(*)W,„(t),£(t) 



m— >oo 

n=— oo 



(/(t),w(t)£(*)> 
<w(*)/(*U(*)> 



exists in the weak distributional sense, 
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m— 1 oo 



m— >oo 

k=-oo n=-oo 



lb- m lim n ( E E (/(*). w(t)^fc,n(*)>^fc,n(*)»C(*) 

(/(t),w(t)£(t)> ve(i)eD 

(w(t)/(t),e(*)> Ve(i)GD 



m— 1 oo 



i.e. Jirn^ ^ ^ {f{t),u{t)^ k , n {t))^ Kn {t)=w{t)f{t), 

fc=-oo n=-oo 

in the weak distributional sense. 

2a. Let / be a tempered distribution denned on R i.e. f £ S' and let w(i) be an element of 
Schwartz testing function space S then 

oo 

2a. Yirn^ £ ((/(£), w(t)0 m , n (t))^m,n(t)^(*)) 



n=— oo 



</(t),w(*M*)> V^(t)€5 
< W (t)/(*),7/(t)) Vr)(t)6S 



m— 1 oo 



2b. lim ^ ^ «/(«), u(t)^ k>n (t))ip k , n (t),T](t)) 



m—too 

fc=-oo n=-oo 



= ( W (t)/(t),r?(0) VvWeS. 

3a. We define a testing function space T> L 2ir\{F) as a subspace of the testing function space 
T>ip.(n\ and equip the space with an appropriate topology and show that V / G 'D'tfm^F) 

oo 
H™ E (</(*). <t>m,n(t))<l>mAt)Mtj) = (/(*)^(*)> V 7?(i) G P L 2 (R) (F). 



m— »oo 

n=— oo 



m— 1 oo 



m— »oo 

fc=-oo ra=-oo 



3b - J™ E E (/w>^w>^w.'?w=(/>i)vii(t)e^ (H )(f). 



4. Let us now assume that ^>(x) is a wavelet satisfying the following two requirements: 

(A) ip(x) is continuous and has an exponential decay i.e. V( x ) < me~ cx for some constants c 
and m. 
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(B) The integral of ip is zero i.e. ffj^ ip(x)dx = 0. 

Then the continuous wavelet transform of / £ L 2 (M) is defined to be the function Wf : R 2 — >■ i? 
given by 

/OO T — h 
/(z)Y>( )dx 
-oo a 

/OO 

J '{ya + b)ip(y)dy; a,kR. 
-oo 

Therefore, we assume that Wf(a, b) = for a = 0. 
The following inversion formula is well known: 

00 ro ° 'x-b\„ r , ,,dbda 



/(*) = -/ / \a\~^(^-°)w f (a,b) 

c,/, J-oo J-oo v a / a 



where c = 2tt /£, ^dA, ^(A) = (i^)(A). 

Now imposing further condition on ip{x) that it is infinitely differentiable on R the inversion 
formula is extended to the Schwartz distribution space T^'^rm i- e - we can now define the wavelet 

transform of / € T^'^m) as Wf(a, b) = ( f{x), ~7ttV'(^ _ ) ) an d prove the inversion formula 

(i /■oo /■oo r — h dhdn \ 

- / / M- 1/2 V( )^(a,&)— >(x) H/W^WWe^). 
Ci/> J —oo J —oo a, a, 

Some applications of our results are discussed. 

2010, AMS Subject classification: 
Primary: 42C40, 46F12 
Secondary: 42C15, 44A05, 44A55 

Key Words and phrases: Wavelet transforms, generalized integral transform, Schwartz 
distributions, orthogonal series expansion of distributions, generalized functions, distribution 
spaces. 



Some Known Definitions and Preliminaries 

A seminorm 7 on a linear space V is a functional satisfying 

(1) l(&<fi) = M7(^)> a £ C and 4> £ V 

(2) 7 ( (/ , + v ,)< 7 (0) +7 (^) ) Mev. 

From (1) and (2) one can easily derive that 7(0) = 0, j((f)) > V (f> £ V and 7(0 — ip) > 
|7(^)-7W|V^,V€F. 
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If the above mentioned seminorm 7 satisfies 
(3) 7(0) = ==> (j) = then it becomes a norm. 

One can easily see that if 71, 72, • • • , 7n are seminorms defined on V then (71 + 72 + • • • 7™) 
which is defined by 

(71 + 72 H ln)(4>) = 71 {4>) + 72<» H 1" ln{4>) 

is also a seminorm on V. 

[Max( 7l + 72 + • ■ -7n)](0) = Max[ 7l (</.), 72 (</.), . . . , 7n (0)] 
is also a seminorm. If a > then the functional 07 defined on V by 

[07] (0) =O7(0) V0€ V 

is a seminorm too on V. 

Two seminorms 7 and /? defined on V are said to be equivalent if there exist positive numbers 
a and b satisfying 

07(0) < p(4>) < 67(0) V <£ € V. 

One can easily see that the seminorms [71 + 72 + • • • + J n ] and Max [71, 72, • • • j n ] are equivalent 
seminorms. 

Now let S = {7^}^eA be a collection of seminorms on V where index [i traverses a finite or 
infinite set A. A collection of seminorms S is said to be separating (or S separates V) if for 
every (j) 7^ in V there is at least one Ju((f>) 7^ 0. In other words S is separating if only the zero 
element in V has a number zero assigned to it by every seminorm in S. In this case S is called a 
multinorm. A sufficient condition that a collection of seminorms {7 A t} A tgA be a multinorm is that 
at least one of 7^ may be a norm. Let {7i/ fc }^ =1 be a non-void finite subset of the multinorm S 
and £i,£2,.-.£ n the arbitrary positive numbers, then we define a balloon centered at -0 where ip 
is a fixed point in V as 

[<f>€ V : 7^(0-^0 <e k , k = l,2,...,n\. 

Clearly intersection of two balloons centered at ip is a balloon centered at ip. A neighbourhood in 
V is any set in V that contains a balloon and a heighbourhood of ^ G V is any set that contains 
a balloon centered at 0. A neighbourhood of origin is called a neighbourhood of zero. We refer 
to the collection of all neighbourhoods in V as a topology in V. The collection of neighbourhoods 
determines and is determined by a collection of open sets [13]. The neighbourhoods of any ip G V 
are simply translations through the element ip of the neighbourhoods of zero. Thus the topology 
of V is simply the collection of all possible translations of all neighbourhoods of zero. 
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A multinorm space V is a linear space having a topology generated by a multinorm S (i.e. 
by a separating collection of seminorms) . If S is countable V is called a countably multinormed 
space. A Cauchy sequence in a multinormed space V is a sequence {(/v}^Li of elements in V such 
that for every neighbourhood Q of zero there exists a positive integer TV for which (f> v — <fi^ is in 
$7 whenever v > N, fi > N. This fact is also expressed by saying that <p u — <j)^ is eventually in 
O. We can easily show that a sequence {0 t/ }^ =1 in V is a Cauchy sequence in V if and only if for 
each 7 G 5, 7(</v — <^) — ► as zv and /u tend to infinity independently. 

One can also derive quite readily that a sequence {(fr^^i in V tends to <p G V with respect 
to the topology of V if and only if for each 7 G S*, 7(</v — 0) — > as 1/ — > 00. 

When every Cauchy sequence in F is convergent we say that V is a complete countably 

multinormed space. The word countable here means that S is countable and not the space V. 

A complete countably multinormed space is called a Frechet space. As an example the space 

T>K(R n ) consisting of C°° functions defined in R n with supports contained in a compact subset K 

of R n and equipped with the topology generated by a separating collection of seminorms {7m}m=o 

where j m is defined by 

j m {4>)= sup \D s (t>{t)\, (j)eV K (1) 

ten 
s£{s; |s|=m} 

s = (si,s 2 ,s 3 ,...,s n ) and |s| = si + s 2 H s n 

D s = D\\D*\...D s n "- df = (^-r 

in a complete countably multinormed space, and therefore T>K(R n ) is a Frechet space. The fact 
that T>K{R n ) is non-empty can be seen from the example given below; we construct C°° function 
ip on R n with a compact support 

{* : — 1 < ti < 1, - 1 < t 2 < 1, -l<«n<l} 

as follows: 



m = { e ~^ for \ t \ = ^ +t * + --« l ( 2 ) 

for \t\ > 1. 

For the proof of the sequential completeness of the space "D^-(i? n ) one can look into references 
[22, 23, 24]. The fact that the collection of seminorms {7fc}hu =0 is separating follows from the 
fact that 70 is a norm. 



Countable Union Spaces 

Let {V m }'^l =l be a sequence of countably multinormed spaces such that 

V 1 C V 2 C V 3 C • • • . 
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Assume also that the topology of V m is stronger than the topology induced on it by V m +i. Let 

oo 
V = (J V m . 

m=l 

V is clearly a linear space. A sequence {(p u }^ =1 in V is said to converge to </> £ V if all the 
0„ and belong to the same Vm and the sequence <p u converges to <p in V m and therefore in 
V m +i, V m+ 2, V m+ 3 ... as well. The space V under these circumstances is called a countable union 
space. This space was introduced by Gelfand and Shilove [11, 1923]. A sequence {0 1 y}^ =1 is 
said to be a Cauchy sequence in V if it is a Cauchy sequence in one of the spaces V m . When 
all the Cauchy sequences in V are convergent, V is called a complete countable union space. A 
countable-union space V = Um=i ^m wm be called a strict countable union space if for each m the 
topology of V m is identical with the topology induced on V m by V m +i. This situation arises when 
a separating collection of seminorms {'j^'kLo under consideration is defined over all the elements 
of V and the topology over each V m is generated by these seminorms. We will see that the space 
T>(R n ) of L. Schwartz contained in C co {R n ) is a complete strict countable union space. This can 
be seen as follows. 
Define 

7m ((f>) = sup \D 8 <f>(t)\ 

t£R n 

s <E {s; \s\ = m}, s = (si, s 2 , . . . s n ) and \s\ = si + s 2 ■ . . , +s n 
The components s±, s 2 , ■ ■ ■ , s n are non- negative integers 

D S = D\\D S 2 \ 

d 



\dxi 

Let {.Kj}^ 1 be a sequence of compact subsets of R n such that K\ C K 2 C K3 . . . and 
U£i ^ = «™ and that 

P^! C P_ft: 2 C Vk 3 ■ ■ ■ and 

1=1 
The topology on every T>K t is generated by the sequence of seminorms {71}^ clearly the topology 
of T>Ki is the same as the topology induced on T>k { by that of T>x i+1 ■ The countable union space 
V(R n ) = \J^iT>K i is complete as each of the spaces T>k % is a complete countably multinormed 
space. Thus the space T>(R n ) is a complete strict countably union space and is said to be strict 
inductive limit of P^ [18, 22]. 
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Duals of Countably Multinormed Spaces 

Space of all continuous linear functional over countably multinormed space T>K(R n ) is denoted 
by D' K (R n ) and in usual terminology it is a vector space. 

If the topology over the space T>K{R n ) is generated by the sequence of seminorms {^k\T=\ 
this topology over T>x(R n ) can also be described by the sequence of seminorms {pk}hLi where 

Pk{4>) = 7oO) + 71 {<(>) + 72 O) + • • • + 7fc(0) v <f> e V K {R n ). 

Clearly p Q (4>) < pi((f>) < p 2 {4>), po = 7o (</>)■ 

If / is a continuous linear functional over T>K(R n ) then there exists a constant c > and an 
integer r > such that 

|(/,0>|<cp r (<A) v^e%(n (3) 

or 

K/,0>|<c[ 7 o(0)+7i(0) + ---740)]- (4) 

If (3) is not true then there exists a sequence of functions {4> u } < ^ =1 in T>K(R n ) such that 

\{fAu)\>v P Mu) or |(/,_^)|>1. (5) 

But for k <v, p k LA,) ) < £ ^M "^ ° in V K{R n ) v -> 00. Therefore letting t> ->• 00 in (5) 
we get a contradiction > 1, which proves (3). 

Definition: Convergence in the sense of 2?(]R n ). 

Let {<&/(£) }£Li be a sequence in X>(IR n ). We say that ^(i) — )■ in the sense of V{R n ) iff 
(i) Support of all {<f>v(t)} is contained in a compact subset of IR n . 
(ii) The sequence {4>\> \t)}uLi converges to 4> { y >(t) uniformly on H™ for each |fe| = 0, 1, 2, . . .. 

This definition is a consequence of the convergence in the countable union space D(lR n ). 
Lemma: p : V K {R n ) x V K (R n ) ->• R defined by 

is really a metric. 

The fact that p(4>, ip) follows triangle inequality can be readily seen. 

7 fc W>-V) j k {(f> ~ + 9 - i/j) < 7fc(0-^) + 7fc(^-^) 



1 + 7fc(0 - VO 1 + 7fc(0 -^ + ^-V)~l + 7fc(0 - 0) + lk{9 - ■*!>) 
This follows by virtue of the fact that -^— is an increasing function of x for x > 0. Hence, 

lk{4>-^) < 7fc(0-g) lk(9-j>) , 7 x 



l + 7 fc (<^-V) " l + 7fe(^-^) l + Tfc^-V') 

7 



54 PANDEY: WAVELET AND DISTRIBUTIONS 

Therefore, p((f>, ip) < p((j>, 6) + p(9, ip). 

The other properties of a metric are trivially satisfied. Therefore it can be verified that as 

v — > oo 

Mt)^<P m V K (R n )^p(^,0)^O. 

But this convergence property is not true for T>(R n ). Verification of the fact is done by the 
following counter-example given by Gelfand in [11, p. 8]. 
Define 

~2 



e ™' 2 -* 2 for \x\ < m, m > 
(x,m) = \ 

for Ixl > m. 



Define a sequence {V'm,^}^L 1 by 

tpm,u(x) = -4>(x,m), 171 = 1,2,3,. .. 

Now consider the following subsequences for m = 1, 2, 3, . . . 

■011 ipi2 V>13 • • • ->■ in D 
■021 ^22 ^23 • • • ->• in D 

Ipml 1pm2 1pm3 " " " "> in D 

Let -D be metrizable by a metric p. From the first row above we can choose ipi tUl v \ large and 
greater than 1 such that p(^i i;/1 ,0) < e. From the second row we can choose V2 > 2 and large 
such that p(Y>2,i> 2 jO) < | an d so on - Thus we can choose sequences {ipk,v k }T = i satisfying 

p(i>k,v k ,0) < -j^-, k = 1,2,3, .... 

So ^ „ k — > as k — > oo by assumption. But this is a contradiction as the support of ipk,u k ( x ) 
is [—k, k] and is unbounded as k — > oo. Therefore tpk,u k does not — > in the topology of D, which 
is a contradiction. So D is not metrizable. 

Thus we see that the topology of Dk{R u ) can be generated by the metric p i.e. T>K(R n ) 
is metrizable but "D(lR n ) is not. Nevertheless, convergence in T>{R n ) is a very strong kind of 
convergence, for the sequence {4'u k {x)} ( ^ =l converges to zero uniformly on R n along with all its 
derivatives but it does not converge to zero in T>(R n ). 

A Topology for D(R n ): We now give the definition of the convergence of a sequence in T>(TR n ) 
with respect to its topology and it turns out that the definition of the convergence of a sequence 
in DiJRJ 1 ) coincides with the convergence in the topology of X>(]R n ). [4, p. 39]. This means that 
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a sequence {4>u}^Li in T>(R n ) converges to (f>(t) in T>(R n ) if and only if it converges to 4> m the 
topology of V(R n ). 

Let {ej}J^ =1 be a monotone sequence of positive numbers such that lim^oo Ej = and let us 
assume {rrij} to be a sequence of positive numbers monotonically increasing to infinity. Further 
assume ^o = 0, Qj = {t, \\t\\ < j}, j = 1, 2, 3, . . .. An open neighbourhood basis B is defined; it 
contains the sets V({mj}, {ej}) = -j>|0 G V(R n ), \D p <p(t)\ < Sj for all \\p\\ < rrij, t 0,}. 

B satisfies all the conditions of a neighbourhood basis and thus generates a topology for T>. 

It is proved in [4, 19] that a sequence {4> u } < ^ =1 converges to 4> in the sense of convergence in 
T>(R n ) iff it converges in the topology of D(R n ). 

A distribution is a continuous and linear functional over T>(l£i n ). A distribution / generated 
by a locally integrable function / is called a regular distribution. We use the same notation for 
the locally integrable function / and the corresponding regular distribution / generated by it, i.e. 

</,0)= / /(t)0(t)dtV0GP(lR n ). (8) 

The linearity as well as the continuity of the distribution / is obvious. Now any element oiT>(R n ) 
generates a regular distribution. So Identifying elements of "D(IR) by the corresponding regular 
distribution that it generates we can see that DiJRJ 1 ) C X>'(]R n ). It is easy to verify that the space 
D'(JR n ) is also a vector space with definitions 

(af,4>) = a(f,4>) 

and 

(f + g,4>) = {fA) + <<?,0>, v^D(R"). 

Here a, (3 are complex constants and /, g are distributions. 

But there are other types of distributions which cannot be generated by locally integrable 
functions and they are called as singular distributions. Some examples of singular distributions 
are as follow. We are citing these examples in one dimension. The extensions of these results in 
n dimension can be easily done. 

Example 1. (5(t - a),(j>(i)) = (f>(a), (pGV. 

Example 2. {PV\^{t)) = (P) IZo ^fdt, <j>eV. 

The integral in example 2 is defined in the principal value sense. Proving continuity and linearity 
of 8{t — a) and PV j over T> is a simple exercise to readers. The symbol T> stands for D(R). 

Example 3. A pseudo function Pf l + (t)t -3 ' 2 is defined in terms of Hadamard's finite part of an 
integral by 

(Pfi + (t)t- 3 / 2 ,<f>(t)) = FP lim/ r 3 / 2 4>(t)dt 



56 



PANDEY: WAVELET AND DISTRIBUTIONS 



FP lim 

£-5>0+ 



20(0) 2^(0) + f b m dt 



Vb 



V~t 



Finite part of the integral in Example 3 is denoted as 

fp r t-v*4>(t)dt = f 

Jo Jo 



a c b m dt 20(0) 



Vt 



Vb 



where 



m 



t 

0'(O), 



t/o 

t = 0. 



The number b is so large that 0(t) = for t > b. 



\m\ < sup i0'(t)i 

0<4<6 



Si) 



Therefore, 



v, y/t 

m 



dt 



< 2Vb sup |0'(t)|. 

0<t<6 







Vt 



dt 



<2Vb sup |0 (1) (t)|. 

0<i<6 



Now the linearity and continuity of the functional FPl + (t)t~ 3 ' 2 follows. There are many other 
singular distributions given in [23, 24]. We say that a distribution / is zero on an open set 0, if 
(/, 0) = 0, V with support contained in fi. By using a theorem on partition of unity it is shown 
that if / is zero on an open set 0, a , a G k, where k is an index set then / = on UO, a , G k. We 
now define the null set N of a distribution. It is a maximal open set over which the distribution 
concerned vanishes, i.e. if support of G T> is contained in iV then (/, 0) = 0. The compliment 
of the null set with respect to E of a distribution is called the support of the distribution. 



Example 4: 



/(*) 




The null set of the regular distribution generated by f(t) is (— oo, 1) U (1, oo) and its support 

is [-1,1]. 

Example 5: Support of A5(t - 2) + 35{t - 1) is {1, 2}. 

The testing function space -E(]R™) is defined to contain all C°°(R n ) functions and we say 
that a sequence {4> v {t)^\^ ) =l in E(R n ) converges to in E(R n ) if (fy u (t) — > (j)( k '(t) uniformly over 
any compact subset of ]R ra V k with \\k\\ = 0,1,2,3,... This fact is expressed by saying that 
"0i/ (t) — > 0(t) in E(R n )." We say that a sequence {4> u ] ( ^ = _ OQ is a Cauchy sequence in E{R n ) if 



10 
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0u — (ftv — > in E(R n ) as /i, v — > oo independently of each other. It is easy to prove that any 
Cauchy sequence in .E(H n ) is convergent and so E(JR n ) is a complete space. The space T>{R n ) is 
also complete as any Cauchy sequence in "D(1R™) is convergent in D(]R ra ). The Cauchy sequences 
are defined in the usual way. The space consisting of the set of all continuous linear functionals 
over E(R n ) is denoted by _E'(lR n ) and the set of all continuous linear functional over T)(R n ) is 
denoted by D'(]R n ). Note that S(t) is an element of E'(lR n ) which has support {0} and so has 
compact support {0}. Any element of E'{R) is of compact support. For an easy proof see [4]. 
The topology over E(R n ) is defined as follows: 

The topology over E{R n ) is defined by the separating collection of seminorms {"fK,m}m=oi K ^ 
R n is an arbitrary compact set. 

Let K be an arbitrary compact subset of R n and let m = (mi, mri2 ■ . . m n ) where mi 's are a 
set of non-negative integers. Define \m\ = mi + rri2 + • • • m n . Let the set of seminorms be defined 
by r )K,m{4>) = su Pt€K,\k\=m I^HOI- A sequence {(j>v}^L\ in E(R n ) converges to <f> € E(R n ) if 
and only if jK,m(<fiv — 4 1 ) ~ * as v — > oo for each m = 0, 1, 2, . . . for any arbitrary K G R n and 
m = 0, 1, 2, . . .. It is evident that convergence in E{R n ) implies convergence in its topology and 
vice versa. 

Zero distribution: A distribution / € T>' is defined to be a zero distribution if 

</,</>)= V G P. 
As a consequence of this fact if two distributions / and 5 satisfy 

(f,4) = (g,<j ) )v<pev. 

then 

Therefore, 

/-<7 = 

i.e. f = g. 

For n dimensional case similar definition holds. 

Distributional differentiation: The distributional derivative Df of / € T>' is defined by 

(Df,0) = (f-^) = (f(t),- ( j ) '(t)) (9) 

i.e. Df assigns the same number to (j) as f assigns to —(f/(t). This definition is an analogue of a 
result on integration by parts, i.e. 

f'(t)<t>(t)dt = - / f{t)4Ht)dt 



11 
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when / and (ft both belong to C 1 (H) and 

lim f(t)<f>(t)=0. 

t— >±oo 

Distributional derivative of the regular distributions generated by h(t) [Heaviside's unit function] 
is S(t); see the calculation below 

(Dh(t),<t>(t)) = {h(t),-4>'(t)) = - 4>'(t)dt = 4>(0) 

Jo 

Therefore, Dh(t) = 5{t). 

Similar definition of distributional differentiation is also valid for the spaces S' , E' etc. These 
definitions are easily carried out to the n dimensional cases. 

The space S of rapidly decreasing functions: Let S be the space of infinitely differentiable 
and complex-valued functions defined on H which are rapidly decreasing and satisfying the 
asymptotic conditions 

lim \t\ m (j)( p '(t) = 0, V nonnegative integers m and p. 

|t|— KX3 

Clearly the function e~* G S and the space V C S. We define the seminorms j m>p , m,p = 

0,1,2,... on S by 

7m , p (0) = sup|t m ^)(t)|. (10) 

telR 

We equip the space S with the topology generated by the separating collection of seminorms 

{lm,p}m,p=o- So a sequence {<t) v {t)}^Li converges to an element in 5 iff jm tP (4>u — 4>) ~ > as 

v — > oo for each m,p = 0, 1, 2, 3, . . .. A sequence {(j) v } ( ^ ) =1 is a Cauchy sequence in S if for each 

non-negative integer m and p, , jm,p(4>fj, — <Pv) — > as //, v — > oo independently of each other. The 

space S is a sequentially complete space and therefore it is a complete countably multinormed 

space and so a Frechet space. The space T> is contained in S and is also dense in S [24]. Therefore, 

the restriction of / € S' to T> is in T>' . Also the convergence of a sequence {(j) u (t)}'^L 1 to (j){t) in D 

implies its convergence to (ft in S. Since T> is dense in S there cannot be more than one element 

of S' having the same restriction to T>. Therefore, this type of correspondence between S' and T>' 

is one to one and so we express it by saying that 

S' c V. 

The regular distribution generated by elements of T> are in D' and the regular distributions 
generated by elements of S are in 5". We summarise these containment results as follows: 

DCS CS' CV'. 
12 
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Singular distributions such as PV + , 5{t — a) and -P/l+(i)i~ 3 ' 2 all belong to 5' as well as to V. 
If /, g G S' we define af,f + gas elements of S' by 

(af,4>)=a(f,4>)V<l>eS 

(f + g,4>) = (f,4>) + (g,<P)V4>£S. 

Therefore, 

(af + bg,4>) = a(f,4>) + b(g,4>) V </> G S. 

Hence S' is a vector space. 

Fourier Transforms of L 2 - functions: 

Definition: The symbol l.i.m. stands for limit in the mean and defined as l.i.m. f n (t) = f(t) on R 
if and only if 

/oo 
\f(t)-f n (t)\ 2 dt = 0. 
-oo 

/(£) and f n (t) are /^-functions. 

PlanchereVs Theorem: Let / G L 2 then 

1 rN 



g(w) = l.i.m. -^= / f(t)e- iwt dt 

exists, g £ L2 and 

1 r^ 
/(t) = 1 i.m. — / sMe^du;, 

iV-^oo ^271 J-7V 

i.e. g(w) = (Ff)(w). [1,4] 

Parseval's Formula: Let /i,/2 G L 2 or /i,/2 G Li- Then 



(Ff 1 )(w)f 2 (w)dw = / f 1 (w)(Ff 2 )(w)dw 

—00 J —00 

{F- 1 f 1 )(w)f 2 (w)dw = / h{w){F- 1 f 2 ){w)dw [1,4] 

The operators F and F _1 are homeomorphism from 5 onto itself. In analogy with the 
classical Parseval's theorem on Fourier transform we define the Fourier transform of / G S' 
by (Ff, 4>) = (/, F(f>) V <f> G S and the inverse Fourier transform F~ 1 on S" is defined by 

{F- 1 f,<P) = {f,F- 1 <P) V0G5. 

Fourier transform F is also a linear operator in S" onto itself. We say that the sequence {f n } 
converges to / in S' if lim n _ >00 (/„, </>) = (/, </>) V <f> G 5. It is easy to verify that F is linear and 
continuous operator from S' onto itself. One can also verify that 

FF- 1 / = F~ l Ff = f V / G S r . 

13 
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In the classical Fourier transform theory functions like h{t) (Heaviside's unit function) and the 
identity function fit) = 1 are not Fourier transformable (in the classical sense) but they are 
Fourier transformable in the distributional sense. As an exercise one can see that 



FS(t - a) 

F-\l) 
F5 {k \t-a) 



1 



2tt 



2nS{t) 

1 , , 



'2ir 



(iw) 



There are a number of results given on Fourier transform in [21, 23, 24]. A similar theory for the 
Fourier transform of elements of T>' has been developed by Ehrenpreiss [23] which we are omitting 
as we do not need it here. It is a well known fact that for any f €. E' (i.e. a distribution of copact 
support) its Fourier transform can be given by 



(Ff)(w) = (f(t), 



-,—iwt 



2vr 



[23, 24] 



A structure formula for tempered distributions: 

The topology of the space S of rapid descent is defined by the sequence of seminorms 
{lm,p}m,p=o as defined by (10). It is proved in (23) and (24) that this topology can as well 
be generated by the sequence of seminorms {7m}m=o where 



sup 

teR 



(l + t 2 ) m ^ m \t) 



eS 



It is also proved in (23) that 70 < 71 < 72 < 73 • • •• Therefore for / G S', 4> S S there exists a 
non-negative integer m satisfying 

\if,<p)\ < csup (i+t 2 r\<t> {m) (t)\ 

teR 



< Csup 

t 

/oo 
-00 



d 

dt 



(i + t 2 ) m 4> m (t) 



dt 



(i + t') m 4> m {t) 



dt. 



Therefore, using Riesz theorem and Hahn Banach extension theorem there exists a function g 
belonging to L°° such that 

d 



(M 



9; 



dt 
d_ 

di 



'l+t 2 ) m (t) {m \t) 



g,(l + t 2 ) m ^ m \t) 



il + t 2 ) m g',^ m \t) 



-ir +i — [(i+t 2 )V],0(t) 



(11) 

(12) 
(13) 
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SO 



f = (-l) m+1 ^[(l + t 2 rg'}. 



(14) 



When (/) £ S(R n ) the topology over S(R n ) can be generated by the separating collection of 
seminorms {7 m }j^i =0 , where 



\m\=k 



\m\ 



7*($= E u su p (i+t?r i (i+*i) m2 ---(i+t?) m "^ (m) (*) 



tefl" 



(15) 



It is easy to show that 



7fcO) < 7fc+i(0) < lk+2--- 
Differentiations in (14) are performed in distributional sense. We have also used the formula that 



x n r x 'i r x 2 m 



A t cj)(t)dt = cf)(x), <p £ S(R n ) 



and 



so. 



oo J—ooJ—ooJ—oo 



/x n rxn-i rx\ 

- ■■■ / \A t( f>(t)\dt 

-oo J -oo J -oo 

/OO /'OO /'OO 

-/ •••/ \A t (/>(t)\dt 
-oo J —oo J —oo 



SUp \(f){x)\ < \\A t (t)(t)\\ L >mny 
x£R n 



mi,m2,m3, . . . , m n are all non- negative integers and 



\m\ = mi + TU2 + • • • + 77i n and 



,dt n J \dt 2 J \dti 

The corresponding results (11), (12) and (13) take the form 



\m\=k 



where g m G L°°(R ri 



E ((-i) B 

|m|=fc \ 



n(i+^r 



U=l 



A 5m , 4> {m \t) 



e ( (-i) |m|+n ^ m n [(i + *?)**] A 5-, 0w 

|m|=fe \ »=1 / 



where L> m = D™« • • • D^D^D™ 1 . 



D'roin^i^fm 



(16) 



(17) 
(18) 
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Therefore, 



or 



f = V^ (_\\\ m \+ n [) m 

\m\=k 



i=\ 



f=J2 {-l) k+n D m 

\m\=k 



na+^rA^ 



U=l 



n(i+tf) mi A 5mi 

5mi S L°°{R n ), i=- 1,2,3,..., n. 



Discrete Wavelet Transforms of Schwartz Distributions and their Inversion 

There are two ways to define the integral transform of Schwartz distributions or generalized 
functions in general. In one method we construct a class of test functions on the real line containing 
the kernel of the transform concerned and we introduce a topology on the space by means of 
separating collection of seminorms defined on it. As an example to extend one sided Laplace 
transform to generalized functions we construct a testing function space L a on the real line such 
that a function 4>(t) defined on t > belongs to the space L a if it satisfies the conditions 



lk{4>) 



.Jit 



sup \e 



(j) {k) (t)\<oo, k = 0,1,2,... 



and we introduce the topology on it by the separating collection of seminorms {"fk}kLo defined 
on it. This space is a complete countably multinormed space. For / £ L' a we define its Laplace 
transform by 

F(s) = (f(t), e~ st ), Re s > a. 

Now many properties of F(s) such as differentiability for Re s > a can be proved along with the 

inversion formula 

/ i rb+iN \ 

lim ( — / F(s)e st ds, <j>(t) ),b>a 

= {fA). 

Further details on Laplace transform of generalized functions and many other related transforms 
can be looked into [23, 24]. 

The other method is the method of adjoints emulating the corresponding classical Parseval's 
type of relation as explained in Chapter 1 for the Fourier transform of distributions. Our objective 
is to find Wavelet series expansion of Schwartz spaces of distributions. We cannot use the second 
method (method of adjoints) in this case as the Parseval's relation (Ff, ip m n) = (/, Ftp mn ) for 
wavelets does not yield an easy inversion formula in terms of the wavelet transform of generalized 
functions. It is still an open problem. We will therefore confine ourselves to the first method. 
Our plan is to have Shannon Wavelet Series expansion for a class of generalized functions. In this 
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case we define the scaling function as 

, , . sin irt 

4>{t) = — — , t/o 

TTl 

= 0, t = 

4>(t) is a C°°(R) function and does not have compact supports. The mother wavelet for Shannon 
series of wavelets is defined as 

il>(t) = 2cf)(2t)-(f)(t). 

The Fourier transform ifj(w) of ip{t) is given by 



4>(W) = H^>) ~TP( W ) 



1 — IT ^ W ^ 7T 

whose support is [— 2ir, — tt] U [tt, 2ir] as the support of 4>{w) = { ~ .is [— tt,it\. 

0, o.w. 

The sequence {^m,n{t)}m n =-oo with ^m,n = 2 m ' 2 ^{2 rn t — n) is a complete orthonormal sequence 
in L 2 (R). [5, 21] 

Before we prove the main inversion formula for the wavelet transform of distributions we will 
prove two very crucial lemmas to be used in the sequel. Lemma 1 is a variation of Proposition 
1.5 proved by Gilbert and Shen in [21]. However, due to the complexity of the lemma, the author 
feels that it is fair to give a sketchy proof of it to facilitate the readership of the paper. 

Lemma 1. Let £(£) and w(t) be elements of T> and let 

N 2 
£,m,N u N 2 (t) = Yl {i{t),4>m,n{t))4>m,n{t) 

n=-N 1 

N 2 



E 

n=-N\ 



£(t)(f>m,n(t)dt 



Ym,n\t ) ■ 



Then 



*&.«&.*« = <S'W 



for each k = 0,1,2,..., the convergence being uniform on the real line, the function £ m (t) is 
defined by 

oo 

J2 <£(*)> <l>m,n(t)) (f> m ,n(t) (19) 

n=— oo 

and 

oo 

$>(*)= E m^,n(i)>C*(i)- (20) 

n=— oo 

Proof: The I? convergence of the series (19) and (20) is well known [5, 7, 10, 21]. We use the 
fact that the operators F (Fourier transform) and F^ 1 (inverse Fourier transform) are continuous 
linear operators from 1? onto itself. 
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Consider 



^m, JVi ,N 2 



F ^Sm,JVi,JV2W 



ffl{w) = F-\tw) k J2 m^m,n(t))4>m,nW 



(21) 



SO 

00 1 r 2 m TT 

„=» 2™+% ./.a*.* 
We have used Parseval's lemma for Fourier transform as well as the continuity of F as cited above. 
The fact that (j>(C) is an even function of £ is also used. The R.H.S. series is obtained by taking 
the limit as N\ , N2 — > 00 in the expression £„j jy ^ (0 a fter applying the operator F. Therefore, 

as the series in (22) is really the Fourier series expansion of the characteristic function of 

[-2 rn 7r,2 m 7rl. 



Therefore 



4 fe) W = ^f \iw) k i{ w y wt dw. 

AIT J-2 m n 



Hence 



i.e. 



£ (fc) -$>(*) 



2tt 



OO [—2 m 1T 

+ / 

2 m 7T ./-OO 



Kfe) 



c w (t)-e ; w 



(*)/ 



< 



2tt 



OO /■- 2 m 7T 

+ / 

2 m 7T J-OO 



i«;) fc |(w)e iwt d«;. 

||(u>)w fc |dw 



as m — )■ 00 uniformly for all £ S H as £(w;) € S. 



Lemma 2. The function w (£)£m,ATi,Ar 2 (£) — ^ w (t)£,(t) i n the topology of P as N±,N2 — > 00. This 
follows from the lemma as follows: 

Proof: D k [w(t)U,N u N 2 (t) - w(t)S(t)] 

D k [w(t)U,N lN2 (t) - w(jt)ffl] = E [ " ) ™ (r) (*) K?,iV 2 (*) " t {k - r \t) 

r=0 V r / 

— )■ uniformly V £ € H as m, N±, N2 — > 00. 

Since w(t) G P it follows that w(i)Cm,ATi,Ar 2 (i) — >■ w(t)£,(t) in the topology of P as m, iVi, ./V2 — > 
00, and we now prove the main theorem 1(a). 

Theoremla. Let £(£) and u>(t) £ P and 4> m ,n(t) be the sequence functions as defined. Then for 
f€V' 



I N 2 \ 

lim Yl (/(*). W(*)^n,n(*))^m,n(t),e(*) 



(w(t)f(t),m 
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I.e. 

N 2 



lim Yl (f(t),w(t)<j )m , n (t))<j )m , n (t)=f(t)w(t) 

n=—Ni 

in terms of convergence in D' . 
Proof: 

( E (/(*), W(*)^m,n(t))^m,n(t)^(t)) (23) 

\n=-N 1 I 

= (f(t),w{t) JT {at)^m,n{t))(t) m ,n{t)\ (24) 

(23) implies (24) by the linearity property of /. 

-»• (f(t),w(t)£(t)) asm,N 1 ,N 2 ^oo (25) 

= M*)/(*U(*)> 

(24) =^> (25) in view of Lemma 2. 

The expression (f(t),w(t)(j) m:n (t)) is meaningful as ty(t)^> m , n (£) is a C°°(1R) function with 
compact support. 

Theorem lb. Let f £ T>' and £(t),w(t) £ T>. Asume that ip m ,n(t), m,n £ % are the Shannon 
wavelets as defined before, then 

/ M-l N 2 \ 

( E E (fMWm,n(Wm,n(tU(t)) ( 26 ) 

\m=-M 1 n=-N ± I 

-></(*),«>(*)£(*)> = (/(*M*U(*)> as m,N 1 ,N 2 ^oo. 

Proof: It is easy to compute that 

M-l N 2 

E E </(OX*)^m,n(t)}V'm,n(*U(*)> 

m=-Mi n=—Ni 

J M-l iV 2 \ 

= (f(t),w(t) E E (£(*)' V>m,n(Wm,nW) (27) 

\ m=-Mi ji=— JVi / 

M— 1 oo oo 

E E (?W^m, n (i))^ m ,„(i)) = E (CW,^M,n(0)^M,n(t). [21, p.ll] 

m=— oo n=— oo n=— oo 

Therefore, 

M-l tv 2 

lim U>(t) E E (£(*)> ^m,n)^m,n(£) 

££« m=-Afi n=-JVi 

Mi^oo 

■oo 
= lo(t) E {£,{t)i<t>M,n)<t>M,n{t) 

n=—oo 



w(t)^(t) in the topology of X> 
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as M — >■ oo in view of Lemma 2 and Theorem 1(a). 

Therefore letting Mi , M, 7V"i , N 2 ->• oo in (27) we get 

/ Af-l iv 2 \ 

( E E </(*). «W",„(t)>,«t)) 

\m=-Mi n=—Ni I 

To prove 2(a) and 2(b) we can use the same method as used in proving 1(a) and 1(b). The 
weight function £(t) and the testing function rj(t) are both to be chosen as elements of the testing 
function space S. The other method that we want to use will exploit the structure formula for 
a tempered distribution belonging to the space S' , the dual space of S. In this method too we 
will use the function £(£) G S as a weight function and rj(t) as an arbitrary element of S. The 
weighted Wavelet transform of / € S' will be defined by 

WW = </(*U(*Mn > n(t)} (28) 

and we will prove the inversion formula 

/ M-l 7V 2 \ 

lim ( E E (/(*),C(*)V'm 1 n(t)>^m ) n(x),7 ? (x)) = (/,^) = ^/,77). (29) 

££« W=-Mim=-JVi / 

as Mi, N\, N2, M all — >• 00 independently of each other. It is assumed that M, N\,N 2 , Mi all 
G Z. Using the linearity property of / we can easily show that 

M-l N 2 

E E </(*). CWm ) n(Wm 1 n(x) J r7(3)> 

m=-M 1 n=-N 1 

I M-l N 2 \ 

(f(t),Z(t) E E (^(^)^m ; n(x))Vm,n(i)) (30) 

\ m=-Mi n=-Ni I 

I im M-l N 2 \ 

= U-r) m+1 ^{{i + t 2 Tg>U{t) E E (i(4i,W)i, n (t) (3i) 

\ m=-M 1 n=-Ni I 

in view of the structure formula (14) for /. letting Ni,N 2 , M — > 00 we have 

/ d m \ 

= ((-ir +1 ^{(l + t 2 ) M ™g'},mVM) (32) 

Vm = v(w)X[-2 M 7T,2 M 7v] [24, p.U, 15] (33) 



where 



M-l 00 



r ?M(0 = E E ( ? ?( i )^(a ; )'0m,n(^))V 7 m,n(i) 

m=— 00 n=— 00 

■CO 

= E ( r i( x )i < f > M,n{ x )} < l > M,n(t). 
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Now, 



r,{t)-r, M {t) = F~ L [r)(t)-VM{t)] 

= ^ / (fvM ~ fr,M(w))e twt dw. 



Using (18) we get 

i f roc i—2 m tv) 

" it) -^ {t)= Y,{L + L \M-y^ 

Now, the expression in (18) can be written as 

/ d m \ 

((- 1 ) |^i(! + t2 ) m 5'}> m(VM(t) - V (t)) + e(*)»7(*)) 

= </(*U(tMt)> + ((-i) m+1 ^{(i + t 2 ) m g'(t)},m(vM(t) - v(t))) ■ (34) 

Now let us denote the second expression in (34) by Im- So 
Im - 



-ir +1 ^{(i+t 2 rg'(t)},m(vM(t)-v(t)) 



LAI 



oo r -2 m n 



(-ir^d+wiowmiu/^ 



rj(w)e %wt dw 



5(*) ; 



eft 

d 

~d~t 



(l + O 



2vn d m £(i) f '« '- 2 "^ 



cft m 2vr \J2M1rJ- 



i)(w)e lwt dw 



:i+* 



2-,m 



m^£ m - r (t) 



OO /--2 m 7T 



2 m 7T J-OO 



r)(w;)(^) r e rat du» 



00 , X d 

-OO t*l< 



c^E0^t/r}«-^- 



r=0 



dwdt 



g(t) 



-m^M(t) 



-(i+tr-^EQ^^ + a + ^C) 

r=0 

00 r - 2 m tt\ 



m ^(m+l-r)(f) 



27T \ r / 27T 



+ 

2 M 7T ./-OO 



+ / ^(l+t 2 )^ 

J-00 r=0 - r 



ri(w)(iw) r e iwt dwdt 
m \£( m ~ r )(£) 



2tt 



+ 



2 M n J-00 



-2 M 1T 



r)(w)(iw) r+i e twt dwdt 



— > as m — > 00 because g € L°° and £(£), f/(tf) G S* and the inner integrals converge uniformly 

and absolutely for all t. 

Therefore letting M — > 00 in (34) both results (2a) and (2b) follow, i.e. 



Af-l 00 



»l im J2 J2 (9(t), (€(t), 1p m ,n(t))^m,n(x)r](t)) 
M— >oo — 



-00 —00 



21 



68 PANDEY: WAVELET AND DISTRIBUTIONS 



lim Yl (/(*)> <C(*)^Af,n(t)>^,n(*M*)} 

M— >oo 

n=— oo 

</(t),f(t)»/(t)> = <e(t)/(t),i7(t)>. 



3. Shannon Wavelet Series Expansion of a Class of Generalized Functions 

We construct a testing function space T>' L2 (F) as follows. 

A complex valued infinitely differentiable function (f>(t) denned on 1R belongs to the testing 
function space V L 2 (F) iff 

(i) (jy- >{t) is L 2 integrable on the real line R for each k = 0, 1, 2, 3, . . ., and 

(ii) The Fourier transform of each of the functions ^'(t) belongs to the space L l (R), for 
k = 0, 1, 2, 3, . . ., i.e., (F<f>W)(w) G L 1 ^) for each k = 0, 1, 2, . . .. 

Examples of such functions are elements of Schwartz spaces S and D. Therefore, S C -D^2 (F). 
Each element of the space D L 2 (F) belongs to the space D L 2 where D L 2 consists of all infinitely 
differentiable functions defined on H which are 1? integrable. The topology over the space D L 2 
is generated by the sequence of seminorms {7fc}^ where jk(<j>) = \\<t> lh- The space D L 2 is 
a complete countably multinormed space and if a sequence {<^v(t)}^Li converges in the space of 
D L 2 then (jr u '(t) — > (f)( k >(t) uniformly on H for each fixed k = 0, 1, 2, 3, . . .. The function (f)(t) here 
is an element of the space D L 2 to which the sequence <p v {t) converges. [19] 

The topology over the space D L 2 (F) is defined by the sequence of seminorms 

7fc (0) = ||^ ) (t)||2 + ||(F#))H|| 1 (35) 

for k = 0,1,2,..., and the symbols \\<fi\\2 and \\4>\\i represent L 2 and L 1 norm of a function 
(j) £ D L 2 (F) respectively. 

So a sequence {<p u (t)}^ = i in D L 2 (F) converges to an element of ^ G D L 2 (F) iff ^k{4>u — (f)) —^ 
as v — > oo for each fe = 0,1,2, .... A sequence {(p u } ( ^ =1 in D L 2(F) is a Cauchy sequence iff 
7fc(^>/i — §v) — > as v, fi — > oo independently of each other. It is a simple exercise to prove that 
any Cauchy sequence in D L 2{F) is convergent and therefore, D L 2(F) is sequentially complete and 
so a complete countable multinormed space, or a Frechet space. The space D' L2 (F) consists of all 
the continuous linear functions over the space D' L2 (F), and using the definition used in previous 
sections it can be proved that D' L2 (F) is a linear space (vector space). Some of the exmaples one 
can prove as an exercise are as follows: 

Prove that 
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(i) 6(t-a)eD' L2 (F) 

(ii) Pv]GD' L2 (F) 

(iii) Pfl + t-^£D' L2 (F) 

(iv) A linear functional / generated by / € L 2 belongs to D' L2 (F). Such a functional / is called 
a regular distribution. 

In proving the exercises mentioned above one has to bear in mind that 

D L2 (F)CD L 2 

and the space Dip. is sequentially complete. A Cauchy sequence in Dj j 2{F) is a Cauchy sequence 
in D L 2 . A convergent sequence in D L 2 also converges uniformly on H along with all its derivatives. 

[19] 



If 4> € D L 2, then <p along with all its derivatives tends to zero as t — > oo. [19] 
Let 

/(*) = 



^, t/0 



1, t = 0. 
then /(£) is infinitely differentiable and f(x) 6 D L 2(F). 

The infinite differentiability of f{x) follows from the power series representation of / as 



/(*) = E 



n=l 



. 1 )n-l x 2n-2 

(2n-l)! 



One may use the facts that 



F(/(*>(t)) = M fc x [-i,i] 

F(/W(7rt)) = (H'xI-vr,^] 

to prove that /(£) as well as /(irt) belong to D L 2(F). 

Again, 6^'\t) e £> L 2(F) =► 6»( r (t) G L 2 (R). Therefore, F(6^(t)) G L 2 (R). Hence in view of 
Plancherel's theorem 



0Wi 



u> 



1 



X[-2 m 7r,2 m 7r] 



0. 



as m — t- oo. 

Also, from the definition of the space D L 2(R) 



0( r ){w) 1 - X[-2"»ir,2'»ir] 



as m -^ oo. 
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Lemma 3. If a testing function space is a complete countably multinormed space then its dual 
space is sequentially complete. [24] 

Proof: Let {f u }^Li be a Cauchy sequence in V L 2(F), i.e., {(fi>,<f>)}^Li is a Cauchy sequence in 
C \/(j) £ D L 2(F). Then from the standard lemma as cited above it follows that there exists an 
/ e D L 2(F) such that 

lkn (/„,</>) = (f,</>) V<^eD L2 (F). 

v~- >oo 

This fact is expressed by saying that the space D' L2 (F) is sequentially complete. 

Theorem 3. Let {V , m,n(i)}m,nez De a sequence of Wavelets in the Shannon systems as described 
in section 1. Assume that 9{t) is an arbitrary element of the space D L 2(F). Then 

m— 1 oo 

J^ E E {G{t)^ Km {t))^ n {t) = e{t). 

fc=-oo ra=-oo 

interpreting the limit in the topology of the space D L 2{F). We will use the fact that \/6 £ D L 2(F) 

m— 1 oo oo 



J2 E {0(t),1pkA t ))^k,n( t )= E (#(*)> fo,n(*)>&*,n(*)- Pl.P-H] 



(36) 



fc=-oo n=-oo 

Now consider the following expression: 

m— 1 oo 



FD (r) 



E E ^(*)»^,n(*))^,n(*)-<9(*) 

fc=-oo n=-oo 



(37) 



Operations of differentiation as well as Fourier transformation are both valid in (37) in view of 
Plancharel's theorem and that the series is convergent in I? . Therefore, using Lemma 1 and (36) 
we have 

m— 1 oo 

FD " E E <0(*)>V'* 1 n(Wk,n(*)-0(*) 

fc=-oo n=-oo 

oo 
= E (^(t),4>m,n(t))(iw) r (f) m) n(w) - (iw) T 4>(w) 



(iw) 7 



.n=—oo 



(iw) T 9(w) [l - X[-2™7r,2™7r] 
0( r )(w) 1 - X[-2™7T,2™7r] 



Now, 



-(?(*■) | 



"' 



X[-2 m 7r,2 m 7r] 



+ 

2 m 7T J-OO 



-2 m 7T N 



0( r )(w) 



du> —7-0 as m — > oo. 



(38) 
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This is true by virtue of the fact that 9^ r \t) G D L2 {F) and so 8( r )(w) G L^R). 
Again, fl( r )(i) G D L2 (F) =► 9 {r \t) G L 2 (1R). Therefore, F(# r (i)) G L 2 (1R). Hence in view of 
Plancherel's theorem 



0( r )i 



ic 



1 — X[-2 m n,2 m n] 



as m — > oo. 



Since -F, F both are bounded linear operators from L 2 (H) on to itself we have 



-F^FD^ 



F 1 g v (w) |l - X[-2"»7r,2"»ir] 

TV — 1 OO 

E e («wiM(<))^,«(*)-«w 



as m — > oo. 



k=— oo m=—oo 



as m — )■ oo. 



or 



m— 1 oo 



as m — t- oo 



(39) 



k=-oo n=—oo 

for each r = 0, 1, 2, . . .. 

Thus Theorem 3(a) follows from (38) and (39). 

Corollary. An interpretation of Theorem 3(a) is 

M 2 N n 

E E (0(*)>^m,n(t)>V'm ) n(t) "> 0(*) 

m=-M\ n=-N\ 

in the topology of the space D L 2(F) as N±, A^, M±, M 2 — > 00. 

Theorem 4. Let / G D' L2 (F) and let the Shannon system {ip m ,n(t)}m,n£Z be a complete 

orthonormal set in 1? then 

fc— 1 00 
lim J2 E ((/(t).K«(t)W).W) = (/.^))V«€fli l (F). 

fc— >oo 



m=— oo n=— 00 



Proof. 



/ M-l iV 2 \ 

E E (f^m,n)^m,n(t)^(t)) = (f,0(t)) as JV ls A 2 , M 1; M 2 -)• OO. 

\m=-Mi n=-N\ I 



I M-l W 2 \ I M-l N 2 \ 

( E E </(*). ^m,n(*))^m,n(t),e(t) ) = (f(t), E E (^m.n^m.n) ■ 

\m=-Mi n=-Ni I \ m=-M\ n=—Ni I 

Letting Ai, A 2 , Mi, M 2 — >■ 00 and using the Corollary to Theorem 3, the result follows, i.e. 

00 00 
E E (/,UM*)) = (/-«)Vfl£^(F) and feD' L2 (F). 



m=— 00 n=— 00 
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This proves 3b. 

Theorem 5: Let / £ D' L2 (F) and ip be the mother wavelet of the Shannon system with the 
corresponding scaling function (f>. Then 

\n=— oo / 

This result follows in view of the result [21, p. 12]. 

4. Continuous (Non-Discrete) Wavelet Transform 

In sections 1, 2, and 3 we defined wavelet transforms of generalized functions in terms of 
discrete wavelets and derived corresponding inversion formulas interpreting convergence in the 
weak distributional (generalized) sense. In this section we will define the continuous wavelet 
transform of a class of generalized function and derive the corresponding inversion formula 
interpreting convergence in the weak topology of the generalized function space. It will essentially 
be the extension of the inversion formula described below [3] to certain class of generalized 
function. To introduce the continuous wavelet transform we assume that a wavelet function 
ip(x) defined on H satisfies the following conditions. 

1. ip(x) is continuous and has exponential decay satisfying 

\4>{x)\ < M e~ Cx2 (40) 

for some positive constants C and M. The constants C and M will vary with the function 

2. The integral of ^ on R is zero 

ip(x)dx = 0. (41) 



An example of such a function is 

if>(x) = xe~ x2 i£R (42) 

which will be the kernel of our wavelet transform. 

Definition: Given the wavelet ip as described by (37) the wavelet transform of function 
/ € L 2 (M) is defined as a mapping Wf : R 2 — >■ R given by 



1 f°° /r — h\ 

W f (a,b) = -= / /(zW )dx. (43) 

V \a\ J-oo v a ' 
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Wf(a,b) is defined to be zero whenever a = 0; this was already explained while describing the 

problem 4B. Since our kernel ip is real valued we can drop the bar sign in (43). Now the following 

inversion formula is well known as described in [3; p. 256]. 

Let ip be the continuous wavelet described by (41) and (42) and let Wf(a,b) be the wavelet 

transform of / S L 2 (JR) as given by (43). Then for any / G L 2 (M) the following inversion formula 

holds 

I ,«, ,«> ,/x-b\ , ,,dbda , AA . 



where 



3 |A| 



The expression C^ is finite and ip(\) stands for the Fourier transform of ip(x). The details of the 
inversion theorem (44) is given in [3]. We will simply make use of the derivation to derive the 
corresponding inversion formula (44) for a certain space of generalized functions. 

In order to define the wavelet transform (43) and the inversion formula (44) for certain class of 
generalized functions we must choose our testing function space as the subspace of C°° functions 
and equip this space with an appropriate multinorm topology and, in that case, the class of 
functions defined by (41) and (42) will also belong to the dual space as a regular distribution. 

2 

Our testing function space W should be so chosen that the wavelet xe~ x may belong to that 
space. So we define testing function space W as follows: <p G W iff 

(i) (/>£ C°°(R) 
(ii) \^ k \x)\ < M k e~ c ^\ M k >0, C fc >0,fc = 0,1,2,... 

(iii) f-oo H x ) dx = 0. 

The topology over the space W is generated by the sequence of seminorms 

where 

7fc (0) = ||# ) (t)|| 2 = 7(0 (fe) (i)), £ = 0,1,2,... 
where || • H2 stands for the L 2 norm of the function enclosed inside the symbol || • H2 = 7. 

We say that a sequence {(j) v ]^ } =1 in W converges to an element (ft £ W iff ^k{4>v — 0) — )• as 
v — >■ 00 for each k = 0, 1, 2, 3, . . .. The space W is a subspace of the Schwartz testing function 
space D L 2 (R) = D L 2 and the topology in this space is defined by the same collection of seminorms 
{7fc}fcL - Th e topology of W is the same as the topology induced on W by that of the space 
D L 2. It is a well known fact that the Schwartz testing function space D L 2 is a sequentially 
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complete countable multinormed space and so a Frechet space. Therefore, the dual space of D L 2 
is sequentially complete too. If a sequence {4> v }^ =1 tends to <fi hi the space D L 2 then the sequence 
4>v it) — > <fr '(t) with respect to the multinorm topology, i.e. 7 (</>£/ — $• >) — > as v — )■ 00 for 
each fc = 0, 2, 3, 4, . . .. In such a case the sequence converges to <f) uniformly for all t £ H. 

It can also be proved by using the technique used by Schwartz [19] and others that the space 
W is also sequentially complete and countably multinormed space and the dual space of W is also 
sequentially complete. 

2 

The kernel xe~ x of the Wavelet transform we are going to define belongs to the space W. All 
the elements of the space D also belong to the space D L 2. It is a simple exercise to verify that, 
if a sequence {(/>^}^ =1 tends to (f> in D, then also this sequence converges to <f> in D L 2. The space 
D is dense in D L 2 and so the restriction of a functional / G D' L2 to the space D is in D' and so 
it is called a distribution. The restriction / G D' L2 to W is also in W' . However in this case we 
have not proved (as it may not be true) that the correspondence between W' and D' L2 is one to 
one. The inversion formula that we are going to prove is valid for the space D' L2 in its entirety. 

Prove that the following distributions belong to D' L2 



(i) Pv\ (ii) Pf\+t-^ 2 (iii) ^(t-3) 

(iv) Regular distribution generated by every I? integrable function belongs to D' L2 or to W . 



Definition: Let ip(x) = xe x on H then the continuous wavelet transform of / £ D' L2 is defined 
by 

W f (a, b) = /f(t), -L-V(— ) ) MGK. 




Thus the wavelet transform of / G D' L2 is a mapping from IR — > JR.. 

The concept of distributional derivative in the space D' L2 is defined in the same way as that 
defined in the space D' . We now state a structure formula for any arbitrary distribution / £ D' L2 
as follows: 

Theorem: Every distribution / G D' L2 is a finite linear combination of the finite order 
distributional derivative of regular distribution generated by L 2 functions, i.e. 

</>> = (£(-ir/i m) (*),<A v^ Gj d l2 . 

\m=0 / 

fo,fi,f2,--'fk are all l? functions. [19]. 
Hint: Prove first that 



\(f,<P)\<cj2\w 

28 



W 



PANDEY: WAVELET AND DISTRIBUTIONS 



75 



Then use Hahn Banach Theorem and Riesz representation theorem. One has also to use the fact 
that the dual of L\ x L\ x L\ ■ ■ ■ L^ is L\ x L\ x L\ ■ ■ ■ L™. We now prove the following results 
to use in the sequel. 



Theorem A. Let / 6 D' L2 and ip be the function defined by (42) then the function 

o,klR, 



W f (a,b) = (f(t), -^v'' h 



a\ K a 



satisfies the following properties 
fi) d k W f (a,b) = / _1 d*f,t-b 



db k 



(ii) 



db k 



(Hr))- '«• 



■H±4<» 



a" va 



t-b 



>'M)-(/m,£-W^)' 



k = 1,2,3,.... 

(45) 
(46) 



(iii) 



dW f 



On 



dW f 



a,b) 



Ob 



(a,b) 



< 



< 



n 



i 



\ a \m+l/2' 



1 



TO=0 



lm+1/2 ' 



L and K are non-negative constants, 
(iv) Wf(a, b) is a continuous function of a and b. 

Proof: We will prove (i) and (ii) only for k = 1 as the result for k = 2,3, .. . can be proved 
similarly using the method of induction. 
(i) We start with the expression 






assume that a > so lal = a. Therefore, 



W>(a, 5 + A6) - W7(a, 6) = U), J^( *^»+M ) _ ^(^) \ 

\ \/|a| v a y V a a / 



Therefore, 



W)(a,& + A&)-W)(a,&) 



„ , 5 1 , /t-6 
/(*),— — ^ 



/(*) 



A6 V v "" 96 -y/a V a 

1 ^( t ^ M )-^ (1) (^) ^ (1) (^)(-D' 



. a &b 

f(t),0(t,a,b,At)) 



a\a 
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0(t,a,b,At) 



1 ./t-(o + Ao) 






ue^/u-^y^ 



'aa 



Our result (for k = 1) will be proved by showing that 



dt fc 



6> (fc) ^0 in L 2 as Ai^O, k = 0, 1,2,3, ... . 



i.e. ||0^||2 — > as A6 — >■ 0, k = 0, 1, 2, 3, . . .. We are dropping arguments of # for the sake of 
convenience. Now using the mean value theorem of differential calculus we get 

-^( fc ) f t-(b+A b y 



0(k) 



(-1)* 



'aa" 



^(*) 



t-6 



A6 



(-1JV+ 1 ^ 



/aa 



fc+i 



(-!) fc+1 L(*+D ^-(ft + ^Afe) ^ _ fA(fc+1) // & 



'aa 



fe+i 



1-VA 



O<0< 1. 



||# (fe) || 2 ->• as A6 ->• 0. This follows by virtue of the fact that if / G L p , p > 1 then 

\\f(t + h)-f(t)\\ p ^0 as fc-X). 

(ii) We will prove this part for a > and the case a < can be dealt with similarly. Choose Aa 
so small that a + Aa > 0. In case when a < we have to choose Aa so that a + Aa < 0. Now 

d 1 .,*-&, 



W>(a + Aa,&)-W/(a,&) 



Aa 



/(*)■ 



1 



:V> 



/(*), 



t-b 



da 



M- 



a a 



1 .(t-b\ . ^ I /t-b 

y/(a + Aa) r V a + Aa7 -y/a \ a / da ^/a \ a 



Let 



,,,,, v^+Aa^(a+Aaj ^ ( a J 9 1 (t-b 
0(t) = -* * ^ v '- ^ 

Aa da J a 



We wish to show that 0(t) — > in the topology of the space D L 2 as Aa — > i.e. we have to show 
that for arbitrary integer k > 0, ||0^(£)||2 — > as Aa — > 0. 



dt 6{t) = A^ 



-b 



1 







da 1 a fc +V 



r/2^ 



t-b 



Let p(a + Aa) = (o+Aa 1 )fc+ i /2 V' (fc) (h+5s)> P( a ) = ^W (fe) (V)- We are treating 6 for now 
as constant. We have used Taylor's form of the mean value theorem of differential calculus. 
Therefore, 

d k 6(t) _ p{a + Aa) - p(a) 
dt k Aa 



V(o) 



p{a) + Aap'(a) + ^/'(a + 0Aa) - p(a) 
Aa 



•p'(a). 
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e {k \t) 



? fc Wlb 



Aa 



p"{a + (j)Aa) 



|Ao| 



0^ 

3a 2 



t — b\ /t-tiN2 
e v « ; 







a+</>Aa 

since the norm term remains bounded independently of £ as Aa — > 0. 

This completes the proof of (ii) for k = 1. For fc > 1 the same technique can be used along 
with the method of induction 



(iii) 



dWt . ,, / ,. , d/t — b\ (t-b, 2 



3a V a 



r/ , d ,/t-b 



da ^ a 



There exists an integer n > satisfying 



Now, 
Therefore, 



On 



< ^E 

m=0 



" m ft-b 

2p 



< ^E 

m=0 

n 

< c X] lkv> (m+1) 



<9i m Oa ^ n 



*__&U(m+l)(*__& 

a / V a, 



lm+1 



1 



X 



m=0 



lm+1/2 



< ^E 



i 



m=0 



lm+1/2 



v<"-») =(/(«)■ »*(— 



0W/ 
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(a, 6) 



< ^E 



m=0 



<9 m <9 /£-6 
■if} 



0t m Ob V a 



L 2 



< c^ U (m+1) ( 

m=0 

1 



X 



1 



lm+1/2 



< ^E 



m=0 



| a |m+l/2' 



(iv) 



W>(a, 6) = (/(*) 



1 (t — b\ (t-b\2 



a v a 



, a, 6 e R 



we wish to show that Wf(a, b) is a continuous function of two variables a, b at any point a,b £ R. 

W f {a + Aa, 6 + A6) - W f {a, b) 
= W f (a + Aa, b + Aft) - W)(a + Aa, 6) + W>(o + Aa, b) - W f (a, b) (47) 



0Wf(n + Aa,b + 9Ab)Ab 0W f (a + 0Aa, b)An 



Ob 



+ 



On 



(48) 
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dW 



db 
dW f 



On 



< Bf(a, b) Va, b G M uniformly for < Aa < rj\, Ab) < rj 

< C f (a, ())Va,kR uniformly for < | Aa| < rj, < |A6| < rj. (49) 



Therefore, letting Aa, Ab —> our result of continuity follows. 

Lemma: Let / G L 2 = L 2 (H), tp(t) = te~ l , t G H and define the function 77 as a function of 6, 
6 € H by the relation 

v (b)= / f(W(t-b)dt 



then 



Proof: 



(i) 77GL 2 



ii) ^ m \b) GL 2 



V(b) = ~ / fW(b-t)dt 

J —CO 

So by convolution theorem on Fourier transform we have 

V{w) = -f{w)ip{w) 
■ip G L n L so, V>(u;) is bounded on R. 

Therefore f}(u;) = —f(w)tp(w) G L 2 since /(w) G L 2 . Therefore, rj(b) G L 2 . 

By differentiation we can see that ^ m '{t) too like ?/>(£) is of exponential order and so 
V> (m) 0) ^ -L 1 nL 2 . Therefore, ip( m )(w) is bounded. 

Now 



n(b) 



v 



(m) 



/(t)^(t - 6)dt 

30 

f(t)1l>(b-t)dt 

00 

* f(t)ip (m) {b-t)dt 

00 

= -/*^ (m) (i) 
^M( w ) = -(ot)>H/WgL 2 

Now, ^(iu) G S, therefore (iw) m ip(w) is bounded. Therefore r/( m )(u;) G L 2 . Hence 

/oo 
f(t)^ m \t-b)dteL 2 
-00 

as a function of 6. 
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Theorem B. Let / G D' L2 and define the function if) by if}(t) = £e~' 2 , then (f(t), V'(^r)) 
belongs to 1? as a function of b for a fixed o/O. 

Proof: From the structure formula for / we have 

as a function of b for a fixed a/0. 

Theorem. Suppose ip is a continuous wavelet satisfying the following 
(i) ^ has exponential decay at infinity. 

/oo 
ip(x)dx = 0. 
-oo 

Then for any function / £ L 2 (H) the following inversion formula holds. 

f{x) = — / |a| 1/2 Y> W7(o,6)— 2- (50) 

f^ij> J-oo J-oo \ a J a z 



where 

-oo A 



and 



W f (a, b) = -J= r f(W ( — ) dt. 

\/\a\ J-oo V a ) 



We have made some changes in the description of our wavelets. The wavelet xe~ x chosen is an 
infinitely differentiable wavelet at every point of H. In order to imbed the wavelet in the testing 
function space, we have chosen our testing function space as elements of C°° functions. This way 
the dual space of the testing function space will be considerably enhanced. We state our theorem 
as follows: 

Theorem C. Let D L 2 be the testing function space described before, equipped with topology 
generated by the sequence of seminorms {-y^kLo where 7&(</>) = ||<^"(£)||2 which are separating. 
Let / e D' L 2 and define its wavelet transform Wf(a, b) by Wf(a, b) = - 1 ' ' ' ! ■ • ' ' ~ ' 
the following inversion formula holds 

1 f°° f°° , ,_i ■-> f ■>■ - b\ w . , , .dbda 

'Ip J —oo J — oo 

where 



w, J-oo J-oo V a J a 



^,rs, 



|A| 
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More clearly 



1 f°° f°° , ,1/0 , (x-b\ „ r , .Abda 



(-^ip J—oo J — oo 



a\- 1/2 ^ (^) W f {a,b)^A{x)) = </,</>> V0 € Z? L2 . (52) 



The result stated in Theorem C can be obtained by justifying steps in the following manipulations 

W f (a,b) = //(i),^(— )) (53) 

\ vial \ a J J 

= (E(-A)v«, 4^ (— )) ( 54 ) 

(53) =4> (54) in view of the structure formula for / 



E(/<>(A)S^(V)> e:L2 

j=0 \ 



as a function of b for a fixed a/0 

as each term in the above summation € L 2 as a function of b for a fixed a ^ 0. 
Therefore 

as a function of 6, a ^ 0. Hence, in view of the foregoing discussion, the R.H.S. expression of (51) 
is meaningful and exists as a double integral in (a, 6) at least over a finite range of integration 
since the continuity of Wf(a,b) in two variables has already been proved. 
Now we write the expression (52) as 

1 f°° f°° , ,_i/9 , (x- b\ 1 /„,., ,ft-b\\dbda 

^2~ 



C^J-ooJ~oo \ a J y/\a\ \ V a ) I a / 

(4/:/:R"(^)fe- D9 ^ (t) '"(^)>^'^> <56) 

using distributional differentiation 
1 r°° f°° 1 A,/i-6\/ „ ,,- , ft-b\\ dbda 

( Cy^, J — oo J — OO \d\ j_q 



/OO /-OO 1 
-oo J — oo \d\ j_q 



TXr£<^)<-M'M^)>1M (-> 



by Theorem A(i) 
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by integration by parts 

by distributional differentiation 

n 

= /^ ( fj (x) , cjr- 1 ' [x) ) by classical inversion formula (63) 

i=0 

n 

= J2((-D x Tfi(x),^)) (64) 

i=0 

= (f(x),<j>(x))V<j>€D L 2. (65) 

One should be able to investigate these results for the space 0' a for various values of a. 

A much easier problem will be to extend the integral wavelet transform to Schwartz 
distribution spaces D' , and D' L2 and S' and then extend these results to n-dimension. 

Some of the references below are not cited; but they are very useful for the study of wavelet 
theory. 
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1 Introduction 

Let us consider the polystrip xJL 1 Sd ;i , meff, where 

s dj = {zj e C : Zj = Xj + iyj, \yj\ < dj, dj > 0} , 

j = 1, . . . , to. Let here £i , . . . , £ TO > and Zj € Sd- , j = 1, . . . , m. We consider 
here the following operators : 



"This paper was written during the 2009 Spring Semester when the second author was a 
Visiting Professor at the Department of Mathematical Sciences, The University of Memphis, 
TN, U.S.A. 
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71+1 



l v(-n fe r +1 



P n,£ 1 ,...,u(f'> z l>---> z m) 

f(zi + kt 1) ...,z„ 



OO /"OO 



Kim) 



i%) 



IL m =i 



l 

-taw 



■JJe-^l/^dti...dt m , 

?n,|i,...,u(/) 0l,---,2 m ) 
n+1 



1 I ^L 



E(-!) fc 



^ w " vwj fc=1 

/(zi + fcti,...,z m + fct m ) 



n+1 



(Jti . . . fltm , 



m) 



to (- n+1 



Qn,f 1 ,...,u(/)(^ 1 '---' 2 "») 



n™iC 



lrls, EH) fc 
fe=i 



n+1 



— oo «/ —oo 



j(z 1 + kt 1 ,...,z m + kt m ) 



(iti . . . dt m , 



iv) 



Wn,£ 1 ,...,| m (/)(zi,---,Zm) 



2 m nr=i c fe)^ 



l^c: 1 )/:-/ 



/(zi +H 1 ,...,Z m + fct m ) 



where 



and 



■ Y[e- t2 i/$dh...dt m , 



m. 



W, 



n + 1 



* V(-i 





n,Ji,...,{ m (/) ( Z l' • ■ • ' Z ™) 

n + 1 



OO /*oo 



— oo «/ — oo 



f(zi + kti,...,z m + kt m ) 



■ Y[e- t '/^ j dt 1 ...dt r . 

3 = 1 
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The approximation of f(zi,...,z m ) by the above generalized singular inte- 
grals in the case of real variables (that is when z\, ...,z m € R) as £j — > , 
j = 1, ...,m, was studied in [4] and [1]. In the complex variable case, the study 
of the approximation properties by the above singular integrals for the particu- 
lar cases n = and m = 1 was made in [3] , while for the particular cases neN 
and m = 1 was made in [2]. In this paper we extend the results from [2] for 
general n,m € N. 



2 Main Results 

We present 

Theorem 1. Let dj > 0, j = 1, . . . , m, and suppose that f : xJL^^Sdj 
is bounded and uniformly continuous in the poly strip. 

Then for all (z\, . . . , z m ) G x'^SV we have 

(0 

|- P n,|i,...,u(/)( 2: 1' ' ' ' ' Z ™) ~ Z( Zl ' ' • ' ' Z ™)l 



< 



/n+1 /„ + A \ " 

(S( jfe ) fc! J ^(/i^ 1 Wx^' 



where 



U n +1 (f',%1, • • • >£m) x ™ S d 



sup 

l^jl<€ 3 ', 

j = l,...,m 



j sup j A^ +1 ^ m /(zi,...,z m ) ;^- e5 dj , j = l,...,m|| 



with 



(«) 



n+1 

E( 

fe=0 



' i. )/( Zl + khi,...,z m + kh m ). 



|Qn,Si,...,U (/)(«!' ■ • ' ' Z "0 - Z( Z 1' ' • ' i Z « 



< 



^ytan-^/Oio 



/«,• 



(« + l) 



n + 1 



M 2 + l 



-rfw w„+i(/;£i,...,£ m ) 



x m , Sd . 



If in addition, there exist aj G (0, l/(n+ 1)), j = 1, ...,m and X > swc/i i/iai 
/ fulfills 

m 

A?+l t J(z 1 ,...,z m )\<K.J2\tj\ ai{n+1 \ 
/or a?? Zj- € S'rf . , j — 1 , ... , m and ti , . . . , t m € M, i/ien we get 
\Qn,t lt ...,u(f)( z i>- ■ ■ > z «0 ~ Z( z i' • • • i z ™)l 
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tan -1 (tt J £j) 



-du 



where < £j < 1, j = 1, . . . , m. 

(m,) // i/iere errisf Oj G (0, l/(n + 1)), j = 1, ...,m and X > such that f 
fulfills 



Al\ + ^ t m f(z u ...,z m ) <Kj2\ tj 



aj(n+l) 



/or all Zj € Sd , j = I, ■ ■ ■ and ti,...,t m £R, i/ien we ge£ 



*n,|i,...,£, 



t (/)(zi,...,z m ) -/(zi,...,z m ) 



< if 



E 



?j U (- 2 +i) 



(iu) 



l W n,«i,...,u(/) ( Z l' •■•A)- /(2l) ■ • ■ . z « 



< 



J +oo (w + l)" +1 e-" 2 dM 



Wn+l (/;?lj • • ■ , £ro) ; 



"iSdj • 



wiift < £.,- < 1, j = 1, . . . , to. 



< 



m / /.oo 



(i + u )" +i e -" d M w „+i /; va, • • • , ve 



X™L,S d 



where £j > 0, j = 1,. . . ,m. 
Proof. 

(i) We observe that 



/(zi,...,z m ) -P„ ;?li ...^ ro (/)(zi,...,z m ) = /(zi,...,z m ) 

ra+1 



n+1 



* V(--i) fe 



lj=l « fc=0 



— OO ./ —oo 



/(zi + fcti,.. . ,z m + kt m ) 



• JJe -1 ^ 1 ^ dti...dt r , 

3 = 1 



2 m uT=i^J- 









{-l) n ^A n t +l_ t J{ Zl ,...,z m ) 



■l[e-^^ dh...dt r , 

3 = 1 
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Hence 



< 



\ P n,ti,...,u(f)( z l> • • • i Z m) - /Ol, • ■ • ,Z„ 
1 



2 m nr=i?. 



J=1SJ J-00 



oo />oo 



w n+l (/; |*l|,- • • , |*m|) x m e. 

3 = 1 a 3 



•JJe-l^l/^dti...dt ri 



n,=i Ci ^o 



OO /-OO 



/ , c t\ t„ 

Wn+1 I /;?17~! ■ • ■ 7?m7" 
V SI Sri 






J\e~ t]/il dt 1 ...dt m < 



j=i 



Wn+l(/;£l, • • ■ J s r m)x j "L 1 S dj 



j=l Sj 



OO /-OO 



n+1 



i+ e^ n 6 "*^^-"^ 



i=i 



j'=i 



< 



Wn+l (/;£l, ■ ■ ■ j£n 



' x ?=i^ 



nr=i€ 



j = l Sj 



oo /-oo 



n+1 



u 



n( 1 + ^J He-ti/ti dt 1 ...dt m = u; n+1 (f;Z 1 ,...,U) xT=1 s dj 



■n 



i 



i 



n+1 



"^di, 



sj Jo V SJ 

= ^n+1 (/;£lj • • ■ 7S T rn)x m ,S d 



w n+l (/;Cl: • • ■ >S>n)x m o 
_ J = 1 a j 

(/ O 00 (l + «) n + 1 e-»d«) ,n 

Vfc=0 



proving the claim, 
(ii) We notice that 



/(zi, . . . , Z m ) - Qn,|i,...,u(/)(^l) ' • ' i Z ™) 



nr=i 



#- tan" 1 f 



— IT J —7T 



n™i(^+si) 



dt\ . . . dt r , 



Therefore 



< 



\Qn,i u ...,u(f)( z l>- ■ ■ ' Z m) ~ /(«!, • ■ • , z n 



m 2 t „„-l I 



nr=i £tan 



i, 



'■" \A tu ... itm f( Zl ,...,Zr, 



— 7T «/ — TT 



IL ra =i(* +s1) 



dti . . . dt r . 
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< 



nr-iU^U 



7T J —7T 



* <*>n+l (/; |*1 1) ■ • ■ A^m\) x rn a 

3 = 1 a j 



ht=i<$+® 



dii . . . dt r 



1 / n 









-0 



nn^+a 



dti . . . dt n 



< 



Vn+i(f;Zi,---,€m) x >n =i s d:i r* r« [1 + EJLl J 



n™ifet--i t 



>m tj 



n+1 



< 



Wn+1 (/;^l)---,^m) x m =l S d /"" 



n+l > 



^=1 (^tan-i £ „ • ,-, 



o Jo 



•IT"" / 1 " 



o 



2 + £ 2 



dii . . . di ri 



dti . . . dt r , 



n 



— w n+l (/i£li • • • 7 Cm) 



tan" 1 £■ 




n+l 



-(it, 



— ^n+l (/;Cl) ■ • ■ 'Cm)x^ 1 S d . II 

' j=l L 

proving the first claim. 

For the second claim of (ii) we get 



w y* (*? + #) 

i / r 7 ^ (i + u)™ +l 



tan-if l J (1 + w 2 ) 



du 



< 



K r r teii*ii ai(n+1) 



A' 



* nr=i(*i+$) dtl ""* r ' 



E 



nr=i (J tan-i (vo)) M 7o 7 ° nr=i (*? + %) 



* |^.|a 3 (n+l) 



rfii . . . dtr, 



K 



n^^tan-MVG 



E 



iJ j*=i L 



fit; 






<ii 9 * 



n h 
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*E 



7r t a r (n+1) 

lan-M-./O)./.. (i+e) d<j * 







I] tan-M^Oio (* 2 + £ 2 ) 



(it; 



= *E 



«j« (n+1) ' 



Si* 



tan 



«** 



t/^« u a r (n+l) 



(" 2 + 1) 



*/*' du 



-du 



2 tan" 1 (tt/&) Jo ("- + D 



<*E 

j*=l L 



V«,*(»+i) ' 

-1 7T 



tan 



^E 



'^("+1)' 
tan" 1 J- 



oo uQj ,(„+i) 

oo u a 3 (n+l) 



o (« 2 + l) 



(/(/ 



< OO, 



proving the second claim of (ii). 

(iii) Reasons as in the proof of (ii) we get 



< 



IL m =i€ 



j=i v? 



l < 5n,Ji,...,€ m (/)( 2; l' ■ ■ ■ J z "0 — /( z li • • • ) z n 



00 |A"+ 1 + tl „.., tm /(z 1 ,...,z m )| 



OO J — OO 



< 



kut^j r rfe ro = iNMn+1) 



it 



— oo J — OO 



nr=i(*?+^) 



<# 



proving the claim, 
(iv) We have that 



E 






o (« 2 + l) 



dii . . . dt r , 



< oo, 



/(*)- 



1 



n+1 



2 m njLi^)U ( ly v /•■ 



n+1 



7T />7T 



f{zi + kt Xl . .. ,z m + kt m ) 



■J|e-*? /? ? dti...dtr, 

3 = 1 
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2mYl™C(i 



7T />7T 

n+1 a n+1 



j = l ^V^J I J -re J -ir 



(-l)^A^. itm /( Zl ,...,z m ) 



•JJe _t ? /? ? dt 1 ...dt m . 
3=1 
Therefore reasoning as in the proof of (i) we get 

\ W n,ii,-,u(f) (Zl) • • • . Z m) ~ f{Zl, ■■■,Z m )\ 

Wn+i(/;$ii"-iW x m l g J . r 71 /•*' 

TrjucW) ' Jo '"Jo 

\ n+1 

n( 1+ |)) f\e-tV% dtl ...dt m 

n^l & j ^+1 (/J ft, ■ ■ ■ , Cm) x?Ll 5 d . /- /- / ™ / ^ 

n_ f 2/ e 2dti dt m 

(TIjllCjJ w «+l (/;^l'---'^m) x m =1 S d;j / >7r /« 1 /•*■/£ 

= " nr=i c ^) L ^o 

)n+l 
m 
J\_e~ u ^du 1 ...du m 






oo />oo 



n+1 



i J= l - vw/ JO JO 

\ n+1 
\ m 

[](! + «) Y[e- u U Ul ...du m 

proving the claim. 

(v) We observe that 

f{zi,...,z m ) -W*£ itU {f){zi,...,z m ) = /(z 1; ...,z m ) 

1 I^dlr / i -i \ /"oo ^00 

+ — X^ 1 )" I )/ •••/ /(Sl + **l.-">*m + fcim) 

llj=i V^' 77 fe=i 



— 00 ./ —00 
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• JJe - *?/^ dti...dt T , 



nm r? I 



CO pOO 






(-ir +1 Al+ t \_ t J( Zl ,...,z m ) 



• JJe - *^ dt 1 ...dt r , 

3 = 1 



Hence 



< 



l W 'n,£l,-,Sn,(/)^ 1 ' • ' • ' Z ") _ -ft 2 *'- ' ' ' Z ™)l 
-j /'CO /'CO m 

fps 75=/ •••/ w n+ i(/;|*i|,...,|t ro |) x m g<| . n^^dti-.-dtr, 

11.7 = 1 VVJ 71 " ■'-oo J-oo J J =1 



n7=i v^ 



oo />oo 



w n+l ( /j \£,l—==i ■ ■ ■ > \£,m—F, 



%. 



J ' l J — oo ./ — oo 

2 m LO n+ i (/; V6", ■ • • , Vim) 



]Je~V^dii...dt m < 






3 = 1 



nm rz 

,=i Vti* 



CO /*oo 



Jo 



(\ n+1 
m , \ m 

i+e^ n 



3*?/^ dti . . . di r 



2 m w„ + i (/; V£lj ■ ■ ■ 7 vim) 



< 



><r=i s ^ 



nm /* 

, = 1 Vlj 71 ' 



oo />oo 



JO 



n+1 



n u 



\3 = ± 



&/ I 



jQe~*' /?3 dh ...dt v 



— 2 m w„ + i ( /; vli, • ■ • , Vim J 



n 

3 = 1 



n+1 



n £j Jo \ vO 
(/; ^-^ 



-'V^du 



"V ; (./: \'£.j \'UJ (/ (l + u)" +1 e " d«) , 

proving the claim. D 

In the next, for Pn,£ 1 ,...,$ m (f; (zi, ■ ■ ■ , z m ) and W n ^ lt ...^ m (f;zi,...,z m ) we 

will consider the weighted approximation on X 7 JL 1 Sd, :j , which seems to be more 

natural because x"L 1 Sd j is unbounded in C m . 

For this purpose, first we need some general notations. Let w : x r J l =1 Sd j — ► 

M + be a continuous weighted functions in x" l =1 Sd-, with the properties that 
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w(zi, . . . , z m ) > for all (z\, . . . , z m ) G x^SV and lim w(z 1 , . . . , z m ) = 0. 

j=l,...,m 

Define the space 

= {/ : xf^iSdj -> C; / is continuous in x^ S dj and ||/||„, < oo} , 
where 

ll/IL ~ sup {w(zi, . . . , z m )\f(zi, . . . , z m )\; (zi, . . . , z m ) G xf =1 S dj } . 

Also, for / G Cm (x"L 1 Sd j ) define the weighted modulus of smoothness 

^n+l,w \J j '1; • • • ! ^m ) x m Sj 

= sup \svLf>\w(zi,...,z m ) AI+ 1 h f(zi,...,z m ) : 

lhjl<tj, <■ •- ' ' ' 

j = l,...,m 

Zj,^ + hj,...,Zj + (n+ l)hj € S dj , j = l,...,m}} , 

Remark. This modulus of smoothness has the properties: a) it is increasing 
as function of tj, j = 1, . . . , m; 

b) u n+ i, w (f;0, ...,0) x m s =0; 

c) 

w n +i,tu (/; Aiii, . . . , Xmt m )x m Sj 

j = i d j 

1 + / , ^ J I w n+l,tu if'ih,--- itm) x m =1 S d . > 

i=l / 

for all Aj , ij > 0, j = 1, . . . , m. 

We present 

Theorem 2. Lei (£,- > 0, j = 1, . . . , m, and suppose that f : x^L-lS^. — ► C 
is continuous in the polystrip. Let the Freud-type multiweight w(zi, . . . ,z m ) = 
YlT=i e~ q i\ z *\ with qj > 0, j = 1, . . . , to, /ized and / G C w ^xJ l =1 Sd j )- 

Then 

ft) 

/n+l / ,,v \ m 

ll^i,...,u(/)-/IU< (E^I j fc! ) Wn + i ) »(/;fi,-,W x ™ lSjJ , 

/or < & < ( „ + \ )g . , j = 1, • • • , to, and 
(ii) 

w: A {f)-i\\ w 

< — / (l + u) n+1 e- u2 du) uj n+1 . w ( /; v/£, . . . , ^) 
/or aZ? < ^j < 1, j = 1, . . . , to. 

10 
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Proof. The continuity of / in x"L 1 Sd j implies the continuity of the gener- 
alized singular integrals -Pn,ii,...,£ m (/) and W n,^ 1 ,...,e, m U) in x 7=i Sd r 
(i) We have 

\W{Z1, ...,Z m )- Pn,Si,...,u(f)( Z i> ■■■i z m)\ 

1 "+ 1 / 11' 

1 V(-i) fe n+1 



CO J —oo 



w(zi + kti, ...,z m + kt m )f(zi + kti, ..., kt m ) 
w(zi,...,z m ) 



w{zi + kti,...,z m + kt m ) Al 



He-^Si dh...dt r , 



n + l 



< ll/ll 



1 y> (n + 1 

11.7=1 ^1 k= l \ 



oo />oo 






J'=l 



-l*il(fc^-^-) 



dti . . . dt r> 



< C|i,...,U;ni9i,-,flm ll/IL < °°- 
Passing to the supremum over (z\, . . . , z m ) G x^LiSdj, it follows that 



P^ £„(/) e C » (*£=1^)' for a11 o < < (» + l )ih J = i, • • • . 

Also, for all Zj € S<j . , j = 1, . . . , m, we obtain 

w(zi, ..., z m )[/(zi, ...,z m )~ Pn,£, u ...£ m {.f){z\, • • • , Z m )] 



m. 



2 m ir=i£ 



J=1SJ ./-oo 



OO /"OO 



(-l) n+1 u;(*i> ■ ■ ■ , z m )A^.t m f(z l7 ...,z m ) 

■l[e-^/^dt 1 ...dt m , 
which gives us 

U>Ol, ■ • • , Z m ) |-Pn,ti,...,u(/)( 2 1> ' • • ' 2 "») _ /( Z l' ■ • ■ ) 2 m)| 



< 



1 



2 m n™iC 



j=l SJ </-oo 



CO /"CO 



w(zi, . . . , z m ) |A™+ tm /(zi, . . . , z m ) 



•JJe-l*'l^dti...dt ri 

.3 = 1 



< 



2 m nr=i? 



j=l SJ ./-oo 



OO /"OO 



Wn+l,w (/; |*l|j • • • , |*m|)> 



•JJe-^l/^dti...dt ri 

i=i 



11 
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n 



i r r f ff h 

=i Sj Jo Jo V ?i 



<T =1 s d] 



■]Je- t ^^dt 1 ...dt r , 

3=1 



< 



t*>n+l,w (/i ?!>•■■ 7 Cm) 



n+1 



xJLi&f., 



nr=i€ 



J=l Sj 



oo /*oo 



i+E 



=i o 



,;=i 



• ]Je- t i / ^dti...dt r , 

3 = 1 



Wn+l,iu (/i£l) ■ • • j Cm)> 



n+1 



< 



^l S dj 



nr=i* 



j=i ^ 



n i 



vJ =1 






Wn+l,ui (/;?!:••■ j Cm)) 



771 C 



n 



1 



1 



t, 



n+1 



Wn+l,w (/;Cl) • • ■ 7 Cm) 



XJLjSd, 



/n+1 



vfe=o 



H ( 7. ) fc! ) w n+ i, w (/;Ci,---,Cm)> 



Cj jo V Cj 



-*^^di,- 



proving the claim, 
(ii) Wc have 



|w(zi, . . . , 2 m )W* >€l ,..., ?m (/)0i, ...,z m )\ 






oo J — oo 



lu(z 1 + kh, ...,z m + kt m )f(zi + kti + kti, ...,z m + kt m ) 
w(zi,...,z m ) 



w{z 1 + kt 1 ,...,z m + kt m ) Al 



Y[e-W>dti...dt r . 



n+1 



< 11/11 



n+ 1 



nnr=iv^Sv /, 



CO pOO 



— CO ./ —co 



12 
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m f \t ■ I \ ' 



<c: 



i, ...,f m ;n; 9i>---,Sr 



ll/IL<oo. 



Passing to the suprcmum over (z\, . . . , z m ) G xTLi^d , it follows that 
^,6,..,u(/) e C - ( x ;=i^)' fOT all < < 1 i = 1, • • • ,m. 



Notice here that 



>(*«"£)<*. = [ kq3+1 e^i^-ii) dt n 



*i(l«ii-%) 



i > dU 



kqj+l 



and for < £j < 1 and £j > fc^j + 1 we get tj I /cq^ — j- ) < — ij and 

e J ^ J ^j ■> < e~ tj , which implies 



/cQj + 1 J fcgj+1 



< -^ dtj < 



e- t *dt j = e- {kq t +1) . 



So that 



=M fc *-%) 



dtj < oo. 



Also, for all Zj £ SV , j = 1, . . . , m, we obtain 

w(zi, ..., z m )[f(zi,. . . , z m ) - w Z,z 1 ,...,u(f)( Zl > ■ ■ ■ ' z " 
1 



OO /"OO 



oo J — oo 



(-l)" +i W (z 1; . . . , z m )Ar+ i ., tm /(^i, • • • ,z m ) 



■Y[e- t2 j/^dh...dt m , 
which gives us 

w{Zu ...,Z m ) \W*£ lt _£ m (f)(Zu ■■■,Z m )- f{Zl, ■■■,Z m )\ 

1 



< 



nrn n- 



OO /"OO 



A^ t J(z u ...,z m )\ 



■ Y[e-*S / *'dt 1 ...dt r , 

3=1 



< 



nrn fj- l 

1=1 v&* J- 






oo J — CO 



Wn+l,iu (/; |*l|> ■ • ■ > |*n 



,x ?.i^ 



• JJe _t ^dti...dt r . 
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n- 



2 m [°° [°° (, ry- ti 

— 7^= / " ' / ^n+i,w I /; v si -j^ 

=1 V si 71 " -'o "'o V v?i 



; • • • > V sm 



4„ 



VI 



m/ x? =1 S dj 



/•CO /"OO 



n e-^ ^ ...*„,< TTm ^ ^^ jT ■ ■ ■ j[ 



J'=l 



nm /^ 

, = 1 Vs> 



(\ n+1 
m , \ m 

i+e^ n 
3=1 V?J/ j=l 



2 m w n+ i iU , (/; v£i, . . . , V4>re) 



e - *? 7 ^ dti . . . dt r , 



< 



x m , Sd ■ 



nm n: 

, = 1 V^TT 



oo />oo 



JO 



n+1 



ij=i V 



^n+ljW 



jQ e"*? /?3 dti . . . dt„ 

3 = 1 



x m , S d . 



/;vei,---,ve 



n 

J'=l 



7s7io I Vs7, 



n+1 



-'?/«'<& 



^n+ljiy 



(/; v^i, • • • , y/u) I / (i + ^r+V" 2 ^ 



proving the claim. 
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Abstract 

In the present paper we define a new operator using the generalized Salagean and Ruscheweyh 
operators. Denote by RD™ a the operator given by RD^ a : A — ► A, RD™ a f(z) = (1 — 
a)R n f(z) + ttflj/(z), for z € U, where R n f(z) denote the Ruscheweyh derivative, D^f(z) 
is the generalized Salagean operator and A n = {/ G ~H(U) : f(z) = z + a n+ iz n+1 + . . . , z £ U} 
is the class of normalized analytic functions with A\ = A. A certain subclass, denoted by 
TZT> n (6, A, a) , of analytic functions in the open unit disc is introduced by means of the new 
operator. By making use of the concept of differential subordination we will derive various prop- 
erties and characteristics of the class VSD n (6, A, a) . Also, several differential subordinations are 
established regardind the operator -R-D™ a ■ 

Keywords: differential subordination, convex function, best dominant, differential operator, gen- 
eralized Salagean operator, Ruscheweyh derivative. 
2000 Mathematical Subject Classification: 30C45, 30A20, 34A40. 

1 Introduction 

Denote by U the unit disc of the complex plane, U = {z G C : \z\ < 1} and H(U) the space of 
holomorphic functions in U. 

Let A n = {/ € H(U) : f(z) = z + a n+1 z n+1 + ..., z G U} with A\ = A and H[a, n] = {/ 6 
H(U) : f(z) = a + a n z n + a n+l z n+1 + . . . , z G U} for a G C and n G N. 

Denote by K = < f G A : Re - f,/l + 1 > 0, z£(/>, the class of normalized convex functions 
in U. 

If / and g are analytic functions in U, we say that / is subordinate to g, written / -< g, if there 
is a function w analytic in U, with w(0) = 0, |w(.z)| < 1, for all z E U such that f{z) = g(w(z)) for 
all z G U. If g is univalent, then / -< g if and only if /(0) = g(0) and f(U) C g(U). 

Let ip : C 3 x U — > C and h an univalent function in U. If p is analytic in U and satisfies the 
(second-order) differential subordination 

ip(p(z),zp'(z),z 2 p"(z);z)^h(z), for z € U, (1.1) 

then p is called a solution of the differential subordination. The univalent function q is called a 
dominant of the solutions of the differential subordination, or more simply a dominant, if p -< q for 
all p satisfying (1.1). 

A dominant (f that satisfies q -< q for all dominants q of (1.1) is said to be the best dominant of 
(1.1). The best dominant is unique up to a rotation of U. 
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Definition 1.1 (Al Oboudi [2]) For f € A, A > and n G N, the operator D 1 ^ is defined by 
D^-.A^A, 

Dlf(z) = f(z) 

D\f(z) = (l-X)f(z) + Xzf'(z) = D x f(z) 

D n x +l f{z) = (l-\)D n x f(z) + \z(D n x f(z))' = D x (D n x f(z)), for zeU. 

Remark 1.1 If f € A and f(z) = z + ££ 2 ajz', then F)\f (z) = z + ££ 2 [1 + (j - 1) \} n a jZ i , 

for z G C/. 

Remark 1.2 For A = 1 in i/ie above definition we obtain the Sdldgean differential operator [5]. 
Definition 1.2 (Ruscheweyh [4]) For f G A, n G N ; i/ie operator R n is defined by R n : A — > y4, 

i2°/(«) = /(*) 

i?V(^) = */'(*) 

(n + 1) R n+1 f (z) = z(R n f(z))' + nR n f(z), for z G U. 

Remark 1.3 If f G A, f(z) = z + Y^ =2 a 3 zJ > then Rn f ( z ) = z + E£=2 C n+j-i a j zj > f or z( ^ u - 

Lemma 1.1 (Hallenbeck and Ruscheweyh [3, Th. 3.1.6, p. 71]) Let h be a convex function with 
h(0) = a, and let 7 G C\{0} be a complex number with Re 7 > 0. If p G 7i[a,n] and 

p(z) H — zp'(z) < h(z), for z G U, 

7 

then 

p(z) ■< g(z) < h(z), for z G U, 

where g(z) = ^_ $* h^^dt, for z G U. 

Lemma 1.2 (Miller and Mocanu [3]) Let g be a convex function in U and let h(z) = g(z)+nazg'(z), 
for z G U, where a > and n is a positive integer. 

If p(z) = g(0) + p n z n + p n+ \z n+1 + . . . , for z G U, is holomorphic in U and 

p(z) + azp'(z) -< h(z), for z G U, 

then 

p(z) ■< g(z), for z e U, 

and this result is sharp. 

2 Main results 

Definition 2.1 Let a, A > ; n G N. Denote by RD x l a the operator given by RD x l a : A — ► A, 
RDlJ(z) = (1 - a)R n f(z) + aD^f(z), for z G U. 

Remark 2.1 If f € A, f(z) = z + Y.%2 a i z ' J '» i/ien 

ADJ )a /(z) = ^ + £~ 2 {« [1 + C? " 1) -T + (1 - a) CZ+^ajz*, for z G tf 
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Remark 2.2 For a = 0, RD^J(z) = R n f{z), where zeU and for a = 1, iSD^/ («) = DJ/ (*), 

where z E U. 

For A = 1, we obtain RD\ a f (z) = L™f (z) which was studied in [lj. 

For n = 0, RD° X J (z) = (1 - a) R°f (z) + aD°J (z) = f (z) = R°f (z) = D°J (z), where z G U. 

Definition 2.2 Let 6 G [0, 1), a, A > and n G N. A function f G A is said to be in the class 
1ZV n (<5, A, a) if it satisfies the inequality 

Re{RDl a f(z))'>6, for z e U. (2.1) 

Theorem 2.1 The set lZV n (6, A, a) is convex. 

Proof. Let the functions 

oo 

fj(z) = z+Y^ a jkZ j , for fc = l,2, z G U, 
i=2 

be in the class 1ZV n (6, A, a). It is sufficient to show that the function 

h{z) = r/i/i (z) + 772/2 (z) 

is in the class 1ZV n (6, A, a) , with r\\ and r] 2 nonnegative such that r\\ + n 2 = 1. 

Since /i (2) = 2 + E^=2 (Vi a ji + r l2 a j'i) Z K f° r z £. U, then 

00 
itD3» >Q /i (z) = z + E {« [1 + (J - 1) A] n + (1 - a) C^j-!} (Viaji + %a i2 ) z j , for 2 G U. (2.2) 

3=2 

Differentiating (2.2) we obtain 

RDlJi (z))' = 1 + Y.?= 2 {« [1 + (J - 1) A]™ + (1 - a) C^} (7,^1 + 7? 2 a j2 ) jV" 1 , for z G C/. 
Hence 



Re(iiD5 >a fc(z))' = l + ReU 1 gj{a[l + (j-l)A] n + (l-a)C" +J _ 1 }a jl ^- 1 j 



(2.3) 



Re U 2 £ 3 {« [1 + (J " 1) A] n + (1 - a) C^} a^" 1 



i=2 
Taking into account that /1, / 2 G 7?.2? n (5, A, a) we deduce 

Re L k £ j {a [1 + (j - 1) \} n + (1 - a) C^} a^" 1 J > r? fc (<5 - 1) , for fc = 1, 2. (2.4) 

Using (2.4) we get from (2.3) 

Re (RD\ a h (z))' > 1 + Vi (S - 1) + r7 2 (6 - 1) = 6, for z G U, 

which is equivalent that 1ZV n (6, A, a) is convex. ■ 

Theorem 2.2 Let g be a convex function in U and let h(z) = g (z) + -j-^zg' (z) , where z G U, 
c> 0. 

If fe KV n (6, A, a) and F (z) = I c (/) (z) = 0, J Q Z t c f (t) dt, for z G U, then 

(RDU(z))' -<h{z), for zeU, (2.5) 

implies 

(RDl a F(z))' <g{z), for z G U, 

and this result is sharp. 
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Proof. We obtain that 

z c+1 F (z) = (c + 2) / 2 t c f (t) dt. (2.6) 

Jo 

Differentiating (2.6), with respect to z, we have (c + 1) F (z) + zF' (z) = (c + 2) / (z) and 

(c + 1) RDl a F (z) + z (RDl a F (z))' = (c + 2) RDIJ (z) , for z G C7. (2.7) 

Differentiating (2.7) we have 

(RDl a F (z))' + ^z (RDl a F (z))" = {RDIJ (z))' , for z G [/. (2.8) 

Using (2.8), the differential subordination (2.5) becomes 

(RDl a F {»))' + -^z {RDl a F (z))" <g{z) + -^zg' (z) . (2.9) 

If we denote 

p (z) = (RD n X:a F (z))' , for z G U, (2.10) 

then p E H [1, 1] . 

Replacing (2.10) in (2.9) we obtain 

p (z) H —zp' (z) <g(z)^ —zg' (z) , for zG U. 

c + 2 c + 2 

Using Lemma 1.2 we have 

p (z) -< g (z) , for z G U, i.e. (RD^ a F (z))' ■< g (z) , for 2 € £/, 
and 5 is the best dominant. ■ 

Example 2.1 If f e RD X (1, 1, |), i/ien /' (*) + zf" (z) ■< ^% imp/ies F' (z) + zF" (z) ■< j^, 
where F (z) = Jr / * £/ (i) dt. 

Theorem 2.3 Let /i (z) = 1+{ \~ z 1)z , where 6 G [0, 1) and c> 0. 

// a, A > 0, n G N and I c (f) (z) = 0r J Q Z t c f (t) dt, for z G U, then 

I c [KV n (8, A, a)} C KV n (6*,X, a) , (2.11) 

where 8* = 26 - 1 + (c + 2) (2 - 25) £ gj-dt. 

Proof. The function h is convex and using the same steps as in the proof of Theorem 2.2 we 
get from the hypothesis of Theorem 2.3 that 

p (z) + ——.zp (z) <h(z), 

C ~r Z 

where p (z) is defined in (2.10). 

Using Lemma 1.1 we deduce that 

p(z)-<g(z)-<h(z), i.e. (RDl a F (z))' ■< g{z)-<h{z), 

where 

c + 2 f\ c+1 l + (26-l)t^ ox i| (c + 2)(2-2«)/ 2 f+ 1 



g ( z ) = __. / t c+1 —^ —dt = 26-1+ y '" - / dt. 

V ; z c+2 Jo l + t z c + 2 J t + 1 

Since g is convex and g (U) is symmetric with respect to the real axis, we deduce 

r 1 t c+1 
Re(RD% a F(z))>mmReg(z)=Reg(l) = 6* = 26-l + (c + 2)(2-28) -dt. (2.12) 

\z\=l J t + 1 

From (2.12) we deduce inclusion (2.11). ■ 
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Theorem 2.4 Let g be a convex function, g(0) = 1 and let h be the function h(z) = g(z) + zg'(z), 
for z G U. 

If a, A > ; n G N, / G A and satisfies the differential subordination 

(RDU(z))' ■< h(z), for zeU, (2.13) 

then 

RD^J(z) 

; < g(z), for z €U, 

and this result is sharp. 

Proof. By using the properties of operator RD^ a , we have 

oc 

RDx,af(z) = * + X) {a [1 + (j " 1) A l n + (!-«) C n +j -l} ajz* , for z G U. 

3=1 

Consider p(z) = ' = — L — — = l+p\z+p2Z +..., for z G 

U. 

We deduce that p€H[l,l]. 

Let RD^ a f(z) = zp(z), for z G U. Differentiating we obtain (RD™ a f(z)j = p(z) + zp'(z), for 

zeU. 

Then (2.13) becomes 

p(z) + zp'(z) -< h(z) = g(z) + zg'(z), for z G U. 
By using Lemma 1.2, we have 

RD^J(z) 
p(z) -< 5(2), for z E U, i.e. : < 5(2), for z £ U. 

m 

(zh ff (z) \ 
1 + h , (z - ) ' I > 

— 5, /or z <E U, and h(0) = 1. 

7/a,A>0, n6N, f € A and satisfies the differential subordination 

(RDU(z))' ■< h(z), for z G C/, (2.14) 

< g(z), M" 2 G (7, 

where q(z) = - Jq h(t)dt. The function q is convex and it is the best dominant. 
Proof. Let 

RDlJ(z) _ z + ET=2 {« [1 + (J - 1) A] n + (1 - a) C™^} 



a,jZ J 

P{z) 



z 
oc 



1 + X {« [1 + 0' - 1) A]™ + (!-«) <%,•_!> a^'" 1 = 1 + J^PjZ^ 1 , 
3=2 3=2 
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for zeU,p€H[l,l]. 

Differentiating, we obtain (RD™ a f(z) ) = p(z) + zp'(z), for z G U, and (2.14) becomes 

p(z) + zp'(z) -< h(z), for z <E U. 
Using Lemma 1.1, we have 

RDlJ(z) t ^ 1 

and g is the best dominant. ■ 



RD^J(z) 1 r* 

p(^) -< q(z), for z <E U, i.e. ; < g(z) = - I h(t)dt, for z £ U, 

z z Jo 



Theorem 2.6 -Let g be a convex function such that g (0) = 1 and let /i be the function h (z) 
g (z) + zg' (z), for z £U. 

If a,X> 0, n € N, f £ A and the differential subordination 

fzRD&fizy' 



\ RDIJ (z) 
holds, then 

A, a 



RD^fiz) 



<h{z), for zeU (2.15) 



<g{z), for z eu, 



RDU (z) 

and this result is sharp. 

Proof. For f € A, f(z) = z + X^2 a i z ^ we nave 
RDlJ(z) = z + Y™=2 {« [1 + (J 1) A] n + (1 - a) C^^ajj, for z G U. 
Consider 

_ RD&fjz) _ z + ET=2 {<* [1 + (j ~ 1) A] n+1 + (1 - a) gg) a^ 
flD^/ (*) ~ ^ + E » 2 | a [i + { j _ i) A] n + (i _ o) C^-i} a,-* ' 

ttt i ;/ s (RD" +1 f(z))' . , (flDJ /(*))' , , . . , ... f zRDl +1 f(z)\' 

We have p (z) = p^A f(z / -p (2) • '„' f(z / and we obtain p (z) + z-p' (z) = RL)n f(z) . 

Relation (2.15) becomes 

p(z) + zp'(z) -< h(z) = g(z) + zg'(z), for z 6 U. 

By using Lemma 1.2, we have 

RD^fiz) 
p{z)<g(z), for zeU, i.e. ' -< ff(z), for * e ^ 

■ 

Theorem 2.7 Let g be a convex function such that g(0) = and let h be the function h{z) = 
g(z) + zg'(z), for z G U. 

If a, X> 0, n € N, f € A and the differential subordination 

(n + 1) RDlff (z) - (n - 1) i?^/ (*) - 

(n + l-^j [D n x +1 f (z) D n x f (z)] ■< h(z), for zeU (2.16) 



a 

holds, then 



RDlJ(z)^g(z), forzeU. 
This result is sharp. 
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Proof. Let 

p(z) = RDU (z) = (1 - a)R n f(z) + aD^f(z) (2.17) 

oc 

= z + ^2{a[l + (j-l) \} n + (1 - a) C" +J _i} Oj^' = piz + p 2 ^ 2 + •••• 
i=2 

We deduce that peH[0,l\. 

By using the properties of operators RD™ a , R n and D™, after a short calculation, we obtain 

p (z) + zp> (z) = (n + 1) RD^f (z) - (n - 1) ^ a / (*) - a (n + 1 - ±) [D™+7 (*) - £>£/ (*)] . 
Using the notation in (2.17), the differential subordination becomes 

p(z) + zp'(z) < h{z) = g(z) + zg'(z). 

By using Lemma 1.2, we have 

p{z)<g{z), for z€U, i.e. RD^J(z)-<g(z), for 2 G (7, 

and this result is sharp. ■ 

Theorem 2.8 Let h{z) = — i+ z be a convex function in U, where < (3 < 1. 
If a,\> 0, n G N, / G A and satisfies the differential subordination 

{n + 1) RD-ff (z) - (n - 1) i^ Q / (*) - 



a 

then 



(n + 1 - £) [DJ+ 1 / (*) - !>£/ (2)] -< fc(*)> /or z e [7, (2.18) 



RDlJ(z) -< q(z), for z G U, 

,ln(l+z) 



where q is given by q(z) = 2(3 — 1 + 2(1 — /?)— ^ — ^, /or z £ U. The function q is convex and it is 
the best dominant. 

Proof. Following the same steps as in the proof of Theorem 2.7 and considering p(z) = 
RD™ a f (z), the differential subordination (2.18) becomes 

p(z) + zp'(z) ■< h(z) = 1 + (2/? ~ 1)z , for z G U. 

r 1 z 

By using Lemma 1.1 for 7 = 1 and n = 1, we have p{z) -< 9(2), i.e., 

RDlJ{z)<q{z) = - I h(t)dt=- [ l + ^ - l -^ dt = 2/3-1+2(1-/3)- ln(z+l), for z G [/. 
z J z J 1 + 1 z 



1 + ^7 



z/t"(z) 



fc'W 



> 



Theorem 2.9 Let /i be an holomorphic function which satisfies the inequality Re 

-|, for z eU, and h (0) = 0. 

// a, A > ; n G N, / G A and satisfies the differential subordination 

(n + 1) RDlff (z) (n - 1) RD^J (z) 

a(n + l-^J [D n x +1 f (z) D n J (z)] -< h(z), for z G U, (2.19) 

then 

RDlJ(z) -< q(z), for z G U, 

where q is given by q(z) = - Jq h(t)dt. The function q is convex and it is the best dominant. 
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Proof. Using the properties of operator RD Xa and considering p(z) = RD Xa f (z), we obtain 
p(z) + zp'(z) = (n + 1) RD n x \ l f (z) - (n - 1) RD^J (z) - 



a n 



+ l- l ^j[Dl +1 f{z)-D n x f{z)], for zeU. 



Then (2.19) becomes 

p(z) + zp'(z) -< h(z), for z G U. 

Since p € 7i[0,l], using Lemma 1.1, we deduce 

1 f z 

p(z)<q(z), for zeU, i.e. RD Xa f(z)<q(z) = -l h(t)dt, for z£[/, 

2 JO 
and g is the best dominant. ■ 

Theorem 2.10 Let g be a convex function such that g(0) = 1 and let h be the function h(z) 
g(z) + zg'(z), for z G U. 

If Oi, A > ; n G N ; / G A and the differential subordination 



(n + l)(n + 2) 



RDl^f (z) 



(n+l)(2n+l) pnw+1 



n 



RD n x ^f(z) + -RDlJ(z)- 



o 



(n + 1) (n + 2) - 4 



^ +2 / (*) + 



o 



(n + 1) (2n + 1) - 



2(1-A) 



D n x +l f(z) 



a 



n ^3- 



D n x f{z)<h{z) 1 for zeU 



(2.20) 



holds, then 

This result is sharp. 
Proof. Let 



[RDlJ(z)]' ~< 9(z), for z G U. 



p{z) = (RDU (z))' = (1 - a) (R n f(z))' + a (D^f(z))' 



(2.21) 



= l + ^{a[l + (j -l)X\ n + (l-a)C^ +j _ 1 }ja j z j 1 = 1 + Pl z + p 2 z 2 + .... 
i=2 

We deduce that peH[l,l]. 

By using the properties of operators RD Xa , R n and D x , after a short calculation, we obtain 

p (Z) + ZP> (Z) = (n + D(n + 2) RD n + 2 f (jg) _ (n+D(2n+l) flD n+l / ( ^ + f RD nj {z) _ 



a[(n+l)(n+2)-il „ a[(n+l)(2n+l)- 
5 ^Dx^f (z) + -I — 



z 
2(1-A)1 



^rvw 



\2 



£>£/(*)■ 



Using the notation in (2.21), the differential subordination becomes 

p(z) + zp'(z) < h{z) = g(z) + zg'(z). 
By using Lemma 1.2, we have 

p{z)<g{z), ior z€U, i.e. (RD^J(z))' ■< g(z), for z G U, 
and this result is sharp. ■ 
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Example 2.2 If n = 1, a = 1, A = 1, / G A, we deduce that f'(z) + 3zf"(z) + z 2 f"(z) ■< 
g(z) + zg'(z), which yields that f'(z) + zf"(z) -< g(z), /or z E U. 

Theorem 2.11 Let h(z) = — \+ z be a convex function in U, where < (3 < 1. 
If a, X> 0, n € N, f £ A and satisfies the differential subordination 



(rH-lHn + 2) (n + 1) (2n + 1) pnn+1 



-^A,r / (* 



n 



RDl^f{z) + -RDlJ{z)- 



n 



(n + l)(n + 2)-i 



^r 2 / w + 



n 



(n + l)(2n + l)- 



2(1-A) 



^rvw 



n 



r7 2 ( 1 -, A ) 



D n x f(z)<h(z), for zeU, 



(2.22) 



then 



(RDlJ{z))' <q{z), for z G U, 



where q is given by q(z) = 2(3 — 1 + 2(1 — (3) n( z , for z G U. The function q is convex and it is 
the best dominant. 



Proof. Following the same steps as in the proof of Theorem 2.10 and considering p(z) = 
(RD™ a f(z)j , the differential subordination (2.22) becomes 

/ x , // n ut \ 1 + (2/3 -1)2 , 
p(z) + zp'(z) -< /i(z) = — i-, for 2 G U. 

1 + z 

By using Lemma 1.1 for 7 = 1 and n = 1, we have p(z) -< 9(2), i-e., 

(RD^J(z))' -< q(z) = - f" h{t)dt =- T 1 + (2/3 ~ ^ dt = 2/3-1+2(1-/?)- ln(z+l), for 2 G U. 

z Jo z Jo 1 + 1 z 



Theorem 2.12 Let h be an holomorphic function which satisfies the inequality Re 

— 5 , for z G U, and h (0) = 1 . 

If 01, A > ; n G N, / G A and satisfies the differential subordination 



, zfc"(z) 

1 + "s^T" 



> 



(ra + l)(n + 2) +2 

A, a 



(n + l)(2n + l) 



n 

2 



n 



(n + l)(n + 2)-4 



liD'tff(z) - F ' - flPff/C*) + ^HDlJ(z 

(n + 1) (2n + 1) 



T2 



n 



DJ+V («) + 



2(1-A) 
— ^~ 



^A +1 /W- 



a 



T7 2 ( 1 -, A ) 



■2^/(zH/i(z), /or zeU, 



(2.23) 



then 



(RDU(z))'-<q(z), for z e U, 



where q is given by q(z) = - J Q Z h(t)dt. The function q is convex and it is the best dominant. 
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Proof. Using the properties of operator RD™ a and considering p(z) = (RD™ a f(z)) , we 
obtain 



n 



RDlJ(z)- 



o 



(«+l)(n + 2)-£ 



■ m+ 2 / (z) + 



o 



(n + l)(2n + l)-^^ 



■^rvw 



o 



n ^~ 



■Z>5J/ (*) , for z 6 17. 



Then (2.23) becomes 

p(z) + zp'(z) -< /i(z), for z £ U. 

Since p G H[l, 1], using Lemma 1.1, we deduce 

p(z)-<q(z), for z€U, i.e. (RD^J(z))'-<q(z) = -[h(t)dt, for z G 17, 

^ Jo 

and g is the best dominant. ■ 
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Abstract 

In the present paper we establish several differential superordinations regardind the new operator 
Rim a i defined by using the multiplier transformation / (m, A, I) f (z) and Ruscheweyh derivative R m f (z), 
RI m \\,i -An-* An, RI m ,\,if(z) = (1 - a)R m f(z) + al (m, A, 1) f(z), z G U, where m, n G N, A, a, I > 
and / G An = {/ G Ti(U) : f(z) — z + ^°ln+i a i- z "'' z ^ U}. A number of interesting consequences 
of some of these superordination results are discussed. Relevant connections of some of the new results 
obtained in this paper with those in earlier works are also provided. 

Keywords: differential superordination, convex function, best subordinant, differential operator. 
2000 Mathematical Subject Classification: 30C45, 30A20, 34A40. 

1 Introduction 

Denote by U the unit disc of the complex plane, U = {z £ C : \z\ < 1} and H(U) the space of holomorphic 
functions in U. 

Let A(p,n) = {/ e H(U) : f(z) = z p + Y,7= P +n a 3 zJ > z e U}, with 4(1, n) = A n and H[a,n] = 
{/ G H(U) : f(z) = a + a„Z n + a n+1 z n+1 + . . . , z G U}, where p,n G N, a G C. Denote by K = 
< f € -4„ : Re z f nl + 1 > 0, z G U> the class of normalized convex functions in U. 

If / and g are analytic functions in U, we say that / is superordinate to g, written g -< /, if there is a 
function u> analytic in [/, with w(0) — 0, |tu(2:)| < 1, for all Z € U such that (/(z) = f(w(z)) for all z £ U. If 
/ is univalent, then g -< / if and only if /(0) = g(0) and <?(£/) C /(?/). 

Let ^ : C 2 x t/ — > C and ft. analytic in [/. If p and ip (p (z) , ^p' (z) ; 2) are univalent in U and satisfies the 
(first-order) differential superordination 

h(z) -< il)(p(z),zp'(z);z), zeU, (1.1) 

then p is called a solution of the differential superordination. The analytic function q is called a subordinant 
of the solutions of the differential superordination, or more simply a subordinant, if q -< p for all p satisfying 
(1.1). 

An univalent subordinant q that satisfies q -< q for all subordinants q of (1.1) is said to be the best 
subordinant of (1.1). The best subordinant is unique up to a rotation of U. 

Definition 1.1 (Ruscheweyh [13]) For f G A n , m G N, i/ie operator R m is defined by R m : A n — ► 4„, 

fl°/(*) = /(«) 

i?V(z) = z/'(z) 

(m + l)i? m+1 /(z) = z(r/(z))' + mr/(z), z€(7. 
Remark 1.1 /// G 4„, /(«) = z + E°l„+i a^ J ', tten i?"7 («) = « + E^„+i C^+i-M** , * e (7. 



LUPAS: SPECIAL DIFFERENTIAL SUBORDINATIONS 109 

Definition 1.2 For f G A(p, n), p,n£N, to G NU{0}, A,/ > 0, the operator I p (m, A, I) f{z) is defined by 
the following infinite series I p (m, A, I) f(z) := z v + E°^ p+n ( - — „+/ — j ajzK 

Remark 1.2 It follows from the above definition that I p (0, A, I) f(z) = f(z), (p + I) I p (to + 1, A, I) f(z) = 
\p(l-\) + l}I p (m,\,l)f(z) + \z(I p (m,\,l)f(z)y, zeU. 

Remark 1.3 If p = 1, we have I\ (m, A, /) f(z) = I (m, A, /) awd 

(Z + 1) / (to + 1, A, I) f(z) = [I + 1 - A] / (to, A, /(«) + Az (J (to, A, /(*))', zef. 

Remark 1.4 /// e A n , f(z) = z + £°l n+1 a^, then I (to, A,/) / (z) = 2 + £°l n+1 ( ^r^ )" > o J -^, 

z€(7. 

Remark 1.5 -For Z = 0, A > 0, the operator D™ = J (to, A, 0) was introduced and studied by Al-Oboudi 
[9], which reduced to the Salagean differential operator S m — /(to, 1,0) [14] for A — 1. 27ie operator I" 1 = 

1 (to, 1, Z) was studied recently by Cho and Srivastava [10] and Cho and Kim [11] . The operator I m = I (to, 1, 1) 
was studied by Uralegaddi and Somanatha [15], the operator D x — I (6, A, 0), with 6 € M., 6 > 0, was introduced 
by Acu and Owa [1] . 

Definition 1.3 We denote by Q the set of functions that are analytic and infective on U\E(f), where 
E (/) = {C G dU : lim/ (z) = oo}, and are such that f (() ^ for £ G dU\E (/). The subclass of Q for 

which f (0) = a is denoted by Q (a). 

We will use the following lemmas. 

Lemma 1.1 (Miller and Mocanu [12, Th. 3.1.6, p. 71]) Let h be a convex function with h(0) = a and let 
7 G C\{0} be a complex number with Re 7 > 0. If p € 7i[a, n] H Q, p(z) H — zp'(z) is univalent in U and 
h(z) -< p{z) + -zp'(z), z eU, then q(z) -< p(«), z € U, where q(z) = ^fa f* h(t)t^ n - 1 dt, z e U. The 
function q is convex and is the best subordinant. 

Lemma 1.2 (Miller and Mocanu [12]) Let q be a convex function in U and let h(z) = q(z) -\ — zq'(z), z G U, 
where Re 7 > 0. If p G Ji [a, n] n Q, p(z) + -zp'(z) is univalent in U and q{z) + -zq'(z) -< p(z) + -zp' (z) , 
z G U, then q(z) -< p(z), z G U, where q(z) = ■ — 3^_ J h{t)V '< dt , z G U. The function q is the best 
subordinant. 

2 Main results 

Definition 2.1 [6] Let a, A, I > 0, n, to G N. Denote by RI^ x l the operator given by RI^ x l : A n — * A n , 

RIl,xJ^) = {l-a)R m f{z) + aI{m,\l)f{z), z G U. 

Remark 2.1 If f G A n , f{z) = z + Y^jL n +i a j z '' ' > then 

RI%,x,im = z + E°°=n+i {« ( 1+ % 1)+l )" 1 + (1 - «) C^+i-i} Oi« J '. f° r z e [/ - 

Remark 2.2 For a = 0, RI^ xl f(z) = R m f{z), where zeU and for a = 1, RI^ x ,if 0) = * (™, A, /) / («), 

where z £ U, which was studied in [3], [7]. For I = 0, we obtain i?/ r " a 0/ (- 2 ) = RD™ a f (z) which was studied 
in [5], [8] and for I = and A = 1, we obtain RI^ x f (z) = L™f (z) which was studied in [2], [4]- 

For to = 0, RI$ X J (z) = (1 - a) i? / (z) + aJ (0, A, I) f (z) = f (z) = R°f (z) = I (0, A, I) f (z), where 

zeU. 

Theorem 2.1 Let h be a convex function in U with h(0) = 1. Let to G N 7 A, a, I > 0, / G A n , 

F (z) = I c (f)(z) = jiSj- J* t c f (t) dt , z G U, Rec > —2, and suppose that [RI^ x if ( z )j * s univalent 

m U , (RI^ xl F (z)) GH[l,n]nQ and 

h(z)<(RI^ x J{z))' , zeU, (2.1) 

then 

q{z)<{RI^ x ,F(z))' , zeU, 

where q(z) = c t+^ J* h(t)t~^~~ 1 dt. The function q is convex and it is the best subordinant. 
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Proof. We have z c+1 F(z) = (c + 2)j Q t c f(t)dt and differentiating it, with respect to z, we obtain 

(c + 1) F (z) + zF> (z) = (c + 2) / (z) and (c + 1) RI^F (z)+z (m^F (*)) ' = (c + 2) flI£ iA> ,/ (z) , z G 
U. Differentiating the last relation we have 

(RI^F (z))' + -j-^z (RI^F (z))" = (Ri: hX J (z))' , zeU. (2.2) 

Using (2.2), the differential superordination (2.1) becomes 

h (z) < {RI° iXil F (*))' + ^z {RI^x,iF (z))" . (2.3) 

Denote 

p(z) = {RI^ Xtl F(z))', zeU. (2.4) 

Replacing (2.4) in (2.3) we obtain h(z) -< p (z) + -A^zp' (z), z G U. Using Lemma 1.1 for 7 = c + 2, we 

have g (z) ■< p (z) , ze U, i.e. q (z) ~< (RI^ X t F (zj) , z e U, where q(z) = -^ /„* h(t)t^- l dt. The 

V ' ' / IIS n 

function (7 is convex and it is the best subordinant. ■ 

Theorem 2.2 Let q be a convex function in U and let h(z) = q (z) + -^r^zq' (z) , where z G U, Rec > —2. 
Let meN, \,a,l>0, f eA n , F (z) = I c (/) (z) = 0r /„* t c / (t) dt, zeU and suppose that (RL^ xl f (z)\ 
is univalent in U, I RI^ xl F (z)\ G H [1, n] <1 Q and 

h{z)<(RL^ x J{z))' , zeU, (2.5) 

then 

q(z)-<(RI° iXil F(z))', zeU, 

where q(z) = c t+ 2 Jq h(t)t~^~~ 1 dt. The function q is the best subordinant. 



nz 



Proof. Following the same steps as in the proof of Theorem 2.1 and considering p(z) = f RI^ x t F (z) 
z G U, the differential superordination (2.5) becomes h (z) = q(z) + ^r^zq' (z) -<, p(z) + -r^zp 1 (z), z G U. 
Using Lemma 1.2 for 7 = c + 2, we have q (z) -< p (z) , z G U, i.e. q(z) -< (RI^ x { F (z)I , z G U, 
where q{z) = c t+ 2 fn h(t)t~^~~ 1 dt. The function q is the best subordinant. ■ 



Theorem 2.3 Let h (z) = 1+( ^ 1)z , where [3 G [0, 1). Let m G N, A, a, I > 0, / G A n , F (z) = I c (/) (z) = 

■^t- L i c / (i) dt, z £ U, Re c > —2, and suppose that I i?/ r " A // (z) ) is univalent in U , I RI^ x t F (z) ) G 
H[l,n] C\Q and 

h(z)^(RI^ x J(z))', zeU, (2.6) 

then 

q(z)^{RI^ l F(z))', zeU, 

where q is given by q{z) = 2f3 — 1 + — — c +-i J * rrr — dt, z £ U. The function q is convex and it is the best 

nz n 

subordinant. 



Proof. Following the same steps as in the proof of Theorem 2.1 and considering p(z) = f RI^ x t F (z) J , 
the differential superordination (2.6) becomes h{z) = \+~ < p{z) + -A^zp' (z) , z G U. By using 
Lemma 1.1 for 7 = c+2, we have q(z) -< p(z), i.e., q(z) = -^5- / * h{t)t^- l dt = -^ f* ^-f^ t^^dt 

nz n nz n 

= 2/3-1+ (c+2)( ^ 2/3) f* t -^r^- dt -< (rI^ x iF (z)) , zeU. The function q is convex and it is the best 

nz n \ ' ' / 

subordinant. ■ 
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Theorem 2.4 Let h be a convex function, h(0) = 1. Let to £ N, A, a, I > 0, / £ _4„ and suppose that 
{RI^ xl f{z)\' is univalent and RI ^ z ' f{z> g ft [l, n ] n Q. // 

^)^(i?C,A, ; /W)', *e*7, (2-7) 

q(z) -< ^ , zEU, 

where q(z) = — ^ / h{t)t^~ 1 dt. T/ie function q is convex and it is the best subordinant. 



Proof. By using the properties of operator RI^ Aj , we have 



X,J{Z) = Z + E°ln+1 { a ( 1+A i 3 +"l 1)+ ' ) +(l-«)C^+i-l}^'. ^ eC/ - 



Considerp(z) = — Tr '-^' = — J ~" +u v l - ±1 — ^ +3 ' J = l+p n z n +p n+1 z n+i +..., z g 

£/. We deduce that peH[l,n]. 

Let i?/^ A if(z) = zp(z), z £ U. Differentiating we obtain I RI^ A J{z) I = p(z) + zp'(z), z £ U. 

Then (2.7) becomes h(z) -< p(z) + zj/(,2), z € U. By using Lemma 1.1 for 7 = 1, we have g(z) -< p(^), 

z <G U, i.e. g(z) -< — ^^ , 2; g U, where q(z) = —^ fn h(t)t™~ 1 dt. The function q is convex and it 

nz n 

is the best subordinant. ■ 

Theorem 2.5 Let q be convex in U and let h be defined by h(z) = q (z) + zq' (z) . If m € N, A, a, I > 0, 

/ £ -4„, suppose that I -R/^j A if(z) ) *s univalent and — , ?hM E Tt[l,n] Q and satisfies the differential 

superordination 

h(z)=q(z) + zq l {z)<(RI^ xl f(z))\ z £ U, (2.8) 

then 

q(z) -< '■ , zeU, 

z 

where q(z) = — 1^- L h(t)t~~ 1 dt. The function q is the best subordinant. 

nz n 

Proof. Following the same steps as in the proof of Theorem 2.4 and considering p(z) = — 2ti ^ , the 

differential superordination (2.8) becomes q(z) + zq'(z) -< p(z) + zp' (z) , z £ U. Using Lemma 1.2 for 

7 = 1, we have q(z) -< p{z), z £ U, i.e. q(z) — —^rj^h{t)t^^ l dt -< ' "*'*'' — — , z £ U, and g is the 

nz ti u 

best subordinant. ■ 

Theorem 2.6 Lei /i(z) = \\_~ be a convex function in U, where < < 1. Let to £ N, A, a, / > 0, 

/ £ A n and suppose that I RI^ A if(z) ) is univalent and — nh2±<l g ft [1, n] fl Q- If 

h(z) ~< {RIZ,x,if(z))' , zeU, (2.9) 

then 

g(z) < - , Z £ U, 

where q is given by q(z) = 20 — 1 + ~£ J., 2 *" rft, z £ U. The function g is convex and it is the best 

nzn v -r 

subordinant. 

Proof. Following the same steps as in the proof of Theorem 2.4 and considering p(z) = — ^^ , the 

differential superordination (2.9) becomes h(z) = \\_~ ~< p(z) + zp'(z), z £ U. By using Lemma 
1.1 for 7 = 1, we have q(z) ■< p(z), i.e., q(z) = -^ f* h{t)tr,- l dt = -^ J" l±!3S=2^ t«- 1 dt = 20 - 1 + 

nz n nz n ~ l ~ 

~ f ff t ™ 1 dt -< — Vl2 ^ , z G U. The function q is convex and it is the best subordinant. ■ 



112 LUPAS: SPECIAL DIFFERENTIAL SUBORDINATIONS 



Theorem 2.7 Let h be a convex function, h(0) = 1. Let m £ N, A, a, I > 0, / £ .4„ and suppose that 
ZR r7<* +1 ;j(1) ] ) ls univalent and ^f+^jff e H [1, n] n Q. // 



Z ^m+l,XJj( 



u 



"' H l «5 j' 2£K (2 - 10) 

where q(z) = — r L h{t)tn~ 1 dt. TTie function q is convex and it is the best subordinant. 

nz n 

Proof. For / € A n , f{z) = z + YfjL n +i a jZ 3 we have 
Rl^im = z + E°°=n + i {« ( 1+A i 3 +"i 1)+ ' ) m + (!"«) Cm+i-i} «M * e C/. 

Consider mfzl — "'+ 1 - A -'- n - 1 — z "'="+ 1 l v '+ 1 I ; m+J > 3 

Consider p(z) - R1 ^ xJ(z) - ^^{.( ay ^i..)^,,}^ ■ 

We have p' (z) = ^§gg^ - p (*) • ^g^ and we obtain p(z) + z-p' (z) = ( '^ffff > ) '■ 
Relation (2.10) becomes ft.(z) -< p(z) + zp'(z), z € U. By using Lemma 1.1 for 7 = 1, we have 
g(z) -< p(z), z £ll, i.e. g(z) -i, fl 7^ 1,A, i^f , 2 € U, where q(z) = — ^ J^ h(t)ti~ 1 dt. The function g 



,A,|/( 

is convex and it is the best subordinant. ■ 



Theorem 2.8 Lei q be a convex function and h be defined by h(z) = q (z) + zq' (z) . Let A, a, / > 0, m £ N, 
f € A n and suppose that I — ™+i.*.' j j s univalent and t "+ 1 ' a -' € 7i [1, nl n Q. 7/ 

fzRI", lx ,f(z)\' 
h(z) =q(z) + zq' (z) < f R ^j {z) \ , Z £ U, (2.11) 

i/ien 

where q{z) = — r L h(t)t™~ 1 dt. The function q is the best subordinant. 

nzn 

Proof. Following the same steps as in the proof of Theorem 2.7 and considering p(z) = m+i,A,i ^ ^ e 
differential superordination (2.11) becomes h (z) = q(z) + zq'(z) -< p(z) + zp'(z), z £ U. By using Lemma 
1.2 for 7 = 1, we have q(z) -< p(z), z £ U, i.e. q(z) = -^- f* h(t)ti^ 1 dt -< R ^ 1 ' x ' l / t 4 , z £ U, and 

nzn U ttl m,X,lJ\ z > 

q is the best subordinant. ■ 

Theorem 2.9 Let h{z) = \+ z be a convex function in U, where < j3 < 1. Let X,a,l > 0. m £ N, 
f £ A n and suppose that I — „" +1 ' x ^ , ) is univalent and T "+ 1 - A -' £ Till n] Q. If 

V nl m,\,lJ\ Z > J nl m,\,lJ\ Z ! 

fzRI",-. x ,f(z)Y 

h{ ' ]< hwir • "« (2 - 12) 



ffter 






where q is given by q(z) — 2/3 — 1 H ^ J„ 2 *" 1 dt, z £ U. The function q is convex and it is the best 

nzn 

subordinant. 
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Proof. Following the same steps as in the proof of Theorem 2.7 and considering p(z) = '"j- 1 ^.' ; 
the differential superordination (2.12) becomes h(z) = j-t- -< p(z) + zp'(z), Z € U. By using 
Lemma 1.1 for 7 = 1, we have q(z) -< p(z), i.e., q(z) = —^rfnh(t)t'n~ 1 = _J- r J 2 \l^ t^~ 1 dt = 



W-i + *=¥ir-wr*-< 



RI" 



x,d(z 



RiZ,x,if(z) 



z £ C7. The function g is convex and it is the best subordinant. 



Theorem 2.10 Let h £ H (U) be a convex function in U with h(0) = 1 and let A, a, I > 0, TO € N, / € -4„, 

(m+l)(m+2) pm f( \ (m+l)(2m+l) p fq f(-y\i m2 T?T a f ( ?\ J- 

i Ill m+2,X,lJ \ Z ) J rti m+l,A,ii V Z 7 "+" ~T Ill m,X,lJ \ Z ) "+" 

1 J(ro + l,A,l)/(*) + 



A 
(H-l-A) 



£±£- - (m + 1) (m + 2)J J (m + 2, A, I) / (z) - § 

7 (m, A, / (z) is univalent and [RD^J (z)]' £ W [1, n] n Q. If 



2( m-A)(r + i) _ (m + 1)(2m + 1) 



A- 



*(*) -< (m + 1)(m + 2) 7?7- 



^™,A,/W + f 



m+2,A,Z 
2 



/W- (w + 1) ! aw + 1) ^w/W + 



(2.13) 



a+ir 



A^ 



(to + 1) (m + 2) 



Q: 



2 (i + 1 - A) (i + 1) 



A 2 



- (to + 1)(2to+ 1) 



I(m + l,X,l)f(z) + 



I(m + 2,X,l)f(z)- 



(l + l- xy 



X 2 



I(m,X,l)f(z). 



Z £ U , holds, then 



q(z) ~< [RI m , x ,if (*)]', z e U, 
where q{z) = — r L /i(£)t™ _1 . The function q is convex and it is the best subordinant. 



lT=n+i a J zJ we have 



Proof. For / £ A ni f(z) = z + £° 

RI m ,x,if(z) = z + E°°=n+i {« ( 1+A ?+i 1)+ ' )"' + (1 - «) C^+i-i} «M * e £/. 
Let 

p(*) = (iy£,A,j/(*))' 

= 1+ E {"( 1 + A i J + ' 1 1) + ^ ) +(l-«)C™ +j _ 1 |ja j ^- 1 = l + ^"+^ 
By using the properties of operators 777^ x L , R m and 7 (m, A, /), after a short calculation, we obtain 

p {z) + g/ (,) = (irH^±g) fiC+2;A);/ (z) 1 (mH-D^H-D ^^^^ ^ + ^fl^,/ (z) + 



(2.14) 



-iz" +1 + 



^±^ - (m + 1) (m + 2) 7(m + 2,A,Z)/»- 



2(;+1 -A) ( r +1 ) _ (m + 1)(2m + 1) 



7(to + 1,A,0/W + 



(i+l-A) 2 
A 2 



J(ro,A,0/(*)- 

Using the notation in (2.14), the differential superordination becomes h(z) -< p(z) + zp'(2;). By using 

Lemma 1.1 for 7 = 1, we have q(z) ~< p(z), z £ U, i.e. q{z) -< [Rim \ if(z) ) , z £ U, where 
q(z) = —^ J. h(t)t~~ l . The function q is convex and it is the best subordinant. ■ 

nz n 

Theorem 2.11 Let q be a convex function in U and h(z) = q (z) + zq' (z). Let A, a, I > 0, to <G N, / £ A n , 
SU p pose that im+1) ^ m+2) RI m+2 . M f (z) {m+1) f m+1) RI m+1 ,x,if (z) + ^RI mM f (z) + 



( -^S- - (to + 1) (to + 2)1 7 (to + 2, A, J) / (z) - f 



A 

(i+l-A) 
A 2- 



2(<+i-A)(r+i) 



- (m, + 1) (2m + 1) 



I(m + l,X,l)f(z) + 



I (to, A, £) / (z) is univalent in U and [RI m A //(z)]' £ 77 [1, n] n Q. 7/ 



ft.(z) = g (z) + zg' (z) -< 



(to + 1) (to + 2) 



777; 



m+2,A,i 



f(z) 



(to + 1)(2to + 1) 



RI m+ i,xjf(z)+ (2.15) 



z z 



(z+ir 



- (to + 1) (to + 2) 



I(ro + 2,A,0/(*)- 



114 



LUPAS: SPECIAL DIFFERENTIAL SUBORDINATIONS 



Q 

z 



2(1 + 1 -A) (1 + 1) 



- (m + l)(2m+ 1) 



I(m + l,\,l)f(z) + 



a 



(/ + 1 - xy 

A 2 



I(m,X,l)f(z), 



z € £7, i/ien 



<z(*H (itf£, A ,i/(*))\ zed, 

where q(z) = — ^r L ft(t)£« -1 . T/ie function q is the best subordinant. 



Proof. Following the same steps as in the proof of Theorem 2.10 and considering p(z) = ( RI^ A if (z) J , 
the differential superordination (2.15) becomes h(z) = q (z) + Z(/ (z) -< p(z) + zp'(z), z £ U. By using 
Lemma 1.2 for 7 = 1, we have q(z) ■< p(z), i.e., q(z) = -^ f* hit)^' 1 ~< (RI% a ,/(z)) , z £ U. The 
function q is the best subordinant. ■ 

Theorem 2.12 Let h(z) = 1+ ~ be a convex function in U, where < j3 < 1. Let X,a,l > 0, 
m£N,f£ An, suppose that {m ^ m+2) RI^ +2M f (z) - (m+1) i 2m+1) J^° +1 , A , ; / (z) + ^Rl^f (z) + 



{ -^ - (m + 1) (to + 2)1 J (m + 2, A, I) / (z) - f 



A 
(i+l-A) 



2(;+1 _A )( r + i) _ (m + 1)(2m + 1) 



J(ro + l,A,0/(*) + 



A 



,— < TO 



/ (to, A, Z) / (z) is univalent in U and [RI^ A if(z)]' G 7~L [lj n] n Q. // 



*M - (m + 1 l (m + 2) ^ +2 ,v/ W - (w + 1) <^ + 1) *3W W + 



(2.16) 



^™,A,/W + f 



a+ir 



- (to + 1) (m + 2) 



a 

2; 



2(1 + 1 -A) (1 + 1) 



(to + 1)(2to+ 1) 



I(m + l,X,l)f(z) + 



I(m + 2,X,l)f(z)- 



(i + i-xy 2 

o TO 



I(m,X,l)f(z), 



z £ U, then 



q(z) ■< (RI% M f(z))' , zef/, 



where q is given by q(z) — 2/3 — 1 H -r- f„ t " 1 dt, z £ U. The function q is convex and it is the best 

nzn 

subordinant. 



Proof. Following the same steps as in the proof of Theorem 2.10 and considering p(z) = f RI^ A ;/ (z) J , 
the differential superordination (2.16) becomes h(z) = -._," ~< p(z) + zp'(z), z £ U. By using 



l+z 



Lemma 1.1 for 7 — 1, we have q{z) < p{z), i.e., q(z) = —^rfnh(t)t" 1 = —^rfn 



1 rz l+(2/3-l)t ,i._l 



1+i 



tn~ l dt 



2/3 — 1 H -r- Jq t -jii\ dt -< ( RI„\ \ if{z) ) , z £ U. The function g is convex and it is the best subordinant. 
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Abstract 

Let A(p,n) = {/ G H(U) : f(z) = z p + Y,°°= p+n a j z j , z G U}, with A(l, 1) = A. We consider 
in this paper the operator RP(m, A, I) : A —* A, defined by RI 7 (m, A, l)f(z) := (1 — 7) R m f (z) + 

-yl(m,\,l)f(z) where I(m,X,l)f(z) = z + Y.% 2 V^i+i^ Y a i zJ and ( m + l)R m+1 ,f{z) = 
z(R m f(z))' + mR m f(z), m G N , N = N U {0},A G R, A > 0, I > is the Ruscheweyh op- 
erator. By making use of the above mentioned differential operator, a new subclass of univalent 
functions in the open unit disc is introduced. The new subclass is denoted by TZI 1 (m, [i, a, A, I). 
Parallel results, for some related classes including the class of starlike and convex functions respec- 
tively, are also obtained. 

Keywords: Analytic function, starlike function, convex function, Ruscheweyh derivative, multi- 
plier transformations. 

2000 Mathematical Subject Classification: 30C45 

1 Introduction and definitions 

Denote by U the unit disc of the complex plane, U = {z G C : \z\ < 1} and 7i(U) the space of 
holomorphic functions in U. 

Let A(p,n) = {/ € H(U) : f(z) = z p + ZT= P +n a J zJ , * e ^ with .4(1, n) = A n , A(l, 1) = 
Ai=A and H[a, n] = {/ 6 H(U) : f(z) = a + a n z n + a n+1 z n+1 + . . . , zeU}, here p, n G N, a G C. 

Let S denote the subclass of functions that are univalent in U. 

By S* (a) we denote a subclass of A consisting of starlike univalent functions of order a, < a < 1 
which satisfies Re ( z {u\ ) > a, z G U. 

Further, a function / belonging to S is said to be convex of order a in U, if and only if Re I z p/1 + 1 J > 
a, z G [/for some a, (0 < a < 1) . We denote by K{a) the class of functions in S which are convex 
of order a in U and denote by 1Z(a) the class of functions in A which satisfy Re f'(z) > a, z G U. 

It is well known that K{a) C S* (a) C S. 

If / and g are analytic functions in U, we say that / is subordinate to g, written / -< g, if there is 
a function w analytic in U, with w(0) = 0, ^(z)! < 1, for all z 6 U such that f(z) = g(w(z)) for all 
z G U. If 5 is univalent, then / -< g if and only if /(0) = g(0) and /(£/) C p(C/"). 
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Definition 1.1 [5] For f 6 A(p, n), p, n 6 N, m G NU{0} ; A, / > ; t/ie operator I p (m, X,l) f(z) is 
defined by the following infinite series 

I p {m,X,l)f{z):=z? + g ( P + XU ~ ] 1) + l ) m a j zi. 

j= P +n \ p-r I J 

Remark 1.2 It follows from the above definition that 

I p (0,X,l)f(z) = f(z), 

(p + I p (m + 1, A, I) /(*) = [p(l - A) + /] I p (m, A, /(*) + Az (J p (m, A, /) /(*))' , 

/or z E U. 

Remark 1.3 If p = 1, n = 1, we have .4.(1, 1) = Xi = X, Ii (m, A, Z) /(z) = I (m, A, Z) and 

(/ + 1) / (m + 1, A, /(*) = [/ + 1 - A] / (m, A, /) f(z) + Xz (I (m, X, I) f(z))' , 
for z E U. 



Remark 1.4 If f e A, f(z) = z + Y™ =2 a J zJ > then l K A > / ( z ) = z + ££L 2 ( 1+A fc 1)+ ' )'" a o z ' J 



m 

/or z6(7. 

Remark 1.5 For / = ; A > ; the operator D™ = I (m, A, 0) was introduced and studied by Al-Oboudi 
[4], which reduced to the Sdldgean differential operator S m = I (m, 1,0) [12] for A = 1. The operator 
I™ = I (m, 1,1) was studied recently by Cho and Srivastava [7] and Cho and Kim [8]. The operator 
Im = I (m, 1,1) was studied by Uralegaddi and Somanatha [13], the operator D x = I(6,X,0), with 
8 G R, 8 > 0, was introduced by Acu and Owa [1] . 

Definition 1.6 [11] Ruscheweyh has defined the operator R m : A — ► A, 

R°f( z ) = f(z) 

R l f{z) = zf'(z) 
(m + l)R m+1 f(z) = z[R m f(z)]' + mR m f(z), z G U. 

To prove our main theorem we shall need the following lemma. 

Lemma 1.7 [10] Let u be analytic in U with u(0) = 1 and suppose that 

(i.i) R ^ 1 + _uj>__, , 6K 

Then Reu(z) > a for z G U and 1/2 < a < 1. 
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2 Main results 

Definition 2.1 For a function f G A we define the differential operator 

(2.1) RP(m, X, l)f(z) = (1 - 7 ) R m f (z) + yl(m, X, l)f(z) 

where m G N , N = N U {0}, A G R, A > 0, 7 > 0, Z > 0. 

Remark 2.2 For I = and A = 1 the above defined operator was introduced in [2]. 

Definition 2.3 We say that a function f G A is in the class 7£X 7 (m, /U, a, A, I), m G N, n > 0, a G 
[0,p),7>0*/ 



(2.2) 



#P(m + l,A,0/(z) 



RI^(m,X,l)f(z) 



1 



< 1 — a, 



zG C/. 



Remark 2.4 X7ie family TZl" / (m, /j,, a, A, £) is a new comprehensive class of analytic functions which 
includes various new classes of analytic univalent functions as well as some very well-known ones. For 
example, TZ1 (m, /i, a, A, I) was studied in [6], 1Z1 (0, 1, a, 1,0) = 5* (a) , #X (1,1, a, 1,0) = AC (a) 
and BZ 1 (0, 0, a, 1, 0) = TZ (a). Another interesting subclass is the special case 7?.X 1 (0, 2, a, 1, l)=B (a) 
which has been introduced by Frasin and Darus [9] and also the class 7?.X 1 (0, n, a, 1, 0) = B(/j, a) which 
has been introduced by Frasin and Jahangiri [10]. 

In this note we provide a sufficient condition for functions to be in the class TZI(m,fi,a,X,l). 
Consequently, as a special case, we show that convex functions of order 1/2 are also members of the 
above defined family. 



Theorem 2.5 For the function f G A, m G N, fi > 0, 1/2 < a < 1 if 

(2.3) 



(m + 2)RF(m + 2,XJ)f(z) , , ^ RP(m + l,X,l)f(z) 



+7 



l + l 

A 



m 



Rn(m + l,\,l)f(z) 

I(m + 2,\,l)f(z) 
Rn(m + l,\,l)f(z) 



RI-r(m,X,l)f(z) 

7 + 1 V(m + l,A7)/(z) 

+ +7/^ I — : ra — 1 



A 



RI^(m,X,l)f(z) 



l + l 
X 



m 



I(m + l,X,l)f(z) 
RI-y(m + l,X,l)f(z) 



+ 



"7M 



l + l 



m 



where 



I(m,X,l)f(z) 
RI-r(m,X,l)f(z 

0: 3a_1 



+ (m+l)(jw-l) -<: l + /3z, zeU, 



2o: 



t/ien / G 7£X 7 (m, /i, a, A, I). 
Proof. If we consider 



(2.4) 



u(z) 



RD{m + l,X,l)f(z) 



RI-r(m,\,l)f(z) 
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then u(z) is analytic in U with u(0) = 1. Taking into account the relation 

(/ + 1) J( m + 1, A, *)/(*) = (1 - A + I(m, A, l)f(z) + Xz (I(m, A, l)f(z))' 
a simple differentiation yields 

zu'(z) _ (m + 2)i^(m + 2,A,0/(*) ff/^(m + 1, A, Q/(g) 

1 J u(z) RI-r(m + l,X,l)f(z) Ml ' BIi{m,\,l)f{z) 

fl + 1 n \ I(m + 2,X,l)f(z) fl + 1 ^ I(m + l,X,l)f(z) 

+7 [IT ~ m -"J RTr(m + 1, A, l)f(z) +^{—-m- l) RI ^ A> l)f{g) 

I(m + l,X,l)f(z) 



-7 

1 + 1 
A 



— m — 2 

X 

m — 1 



il/T(m + l,A,0/(«) 



+ 



7(m, A, *)/(*) +(m + 1)(M _!)_!. 



RI-y(m,X,l)f(z) 



Re H tV > 



Using (2.3) we get 

n(^) / 2a 

Thus, from Lemma 1.7 we deduce that 

f i^(m + l,A,Q/(z) / g \ M 1 

\ z \RH{m,X,l)f{z)) J 

Therefore, / G TZl" / (m, [i, a, A, Z), by Definition 2.3. ■ 

As a consequence of the above theorem we have the following interesting corollaries [3] . 

Corollary 2.6 If f € A and Re j 2 *%$+f f fy x) - ^g 1 ! > -\, z G U, then Re {l + z -f^-} > 
2, z £ U. That is, f is convex of order \, or f G TZT 1 (l, 1, g, 1, 0) . 

Corollary 2.7 7// G .A and Re j 2zf f!$+£,fy z) \ > -\, z G U, then f G Til 1 (1,0, ±, 1, 0), 
tfurt is Re{/'(z) + «/"(*)} > 5, -z G C/. 

Corollary 2.8 If f € A and Re jl + ^f\ > §, ^P, i/ien Re/'(z) > |, z e U. In another 
words, if the function f is convex of order \ then f G 7?.X 1 (0, 0, j, 1, 0) = TZ (5) • 

f zf"(z) zf'lz)) 3 1 

Corollary 2.9 If f G A and Re -^ i/V iA 2 f > — §, z <E U, then f is starlike of order |, 

Zience / e TZJ^O, 1, §, 1,0). 

References 

[1] M. Acu, S. Owa, ./Vote on a class of starlike functions, RIMS, Kyoto, 2006. 

[2] A. Alb Lupa§, On special differential subordinations using Sdldgean and Ruscheweyh operators, 
Mathematical Inequalities and Applications, Volume 12, Issue 4, October 2009 (to appear). 



120 LUPAS: ANALYTIC FUNCTIONS 

[3] A. Alb Lupa§, A subclass of analytic functions defined by Ruscheweyh derivative, Acta Universi- 
tatis Apulensis, nr. 19/2009, 31-34. 

[4] F.M. Al-Oboudi, On univalent functions defined by a generalized Salagean operator, Ind. J. Math. 
Math. Sci., 27 (2004), 1429-1436. 

[5] A. C&ta§, On certain class of p-valent functions defined by new multiplier transformations, Pro- 
ceedings Book of the International Symposium on Geometric Function Theory and Applications, 
August 20-24, 2007, TC Istanbul Kultur University, Turkey, 241-250. 

[6] A. Cata§ and A. Alb Lupa§, A New Comprehensive Class of Analytic Functions Using Multiplier 
Transformations, 2009, (submitted). 

[7] N.E. Cho, H.M. Srivastava, Argument estimates of certain analytic functions defined by a class 
of multiplier transformations Math. Comput. Modelling, 37 (1-2) (2003), 39-49. 

[8] N.E. Cho, T.H. Kim, Multiplier transformations and strongly close-to-close functions, Bull. Ko- 
rean Math. Soc, 40 (3) (2003) 399-410. 

[9] B.A. Frasin and M. Darus, On certain analytic univalent functions, Internat. J. Math, and Math. 
Sci., 25(5), 2001, 305-310. 

[10] B.A. Frasin and Jay M. Jahangiri, A new and comprehensive class of analytic functions, Analele 
Universitajii din Oradea, Tom XV, 2008, 61-64. 

[11] St. Ruscheweyh, New criteria for univalent functions, Proc. Amer. Math. Soc, 49(1975), 109-115. 

[12] G. St. Salagean, Subclasses of univalent functions, Lecture Notes in Math., Springer Verlag, 
Berlin, 1013(1983), 362-372. 

[13] B.A. Uralegaddi, C. Somanatha, Certain classes of univalent functions, Current topics in analytic 
function theory, World. Sci. Publishing, River Edge, N.Y., (1992), 371-374. 



JOURNAL OF COMPUTATIONAL ANALYSIS AND APPLICATIONS.VOL 13, NO.1, 121-126, 2011, COPYRIGHT 2011 EUDOXUS PRESS, LLC 



On special differential superordinations using multiplier 

transformation 

Alina Alb Lupa§ 

Department of Mathematics and Computer Science 

University of Oradea 

str. Universitatii nr. 1, 410087 Oradea, Romania 

dalb@uoradea.ro 

Abstract 

In the present paper we establish several differential superordinations regardind the multiplier trans- 
formations 

/ (m, A, I) f (z) = z + £ I j + 1 

where meNU {0}, A, I > and f e A, 

oo 

A = {f€ H(U) : f(z) = z+Y. a 3 z j , z G U}. 

i=2 

A number of interesting consequences of some of these superordination results are discussed. Relevant 
connections of some of the new results obtained in this paper with those in earlier works are also provided. 

Keywords: differential superordination, convex function, best subordinant, differential operator. 
2000 Mathematical Subject Classification: 30C45, 30A20, 34A40. 

1 Introduction 

Denote by U the unit disc of the complex plane, U = {z £ C : \z\ < 1} and Tl(U) the space of holomorphic 
functions in U. 

Let A(p,n) = {/ e H(U) : f(z) = z" + £°l p+ „a^, z e U}, with A(l,n) = A n , A(l, 1) = A x = A 
and H[a, n] — {/ € H(U) : f(z) = a + a n z n + a n+1 z n+1 + . . . , z G U}, where p, n € N, a € C. Denote by 
K = < f <G A : Re z Lil + 1 > 0, z £ U> the class of normalized convex functions in U. 

If / and g are analytic functions in U, we say that / is superordinate to g, written g -< f, if there is a 
function w analytic in U, with w(0) — 0, \w(z)\ < 1, for all z £ U such that g(z) — f(w(z)) for all z G U. If 
/ is univalent, then g -< / if and only if /(0) = g(0) and g(U) C f(U). 

Let tp : C 2 x U — > C and /i analytic in Z7. If p and ^ (p (2) , zp' (^) ; 2) are univalent in U and satisfies the 
(first-order) differential superordination 

h(z) -< ip(p(z), zp'(z);z), zeU, (1.1) 

then p is called a solution of the differential superordination. The analytic function q is called a subordinant 
of the solutions of the differential superordination, or more simply a subordinant, if q -< p for all p satisfying 
(1.1). 

An univalent subordinant q that satisfies q -< q for all subordinants q of (1.1) is said to be the best 
subordinant of (1.1). The best subordinant is unique up to a rotation of U. 

Definition 1.1 For f G A(p,n), p,n£N, m € NU{0}, A, / > 0, ifte operator I p (m, A, I) f(z) is defined by 
the following infinite series I p (m, A, I) f(z) := z p + Y^jLp+n ( P+ p+i ) a j z ^ ■ 

Remark 1.1 It follows from the above definition that I p (0, A, I) f(z) = f(z), (p + I) I p (to + 1, A, I) f(z) = 
\ P (l-X)+l]I p (m,XJ)f(z) + Xz(I p (m,X,l)f(z))', for z e U. 
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Remark 1.2 If p = 1, n = 1, we have .4.(1, 1) = Ai = A, I\ (to, A, 1) f(z) = I (to, A, I) and 
(I + 1) I (to + 1, A, /(z) = [l + l-X]I(m, A, /) /(z) + Xz (I (to, A, f{z))', for z e U. 

Remark 1.3 If f £ A, f{z) = z + Y.% 2 a 3 z ' J ' > then 7 ( m > A > /(«) = « + E^L 2 ( 1+A( ; J hl 1)+ ' ) T " aj- 2 ^ / or 
2€l7. 

Remark 1.4 _Fbr / = 0, A > 0, t/ie operator D™ = /(to, A,0) was introduced and studied by Al-Oboudi [2], 
which reduced to the Salagean differential operator S m = I (to, 1, 0) [4] for A = 1. 

Definition 1.2 We denote by Q the set of functions that are analytic and injective on U\E(f), where 
E (/) = {( e dll : lim/ (z) = oo}, and are such that f (() + for ( e dU\E (/). The subclass of Q for 

which f (0) = a is denoted by Q (a). 

We will use the following lemmas. 

Lemma 1.1 (Miller and Mocanu [3, Th. 3.1.6, p. 71]) Let h be a convex function with h(0) — a, and let 
7 £ C\{0} be a complex number with Re 7 > 0. If p £ Ti.[a,n] n Q, p(z) + -zp'(z) is univalent in U and 

h(z) < p(z) + ^zp'(z), z eU, then q(z) -< p(z), z £ U, where q(z) = ^^ f* h(t)t"<l n - l dt, z £ U. The 
function q is convex and is the best subordinant. 

Lemma 1.2 (Miller and Mocanu [3]) Let q be a convex function in U and let h(z) = q(z) + -zq'(z), z £ U, 
where Re 7 > 0. If p £ H [a, n] n Q, p(z) + ^-zp'(z) is univalent in U and q(z) + ^-zq'(z) -< p(z) + ^-zp' (z) , 

z £ U, then q(z) -< p(z), z £ U, where q(z) = 7/n Jo h(t)t 1 ' n ~ 1 dt, z £ U. The function q is the best 
subordinant. 

2 Main results 

Theorem 2.1 Let h be a convex function in U with h(0) = 1. Let to £ N. A, I > 0, / £ A, F (z) = 
I c (f)(z) = jprrr fn t c f(t)dt, z £ U, Rec > —2, and suppose that (I (to, A, I) f (z)) is univalent in U, 
{I (m, A, F (z))' e H [1, 1] n Q and 

h{z)<(I{m,\l)f{z))' , z£U, (2.1) 

then 

q(z)^(I(m,\,l)F(z))' , z £ U, 

where q(z) = j^ J h{t)t c+1 dt. The function q is convex and it is the best subordinant. 

Proof. We have z c+1 F (z) = (c + 2) L t c f (t) dt and differentiating it, with respect to z, we obtain 
(c + 1) F (z)+zF' (z) = (c + 2) / (z) and (c + 1) / (to, A, F (z)+z (I (to, A, I) F (z))' = (c + 2) I (to, A, I) f (z) , 
z£U. 

Differentiating the last relation we have 

(I(m,\J)F(z))' + -^z(I(m,\,l)F(z))" = (I(m,\,l)f(z))', z £ U. (2.2) 

Using (2.2), the differential superordination (2.1) becomes 

h (z) -< (I (to, A, J) F (z))' + ^z (I (to, A, I) F (z))" . (2.3) 

Denote 

p(z) = (I(m,X,l)F(z))', z£U. (2.4) 

Replacing (2.4) in (2.3) we obtain h(z) < p (z) + -^T2zp' (z), z £ U. Using Lemma 1.1 for n = 1 and 7 = c+2, 

we have q{z) <p(z), z £ U, i.e. q{z) < (I (m,\,l) F (z)) , z £ U, where q(z) = ^§ L 2 h(t)t c+1 dt. 
The function q is convex and it is the best subordinant. ■ 
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Theorem 2.2 Let q be a convex function in U and let h(z) = q (z) + ^r^zq' (z) , where z £ U, Rec > —2. 

Let m £ N, A, I > 0, / £ A, F (z) = I c (/) (z) = j^- f* t c f (t) dt, z£U and suppose that (L (to, A, I) f (z))' 
is univalent in U, (I (to, A, I) F (z)) £ H [1, 1] fl Q and 

h(z)^(I(m,X,l)f(z))', z£U, (2.5) 

then 

q(z)^(I(m,X,l)F(z))', z£U, 

where q(z) — -^| L h{t)t c+1 dt. The function q is the best subordinant. 

Proof. Following the same steps as in the proof of Theorem 2.1 and considering p (z) = (I (to, A, I) F (z)) , 
z £ U, the differential superordination (2.5) becomes h(z) = q (z) + -A^zq' (z) ~< p(z) + -^p^zp' (z), z £ U. 
Using Lemma 1.2 for n — 1 and 7 = c + 2, we have q (z) -< p (z) , z £ U, i.e. q (z) -< (I (to, A, I) F (z)) , 
Z £ U, where q(z) = j^ Jq h(t)t c+1 dt. The function q is the best subordinant. ■ 

Theorem 2.3 Let h{z) = 1+( ^; 1)z , where [3 £ [0,1). Let to £ N, A, I > 0, / £ A, F (z) = I c {f){z) = 
^it Jo t c f (t) dt, z £ 17, Rec > —2, and suppose that (I (to, A, I) f (z))' is univalent in U ', (I (to, A, I) F (z))' £ 
H [1, ljnQ and 

h(z)^(I(m,X,l)f(z))', z£U, (2.6) 

then 

q (z) -< (I (to, A,/) F (z))' , Z£U, 

where q is given by q(z) = 2(3 — 1 + — — J c+2 J Q Z tty^, z £ U. The function q is convex and it is the best 
subordinant. 

Proof. Following the same steps as in the proof of Theorem 2.1 and considering p(z) = (L (m, A, I) F (z)) , 
the differential superordination (2.6) becomes h(z) — jlj ~< p( z ) + -A^zp' (z) , z £ U. By 
using Lemma 1.1 for 7 = c + 2 and n = 1, we have q(z) -< p(z), i.e., q(z) = -^5- L h(t)t c+l dt = 

0, J Z 1+( f + - 1]t t c+l dt = 2/3 - 1 + {C+2) J^ 20) /; ^dt -< (L (to, A, J) F (z))' , z £ "u. The function q 
is convex and it is the best subordinant. ■ 

Theorem 2.4 Let h be a convex function, h(0) — 1. Let to £ N, A, I > 0, / £ A and suppose that 
(L (to, A, I) f(z))' is univalent and J(m ' A / )/(z) £ H [1, 1] n Q. If 

h(z)-<(I(m,X,l)f(z))', z£U, (2.7) 

then 

/(m lMM) z£ 

z 
where q(z) = - L h(t)dt. The function q is convex and it is the best subordinant. 

Proof. By using the properties of operator I (to, A, I), we have 
I (to, A, I) f(z) = z + £°1 2 ( 1+ % 1)+l )" 1 ajzi, z £ U. 

Consider p(z) = J (™-W(») = z+ T. ]= A 1+ %i 1)+l ) a ^ 3 _ x +piZ+p2Z 2 + ^ z £ U. We deduce that 
p£H[l,l]. 

Let I (to, A, I) f(z) = zp(z), z £ U. Differentiating we obtain (I (to, A, I) f(z)) = p(z) + zp'(z), z £ U. 

Then (2.7) becomes h(z) -< p(z) + zp'(z), z £ U. By using Lemma 1.1 for n = 1 and 7 = 1, we have 
q(z) ~< p(z), z £ U, i.e. q(z) -< ^ m ' - '■' z ' , z £ U, where g(z) = i J 2 h(t)dt. The function 5 is convex 
and it is the best subordinant. ■ 

Theorem 2.5 Let q be convex in U and let h be defined by h(z) = q (z) + zq' (z) . 

If to £ N, X, I > 0, f £ A, suppose that (I (to, A, I) f{z)) is univalent and m ' ' ' z ' £ H [1, 1] fl Q and 
satisfies the differential superordination 

h{z) = q(z) + zq'{z)<{I{m,X,l)f{z))' , Z £ U, (2.8) 
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then 

9 (^^AM, zeu, 

where q(z) = - L h(t)dt. The function q is the best subordinant. 

Proof. Following the same steps as in the proof of Theorem 2.4 and considering p(z) = ^ m ' ' '■* z ' , the 
differential superordination (2.8) becomes q(z) + zq'(z) -< p{z) + zp' (z) , z <G U. Using Lemma 1.2 for 
n = 1 and 7 = 1, we have q{z) -< p(z), z <G U, i.e. q(z) — - _Tf h(t)dt -< JSh^dJlil ; z £ U, and 5 is the 
best subordinant. ■ 

Theorem 2.6 Let h(z) = — il z be a convex function in U , where < (3 < 1. Let m <G N, A, Z > 0, / € .4 
and suppose that (I (to, A, Z) /(#)) is univalent and ' £ W [1, 1] l~l Q. // 

M^(/KA,0/( 2 ))', z£t/, (2.9) 

then 

J (m, A, *)/(*) z£[/; 
2; 

where q is given by q(z) — 2/3 — 1 + 2(1 — /?)— — — , z £ U. The function q is convex and it is the best 
subordinant. 



Proof. Following the same steps as in the proof of Theorem 2.4 and considering p(z) 



I(rn,\,l)f(z) 



the differential superordination (2.9) becomes h(z) = \1^ "^ p( z ) + Z P'( Z ), z £ U. By using 
Lemma 1.1 for 7 = 1 and n = 1, we have 0(2;) -< p(z), i.e., g(z) = \ Jq h(t)db = \ Jq — \^ t dt — 

2(3 — 1 + 2(1 — [3)\ \n(z + 1) -< (m ' ' z , z e U. The function q is convex and it is the best subordinant. 

■ 

Theorem 2.7 Let h be a convex function, h(0) = 1. Let to £ N, A, / > 0, / £ .4 anrf suppose that 

"!Sg )' •» »»<•«'»' «»<* XSi"w' e « [1. i] n 0. // 

V I(m,X,l)f(z) J 

then 

J(to+1,A,Q/(z) 

I(m,X,l)f(z) 

where q(z) = - L h(t)dt. The function q is convex and it is the best subordinant. 

Proof. For f e A, f{z) = z + £°1 2 aj z j we have I (to, A, I) f{z) = z + £~ 2 ( 1+A ^ +1 1)+ ' ) T " a^', z€(7. 

Consider n(z\ - Jl^hlAMW - z+ Z->i=A '+1 ) a ^ z 
Consider p{z) - I(m ^ l)f{z) - z +E J °l 2 ( 1+A ?+"i 1)+ ')"'°j^ ' 

We nave p (2 J - J(m,A,0/(z) ^H 2 ^ J(m,A,0/(z) am We 0Dtaln P \ Z ) + Z P \ Z ) ~ \ I(m,\,l)f(z) J ■ 

Relation (2.10) becomes h(z) -< p(z) + zp'(z), z <G U. By using Lemma 1.1 for n — 1 and 7 = 1, we 
have q(z) -< p(z), z G U, i.e. q(z) -< jTm a i)f(z) ' z €U, where q(z) = ^ f* h(t)dt. The function q 
is convex and it is the best subordinant. ■ 

Theorem 2.8 Let q be a convex function and h be defined by h(z) = q (z) + zq' (z) . Let A, I > 0, to £ N, 
/ e -4 and suppose that ( ^j^^ff } V *s univalent and 7( J ^+^' i jff ) e W [1, 1] n Q. // 

, / n , s 1, s f zl (m + 1, A, I) f(z) \ XT /„,h\ 

V I(m,X,l)f(z) } 

then 

I(m,X,l)f(z) 

where q(z) — - J z h(t)dt. The function q is the best subordinant. 
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Proof. Following the same steps as in the proof of Theorem 2.7 and considering p(z) = j(m a i)f(z) ' ^ ne 
differential superordination (2.11) becomes h (z) = q(z) + zq'(z) -< p(z) + zp'(z), z £ U. By using Lemma 
1.2 for n = 1 and 7 = 1, we have q(z) -< p(z), z <G U, i.e. q(z) = -j J* h(t)dt -< /7 T n A ' A l /A ; z e U, 
and q is the best subordinant. ■ 

Theorem 2.9 Let h(z) = \\_~ be a convex function in U , where < (3 < 1. Let A, I > 0, to <G N, / £ .4 

and suppose that ( z jT^ a'hV Izl ) * s univalent and j7 m a nff z \ 6H[l,l]nQ. If 

V I(m,\,l)f{z) J 
then 

I(m,X,l)f{z) 

where q is given by q(z) — 2/3 — 1 + 2(1 — /3) "^ ' , z € U. The function q is convex and it is the best 
subordinant. 

Proof. Following the same steps as in the proof of Theorem 2.7 and considering p(z) = jn^j nijv) 1 
the differential superordination (2.12) becomes h(z) = j-f- -< p( z ) + zp'(z), z £ U. By using 
Lemma 1.1 for 7 = 1 and n = 1, we have 0(2;) -< p(z), i.e., g(z) = ^ f* h(t)dt = | / Q z + ^7 " rft = 

2/3 — 1 + 2(1 — (3) \ ln(z + 1) -< jT^ a 1) f(z) > z e U. The function g is convex and it is the best subordinant. 

■ 

Theorem 2.10 Let h £ H (U) be a convex function in U with h(0) = 1 and let A, I > 0, m € N, / G .4, 

^1 (to + 1, A, / (z) + (2 - ^±1) J (to, A, I) / (z) zs univalent and [L (to, A, Z) /(»]' £ W [1, 1] n Q. If 

h(z)< l ^I(m + l,XJ)f(z)+(2- l ^)l(m,X,l)f(z), zeU (2.13) 

holds, then 

q(z)^[I(m,X,l)f(z)]', zeU, 

where q(z) = - L h(t)dt. The function q is convex and it is the best subordinant. 

Proof. For / e A, /(z) = z + £°1 2 a 3 zJ we have / (to, A, f(z) = z + Y.% 2 ( 1+A( ; 3 +1 1)+ ' ) T " 0^', z€(7. 
Let 

p(s) = (I(m,X,l)f(z))' = 1 + g ( 1 + A ; J + ~ 1 1) + ? ) J« J ^ 1 = l+Pi^+^ 2 + .... (2.14) 

We obtain p (2) + 2 • p' (z) = / (m, A, f (z) + Z (I (to, A, / (z))' = I (m, A, I) f (z) + 

(i+l)f (m+l,A,0/(*)-(t + l-A)J(m,A,0/W = j±l J ( m + 1 , A , /) / (z) + (2 - *±i) J (to, A, /) / (z) ■ 

Using the notation in (2.14), the differential superordination becomes h(z) -< p(z) + zp'(z). By using 
Lemma 1.1 for n — 1 and 7 = 1, we have q(z) -< p(z), z G U, i.e. q(z) -< (I (m,X,l) f(z)) , Z € U, 
where g(z) = - L h(t)dt. The function g is convex and it is the best subordinant. ■ 

Example 2.1 [1] If m = 1, a = 1, f e A, we deduce that g(z) + zg'(z) -< f'(z) + 3z/"(z) +z 2 /'"(z), w/lic/i 
j/zeZds iftai g(z) ~< f'(z) + zf"(z), z e U. 

Theorem 2.11 Let q be a convex function in U and h(z) = q (z) + zg'(z). Let A, / > 0, m 6 N, / € 
.4., suppose that M^-J (m + 1, A, Z) / (z) + (2 — ^-) / (to, A, /) / (z) is univalent in U and [I (to, A, I) f(z)}' <G 

H [l, 1] n Q. If 

h{z)=q{z) + zq'{z)< l ^-I{m + l : X,l)f{z)+U- l ^-\l{m,X,l)f{z), zeU, (2.15) 

then 

q(z)-<(I(m,X,l)f(z)y, zeU, 

where g(z) = - J* h(t)dt. The function g is the best subordinant. 
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Proof. Following the same steps as in the proof of Theorem 2.10 and considering p(z) = (I (m, A, I) f (z)) , 
the differential superordination (2.15) becomes h(z) = q(z) + zq' (z) -< p{z) + zp'(z), z <G U. By using 
Lemma 1.2 for 7 = 1 and n — 1, we have q(z) -< p(z), i.e., q(z) = - L h(t)dt -< (I (m, A, I) f(z)) , z <G U. 
The function q is the best subordinant. ■ 

Theorem 2.12 Let h(z) = — \+ z be a convex function in U, where < (3 < 1. Lei A, I > 0, m <G N, 

f & A, suppose that ^-1 (m + 1, A, I) f (z) + (2 — ^) 7" (m, A, Z) / (z) is univalent in U and [I (to, A, Z) f(z)]' e 

W[i,i]nQ. // 

^)^i±l/(m + l ) A,0/(«)+(2-^ti^J(m ) A,0/(«), « 6 Z7, (2.16) 

Z/ien 

q(z)^(I(m,\,l)f(z))', zeU, 

where q is given by q{z) — 2/3 — 1 + 2(1 — f3) "^ — , z G Z7. T/ie function q is convex and it is the best 
subordinant. 

Proof. Following the same steps as in the proof of Theorem 2.10 and considering p(z) = (I (m, A, Z) / (z)) , 
the differential superordination (2.16) becomes h(z) — i+z -< p( z ) + zp'(z), z e U. By using 
Lemma 1.1 for 7 = 1 and n = 1, we have q(z) -< p(z), i.e., (/(z) = - Jq h(t)dt = - J„ z \\~^ dt — 
2f3 — 1 + 2(1 — (3)-\n(z + 1) -< (I (m,\,l) f(z)) , z £ U. The function g is convex and it is the best 
subordinant. ■ 
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1 Introduction 

Let us consider the open polydisk D m , where D = {z e C : \z\ < l},m € 
N, and A(D ) = {/ : D —> C; / is analytic with respect to any variable 

Z\, Z2, ■ ■ ■ , z m € D and continuous on fl }. Therefore, if / <G A ( D 1 , then 

according to e. g. [2], Theorem 2, p. 65, we can write 



f(zi,...,z m )= ^2 






ll,l2...,l„ 



ii,i2...,i m —0 



"This paper was written during the 2009 Spring Semester when the second author was a 
Visiting Professor at the Department of Mathematical Sciences, The University of Memphis, 
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for all zi, . . . , z m € D, m € N and ai 1 ,i 2 ...,j m € C. For /e AID I, i £ C with 
j 2 = —1 and £,• G R,Cj > 0, let us consider the complex multi-singular integrals 

p ti,-,u(f) ( z u ■ ■ ■ , Zm) 

-1 /*oo /*oo m 

= 0mVt m fi / •••/ /(«ie iUl ,...,^,e itt ")JJe-^l^d«i...du Tn) 

^ 1 1 j = 1 Sj J-oo J-oo =1 

Qii.-.uC/)^!'---^) 



2m Tim ^3 

%,..^(/)(^l ^)= ^ j 

f(z 1 e iu \...,z m e i 



-du\ . . . du n 



W il> ..., u (f)(z u ...,z m ) = - w ^—= I .../ f( Zl e"" 



nr =1 v^ 

m 

i=i 

2j € D, j = 1, ...,m. Here P^,..., £ m (/) is called of Picard type, Q^ j m (/) 
and P^ 1 ,...,{ m (/) are called of Poisson-Cauchy type and W$ 1 ,...,{ m (/), is called 
of Gauss- Weierstrass type. 

In [1] we have obtained upper estimates in approximation and global smooth- 
ness preservation properties for the univariate analogs of the above integrals, 
while in [3] exact estimates arc given. In this paper we extend these mentioned 
results to the multivariate case. 

For our purpose, the following result called the Cauchy's formula on polydisk 
is needed. 

Theorem A. (see e.g. [4]) Let i 2 = -1, a = (ai,...,a p ) <E C p , R = 
(i?i, ..., R p ), Rj > 0,j = l,...,p and f : P(a; R) —* C be a holomorphic function 
in 

P(a;R) = {(zi,...,z p ) e C p ; \zj - a,j\ < R 3 ,j = l,...,p} 



and continuous in P(a;R). Then for all z = (zi,...,Z p ) G P(a; R) and all 
kj e N1J{0}, j = 1, ...,p, we have : 
(i) 

.._■■■/ / f(ui,...,u p )du 1 ...dup 

jyzi, ..., z p ) 



(2TTi)P J lUp _ Zpl=Rp J\ Ul - Zl \= Rl {ui-zi)...{u p -Zp) 
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(ii) 



Qki + ...+k v t 

(ki\)...(k p \) f f f(u ll ... 1 u p )dui...du p 



(2iri)P J\ Up - Zp \= Rp J\ Ul -z 1 \=R 1 ( u T-- z ^ kl+1 -( u p- z p)'' 



2 Mult i- Complex Picard Integrals 

In this section we study the approximation properties of P£ lt ...,£, m {f){zi, ■ ■ ■ , z m ). 
Theorem 1. Let f G A fD J and ^ > 0, i = 1, . . . , m. We have 

(i) -P£i,...,£ m (/)(.2i, • • • , z m ) is continuous on D and analytic on D m , more- 
over we can write 

- P ?i,...,C m (/)0i;---> z m) 

/ , a iiS-2;---,i m 11 i , „-2<r2 Z l Z 2 ■ ■ ■ Z m > 

il,i2,...,<m=0 \J = 1 V ^^ / / 



where 



J\Z\, ■ ■ ■ , Z m ) / y ^Jl,J2,---,'m^'l ■ ■ ' z m J 



ii,Z2-..,i m =0 

/or aZZ Zi,. . . ,z m € D. 

(ii) 

W l (-P£i,...,U (/);<*! '^2, • • • , <^m)o m ^ ^l(/5'5l,'52,---,<5m)s m . 

/or oH <Ji, (^2) • • • 8 m > 0, where 

wi(/;<5i,...,o" m ) 5 «. = swp{|/(ui,...,M m ) -/(ui,...,u m )|;|uj - v,| 
< <^,j = l,...,m}; 

l p «i,...,? m (/)( 2; i:---' 2: ™) -/(2i.---)2m)| < (m+ l)wi(/;£i,---,£m);D m , 

/or aZZ Zj G D, £j > 0; j = 1, . . . , to. 

fiijj Denote D r — {z G C; |z| < r} (clearly D\ = D) and for R > 1 let us 

suppose that f G A I Z?^ ) , i/iai is we can write 

oo 
J (21, ■ • ■ , Z m J / Qii,J2---,i77i Z l z 2 • ' ' Z m i 

for all Zi, ■ ■ ■ ,z m G Dr, to G N and af» 1 ,i 2 ...,i m G C. 
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If the Taylor's development of f(zi,Z2, ■■■, z m ) contains at least one term of 
the form a Pl ,p 2 ...., Prrl Zi 1 z% 2 ■ ■■z^ 1 with Pi,P2, ■■■,p m > 1 an d a pi,P2,.--,p m 7^ f or 
q = 0, and at least one term of the form 



a k 



i+pi,fe2+P2,---,fc m +p m z l z 2 ••• Z m <i*iWl p\,p2, ■■■,Pm ^ J- , 



swc/i i/iai afe 1 +p li fe 2 +p 2: ...,fe m + Pm 7^ and fci + &2 + ... + k m ~ q for q > 1, then 
for all\<r <r x < R, £j G (0, 1], j = 1, ..., m, fc, ■ € N U {0} toitft £jli k j = ^ 
geNU {0}, we have 



d kl+ - +km P^ u ... iU {f) d kl+ - +k ™f 



dz k \..dzfa 



dz kl ...dz k n 



3=1 



where the constants in the equivalence depend only on f , q, r and r\ . Here 
ll/llr = sup{|/(z 1 ,...,z m )|;|z,| < r,j = l,...,m}. 

Proof, (i) Let zoj z n G -D be with Km z„ 7 ; = Zq 7 -, j = 1, . . . , m. We get 

n— >oo 



|- P 6,-,«m(/) ( z n,l> ' • ■ .Zn,m) - %,...,U(/)( Z 0,1 
1 



< 



2 m nr=i£i 



7 ^0,m)| 



-f (z ,ie iu \. . . , z , m e""") I • [] e-M^dm . . . du r , 

3=1 



< 



wi(/;Kie iUl -«b,ie iUl !,...,!«„ 



. JJ e -|^l/^ dUl...du r , 
3 = 1 



zo, m e lUm \) w 



Wl (/; | z n,l — z 0,l|j ■ ■ • i | z n,m — z 0,m|)j) 



Om TT m f- 

^ llj=l SJ J -00 

m 

JT e _|U;fl/ ^dui . . . rfu m = wi (/; |«„,i - z 0A \, . . . , \z n>m - z 0im \) 



D 



3 = 1 



Vrr g- / •••/ II c " |Uil/ ^«i- d «™ 

^ llj = l SJ J-OO J-CX) =1 

= w l (/; l z n,l — 2^0,1 U - - - 7 | z n,m — ' z o,m\)j) m ■ 

Passing to limit with n — > 00, it follows that P^ ...,£ m (/)( z i, ■ • ■ , z m ) is con- 

Tft Til 

tinuous at z G D , since / is continuous on D .It remains to prove that 
P^, . . . , £„ is analytic on D . For / G A(D ), we can write / (z\, . . . , z m ) = 
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YT u i 2 ,...,i m =o a nM,---,i m z i ■ ■ - z m > for a11 z i: • • • i z m € -D . For fixed z e D of 
the form z = (zi, . . . , z m ), we can write 

f( Zl e iu \...,z m e iu ^) 

oo 

:== 2-^1 a iid2,---,i m \ z l z 2 ■ ■ ■ z m ) ( e " ) 

ii,i2,---,im= 

and since |a; 1 ,j 2l ...,j m e 8 (™ in+ -~ HWm )| = \ai lti2t ..., im \, for Uj G R, j = l,...,m, 
and the series YlT i % =o a ii,i2,---,i m z i 1 z 2 2 ■■■ z m i s absolutely convergent, it 
follows that the series above is uniformly convergent with respect to u\ , . . . , u m € 
BL This immediately implies that the series can be integrated term by term, i.e. 

/ 1 \ oo 

"6v,Ul Z li'--i z m)= I cy m nm T~ \ 2-^1 a il,i2,---,i m 



/•CO /*oo J 71 

/ .../ e t{uill+ - +Uml ™ ) \[e-\ u ^l^du 1 ...du r , 

J —oo J — OO • _ i 



jsj 1 ^ 2 ...;^ I / / A"i><— ■ + "-'- ' 

- oo »/ — OO ■ _ i 



Moreover we can write 



-1 /*oo /*oo J 71 

0mTi m 7 / • • • / e < < Ulil+u ™*"'> I] e-l^l^d«i . . . rfn ro 

Z 11^=1 SJ </-oo </-oo =1 

777 / 1 /*oo \ 

= ]T ( — / e^^e-^^/^dUj ) (by [1], see the proof al Theorem 2.3) 

j- =1 \2?j J-oo / 

That is completing the proof of (i). 

(ii) Let zij, Z2,j € D, \zij — Z2,j\ < <Jj, for j = 1, . . . ,m. We obtain 

\ P Si,-,u(f) ( Z M> ■•■■> z l,m) ^ P iu--;U(f) (*2,1, ■ ■ • , Z2,m)| 



^ llj = l Sj ./-oo «/-oo 

m 

-/ (%,ie iUl ,. . . ,z 2 , m e iu ™)| JJ e -l»jl/^dui,. . -,dw m 

< w l (/; pl,l — z 2,l|, pi, 2 — 2 2,2|, • ■ • i \Z\,m ~ z 2,m\)j) m 

passing to sup with \zij — Z2,j | < Sj, j ' = 1, . . . , to, it follows the desired inequal- 
ity. 
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(iii) We have 



IP; 



6,-,6 



< 



2 m n;ii£ 



Xf){zi,...,z m ) - f(zi,...,z m ) I 



|/(z ie lUl ,...,z m e l 



]=i y J -°° 



-/(z 1 ,...,z m )|J|e-^l/«^ Ul ...rf Ur; 



< 



1 



2 m n™ ^ ./_ 



wi (/; kie mi - zi|, . . . , \z m e iUm - 2 m |) 5 „ 



^' = 1 SJ ./ — OO J —oo 

m 

■Y[e- M/ ^dui...du m . 
j=i 

By the Maximum Modulus Principle (see e.g. [4], p. 23, Corollary 1.2.5) we 
can take \zj\ — |, for j = 1, . . . , m. Thus we have 

l-Pfr.-.U (/)(*! i • ■ • . «m) - /(^l, • • ■ , Zm)| 



< 



2 m nr=i^i- 



OO /*oo 






u;i(/;|e i " 1 -l|,...,|e i "--l|) 1 



'"- 1 />00 /«00 

J]e- |tt '^&i...& ro < mnM / .../ wi(/;2 

j =1 Z llj=lSJ J-oo J-oo V 

m 

m JJe _|U;,l/ ^dui...dw. 



Ui 



, 2sin 



3 = 1 



< 



-j /"OO />oo " h 

ffm -j. \ ••• / Wi(/; |ui|,|u 2 |,...,|wm|)5 m J|e _l " 3l/ ^rfui...dw r , 

llj = l sj J-oo J-oo =1 



< Wl(/;£l,6,---,£m) 



£> 



O /*00 /'CO / ^^ \ ^^ 

m 



^i(/;£i,g2,---,£m) 



oo /»oo 



i=i 



Q e u 'ltidui ■ ■ ■ du m = wi (/; £i, • • • , fmfe" 



3 = 1 



-j /*oo /*CO m 

■ nm t / ••• / T7e -,l ' / fcdui...du ri 

llj=lSj Jo Jo =1 
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i /-OO /-OO ( m \ I m \ 

+ wk;i -L te?)(n^' ,f ' )**■■■*- 

= Wl (/;Cl,---,Cm)D m = ( m + i)^! (/;6,---,^m)5 m , 

proving the claim, and finishing the proof of (iii). 

(iv) For the simplicity of calculation, we will prove the case m = 2. 
In our reasonings will be useful the following simple relationship 

/■OO 

F(u)du = I [F(u) + F(-u)]du. 
i Jo 

Also, we will need the following two partial moduli of smoothness 

W2,*i(/; £W„) 2 = sup{|A^/(re", ^)|; |t| < tt, |u| < t \z 2 \ < r}, 
and 

w 2 , Z2 (/;r?)(9B r )2 =sup{|A^ 2 /(«i,re ft )|;|t| < tt, |«| <rj,\zi\ <r}, 
where 

A^/(re", « 2 ) - f{re i{ - t+u \z 2 ) - 2f(re u ,z 2 ) + f(re^- u \z 2 ) 
and 

A 2 u z *f( Zl ,re u ) = /(«i,re* +u )) - 2/(*i,re it ) + /(*!,«*<*-">). 
Applying twice this relationship we easily get 

■P&.&lfXzi)-^) ~ f(zi,z 2 ) 

1 /-OO 

= ^T^ / [/(«ie iui ,«2e itta ) - /(z 1 ,z 2 )]e-l Ul l/« 1 e -l" 2 l/« 2 d Ul d U2 

2 2 £l«2 J-oo 

= ^"- f {^- / 00 [/(^ie mi ^2e^)-2/(^ 1 ,z 2 ) + /(z 1 e-™ 1 ,z 2 e^)] 

<^2 J-oo l^?l JO 

■e-" l/Sl dwi}-e _|u2|/42 dM 2 
( changing the order of the two integrals) 

-i -i poo ( t-oo 



, K , , [/(«ie* Ul ,^e* tta )-2/(« 1 ,« a ) + /(«ie- ,U1 ,^ 

^?l <^2 Jo iJO 

+{f(z 1 e iu \z 2 e- iu *)-2f(z 1 ,z 2 ) + f(z 1 e- iu \z 2 e- iu *)]} 
■e- Ul/il e- U2/i2 duidu 2 . 
Simple calculation shows 

[f(z 1 e iu \z 2 e iU2 )-2f(z 1 ,z 2 ) + f(z 1 e- iu \z 2 e iU2 )} 
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+ [f(z ie iu \z 2 e- iU2 ) - 2f( Zl ,z 2 ) + f(z 1 e- iu \z 2 e- iU2 )] 
= [f(z 1 e iu \z 2 e iu *)-2f(z 1 ,z 2 e iu *) + f(z 1 e- iUl ,z 2 e iu >)} 

+ [f(z 1 e m \z 2 e- lU2 )-2f(z 1 ,z 2 e-^) + f(z 1 e- m \z 2 e-^)} 
+2[f( Zl ,z 2 e iU2 ) - 2f( Zl ,z 2 ) + f( Zl ,z 2 e- m *)}. 
Passing to absolute value, we obtain 

\ P ti,b(f)( z l' Z 2) ~ f{zi,z 2 )\ 

1 1 

< 



26 26 Jo 



oo poo 



OO pOO 



[2^2,2! (/;ui)(di3 r )2 +2uj 2 ^ Z2 (f;u 2 ) (dDr) 2] 

. e - U l/tl e -U2/i2 duidu2 

1 1 

"26 '26 
[2(1 + Ui/6) V*i(/; Si)(8D r )' + 2(1 + u 2 /t; 2 ) 2 Lj 2 . Z2 (f; &) (dDr) 2] 

. e - U l/tl e -U2/i2 duidu2 

< C[u2, Zl {f;€i)(dD T y +u 2 . Z2 (f;£ 2 ) {dDr) 2]. 

Since by the mean value theorem for divided difference in Complex Analysis 
(see e.g. [5], p. 258, Exercise 4.20), for all \z\\ < r, \z 2 \ < r we have 



o Jo 



\Al^f( Zl ,re lt )\< 



and 



\A 2 U ^ f(re^,z 2 )\<u 2 
for all 6j6 € (0, 1] we immediately obtain 



a 2 / 
dz\ 



d 2 f 



dz\ 



\\PiU2(f)-f\\r<c r (fm+e 2 }- 

Now, denoting by 7 the circle of radius r\ > 1 and center 0, since for any \z\ < r 
and u, v € 7, we have |w — z| > ri — r and |u — z\ > n — r, by the Cauchy's 
formula in Theorem A, it follows that for all \z\\ < r, \z 2 \ < r, 6)6 <= (0, 1], we 
have 

0* 1+fca *W/), , dkl+k2 f t 



dz^dzi 

(fci)!(fc 2 )! 
4tt 2 



7 •'T 



fe 2 +i 



(u — Zi) kl+1 (v — z 2 ) 



dudv 



<a(/)[6 2 + 6 



, (fci!)(fc2 

4tt 2 



27rri 



27rri 



(n — r^ki+i (ri — r) fe2 + 1 ' 
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which proves the upper estimate. 

It remains to prove the lower estimate for 



d kl+k2 P ilA (f) d kl+k2 f 



v fcl»~fc2 



dz kl dz k2 dz k ^dz\ 



For this purpose, take z\ = re lVl , z 2 — re tV2 and pi,P2 € N U {0}. 

Taking into account Theorem 1, (i) too, for k\ + fc 2 = q, (q € N U {0}), we 

have 



1 

4^ 



0* 1+fc2 iW/) , N g fcl+fc2 / , X 



e -ipiipi e -ip2V2 



1 . i OO 

^2 E E ai 1 ,i 2 ii(*i-l)-(ti-A!i + l)r <1 - fcl e i *' 1 ( <1 - fcl - pi ) 

1 1 



4tt 2 



*l=fel «2=fc2 

■i 2 (» 2 - 1)...(*2 - ^2 + l)r i2 - fe2 e 4¥,1 ( i2 - fe2 - p2 ' 
Integrating twice from — 7r to 7r, we obtain 



1 - 



i+eA i+mi 



i 

4^2 



g^!JW/) , v g fcl+fc2 / , , 



a?? 1 ^ 



d^dz? 



-»PlVl p^ l P2V>2 



d<pidifi2 



a kl+PlM+P2 (ki +pi)...(pi + l)(fc 2 + P2)...(P2 + l)r Pl+P2 
1- 



i + e?(fci+Pi) 2 i + e 2 2 (fc2+p 2 ) 2 

Passing now to absolute value, we easily obtain 

|a fel+Pl ,fc 2+P2 |(fci +Pi)-(P1 + l)(fe +P2)...(P2 + l)r Pl+P2 



l+? 2 (fcl+Pl) 2 ' l+e 2 2 (fc2+P2) 2 
d kl+k2 P iui2 {f) d kl+k2 f 



< 



dz kl dz k2 dz kl dz k2 



First consider g = 0, that is fci = fc 2 = 0. Let us denote E^ 1 ,^ 2 ,pi,p2 = 1 
1 x and 



^l ,|2 = i nf ., E tl,t2,Pl,P2- 

P1>1,P2>1 



Clearly we get 



%,?2 = I I 



£ + £ + ££ ^Zl + Zl 



i + Sf i + €i J (i + ff)(i + ^) 



> 
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By the above lower estimate for ||P{ 1 ,^ 2 (/) — f\\ r , for all pi,P2 > 1 and £i,£ 2 € 

(0,1], it follows 

M\P^Uf) - ft > \\P^Uf) - f\\ r > WPtuM-fWr > u ]rPl+P2 



&+® 



v f 



?1,?2 



E, 



tl,(.2,Pl,P2 



This implies that if would exist subsequences in (0,1], (£i )&, (C k )k with 
£} k ',£f. ' — > (as fc — > 00) and such that 

-P,(l) A2)(f) — f 

then we would have a Pl . P2 = for all Pi , p 2 > 1 • 

Therefore, if the Taylor's development of f(z\, Z2) contains at least one term 
of the form a pl ^ P2 z 1 ' 1 z% 2 with p\,p2 > 1 and a PltP2 7^ 0, then 

inf ^4^-^>0, 



«i,« 2 e(o,i] 



&+% 



which implies that there exists a constant C r (f) > such that - — 1 'J , f 2 — > 
C r (/), for all ^1,6 e (0, 1], that is 

ll^i,& (/) - ft ^ CrlfM + $, fOT a11 £1.6 e (0, 1]. 
Now, consider fci + fc 2 = q > 1 and denote 



£. 



Cl I ?2,Pl,P2,fcl,fc2 



= 1 - 



1 



1 



i+^fci+w) 2 i + e 2 2 (fc 2 +p 2 ) 2 



^i,fc 2 ,6,€2 - m f 1 -%,l2,pi,P2,ki,fc2- 

P1,P2>1 



Evidently that we have 



^fcl,fe2,fl 



4"2 



> 1 - 



l+£ 2 (fcl + l) 2 l + £ 2 2 (fc 2 + l) 2 
1 1 £l 2 +£f 



i + ef i + e 2 2 

and reasoning as in the case q = we obtain 

4 



> 






ef + ei 



^ > 



a tl+t2 P£ 1 ,e 2 (f) _ a fc i+ fc 2/ 



v kiM,ii,i2 



> 



a fc i+ fc 2p^, {2 (/) _ 3 fci+fc 2/ 



£,. 



?l,?2,Pl,P2,fcl,fc2 



10 
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> |a fcl+Pl , fe2+P2 |(fci +pi)...(pi + l)(k 2 +p 2 )...( P2 + l)r Pl+p \ 

for allpi,p 2 > 1 and £i,£ 2 € (0,1]. 

This implies that if would exist subsequences in (0, 1], (£i )fc, (Cfe )k with 
Q, ,^ ' — > (as fc — > oo ) and such that 





afcl+fc2P 4 1 »4 2)(/) a*^, 




dz^dz* 2 dz^dz* 2 


fc— »oo 


[sPv+itfh 2 



= 0, 



then we would have ctk 1 + Pl ,k 2 +p 2 = f° r a ^ Pi>P2 > 1 an d ki + k 2 = q > 1. 

Therefore, if the Taylor's development of /(<?i, Z2) contains at least one term 
of the form afc 1+pl .fe 2+P2 z 1 1 Pl z 2 2 P2 with pi,p2 > 1, ki + k 2 = q > 1 and 



a fci+Pi,fc 2 +P2 7^ 0, then 



inf 

6,66(0,1] 






>0, 



tf + S 

which implies that there exists a constant C rt k lt k 2 (f) > such that 



dz^dz^ 2 ~ dz^dz* 2 



>C rMM (f), for all 6,6 e (0,1], 



that is 

d kl+k2 P iui2 (f) d kl+k2 .f 



dz^dz; 2 dz^dzl 2 



> Cr.MMtfM + &], for all 6,6 g (0, 1]. 



□ 
Remark. For m = 1, Theorem 1, (iv) was obtained by [3], p. 207, Theorem 
3.2.1, (iv). 



3 Mult i- Complex Poisson-Cauchy Integrals 

In this section we study the approximation properties of Q£ 1 ,...,£ m {f){zi, ■ ■ ■ , z m) 
and Ri u ...,t m (f)(zi,...,z m )- 

Theorem 2. Lei f € A(D j and 6 > 0, « = 1, ■ ■ ■ , m. We have 

{i) Qii,---,£, m {f){ z ii ■ ■ ■ 1 z m) and R£ 1 ,...,£ m {f){zi, ■ ■ ■ , z. m ) are continuous on 
D and analytic on D m . 
(ii) 

^1 (Q^i,....,i m (f)^i, ■ ■ ■ ,S m )o m < wi(/;5i,...,5 m )^m , 

wi (-%,.. .,{ m (/);£i,...,5 m ) S m < wi(/;^i,---,^m)5 m > 



11 
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for all S\, . . . ,6 m > 0. 
(Hi) 

\ R $l,-,u(f)( Z l>---> Z m) ~ f ( Z l> ■ ■ ■ ' z m)\ < 



2m 

TV 



Wl (/,£l>- • • >£ro);D" 



/or any £j > , j = 1, . . . , m. 

(iv) Denote D r = {z € C; \z\ < r} and for R > 1 let us suppose that 

f € A ( _D^ ) , iftai is we can write 



f(z 1 ,...,z m )= ^ 



*»l,»2-",'m' & l ^2 



21, 22---, ^m—0 



/or all Zi, . . . , z m <G -D#, mePi and a^^...^ <G C 

If the Taylor's development of f(zi,Z2, ■■■,Z m ) contains at least one term of 
the form oip ltP2t ... >Pm z\ 1 z% 2 ■■■z^ with pi,p2, -,p m > 1 and ct PlyP2y .... Pm ^ for 
o = ; and at least one term of the form 



a k 



i+pi,fe2+P2,---,fc m +p m z l z 2 ••• Z m U«Wl p\,p2, ■■■,Pm _ J-, 



swc/i i/iai a fei+pi,*;2+p2----,fc m +p m 7^ and &! + fc 2 + ••• + ^m = Q f or Q > 1; #ien 
/or aZZ 1 < r < r[ < R, ^ e (0, 1], j = 1, ..., m, kj € N U {0} witfi ^=i fy = 9, 
o G N U {0}, we have 



d kl+ - +k ™R iu ..., u {f) d kl+ - +k ™f 



dz^.-.dzm 



dz^.-.dzm 






where the constants in the equivalence depend only on f , q, r and r\ . Here 
ll/llr = sup{|/(zi,...,z m )|;|z,| < r,j = 1,...,™}. 

Proof, (i) Let zq, z n G D be with lim z n j — Zo,j,j = 1, • • ■ , rn. 



We get 



\Qtii,-,u(f) ( z n,l, • • ■ , z n,m) ~ <?£i ,...,U (/)( z 0,l , • • • , z 0,m)| 



< 



l/( z n,l« 



/K 



ie' 



■ ^-O.rn^ 






-dui . . . dw r , 



< 



^1 ^J, Pn.ie i ,— zo.ie 1 |, • ■ • , | z n, m e m — z . m e IJjj" 

nr=i(«?+^) " 



«!«! . . . du, n 
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1Ii=1SJ C f V Wl (/; \z n l — Zoi\, ■ ■ ■ , \z n ,m ~ Zo^ m \)jj m , , 

' ' =--du\ . . . du r , 



— IT J — IX 



Wl (/; \z n .l — Zo,l\, • • ■ , \z n ,m — Zo^mDjj 71 

U 3 =i €3 r r dui . . . dur, 



w l (/; \ z n,l — Zo t l, . . . , \Z n . m — ^o,m|)j)" 

'2£A / r dui 



■n 



2 + £ 2 



o «?+£ 



-tan 



tj 



— w l (/J \ z n.l — 20,l|) • • ■ j | 2 n,m ~ 2 ; 0,m|)j3 m _[ { 

i=i 

< w l (/; \ z n,l — z Q.i\, . . . , |z n ,m — 2 0,m|)75 m • 

So we proved that 

\QSi,-,im(f) ( Z n,l, ■■■, z n,m) ~ QSi,...,u(f)( Z 0,l, • ■ • ; z 0,m)| 

< w l (/; \ z n,l — z 0,l\, ■ ■ ■ , \ z n,m ~ z 0,m\)jj m ■ 

Passing to limit with n — > oo, it follows that Q^ £ m (/) (zi , . . . , z m ) is con- 

Tfl Til 

tinuous at z$ G D , since / is continuous on D . It remains to prove that 
Q^ £ m (/) is analytic on Z? m . For / € A(£> ), we can write / (z\, . . . , z m ) — 

12T i =o a i\,----i m z \ ■ ■ ■ z mi f° r all ^1, . . . , z m € Z? . As in the proof of The- 
orem 1, (i) we can write 



Q£i,-,u(f)( z i>----> z m) 



TELA 



3 = 1 « 



/ y a 'l,...,'m 2 l 



7T i(u 1 i 1 + ...+u m i m ) 



Hence 



-»nr=i(«?+^) 

l<9|i,...,u(/)( 2; l.---. 2: m)| < 



■dwi . . . du„ 



nr=i^ 



X! I^il.-.ir, 



ii,...,z m =0 



nr-i& 



M li ...|z m p 



XI l a U,-,iml l^lT 1 



7T |gi(«iii+...+u m i m )| 

.„ IL m =i («? + «) 



-dt*i . . . du r , 



ii,...,z m =0 



7T /»7T 



^0 



nr=i(«?+# 



-cfui . . . du ri 



13 
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< Yl l a U,-,imlN 



< 00. 



The last implies that Q(, 1 ,...,^ m (f) is analytic on D . The proof of the con- 
tinuity property of R( 1 ,...,( m {f)(zi, . . . , z m ) follows in a similar manner as the 
proof de continuity of Q£ 1 ,...,£ m {f){zi, ■ ■ ■ ,z n ). Fort the analyticity property of 
Rtu-,e m (f)( z u ••■■> z m ) we can write 



R 



ii, ••.,«, 



Xf)(zi,...,Zm) = 



2 m n™i^ 3 



E 



K %\ ....,1m ^1 



ii,...,i m =0 



llj =^ j y a h 



oo i(uiii + ...+u m i m ) 

/•CO 

«i i. 

..i m %i • • • Zj) 



du\ . . . du n 



ii,...,i m —0 
'" f e iu j i j 



— oo o — oo 



'Sv(«?+^) a . 



- E 



*ll ,...,2^ ^1 



n 



du\ . . . du. 
2£ 



ii,...,i m — 



3 Z" 00 g«j"j 

' ' ' 2 du l 



iL" •'"OO («? + <?) 



E 



■ t ?i,...,t m ^i 



ii,...,i m =0 



n 



4 ^3 ,oo 



cos{ijUj) 



* Jo (v} + &) 



2 du 3 



Therefore 



i%,...,u/)(*i,---,^)i<2 m J2 



,lm\ \Zl\ 



< 00. 



ii,....i m —0 



The last implies that R^ 1 ,...,$, m (f) is analytic on D m . 

(ii) Let z\j, z 2 .j € -D, |-?i ; j — ^2,j| < ^j; f° r J ^ 1 , . . . , ?rt. We obtain 



\Qti,~;U(f) (^1,1' • ■ • ' Z l,™) _ Qtl,~;U(f) ( Z 2,l> • • • , 2 2,r. 



< 



nr=^ 



\j\zi,ie i ...,2i, TO e m j — j{Z2,ie ,---,Z2, m e )\ 



< 



nr=i& 



Wl(/; kl,l - 22,1 1 , ■ ■ • |Zl,m - Z2,m|);D m 

2 . c2 \ dui ■ ■ ■ dUm - W l(/; ^1) • • • ! ^m)s" 



dui . . . du„ 



,n:=i(u+« 
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passing to sup with \z\j — Z2,j\ < Sj,j = l,...,m, it follows the desired in- 
equality, proving global smoothness for Qxii,...,£ m (f)- The global smoothness 
property for R^ 1 ,....^ m (.f) follows similarly as of Q^....^ m (f)- 
(iii) We have 



< 



2-nr=i£) 



\ R ti,~;U(f) ( Z l> • • ■ > z m) - f (Zl, • • • , Zr> 



\f(z 1 e iu \...,z m e iu ^)-f(z 1 ,...,z m )\ 



oo J — oo 



nr=i(«?+^) 9 



dwi . . . <iu r , 



< 



2 m nr=i^ 



OO </ — OO 



wi (/; |zie iUl - zi|, . . . , |z m e iu ™ - z m |) s „ 

nr=i(«?+^) 2 



rfui . . . du m . 



By the Maximum Modulus Principle (see,e.g [4], p. 23, Corollary 1.2.5) we can 
take \zj\ — |, for j — 1, . . . , m. Thus we have 



< 



|-%,-,£m(/) ( z l; ■ • ■ .^ra) - / (Zl, • • • ,Zm)| 

2 ro nr=i^ 3 p p uj 1 (f;\e i ^-l\,...,\e iu --l\) 15 n 



< 



2>n TT m <r3 ,.. x /■ x 



oo J — oo 



n7=i («?+sr 

^i(/;6^,...,U^) : 



dui . . . rfw„ 



nr=i («?+<?) 



dui . . . du„ 



< w l (/;^lj ■ • • )£m);D'" I " 

= <*>i (/;£i,... ,^ m )n 

ra -~ 

+ E 
j*=i 



2 2m rr=i£ 



j=i ^ 



(i + E™i!r) 



'2 2 ™nr=i^f 



• n7=i(«?+S) 

diti . . . rfu 



^—^du\ . . . du n 



oo />oo 



° &• IL ra =i(«? + f 



j ' ''i 



-^dui . . . du m 



Wl(/;6.---,^m)i 



'2 2m n™i^f 



•E 

J'*=l 



/o £j* (u 2 , + 



kf dui -)AM 



duA 



(«?+tf) s 



2 2m nr=i^ 3 m 



lj = l SJ 



SliJjr^ 
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w i (/;£i; ■ • • jCm)ij" 



2m 



proving the claim, and finishing the proof of (iii). 

(iv) For the simplicity of calculation, we will prove the case m = 2. 
In our reasonings will be useful the following simple relationship 



F(u)du = / [F(u) + F(-u)]du. 

i Jo 

Also, we will need the following two partial moduli of smoothness 

ftoM 0(dD r y = sup{\A 2 u ' z \f(re H , z 2 )\; \t\ < n, |u| < £, M < r}, 
and 

W2,* 2 (/; v)(BD r )' = sup{|A^/(«i,re")|; |t| < n, |u| < iy, |«i| < r}, 
where 

A 2 u ^f(re u ,z 2 ) = /(«*<*+">, 22) - 2/(re rf , z 2 ) + /(re'**""', « 2 ) 
and 

A^M.re") - f(z u re^+^) - 2f(z 1 ,re it ) + f(z 1 ,re i ^-^). 
Applying twice this relationship we easily get 

R Si,S2(f)(zi,Z2) ~ f(zi,z 2 ) 



2<r3c3 r°° 



nu 



~ ! ' [f{ Zl e™\z 2 e^)-f{z u z 2 )\ 
2y p [2C? 



1 



(«? + ^) 2 («l + ei) 2 



duidu 2 



3 /-co c of3 /■oo 



lf(z 1 e m \z 2 e iU2 )-2f(zuZ2) + f(zie- m \z 2 e lu *)} 



1 



r (iui 



1 



rrfu 2 



(«? + tf) 2 J («i + £ 2 2 ) 2 

( changing the order of the two integrals) 



92t3t3 /-oo c /■oo 



o Uo 



[/(z 1 e™ 1 ,z 2 e 4U2 )-2/(z 1 ,z 2 ) + /(z 1 e- mi ,z 2 e™ 2 )] 



+ [/(z 1 e mi ,z 2 e- m2 )-2/(z 1 ,z 2 ) + .f(z ie -^,z 2 e-^)]} 

'RTWMTlF duidU2 ' 

Simple calculation shows 

[f(z 1 e iu \z 2 e iU2 )-2f(z 1 ,z 2 ) + f(z 1 e- iu \z 2 e iU2 )} 
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+ [f(z ie iu \z 2 e- iU2 ) - 2f( Zl ,z 2 ) + f(z 1 e- iu \z 2 e- iU2 )] 

= [f(z 1 e m \z 2 e m2 )-2f(z 1 ,z 2 e^) + f(z 1 e^ u \z 2 e m2 )} 
+ [f(z 1 e lu \z 2 e~^)-2f(z ll z 2 e'^) + f(z 1 e-^ 1 z 2 e'^)] 
+2[.f{z l ,z 2 e^) - 2f( Zl ,z 2 ) + f{zi,z 2 e- iu *)]. 
Passing to absolute value, we obtain 



< 



92<r3£3 /-oo /.oo 



JO 



[2w 2 , Zl (/;wi)(ai) r ) 2 +2uj 2 , Z2 (f;u 2 ) {dDr) 2 



1 



{ul + QYiul + il) 2 
< 



du\du 2 



2 2 &f 






[2(l + u 1 /^) 2 Lu 2 . Zl (fAi)(dD r y+2(l + u 2 /^ 2 ) 2 iu 2 . Z2 (f^ 2 ) {dDr) 2} 



;duidu 2 



{ui+e^ui+n) 2 

< C[w 2 , Zl (/;Ci)(9_D r ) 2 + w 2, 22 (/;6)(aB r )2]- 

(For the last inequality see the univariate case in [3], p. 217) 

Since by the mean value theorem for divided difference in Complex Analysis 
(see e.g. [5], p. 258, Exercise 4.20), for all \z\\ < r, \z 2 \ < r we have 



|A^/(zi,r-e lt )|<^ 



d 2 f 



and 



|A^/(re^ 2 )|< U 2 
for all £1,^2 G (0, 1] we immediately obtain 



d 2 f 



dz\ 



WRtuUf) - f\\r < C r (fM + til 

Now, denoting by 7 the circle of radius r\ > 1 and center 0, since for any \z\ < r 
and u, v £ 7, we have \v — z\ > r\ — r and \u — z\ > 77 — r, by the Cauchy's 
formula in Theorem A, it follows that for all \z\\ < r, \z 2 \ < r, £1,^2 € (0, 1], we 
have 

d kl+k2 R^Uf) ? x ^ fcl+fc2 / , 

Oz^dzt (Z1 '^"^^ (Z1 ' Z2) 



(fci)!(fc 2 )! 
4tt 2 



7 J 7 



R^i,i2(f)(u,v)- f(u,v) 

(u - Zi) kl + 1 (v - 2 2 ) fe2 + 1 



duefo 
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<C r (f )[& + £ 



2irri 



i f2] MM 2^n 

1 4tt 2 (n-r)^ 1 ( ri -r) fc »+ i: 



which proves the upper estimate. 

It remains to prove the lower estimate for 



<9 fcl+fe2 i? €l , C2 (/) d kl+k \f 



fci ^k 2 



dz^dz* 2 dzpdzz 



For this purpose, take z\ — re lVl , z 2 — re L ' P2 and Pi,P2 G N U {0}. 

Taking into account the representation of i?^ 1 .^ 2 (/)(zi, z 2 ) in the proof of 
Theorem 2, (i) too, for k\ + fc 2 = q, (q € N U {0}), we have 



1 

4^ 






dz kl dz% 2 " ^' " dz?d4 
"2 E E ai 1 ,i 2 »i(Ji-l)-(*i-^i + lK 1 " fcl ^ l(il " fcl " Pl) 



4tt 2 

»l=fel *2=fc2 

• i2 ( i2 -l)...( i2 -A: 2 +l)r l2 -' £2 e^ 1 ( l2 -' £2 - p2 ) [l - (1 + ii£i)e _ilSl (1 + i 2 6)e- iafo ] 
Integrating twice from — 7r to 7r, we obtain 



1 

4tt2 



d kl+k2 R^Af), 



./,.,./- "( Zl ' Z2 ) _ o fci« fc 2 ( Z l' Z2 ) 



gki+k 2 f 

dzYdz} 



e -iPKPi e -iP2<P2 dipid(p2 



dz1 1 dz 2 

= afc 1+ Pi,fc2+P2(*i +Pi)-(Pi + 1)(*2 +P2)-(P2 + l)r Pl+P2 

■ "l - (1 + (fci + P i)Ci)e-^+P^(l + (fe +p 2 )6)e- (fe2+P2) « 2 " 
Passing now to absolute value, we easily obtain 

|Ofci+Pi,fc2+P2l(*l +Pl)-(Pl + 1)(*2 +P2)-..(P2 + l)r Pl+P2 

■ "l - (1+ (fci +Pi)Ci)e- (fel+Pl)6 (l + (*2 +P 2 )6)e" (fe2+P2)e2 
d kl+k2 P iui2 {f) d kl+k2 f 



< 



dz kl dz k2 dz kl dz k2 



First consider 9 = 0, that is fci = fc 2 = 0. Let us denote E^ t ^ 2yPltP2 = 1 — (1 
CiPi)e~ PlCl (l + 6P2)e- p2 « 2 and 



% ,6 = J. nf . t % ,$2 ,P1 ,P2 ■ 

P1>1,P2>1 



Clearly we get 



%,& = 1-(1 + ei)e- €l (l + 6)e-« 2 > %^- 
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Indeed, by [3], p. 219, we have 1 — (1 + £) e ^ 4 •> which implies 
1 - (1 + £i)e- 6 (1 + C 2 )e-« 2 > 1 - (1 + ix)e-^ > ^, 

1 - (1 + £i)e- 6 (1 + e 2 )e-« 2 > 1 - (1 + &)e~* 3 > ^ , 

which gives the required inequality. 

By the above lower estimate for ||-R^ 1 ,{ 2 (/) — /|| , for all pi,P2 > 1 and 
£i,6e (0,1], it follows 

8 ||%,&(/) - /ll, > ll%,ft(/)-/ll r > ll%,fr(/)-/ll r > , , Pl+P2 

d. \ a pi,P2\ r 



"2 i <r2 
»2 



ff + 8 



%,?2 



£ 



?1,|2,P1,P2 



This implies that if would exist subsequences in (0,1], {S/ k )&, (£i )& with 
^ ' ,£} k ' — > (as fc — > oo ) and such that 

Rm f (2)(/) - / 



^ = o, 



then we would have a pi P2 = for all Pi,p 2 > 1- 

Therefore, if the Taylor's development of f(zi, z 2 ) contains at least one term 
of the form a Pl lP2 z\ 1 z% 2 with pi,p 2 > 1 and a Pl _ P2 ^ 0, then 

inf H%g(/)-/t >0 , 

which implies that there exists a constant C r (f) > such that - — 1 ' 2 , 2 — — > 
C r (/), for all Ci, 6 G (0, 1], that is 

||%,&(/) - /ll r > C r (/)K? + £ 2 2 ], for all 6, 6 G (0, 1]. 
Now, consider k\ + fc 2 = q > 1 and denote 

%,&, P i, Pa ,ki,fa = 1 - (1 + (fcl +Pl)a)^ (fel+Pl)6 (l + (*2 +p 2 )6)e- ( ' £2+P2)?2 , 
^fci,fc 2 ,?i,C 2 = inf ^i,6,pi,P2,fci,fe 2 - 

P1,P2>1 

Evidently that we have 

H.MA = 1 - (1 + (fci + l)a)e- (fel+1)?1 (l + (fc 2 + l)6)e- (fe2+?2 

> 1 - (1 + Ci)^ 1 (1 + 6)e-« 2 > ^^ 



and reasoning as in the case q — we obtain 



a fc i+ fc 2 flSi{2 (/) _ 9 fci+fc 2/ 



e 2 + £f 



^ > 



a tl+t2 fi £l ,; 2 (/) _ d^i+^f 
dz^dz* 2 dz^dz* 2 



V klM,Zl,Z 
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> 



a"l + fc 2fl tl ,; 2 (/) _ 3 fc l+ fc 2/ 
dz\ X dz\ 2 dz^dz* 2 



-^'£l>£2,Pl,P2,fcl,fc2 

> |a fcl+Pl , fe2+P2 |(fci +pi)...(pi + l)(fc 2 +P2)...(P2 + l)r Pl+P2 , 
for allpi,p 2 > 1 and £i,£ 2 € (0,1]. 

This implies that if would exist subsequences in (0, 1], (£ k )k, (£& )fe with 
£fc ,£fc — * (as fc — ► oo) and such that 

a fc i +fc 2fl . . (2 ,(/) 

4 .4 _ 3 fcl+fc2 / 



lini 

A: — *oo 



r(l) 



(2)l 



[ct+kh 



0, 



then we would have ctk 1 +p 1 ,k 2 +P2 = f° r a ^ Vi^Vi > 1 an d fci + fc 2 = g > 1. 

Therefore, if the Taylor's development of /(zi, z 2 ) contains at least one term 
ofthcformckfci+pi^+psZi 1 ^ 1 ^ 2 ^ 2 withpi,p 2 > 1, a kl+plM+P2 ^ 0, fci+fc 2 = 
q > 1, then 

d fc l+ fc 2_R Si ,;,(/) 3 fc l+ fc 2/ 



inf 

?l,?26(0,l] 



«9j2 1 1 i9^ 2 2 d-S^C^ 



e? + ei 



>o, 



which implies that there exists a constant C r> k 1 ,k 2 {I) > such that 

r >a, fcl ,fe 2 (/)foralUi,6e(0,l], 



a fc i+ fc 2fl Sl , t2 (/) _ a fc i+ fc 2/ 



Sf + 8 
that is 

d kl+k2 R(: ui2 (.f) d kl+k2 f 



kic>k2 



dzpdz 



kip,k 2 



dzfdz 



><W 2 (/)[£+$. foralUi,6e(0,l]. 



D 
Remark. For m = 1, Theorem 2, (iv) was obtained by [3], p. 214, Theorem 
3.2.5, (iv). 

4 Mult i- Complex Gauss- Weierstrass Integrals 

In this section we study the approximation properties for the multicomplcx 
singular integral W iu ...^ m (f)(zi, . . .,z m ). 

Theorem 3. Let f € A I fl™ ) and £, > 0, i = l,...,m. We have : 



(i) W^ £ m (f){zi, ■ ■ ■ , z m ) is continuous on D and analytic on D r ' 
In addition if 

DC 

J\Zi, . . . , Z m ) / Q f ii,i 2 ,...,i m z l • ■ • z m ' 
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then 



oe 



in 



W iu ..., U (f)(zi, 



i z ™)= Yl a *i>-,»m II e ' 
H,...,i m =0 \i = 1 



ifc/4 Ji 



for all Z\, . . . ,z m G D. 
(ii) 

wi(W £l; ... ) | m (/);5i,...,5 m ) s m < wi(/;<Ji,...,5 m ) B m , 

/or aZZ <5i , . . . , S m > 0. 



W, 



l (/)( Z l: ■ ■ ■ 7 Z m) — f ( z l,- ■ ■ , z „ 



< 2 



(V + ^L^jV;^,...,^)- 



/or a?? 2j£j),^>0; j = 1, . . . , to. 

(iv) Denote D r — {z G C; \z\ < r} and for R > 1 let us suppose that 

f G A 1 13 jj j , that is we can write 



f(z 1} ...,z m )= Y 



Hi,l2---,l m A '\ ^2 



Zl,l2-..,Z m =0 



/or all z±, . . . , z m G -D_r, to G N and aj li i 2 ...,j m G C. 

If the Taylor's development of f(zi,Z2, ■■■,Z m ) contains at least one term of 
the form ot PltP2t ..^ Pm z\ 1 z^ 2 ■■■z^ 1 with pi,p2, ■■■,p m > 1 and a pi,P2,---,p m ¥" / or 
q = 0, and ai Zeasi one ierm o/ i/ie form 



a k 



U , I kl+Pl ^2+P2 fc^+p™ •.. T) > 1 

i+pi,fe2+P2,---,fc m +p m z l z 2 ••• Z m Wtwt P1,P2> ■■■iPm d. x ) 



smc/i i/iai afe 1+ p li fc 2+ p 2 .... i/ t m+p?7i 7^ and fci + fc 2 + ... + k m = q for q > 1, then 
for alll<r<r'i<R, £j G (0, 1], j = 1, ..., to, % G N U {0} wratft J]Jli fc j = 1> 
q G NU {0}, we ftave 



5 fci- 



'Wfr,..., u (/) d k i+- +k -f 



dz x x ...dZm 



dz x x ...dZm 






where the constants in the equivalence depend only on f , q, r and r\ . Here 
ll/llr = sup{|/(zi,...,z m )|;|z,| < r,j = l,...,m}. 

Proof, (i) Let z , z n G 13 be with lim z n ,• = Zo j,j — 1, . . . ,m. We get 

n — >oo 
I W/ ?1,...,U(/)( Z «,1' • ■ • i Z ",m) = ~W ; €l,...,Cm(/)(^0,l, • ■ • > z 0,m)| 
1 



< 



n™iv^ 



U l^n,!^- ) * * • ) ^n.m^- ) 
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-f(z Q ,ie iUl ,. . . , z , m e iUm )\ [J e~ u V^du x . . . du rl 



CO /"CO 



< l I ... I ^(/;|z„ae^-zoV Ul |, 

1 1 7 — 1 V ^S J «^ — oo «/ — oo 



i \^n.m 



nm / f i 



^o, m e 4Um |) s ™ JJ e u V^d Ul . . . du m 

X f oo 

Wl (/; |z n ,l — ^o,l|, • • • , pn,m — Zo,ro|)l 



oo J — oo 



• IT e u o/^dui . . .du. n 



w l (/; \z n ,l — Zq.i\, . . . , \Z n ,m ~ z 0,m\)jj"' „,„ 






oo />oo 



J ■'-oo 



• TT e u 3^ 3 du 1 . . .du m 

3 = 1 
— Wl (/i l z n,l — ^0,1 1 1 • • ■ 5 l 2 n,m — z 0,m\)j) m ■ 

Passing to limit with n — > oo, it follows that Wg x £ m (f)(zi, ■ ■ ■ ,z m ) is con- 
tinuous at z e D m , since / is continuous on I? .It remains to prove that 
W| 1 ,...,{ 7rl (/) is analytic on D . For / £ A(D ), we can write 



f(zi, ■ ■ ■ ,z m ) — 2 , 



l ii,i2,...,i m i l • ■ • ^-m ' 



ti,....i m -o 



for all zi , . . . , z m e D . 

As in the proof of Theorem 1, (i) we can write for all (zj € D, i = 1, . . . , m), 



Wii,...,£m(/)(zi'--->2m) 



nm / ^ 



E 



*ll ,...,2 m ^1 



J ii,...,i m =0 



oo />oo 



oo ./ — oo 



i(uih + ...+u m i m ) 



Y[ e u j/^dui . . .du n 



.7 = 1 



E 



*»l,...*m x 'l ' ' ' m 



zi,...,i m =0 



m 1 



jwe-^^dui 



e ^...,Jn^ /4 K 



^m > 



i 1 ,...,i rn = 



U =1 
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proving the analyticity of W / ^i,...,{ m (/)- 

(ii) Let zij, Z2.j £ D, \zij — Z2,j\ < #j, for j = 1, . . . ,m. We obtain 

\ W tu-,u(f) <>M> • • • > z l,m) ~ W «i,...,? m (/) ( z 2,l, • • • , ^2,m)| 

1 



< 



rcii y< 



|/(«i,ie" il ,...,2i, ro e* tt ") 



J */ — oo «/ —oo 

m 

-/(22,ie* Ul , . . . , « 2 ,me iUm )in e- u ?^d«i • . .du™ 

< Wl (/; |zi,i - Z 2 ,l| , |zi,2 - Zlfi\ ,■■■, \zi, m - z 2 , m |) 5 ™ 
< wi(f;di,...,S m )^m , 

passing to sup with \zij — Zi,j | < 8j, j = 1, . . . , to, it follows the desired inequal- 
ity. 

(iii) We have 

\ W tl,-,u(f) Ol, • ■ • . z m) ~ / 0l> • • • ,Z m )\ 
1 



< 



nr=i y< 



OO /•OO 



j ./-oo 



/(z ie mi ,...,z m e™™) 



-/(zi,...,z m )| J|e u ^'^du x ...du^ 



< 









wi (/; |zie mi - zi|, . . . , |z m e m ™ - z m |) 



D" 



J^[ e u ittidui ■ ■ -du m . 

By the Maximum Modulus Principle (see e.g [4], p. 23, Corollary 1.2.5) we can 
take \zj\ — |, for j — 1, . . . , to. Thus we have 

|W£l,-,£m(/) («1) • ■ • > Z «0 ~ / (*!> • • • >Zm)| 



< 



nm / p— ; 



OO /*CO 






Wl (/;| e ittl -l|,...,|e <tt "-l|) B 



< 



TT e u o^ ] dui . . .du m 

3 = 1 

n™ 1 y^./^---.L" 1 ( /;2|sm T l '---' 2|sm! ? 1 ) 



J -'-oo 



D 



• Y[ e u i^ i dui . . .du, n 



2;-! 
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< 



nm / £ l 



oo /*oo 



CO ./ — oo 



V v?i 



,m/ D 



Y\_ e u i^ j dui . . .du. n 



< wi ( /; V^l, • ■ • , V^n 






j=i 



JJ e- u ?/^d«i ...du m = 2 m Wl (/; V^, ■ • ■ , V^ _„ 
nm ^f / ■ • • / II ^^ ■ • ■ du m 

l /*0O /'OO / ^^ \ ^^ 

llj=i V^W Jo Jo I ,. =1 V«. / ,-=i 



= 2 m Wl (/; v /^,..., v /^)_ m 

1 m /-OO /-OO m 



= 2 m Wl f /; V6, • • • , VTn 



<E VI, 



1 m 

r m/2 Z_^ 



j« = l 



chx. 



?±_ e -(.Vj*/\/frr ""'• 



n 



i=i,i#i. 



-K/v/i7) 2 d "j 



1 771 

m/2 Z_^ 
j»=l 



2 m ^i(/;v / 6,---,v / u)- m 

/■CO \ J 71 / /-CO 



i=i,i/i* 
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2"V(/ ; y^,...,v/^)_ m 
= 2"V (f;y/&,...,y/U 



T m/2 Z_^ 



1 (y/n 

2 l~2~ 



wi (/; v£i,---, v&n)_„ 



i*=l l 

1 TO 

1 H • • 7T~ 

7T m / 2 2 m 

TO 



proving the claim and finishing the proof of (iii) . 

(iv) For the simplicity of calculation, we will prove the case to = 2. 
In our reasonings will be useful the following simple relationship 

/oo />oo 

F(u)du= [F(u) + F{-u)]du. 

-oo JO 

Also, we will need the following two partial moduli of smoothness 

uW/; *W) a = sup{|A£ Zl /(re« Z2 )| ; |«| < n , \u\ < £, \z 2 \ < r}, 
and 

W2, X2 (/;r?)(ac r )2 =sup{|AS'* 2 /(*i,re it )|;|t| < tt, |«| < r,,\zi\ < r}, 
where 

A 2 ^f(re u ,z 2 ) = /(«*<'+">, z 2 ) - 2f(re u ,z 2 ) + /(re'**""', * 2 ) 
and 

A^M.re") - /(^i,re'(* + ")) - 2f(z u re it ) + f( Zl ,re^-^). 
Applying twice this relationship we easily get 

W il ,z 2 {f){zi,z 2 ) - f{zi,z 2 ) 



1 



^V^2 J-oo 

i r 00 r i 



/ 7r5 



[/(z 1 e mi ,z 2 e 4U2 )-/(z 1 ,z 2 )] e - u ?/« 1 e-"'/« 2 d Ul d U2 

[/(z 1 e mi ,z 2 e» 2 )-2/(z 1 ,z 2 ) + /(z 1 e-^,z 2 e™ 2 )] 



Ar?i Jo 

( changing the order of the two integrals) 

OO f />oo 

[/(z ie rai , z 2 e 1 " 2 ) - 2f(z!,z 2 ) + f(z ie - iui , z 2 e m - )] 



7T\/!l?2 Jo Uo 

+ [/(z 1 e lUl ,z 2 e- m2 )-2/(z 1 ,z 2 ) + .f(z ie - 4Ul ,z 2 e^" 2 )]} 
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. e - u2 i/^ e - u l/^du 1 dU2. 
Simple calculation shows 

[f(z 1 e iu \z 2 e iU2 )-2f(zuz 2 ) + f(z 1 e- iu \. 



z 2 e" 



+ [f(z 1 e iu \z 2 e- iU2 ) - 2f( Zl ,z 2 ) + f {z^-^, z 2 e'—)] 

= [f(z 1 e m \z 2 e m2 )-2f(z 1 ,z 2 e^) + f(z 1 e- m \z 2 e m2 )} 

+ lf(z 1 e m \z 2 e- m *)-2f(z 1 ,z 2 e- m2 ) + f(z 1 e- m \z 2 e- m2 )} 

+2[f(z 1 ,z 2 e^) - 2f( Zl ,Z 2 ) + f( Zl ,z 2 e^)}. 

Passing to absolute value, we obtain 

| WW/)(*1>*0 "/(*!, *2)| 

1 



< 



ttVCi^ 



oo />oo 



2 JO 



< 



[2u> 2yZl (f;ui)( dDr )2 +2u) 2tZ2 (f;u 2 )( dDr) 2] 
o 

[2(i + «i/V^)V*i(/;V^)oDr) a 



oo /»oo 



7rVCl6 

+2(1 + « 2 /V6)V*(/; V^WH • e- u ?/ Cl e-"'/ & d«id« 2 

< C , [w 2 , Zl (.f; v^i)(an r ) 2 + w 2 ,z 2 (/; v / 6)(ar> r ) 2 ]- 

(For the last inequality see the univariate case in [3], p. 226). 

Since by the mean value theorem for divided difference in Complex Analysis 
(see e.g. [5], p. 258, Exercise 4.20), for all \z±\ < r, \z 2 \ < r we have 



\Ai^f(z u re^\<u 2 



d 2 f 



and 



8 2 f 



|A^ f(re^,z 2 )\<u 2 
for all £i,£2 <= (0, 1] we immediately obtain 

\\w^ 2 if)-f\\ r <c r im 1+ u 

Now, denoting by 7 the circle of radius n > 1 and center 0, since for any |z| < r 
and u, v € 7, we have |w — z| > ri — r and |u — z\ > n — r, by the Cauchy's 
formula in Theorem A, it follows that for all \zi\ < r, \z 2 \ < r, £1,^2 € (0, 1], we 
have 

a fcl+fc2 MW/) , a fcl+fc2 / , 



(fci)!(fc 2 )! 
4tt 2 



W^i,fo(/)(«,v) -/(«,«) 



,. ,, 7 (M-Zl) fe l + 1 («-2 2 ) fc2 
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<C r (f )[& + £ 



2irri 



i f2] MM 2^n 

1 4tt 2 (n-r)^ 1 ( ri -r) fc »+ i: 



which proves the upper estimate. 

It remains to prove the lower estimate for 



d kl+k2 W iu/ : 2 {f) d kl+k \f 



dz kl dz% 2 



dz kl dz k2 



For this purpose, take Zi — re lVl , z 2 — re tlf2 and pi,p 2 G N U {0}. 

Taking into account Theorem 3, (i) too, for k\ + k 2 — q, (q E NU {0}), we 
have 



1 

4^2 






dzpdz? dz1 1 dz 2 

l_ e -*?«l/ 4 e - l 2«2/4 



4tt 2 



*l=fel «2=fc2 

■t 2 (* 2 - 1)...(*2 - *2 + l)r 42 - fc2 e^ l(l2 - fe2 - p2) 
Integrating twice from — 7r to 7r, we obtain 



1 

4tt2 






-, — ipitfil „ — tp2<P2 



dz^dz* 2 dz?dz K 2 

= a fel+Pl , fe2+P2 (A;i +pi)...(pi + l)(fc 2 +P2)...(P2 + l)r^+P 2 

• 1 - e -( fe l+Pl) 2 «l/ 4 e -( fc 2+P2) 2 W4" _ 

Passing now to absolute value, we easily obtain 

Ki+Pi,fc2+ P 2l(fci +Pi)-(P1 + l)(fe +P2)-..(P2 + l)r Pl+P2 



1 _ e -(fel+Pl) 2 Cl/4 e -(fe2+P2) 2 «2/4 



d(pidip 2 



< 



d kl+k2 W iui2 (f) d kl+k2 .f 



dzfdzl 2 dz?dz% 



tia.fe 



First consider q = 0, that is k\ = k 2 — 0. Let us denote E^ £ 2 Pl P2 

e -P?«i/4 e -p 2 « 2 /4 and 



^Cl :«2 - i^ . , ^£l ,6 ,P1 ,P2 ' 



Clearly we get 



ViiA = (i_ e -£i/4 . e -fo/4^ = ! _ e -( ?1 + ? 2)/4 > 



6 + 6 
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(For the last inequality see [3], the last line on the page 227). 

By the above lower estimate for ||W / { 1; ^ 2 (/) — /|| , for all pi,P2 > 1 and 

6,6 e (0,1], it follows 

8\\W^Uf)-f\\r > \\W^ 2 (f) ~ f\\ r \\W iU2 jf) - f\\r > ■ ]rPl+P2 



6 + 6 



^, 



£.■ 



?l,42,Pl,P2 



This implies that if would exist subsequences in (0,1], (Q ) k , (6 )k with 
£} k ' ,£} k ' — > (as fc — ► oo) and such that 



lim 

/c — *oo 



W> f <2)(/)-/ 



t(l) , t(2) 



then we would have a Pl iP2 = for all pi,p2 > 1- 

Therefore, if the Taylor's development of f(zi, Z2) contains at least one term 
of the form a Pl lP2 z\ 1 z% 2 with p\,p2 > 1 and a PllP2 7^ 0, then 

inf llttWfl-^0, 



?l,C2G(0,l] 



6+6 



ei+6 



which implies that there exists a constant C r (f) > such that - — 1 l 2 , , — > 

C r (/), for all £1,6 g (0, 1], that is 

II WW/) - f\\ r > a(/)[6 + 6], for all 6,6 € (0, 1]. 
Now, consider ki + k 2 = q > I and denote 

j? c c , , - 1 _ p-(fei+pi) 2 ei/4„-(fe2+P2) 2 ?2/4 

■ LJ 5l.42>Pl,P2,Kl I K2 ~~ ± C C ' 

Vfel,fc 2 ,ll,6 = lm l , E il,i2,Pl,P2M,k2- 

Pl,P2>l 

Evidently that we have 

^^2^,42 = l-^ (fel + 1)2Cl/4 e- (fc2 + 1)26/4 

> 1 - e -fc/V&/4 > 6 + 6 



and reasoning as in the case q — we obtain 



? fcl+fc2 W Sl , g2 (/) _ 0"l+"2 f 
dz kl dz k 2 2 dz\ x dz\ 2 



&+% 



> 



d kl + k2 Wt; lii2 (f) _ d H+k 2f 

dz kl dz^ 2 dz kl dz k2 



U 



fel,fc2,ll,^2 



> 



d k i + k2 W il , !i2 (f) _ d H+k2f 
dz kl dz k2 dz kl dz k2 



E : 



?l,?2,Pl,P2,fel,fc2 
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> |a fcl+Pl , fe2+P2 |(fci +pi)...(pi + l){k 2 +p 2 )...{ P2 + l)r Pl+P2 , 

for allpi,p 2 > 1 and £i,£ 2 € (0,1]. 

This implies that if would exist subsequences in (0, 1], (6 )fc> (6. )k with 
Q. ,^ ' — > (as fc — > oo ) and such that 





8*1 + '!W M) (2)(/) 




dz kl dz% 2 dz kl dz k2 


c — >oo 


t(l) ,t(2) 



^ = 0, 



then we would have afc 1 + Pli fc 2 + P2 = for all p\,pi > 1 and ki + k 2 = q > 1. 

Therefore, if the Taylor's development of /(zi, Z2) contains at least one term 
of the form ak 1 + Pl ,k 2 +P2 Z i 1 Vl z 2 P2 with pi,p 2 > 1, fci + &2 = <Z > 1 and 



a fe 1 + Pl ,fe 2 +p 2 7^ 0, then 



inf 

Cl,?26(0,l] 



a fcl+fc2 W tl ,; 2 (/) _ dH + ^f 
dz kl dz k2 dz kl dz k2 



>o, 



6+6 

which implies that there exists a constant C ri fe li / S2 (/) > such that 



a fc i+ fc 2W Sl ,e 2 (/) _ gfci+*2/ 

dz kl dz k2 dz kl dz k2 

6 + 6 

that is 

a fc i+ fe 2VK 6A (/) 9 fei+fc2 / 



>C r ,fe 1 ,fc 2 (/)forall6,6e(0,l], 



fel Q^fc 2 



dz^dz. 



kic\k 2 



dz^dz, 



> C r , kl m (/) [6 + 6] , for all 6 , 6 e (o, 1] . 



□ 

Remark. For m = 1, Theorem 3, (iv) was obtained by [3], p. 224, Theorem 
3.2.8, (iv). 
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Abstract: In this paper, we give some characterizations of spaces with cr-compact finite 
weak-bases and prove that spaces have cr-compact finite weak-bases if and only if they are 
1-sequence-covering and quotient msfc-images of metric spaces. 
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1. Introduction and definitions 

Weak-bases were introduced by A.V.Arhangel'skfiW ; and they are an important concept in 
generalized metric spaces. In this paper, we characterize spaces with cr-compact finite weak- 
bases. As its application, we give a metrization theorem and partially answer one question 
posed by C. Liu in [2]. At fast, we prove that spaces have cr-compact finite weak-bases if and 
only if they are 1-sequence-covering and quotient msfe-images of metric spaces. 

In this paper, all spaces are assumed to be T2, and all mappings are assumed to be 
continuous and onto. N denotes the set of all natural numbers. Denote {f(P) '■ P £ V} by 

Definition 1.1. Let / : X — ► Y be a mapping. 

(1) / is called a ?nsfc-mapping[ 18 l(i.e., metrizably stratified k-mapping) if there exists a 
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subspace X of the usual product space \\ Xi of the collection {Xi : i £ N} of metric spaces 

ieJV 
satisfying the following condition: for each compact subset K of Y and % € N, cl(iTif~ l (K)) 

is compact in Xi, and X is a metric space. 

(2) / is called a 1-sequence-covering mapping' 12 ' if for each y £ Y, there exists x E f 1 {y) 

satisfying the following condition: whenever {y n } is a sequence of Y converging to a point 

y in V, there exists a sequence {x n } of X converging to a point x in X such that each 

x n e / -1 (y n )- 

Definition 1.2. Let P be a collection of subsets of a space X. 

(1) P is called a /c-network l 8 lfor X if for each compact subset K o( X, its open neigh- 
borhood V in X, there exists a finite subcollection P* C V such that K c{JV* C V. 

(2) P is called a cs-network' 6 ^ for X if for each x £ X, for its open neighborhood V in 
X, and for a sequence {x ra } in X which converges to x, there are P £ P and m £ N such 
that {x„ : n > m} UW C P CV. 

(3) X is called an N-space (resp. No-space) if X has a c-locally finite (resp. a countable) 
fc-network. 

Definition 1.31 14 '. Let X be a space, and Pel. Then, 

(1) A sequence {x n } in X is called eventually in P if {x n } converges to x, and there 
exists m £ N such that {x} {J{x n : n > m} C P. 

(2) P is called a sequential neighborhood at x in X if whenever a sequence {x n } in X 
converges to x, then {x„} is eventually in P. 

(3) P is called sequential open in X if P is a sequential neighborhood at each of its 
points. 

(4) X is called a sequential space if any sequential open subset of X is open in X. 

(5) X is called a Frechet space if whenever x £ cl(A), then x £ cl{A n C) for some 
compact subset C oi X. 

Definition 1.4. Let P = U{Px : x £ ^} he a collection of subsets of a space X 
satisfying that for each x £ X, 

(a) V x is a network at i in X (he., x £^\V X and for each neighborhood U of x in 
X, PC ?7 for some P £V X ), 

(b) If 17, F € Px, then W C U f] V for some W £ V x . 

(1) P is called a weak-base M for X if for G C X, G is open in X if and only if for each 
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x G G, there exists P G V x such that P C G, here P^ is called a weak-base at x in X. 

(2) P is called an sn-network^ 12 ' (i.e., an sequential neighborhood network) for X if each 
element of V x is a sequential neighborhood at x in X, here V x is called an sn-network at x 
inl. 

(3) X is called g-metrizable (resp. ^-second countable)" if X has a cr-locally finite (resp. 
a countable) weak-base. 

(4) X is called g-first countable' 1 ^ if X has a weak-base P = U{V X : x G X} such that 
^ is countable for every x £ X. 

Definition 1.5I 15 !. X is called a countably bi-/c-space if whenever (P n ) is a decreasing 
sequence of subsets of X with a common cluster point x, then there exists a decreasing 



sequence (A n ) of subsets of X such that x € F n f] A n for any n G N, K = Hi^n : n G -^} is 
compact in X and each neighborhood of K contains some A n . 

Remark 1.6. (1) For a space, base ==> weak-base ==> sn-network ==^ cs-network, 
and base ==^ /c-network. An sn-network for a sequential space is a weak-base (see [12] ). 

(2) K-spaces <^=> spaces with a-locally finite cs- networks (see [7, Theorem 4]). 

(3) g-metrizable spaces =^> spaces with <r-compact finite weak-bases ==> spaces with 
point- count able weak-bases =^> g-Rrst countable spaces =^> sequential spaces =^> /c-spaces 
(see [10]). 

(4) First countable spaces <^=^ Frechet, g- first countable spaces (see [4] or [9]). 

(5) Every countably bi-/c-space is characterized as a countably bi-quotient image of a 
paracompact M-space. Every locally compact space and every first countable space are a 
countably bi-/c-space, every countably bi-/c-space is a /c-space (see [15]). 

2. The characterizations of spaces with u-compact finite weak-bases. 

Lemma 2.1. Every compact-countable cs-network for a space X is a /e-network for X. 
Proof. Let V be a compact-countable cs-network for X. We will show that V is a 
/c-network for X. Suppose K C V with K non-empty compact and V open in X. Put 

A = {P £ V : P H K ^ ® and P C V}, 

then A = [}{A n : n G N} is countable. Denote A = {Pi : i G N}, then K C \J Pi for 

i<n 

some n G N. Otherwise, K <f_ (J P, for each n G iV, so choose x n £ K \ [j Pi. Because 

i<n i<n 
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{P n K : P £ V} is a countable cs-network for a subspace X and a compact space with 
a countable network is metrizable, then K is a compact metrizable space. Thus {x n } has 
a convergent subsequence {x nk }, where x„ fc — ► x. Obviously, x G K, so V is an open 
neighborhood of x in X. Since P is a cs-network for X, then there exist m £ N and P £ V 
such that {x„ fc : fc > to} U{ x } C P C V. Now, P = Pj for some j £ TV. Take / > to such 
that ni > j, then x ni £ Pj. This is a contradiction. 

Remark 2.2. By Lemma 2.1, a space X has a compact-countable os-network =>• X has a 
compact-countable /c-network. But X has a point-countable cs-network ^ X has a compact- 
countable /c-network because X has a point-countable sn-network ^4> X has a point-countable 
/c-network, for example, the Stone-Cech compactification (5N. 

Theorem 2.3. For a space X, (1) ^^ (2) ^^ (3) => (4) below hold. 

(1) X has a cr-compact finite weak-base. 

(2) X is a /c-space with a cr-compact finite sn-network. 

(3) X is a g-first countable space with a cr-compact finite cs-network. 

(4) X is a (/-first countable space with a cr-compact finite /c-network. 
Proof. (1) =>• (2) and (1) =>• (3) are obvious. 

(3) ==£- (4) holds by Lemma 2.1. 

(2) ==>• (1). Suppose X is a /c-space with a cr-compact finite sn-network V, then P is 
a cr-compact finite cs-network for X. By Lemma 2.1, V is a cr-compact finite /c-network for 
X. Since a /c-space with a point countable /c-network is sequential (see [6, Corollary 3.4]), 
then X is a sequential space. Thus V is a weak-base for X. Hence X has a cr-compact finite 
weak-base. 

(3) =^> (1). Suppose X is a g- first countable space with cr-compact finite os-network. 
Let V = U{Pm : Tn £ N} be a cr-compact finite cs-network for X, where each V m is compact 
finite in X which is closed under finite intersections and X £ V m C P m +i, and for each 
x £ X, let {P(n, x) : n £ N} be a decreasing weak neighborhood sequence of x in X. Put 

•7"m,a: = {-P £ P m : -B(", x) C P for some n G X}, 
•^r = U{^"m,x : m G iV} 
•' m — Ul-' m,i . X G A | 
•P = {j{r x :x£X} 

we will show that J- is a cr-compact finite weak-base for X. 
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It is easy to check that T satisfies Definition 1.4 (a),(b). 

Suppose G is an open subset of X, then for each x G G, there exists P G J- x with P C G. 
Otherwise, denote {P G V : x G P C G} = {P(m,x) : m G iV}. Then B(n,x) <£ P(m,x) 
for each n,m G iV, so choose x nm G B(n,x)\P(m,x). For n > m, let x nm = y^, where 
/c = m + ^j — • Then sequence {yk '■ k € N} converges to the point x. Since V is a cs- 
network for X, thus there exist m,i £ N such that {?/& : /e > i} {J{x} C P(m, x) C C Take 
j > i with yj = x nm for some n> m. Then x nm G P(m, x). This is a contradiction. On the 
other hand. If G C X satisfies that for each x G G there exists P G ^" x with P C G, then 
-B(n, x) C G for some n £ N. Thus G is open in X. 

Hence T is a weak-base for X. 

For each m £ N, J- m C "P m , then J- m is compact finite in X. Thus J 7 = UJJ-'m : m G X} 
is a-compact finite in X. Therefore, (3) =^ (1) holds. 

Corollary 2.4. The following are equivalent for a regular space X. 

(1) X is a metrizable space. 

(2) X has a cr-compact finite base. 

(3) X is a Frechet space with a a-compact finite weak-base. 

(4) X is a Frechet space with a a-compact finite sn-network. 

(5) X is a first countable space with a a-compact finite cs-network. 

(6) X is a first countable space with a a-compact finite fc-network. 

(7) X is a countably bi-/c-space with a a-compact finite /c-network. 

(8) X is a Frechet, g-metrizable space. 

Proof. (1) <=^ (2) holds by Theorem 2.5.17 in [11]. 

(1) =^ (3) and (6) =^~ (7) are obvious. 

(7) ==^ (6). Suppose X is a countably bi-fc-space with a a-compact finite /c-network. 
Note every countably bi-fc-space with a point-countable /c-network has a point-countable base 
(see [5]). Thus X is first countable. 

(3) <=^ (4) <=^ (5) =>• (6) hold by Theorem 2.3 and Corollary 2.1 in [9]. 

(6) =^ (8). Suppose X is a first countable space with a a-compact finite fc-network. 
Obviously, X is Frechet. By Theorem 3 in [2], X is a Lasnev space (i.e., a close image of a 
metric space). Since a close image of a (/-metrizable space is g-metrizable if and only if it is 
(/-first countable (see [9, Theorem 3.1]), then X is g- metrizable. 
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(1) ^^ (8) holds by Theorem 1.13 in [4]. 

Remark 2.5. Corollary 2.4 partially answers the following problem posed by C. Liu in 
[2] (i.e. Problem 3.9.8 in [19]): 

Can we characterize a g-metrizable space with a a-compact finite weak-base? 

Example 2.6. A g-first countable space with a a-compact finite £:-network ^> g- 
metrizable. 
Let 

I =[0,1], S 1 = ji:neivju{0}, 

and let S(x) be a homeomorphism of S*i for each x £ I. Put 

M = J©(05(x)), 

then M is a locally compact metric space. Let X be the quotient space obtained from M 
by identifying the limit point of S(x) with x for each x £ I, and we denote this quotient 
mapping by /. Then, from Example 2.9.27 in [11] or Example 9.8 in [5], / is a compact- 
covering and compact mappings, and X has no point-countable cs-networks. It is easy to see 
that X is g-first countable and has a a-compact-finite k-network (see [13]). Since X has no 
point- count able cs-networks, then X does not have a cr-compact finite weak-base. Thus X is 
not g-metrizable. 

This example illustrates: (4) ^> (1) in Theorem 2.3. 

Example 2.7. Perfect mappings do not preserve spaces with a-compact finite weak- 
bases. 

Si and S u denote the Arens space and the sequential fan respectively, by Example 1.5.1 
in [10], we have the following facts: 

(a) S2 is a g-second countable space; 

(b) Scj is the perfect image of S2, but S^ is not a g-first countable space; 
then S2 has a a-compact finite weak-base, but S w do not have. 

Example 2.8. A space X has a er-compact-finite /c-network ^ X has a a-compact- finite 
cs-network. 

Let X be S Wl , by Proposition 2.7.21 in [11] , X is a Lasnev space and does not have a point- 
countable cs-network. Then X has a cr-hereditarily closure-preserving /c-network, so X has a 
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cr-compact-finite fc-network (see [2, Proposition 2]). But A does not have a cr-compact- finite 
cs-network. 

On the other hand. By Lemma 2.1, a space A has a cr-compact finite cs-network =^ X 
has a cr-compact finite /c-network. 

Example 2.9. A space X has a cr-locally countable base ^ X has a cr-compact- finite 
fc-network (or cs-network). 

There exists a Cech-complete space X with a cr-locally countable base (see [16]), but X is 
not a cr-space (i.e., a space with cr-locally finite network), and X does not have a cr-compact- 
finite fc-network. By Lemma 2.1, X does not have a cr-compact-finite cs-network. 

Example 2.10. Frechet, Ho 7^ fi rs t countable. 

Let X be a sequential fan S u (see [11, Example 1.8.7]), then X is a regular, non-first 
countable, Frechet, Hcr s P ace - Since X is an H-space, X has a cr-compact finite /c-network 
(or cs-network ). Thus, we have that the condition "first countable" or "countably bi-k" in 
Corollary 2.4 can not be replaced by "Frechet". 

Example 2.11. g-second countable 7^ Frechet. 

Let X be a Arens space S2 (see [11, Example 1.8.6]), then A is a regular, non-Frechet, 
^-second countable space. It is obvious that a space is g-second countable if and only if it 
is Lindelof, g-metrizable. So A has a cr-compact finite weak-base (or sn-network). Thus, we 
have that the condition "Frechet" in Corollary 2.4 can not be omitted. 

3. The relationship between spaces with cr-compact finite weak-bases and 
metric spaces 

In [18] , we introduce the concept of msfc-mappings and establish the relationships between 
spaces with cr-compact finite strong ^-networks ( cs-networks, cs*-networks ) and metric 
spaces by means of some covering mappings and ms/e-mappings. Below, we consider the 
relationship between spaces with cr-compact finite weak-bases and metric spaces. 

Lemma 3.Xt 18 L Suppose / : A —> Y is a msfc-mapping, then there exists a base B for 
A such that f{B) is a cr-compact finite network for Y . 

Lemma 3.2. The following are equivalent for a space A. 
(1) X has a cr-compact finite sn-network. 



164 LI, LI: SPACES WITH FINITE WEAK BASES 

(2) X is a 1-sequence-covering and msk-image of a metric space. 

Proof. (1) =^> (2). Suppose X has a a-compact finite sn-network. Let V = Ul^ 5 * : 
i £ N} be a a-compact finite sn-network for X, where each Vi = {P a '■ a £ A{} is a compact 
finite collection of subsets of X which is closed under finite intersections and X £ V% C Vi+i . 
By the proof of Theorem 2.2 in [18], there exist a metric space M and a msfc-mapping 
f : M —> X. We will prove that / is 1-sequence-covering. For each x £ X, by the idea of 
V, there exists (cij) G Q A\ such that {-P ai : i G N} C V is a sn-network of x in X. Let 

JG7V 

[3 = (oj), then /3 G / _1 (x). For each n £ N, let i? n = {(7j) G M : if i < n, then 7, = «j}. 
Then {R n : n G iV} is a monotonic decreasing neighborhood base of (5 in M. For each n £ N, 
it is easy to check that f{R n ) = H ^a,- Now suppose Xj — > x in X. For each n £ N, since 
f{B n ) is a sequential neighborhood of x in X, there exists i(n) G TV such that if i > i(n), 
then Xj G f(R n ). Thus f~ 1 (xi) ni? n 7^ 0. We may assume 1 < i(n) < i(n + 1). For each 
j £ N, let 

p £ f r 1 ^), if J <i(l), 

1 / _1 (^) ni? n, if i(n) < j < i(n + l),n G iV. 
It is easy to show that the sequence {f3j} converges to /3 in M. Hence / is 1-sequence-covering. 
(2) =^> (1). Suppose / : M — » X is a 1-sequence-covering msfc-map, where M is a metric 
space. From Lemma 3.1, there exists a base B for M such that f{B) is er-compact finite in 
X. For each x G X, there exists /? s G / _1 (x) satisfying Definition 1.1(2). Put 

V x = {f(B) :(3 x €BeB}, 
V = \J{V X :x£X}, 

it is easy to prove that V is a sn- network for X. Since V C f(B), then V is <7-compact finite 
in X. Thus X has a er-compact finite sn-network "P. 

Theorem 3.3. The following are equivalent for a space X. 

(1) X has a cr-compact finite weak-base. 

(2) X is a 1-sequence-covering and quotient msfc-image of a metric space. 

Proof. (1) ==>■ (2). Suppose X has a u-compact finite weak-base, then X is a sequential 
space with a cr-compact finite sn-network. By Lemma 3.2, X is a 1-sequence-covering msi- 
image of a metric space. Let / : M -» 1 be a 1-sequence-covering rns/c-mapping, where 
Mis a metric space. Since a 1-sequence-covering mapping is sequence-covering and X is a 
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sequential space, then / is quotient (see [11, Proposition 2.1.16(2)]). Thus X is a 1-sequence- 
covering and quotient msk-image of a metric space. 

(2) =^- (1). Suppose X is a 1-sequence-covering and quotient msfc-image of a metric 
space, then X is a sequential space with a c-compact finite sn-network V by Lemma 3.2. It 
is easy to prove that V is a u-compact finite weak-base for X. 
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STATISTICAL ^-CONVERGENCE OF DOUBLE SMOOTH 
PICARD SINGULAR INTEGRAL OPERATORS 



GEORGE A. ANASTASSIOU AND OKTAY DUMAN 



Abstract. In this paper, we give some statistical approximation results for 
the double smooth Picard singular integral operators denned on L p -spaces, 
which are not positive in general. Also, displaying a nontrivial example we 
demonstrate that our statistical L p -approximation is stronger than the ordi- 
nary one. 



1. Introduction 

Some of approximating operators, such as, Picard, Poisson-Cauchy and Gauss- 
Weierstrass singular integral operators do not need to be positive. In this case, the 
classical Korovkin theorem fails for such operators. However, it is possible to ap- 
proximate a function by means of these operators (see, e.g., [1, 2, 3, 7, 8, 9, 10, 16]). 
Of course, by the term "approximation" we mean the ordinary convergence of a se- 
quence of operators to a function. If we use the method of ^-statistical convergence 
in the approximation, then we can get more powerful results than the classical as- 
pects since the ^-statistical convergence is weaker than the ordinary convergence. 
Actually, so far, this concept has already been used in the approximation by posi- 
tive linear operators (see, e.g., [4, 11, 12, 13]). But, in this paper, we consider this 
convergence method in the approximation by double Picard singular integral oper- 
ators defined on L p -spaces, which are not positive in general. We should recall that, 
in our recent work [5], we have already studied uniform statistical approximation 
properties of these operators. 

First of all, we give some basic definitions and notations used in the present 
paper. 

Let A :— [a,j n ], j,n — 1,2,..., be an infinite summability matrix and assume 
that, for a given sequence x = {x n ) neN , the series X^^Li a jn%n converges for every 
j e N. Then, by the A-transform of x, we mean the sequence Ax = ((Ax)j) ._ N 
such that, for every j G N, 



(Ax)j := ^2 a in- 



71=1 

A summability matrix A is said to be regular (see [17]) if for every x — (x n ) n ^ for 
which linin^oo x — L we get lim^oo (Ax) ■ = L. Now, fix a non-negative regular 
summability matrix A. In [15] Frcedman and Sember introduced a convergence 
method, the so-called ^4-statistical convergence, as in the following way. A given 



Key words and phrases. A-statistical convergence, statistical approximation, Picard singular 
integral operators, L p -spaccs. 
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sequence x — {x n ) ne ^ is said to be yl-statistically convergent to L if, for every 
£>0, 



lim \ a n j = 0. 



J — >00 

n : \x n —L\>e 

This limit is denoted by stj^ — lim„ x n = L. 

Observe that if A = C\ = [cj n ], the Cesaro matrix of order one defined to be 
Cj n = 1/j if 1 < n < j, and Cj n = otherwise, then Ci-statistical convergence 
coincides with the concept of statistical convergence, which was first introduced 
by Fast [14]. In this case, we use the notation st — lim instead of stc 1 — lim (see 
Section 5 for this situation). Notice that every convergent sequence is ^-statistically 
convergent to the same value for any non-negative regular matrix A, however, the 
converse is not always true. Not all properties of convergent sequences hold true 
for A-statistical convergence (or statistical convergence). For instance, although 
it is well-known that a subsequence of a convergent sequence is convergent, this 
is not always true for A-statistical convergence. Another example is that every 
convergent sequence must be bounded, however it does not need to be bounded 
of an ^-statistically convergent sequence. Of course, with these properties, the 
usage of ^-statistical convergence in the approximation theory provides us many 
advantages. 

2. Construction of the operators 

As usual, by L p (M 2 ) we denote the space of all functions / defined on ]R 2 for 
which 

oo oo 

\f(x,y)\ p dxdy < oo, 1 < p < oo. 

— oo — oo 

In this case, the I/ p -norm of a function / in L p (K 2 ) , denoted by ||/|L, is given by 

i/p 
\f\\ P =\ I I \f(x,y)\ p dxdy { 

Throughout the paper, for r G N and m € No, we use 

(-iy- j ( r )r m ifj = i,2,...,r, 
(2.i) <;:=<; r vj 

and 

(2.2) ajg^E^S 1 /. fc=1.2,...,meN. 
We observe that 

(2.3) 5># = 1 and - ^(-1)^ ( ") = (-If (" 

3=0 j=l V/ V 
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Then, we consider the following double smooth Picard singular integral operators: 

1 r / 7 7 \ 

(2.4) P M(f., x ,y) = —J2a [ ™J J J f(x + sj,y + tj)e-^+^^ dsdt \ , 

3 Vco — oo / 

where (a;, y) € M 2 , n, r e N, m <G No, / € L p (R 2 ) , 1 < p < oo, and also (£„) n eN is 
a bounded sequence of positive real numbers. 

Remarks. 

• The operators Pr™ are not in general positive. For example, consider the 
non-negative function f(u, v) = u 2 + v 2 and also take r — 2, m — 3, x = 
and y — in (2.4). 

• It is not hard to see that the operators Prja preserve the constant functions 
in two variables. 

• We observe, for any a > 0, that 



oo oo 



(2.5) / / e-^+^^dsdt = 2ira 2 . 

— oo — OO 

• Let /cgNq. Then, it holds, for each £ = 0, 1, ..., k and for every n € N, that 
(2.6) 

OO OO 

f f ^-V^^+^/Wsrfr - / ° , if fc is odd 

J J I 2B(^±l/-^)e n +2 (k + iy. if fc is even 

— oo — oo 



3. Estimates for the operators (2.4) 

Let C^ (M 2 ) denote the space of all functions having m times continuous partial 
derivatives with respect to the variables x and y. If / <G L p (M 2 ), then the rth 
(double) Lp-modulus of smoothness of / is given by (see, e.g., [6]) 

(3.1) ui r (f;h) p := sup \\A r U:V (f)\\ p <oo, h > 0, 1 < p < oo, 

y/u 2j rV 2 <h 

where 

(3.2) A^ v (f(x, y)) - ^(-l) r - J ( r ) f{x + ju, y + jv). 

Throughout this paper we use the notation 

d m f(x,y) 
d r ' s f(x,y) := —^ — ^ — for r, s = 0, 1, ...,m with r + s = m. 
JK y> d r xd s y 

We assume the following conditions 

(3.3) / e C (m) (M 2 ) and d m - £ ' e f(x,y) e L p (R 2 ) , for each £ = 0, 1, ...,m. 
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3.1. Estimates in the case of m e N. In this subsection, we only consider the 
case of m G N. 

For r £ N and / satisfying (3.3), let 

HW(x,y) : = P™(f;x,y) - f(x,y) 

m c [m] k 



CO CO 



^// {t s -fi:{ k k .y'^--'''i^ W 



-oo -oo \«— - 1 *— u 



By (2.6), since, for every r, «,to G N, 

1 / / / \T^ °k_r MT^ / K 



^fn 



// Sir £(/:>'- w -"H^ 



-00-00 ^=1 1=0 



= ' e (» + D4te it (Z >-*/(*.»)* f 2 ^ 1 ' ^ 

i=\ Kt=0 ^ ' ^ 

we have 

H™(x,y) = P™(f;x,y) - f(x,y) - - £% + 1)5™. £ 

(3.4) , s t i=i 

r 2 * / 2t \„ 2i _^„, N „/2i-£+l £+1 



EL, J^-^/(^,y)B 



e % \2i-lJ JK la ' \ 2 2 



We need 
Lemma 3.1. For every r,n,m € N, we /jcwe 



oo oo / 1 



"W*" = sgibiiiS// /< 1 -)"- lA ^( 8 - M «»-»»*' 



t— u -oo -oo \0 



m — ty 
Proof. Let (x, y) € M 2 be fixed. By Taylor's formula, one can obtain that 



r m Am] fc / • \ 

i=o fe=i ' e=o ^ ' 

i 

^— f(l-w) m - 1 V M(w,8,t)dw, 



where 



(to- 1)! 
o 



<p™(w,s,t) : =E«i>J m E( J! ,)s m -Vd m - t>t f(x + jsw,V + 3tw) 

0=0 [l=0 ^ ' 

m , s. 

-41E L m e ) s m -Vd™-^f( x , y ). 

1=0 \ m ' 
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We can also get that 



r / \ ( m 

j=o ^ J/ \e=o 



-I 



s m-Z t t d m-t,t^ x + - sw ^ y + j^ 



£=0 



S (m-i)" m ~ ¥ \ Hyr- J Q dm ^ lf{x+ ^ y+3tw) 



e=o ^ ' 

Now, combining these results and also using (3.4) we conclude that 

, [™/2] 

fl$ (*, y ) = pW(f;x,y)-f(x,y)--J2 & + 1)5™. £ 



.1=0 



2i 
2i-£ 



EL" .)*»-" n*,v)B 



2i-£+l £+1 



CO GO / 1 



^E// /a -j-a^. <«--"/(.,,» 



2<(m-l)!^ 



r/w; 



co — oo \0 



n 



m 

v m — £ 
which completes the proof. 

We present 

Theorem 3.2. Let m,r G N andp,q > 1 smc/i t/ia£ - + - = 1 and f as in (3.3). 
Then 



H! 



< 



cE^( 9m " y /.u; 



/or some positive constant C depending on m,p,q,r. 
Proof. By Lemma 3.1, we first obtain that 

Hl™\x,y)\ P 

( CO CO / 1 



£=0_ 



oo —co \0 



x i l> ]\8\ m - t \t\ t e-^^'^d8dt 

\.m — £ 



where 



C x 



(2*&(m-l) 



Hence, we get 



CO OO / OO OO 



#»,2/) 



dxdy < Ci 



i x ,y(s,t)e- Vs ' J+t2/ ^dsdt\ dxdy, 



-CO —CO 



-CO —CO \^CO —CO 
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where 



«-,y («.*)= El" f )\s\ m - e \t\ e 
(3.5) t=o\m-£J 



x If (1 - u;)™- 1 | A^ to (dn-Vfix, y)) | dw 



Then using Holder's inequality for double integrals and also using (2.5), we may 
write that 



oo oo 



H [ ${x,y) 



dxdy 



-co — oo 

oo oo / oo oo 



< c : 



il ty {s,t)e-^+*/^ dsdt 



-co — oo V-oo — oo 



OO CO 



-(^^V^^A dxd y 



-oo — oo 

CO CO / CO CO 

-////» 

— CO —co \^co —co 



p x>y (s,t)e- V ^ TI!/ ^dsdt dxdy, 



where 



C 2 := d (2tt£) 



2\« _ 



27r^((m-l)!f 



We now estimate u^. y (s,t). Observe that 



< 



£(ro-/) I''""''*'' (/l A ^(^'V(*,y))f ^ 



x / (1 - w)^™- 1 )^ 

- c 3 E ( m m ,) \s\ m - e I W / \K w , tw (tr-v/ix, y)) \ P dw\ , 



e=o 



where 



C, 



1 



{q(m- 1) + 1) 9 
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Hence, we have 



< V (M) 



< 



< 



CP E ( m m £ ) i«r~V (j\K w , tw (d m - e ' e f^y))\ p dw 
CP ( E ( m m f ) N m ~ £ i*f ( / 1 A «,*« (0 m -*/(*. »)) r ^ 



m — £ 



-IE 

cf(H + |t|)^ 






E ( m m ,) i«r _< i*f (/ l A « (*-"/(*, v)l p ^ 



Letting 



C 4 := C 2 Cf 



27r^((m-l)!) p ( ? ( m _l) + l)i 



and combining the above results we get 



H™{*,V) 



dxdy 



— oo — oo 

oo oo ( oo oo r 



< Ca 



-oo — oo v.— oo — oo 

1 



(H + I*I) T E 



£=0 



-I 



[ I \A: Wttw (d™-^f(x,y))\ P dw\e-^/t 

m 

= c* I I ^"l + W^Ev,,,-, 



I*! 1 



dsdt > ofedy 



oo — oo x 
1 / oo oo 



/:=() 



s\ \t\ 



\A r SWttw (d m -^f(x,y))\ P dxdy\dw 



,0 N^oo — oo 



"V^+^/«n I dsdi . 
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The last implies that 



Hl m J(x,y) 



-oo — oo 

oo oo 



< Ca 



— oo — oo 

1 



dxdy 

£=a 
uj r (d m -^ e f,w V / s 2 +tA P dw 



, ,S\ \t\ 

m — 1 1 



-v / 7 J +*7£„ 



dsdt 



= 4C (•+.)▼ E. ,_,■"-' 





1 



£=0 



m — £ 



uj r (d m - e < e f,wy / s 2 +tA P dw 



,-WW,t n I ^ 



Then, using the fact that 



(3.6) w r (/, \h) p < (1 + A) r w r (/, /i) p for any h, A > and p > 1, 



we get 



where 



#&W) 



dxdy 



< 



^ e ( TO W ,) <* (*--*/, o; //{(-+*) " * m ^ 

£-0 ' (J Q 



^=0 

1 



1 + WF±^ , w 



£„ 



-v / W/C„ I dsdt 



<*E 



£=0 



m — £ 



Vs 2 + 1 2 

In 



r{d m -^f^ n Y p J J{{s + t) 




« s m - £ t £ 



rp+1 



- 1 



e 



v/s 2 + i 2 



dsdt, 



C* := 4C 4 



e„ \ 2/(rp+l) 



rp+iy 7r^„((m-l)!) p ( g ( m _ 1 ) + 1 )f 
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Therefore, we obtain that 



H™{x,y) 



dxdy 



-co — CO 



rp-\-l 



C:,{ I p"*\ [1 + f ) -l)e-'/«»dp 

' 7T/2 



E ( TO W ^ri^'V.O; / (cos0 + S in0)^cos m -^sin^^ 



< C 5 < /p"* 1 + ^ e-P<*«dp 



rp-\-l 



(it/2 \ 

j( C o S 6 + S m6)™co S ™-<e S mt6de . 
n / 



Using the fact that < sin6< + cos6< < 2 for 6< € [0, f ], we get 



H [ ${x,v) 



dxdy 



< C 6 I p m *[ 1 + 



=-/»/£„ 



\0 

7T/2 

X i| / cos'^tfsin^W | - 



£=0 



* E L.,K(^/.o: 



where 



C 6 :=2^C 5 



'2T+ 1 ' 



<n((w-l)!f( g ( m -l) + l)f 1^ + 
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By taking u — p/£, n , we see that 



Hl m J(x,y) 



dxdy 



yC +1 I / « mp (1 + u) rp+1 e- u dp 

\0 



E 



m \ (m- £ + 1 £ + 1 
m-£) \ 2 ,_ 2~~ 



)u, r (9-^/,0 



C fi 



'" yC +1 I / {l + u) {rn+r)p+1 e- u dp 



E 



= c 7 c p E 



\0 

rn 



.-e 



D 



m-l+l £+1 



1=0 



m — £ 



B 



2 ' 2 
m-£ + l £+1 






where 



C 7 



l/((m-l)!f f 2 T_y m ^ ,+ Y(m + r) P +r )/ . | 

/ fc=0 



n{q(m- 1) + 1)' \ rp + 
Therefore the last inequality yields that 



where 
C 



h\: 



= C(m,p,q,r 
1/(to-1)! 



< 



c^^r y /,u; 



v£=0 



I / (m+r)p+l 



y 

n(rp+l)}p \q{m-l) + lj I ^ 

, ,,, m-f + 1 £+1 
x < max | \B 

e=o,i,...,m \m — £ 



(rn + r)p + 1 



kl 



Proof of the theorem is now complete. 
We also give the next result. 



□ 



Theorem 3.3. Let m, r G N and p, q > 1 such that - + - = 1 and f is as in (3.3) 
with d 2l - l ' e f e £ P (M 2 ), 1 < i < [m/ 2), £ = 0,1, ...,2i. T/ien 

/ m \ I [rn/2] 

pj™ 1 (/) - / < ce E w - (5 m -"/, e„)p + b E £» > 

P \£=0 / i=l 

/or some positive constants B, C depending on m,p, q, r. 
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Proof. By (3.4) and subadditivity of L p -norm, wc get 



Pt\f)-f 



< 



H: 



V2; 



p 7T 



i ~ x: (2i + i)4iie 

7T ' * 



i=l 



' 2« 

E 



21 \\\#i-Wt\\ R /2z-£+l £+] 



Now letting 



max 

l<i<[m/2] 



— - — 2^{ 2i _A\\ d n P B 



e=o 



by Theorem 3.2 there exists a positive constant C depending on m,p, a, r such that 

/ m \ I [m/2] 



\£=0 



which completes the proof. 

The following result gives an estimation in the cases of p — 1 and meN. 
Theorem 3.4. Let m,r € N and / as m (3.3) for p — 1. TTien 



a 



fli' 



^cE^^-Ui 



/or some positive constant D depending on m, r. 
Proof. By Lemma 3.1, we observe that 



oo oo / 1 



HW(x,y)\ < D.f^j J [J{l-w) m - 1 \A^ tw {d m -^f{x,y))\dw 

oo \0 

\ S \ m - e \tfe-^^^d S dt, 



-oo — oo \0 



m — I 



where 



Thus wc have 



D, 



OO OO 



oo oo / 1 



m: 



< D, 



E 



2<(m-l)! 

(l-wr-'lA^id^fix^ldw 



in 



x| i |s| m - £ |t|' e-^+^'^dsdt \ dxdy 



rn 



D iEJ// /(i-^) ro - ] [ / / |A: ( ,, / „.(,r'-''/(. l -.,;))| f /,-,/,/ |,/„- 

-oo Lo 

|sr- £ |t| £ e -^+^/«"dso!i 



V-OO — OO 



-£ 
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< Dif^l i i /(I " w) m ~ V (d m - e ' e f, wVs 2 + i 2 ) i dw 

'~" -oo Lo 



m 



m — 



4^E 



(=0 



(1 - w) m - l u r (d m -^ e f, wy / s 2 +tA dw 



xi m As m - e t e e-(^+*V^dsdt 



y m — 
Now using (3.6) we deduce that 



H [n 



< 



^E( m ™,)-(^-"/.0, 

OO OO / 1 / \ r \ 



o o \o 

rn 



rn 
m — £ 



OO OO / 1 



.0 \0 



1 + w ^ 2 +t 2 \ dw) s m -Ve-^^^dsdt 



< 



^ — n V ' 



£-0 

OO OO / 

.0 x 



vV + t 2 



r+l 



,-V^+P/i n 



s m-t t t 



y/s 2 + t 2 



where 



D 2 = 4Di 



^ + 1 7r£„(»" + l)(TO-l)! - 



-dsdt 



Hence, we conclude that 



Hi 



s "Mil 1 -t 



r+l 



p m e- p /^dp 



E 



rn 
m, — I 



tt/2 



U r (d m -^f,t; n ) 1 



cos m ^6>sin £ 



\n I 1=0 
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l.'i 



where 

1 ( f m \ ( m -£+l £+1 

E>3 := — ; w rr max < \B , 

n(r + l)(m-l)\i=o,i,..., m \\m-£J \ 2 '2 

Also, we obtain that 



m 



< D 3 C ( / (1 + u) m+r+1 e- u du ) £ "r (d m - e ' e f, £„) x 



£=0 



cE^( 3ra " y «»),. 



/:-() 



where 



max <l jB^fU^+i/ 

l ' j 7r(r + l)(m-l)! ^ V ^ J 

The proof is completed. D 

Furthermore, we give the next result. 

Theorem 3.5. Let to, r £ N and f as in (3.3) for p = 1 mtfi d 2l - £ < l f £ £i(M 2 ), 
1 < i < [to/2], £ = 0, 1, ..., 2i. TTien 

m [m/2] 

Pi™ ] (/) - /| < cE^ ^/.Ol + E E *n 

/or some positive constants D,E depending on m,r. 
Proof. As in the proof of Theorem 3.3, we may write that 

[m/2] 



Pt ] (f)-f 



< 



H: 



E 



d 2i-W f \\ B 
•'111 



? = 1 

2% 

2i-£j 



3i-«.n - • / 2i - £ + 1 *+l 



We set 



E := max 

l<i<[m/2] 



(2i + l)4t^/ 2/ 



E 



2i-£ 



tfi-«.M „,2i-*+l £+1 



^*" ■ / \U B 

I ■'Ml 



' 2 



then we get from Theorem 3.4 that there exists a positive constant D depending 
on to, r such that 

m [m/2] 

p^ ] (/) - /| < ^eE^ (a m -^f,Q 1+ E £ e, 

whence the result. D 
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3.2. Estimates in the case of to — 0. We now focus on the estimation in the 
case of to = 0. We first get the following result. 

Theorem 3.6. Let r <G N and p, q > 1 such that - + - = 1. Then, for every 
f G L p (R 2 ) , the following inequality 

Pl° ] n(f)-f <Ku r (f,U p 
P 

holds for some positive constant K depending on p,r. 
Proof. By (2.1), (2.3) and (2.4), we may write that 



oo oo i r 



xe 



-oo — oo 



3 = 1 

dsdt 



uu oo 

— OO — OO -' 



■'' ''•)(/ {x + sj,y + tj)-f(x, y)) 



)' ■'( ^j / (s + «i, 1/ + *j) + (-l) r ^ )/(■'■■ /7) 



xe 



-^+^/?„ dsdf 



oo oo f A 



-co -co V ^ 

Also, by (3.2), we get 



pl%(f; X ,y)-f( X ,y) = J^ 

27r C„ 



which implies 

(3.7) \p]?l(f;x,y)-f(x,y)\< 

Hence, we get 



A: t (f(x,y))e^^^^dsdt, 



CO CO 



2< 



lA^/^^le-^+^dsdt 



CO CO 



i^SK/;^!/) -/(*,») 



dxdy 



-CO —CO 

CO CO / CO CO 



< #1 



|A; t (/(a;,y))|e- v,i5q:F/ ^rfsdi dxdy 



— CO —CO V-CO — OO 



where 



A", 



(2< 



2\P- 
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Now, we obtain from Holder's inequality for double integrals that 



1,1 



PM{f;x,y)-f(x,y) 



dxdy 



-oo — oo 

oo oo ( / oo oo 



< K x 



-oo — oo V. \— oo — oo 



\A r B>t {f(x,y))\ p e-^^'^dsdt 



,-^+^y^dsdt 



\— oo — oo 



> dxdy. 



Then, using (2.5), we may write that 



PM(f;x,y)-f(x,y) 



OO oo / oo oo 



dxdy 



< K 1 (2^n) P/q J J [J J K,(/(*,»))|' ' e-^^^dsdA dxdy 



— oo — oo \^oo — oo 

oo oo / oo oo 



K, 



\A: t (f(x,y))\ P e-^^^^dsdt dxdy, 



-oo — oo V- oo — oo 



where 



K 2 := K x (2ttC 



2\P/l ' 



2< 



Thus, by (3.6), we have 



Pj?l(f;x,y)-f(x,y) 



dxdy 



-oo — oo 

oo oo 



< Ko 



-oo — oo 
oo oo 



= 4K 2 I I ..', 
o o 



(/, Vs 2 + t 2 Ye-^+^/^dsdt 






o o 
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After some calculations, we deduce that 



— oo — oo 



P®(f;x,v)-f(x,y) 

tt/2 oo 



dxdy 



< 4K 2 u r (f,Z n ) p p J J (l + 



in 



rp 



P \ ,-p/in 



e-P'^pdpdJS 



"r(f,U P P l (l + u) rp e- u udu 



< Ur(f,U P p (l + u)'^e-»du 



(£( r ty^r(f,u- 



Therefore, we have 



Pl%I)-I <Ku r (f,U T 



where 



'r+l 



K:=K(p,r) = {T, (^ ^ \ '•" 



Our theorem is proved. 



□ 



Finally we give an estimation in the case of p = 1 and m = 0. 



Theorem 3.7. For every f € L\ (M 2 ) , we have 



P®(f)-f ^iuvCAOi 



for some positive constant L depending on r. 
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Proof. By (3.7), we easily observe that 



Pl%l)-f 



P]?l(f;x,y)-f(x,y) 



dxdy 



oo oo / oo oo 



< 



< 



2^ 



27rd 



1<l 



|AL (/(as,j/))| e-^+^l^dsdt dxdy 



-oo — oo \— oo — oo 

CO OO / CO CO 



-co — OO \— CO —co 

CO CO 



-oo — oo 
oo oo 



Now using (3.6), we get 



PllU)-f 



< 



K,t {f{x,y))\dxdy e'^^+^/^dsdt 



\ + ^y* \ e-^^/^dsdt 



2uj, 


(/,Oi 


oo oo 

r f 


2uj, 




J J 


tt/2 oc 

f f 



< n j j v e„. 

oo 

Wr(/,^„)i f(l + u) r e- u udu 



L\ „-9lU 



pdpdO 



< "r(f,UiJ (l + uY^e- u du. 



Then, the last inequality yields that 

P®(f)-f <iw r (/,Ol. 



where 



r+l 



L:=L(r)= ^r +i ] fc! 



fe=0 



D 



The proof is completed. 

4. Statistical ^-approximation by the operators (2.4) 

In order to get the statistical approximation properties of the operators (2.4) we 
first need the following lemma. 

Lemma 4.1. Let A = [a,j n ] be a non-negative regular summability matrix, and let 
(Cn)neN be a bounded sequence of positive real numbers for which 

(4.1) st A -lim£ n = 
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holds. Then, for every f <G L p (M 2 ) with 1 < p < oo, we have 
(4.2) S i A -lim Wr (/;U P = 0. 

Proof. Let 1 < p < oo. By the right-continuity of uj r (/; •) at zero, we may write 
that, for a given e > 0, there exists a S > such that w r (/; /i) < s whenever 
< h < 5. Hence, u r (/; h) > e implies that h > 6. Now replacing h by £„, for 
every e > 0, we see that 

{n : w r (/; O p >e}C{n :£„>£}, 
which guarantees that, for each j <G N, 

2 y a 3 n — / j a i™' 

Also, by (4.1), we get 

lim N, a jn — 0. 



J ":C„><5 



The last equality implies that 



lim y^ aj n = 0, 



3 n: Ur (f;£ n ) p >e 

which gives (4.2). So, the proof is completed. D 

4.1. Statistical L p -approximation in the case of to € N. Combining Theorems 
3.3 and 3.5 we immediately get the next result. 

Corollary 4.2. Let 1 < p < oo and to G N. Then, for every f as in (3.3) with 
d 2i-i,ej- e £, p (R2^ i < j < [ m /2] ) £ = 0, 1, ..., 2i, we /«we 

f m , ,vV* [m/2] 

pi m n Hf)-f\ <MAj2(c^r(d m -^f,Q p ) +M 2 ^e 

P U=0 J i=l 

for some positive constants M\,Mi depending on m,p,q,r, where 

D (as in Theorem 3.5) if p = 1 



and 



^ C (as in Theorem 3.3) if 1 < p < oo wit/i (1/p) + (l/<?) = 1 



E (as in Theorem 3.5) if p = 1 

B (as in Theorem 3.3) if 1 < p < oo with (1/p) + (1/g) = 1. 

Now we are ready to give our first statistical L p -approximation result. 

Theorem 4.3. Let to, r G N and A = [aj„] oe a non-negative regular summability 
matrix, and let (£ n )neN &e a bounded sequence of positive real numbers for which 
(4.1) holds. Then, for all f as in (3.3) with d 2t - l ' £ f € L p (R 2 ), 1 < i < [to/2], 
£ = 0,1, ..., 2i; 1 < p < oo, we ftave 

(4.3) s* A -lim||P r ,„(/)-/|| =0. 

n, t> 
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Proof. From (4.1) and Lemma 4.1 we may write that 

(4.4) st A - lim (Cw r (d m - e ' e f, Q p Y = for each £ = 0, 1, ..., m 
and 

(4.5) st A - hm£ 24 = for each i = 1,2, ..., [^ 

n L 2 

Now, for a given e > 0, define the following sets: 



in 



S : = ineN: 


^ ] (/)-/ 


p J 


ft : ={neN:(C^(5™-^/,Uj P > 


(* = 0,l,...,ro), 


5i+m - { n G N ' C " " (m + [m/2] + 1) M 2 
Then, it follows from Corollary 4.2 that 




771 

5c 


+ [m/2] 

U s *> 



(to + [to/2] + 1) M x J ' 



(* = 1,2, 



fe=0 



which implies, for every j e N, that 



m+[m/2] 

/ , a jii — 2.^1 2.^1 a i n ' 

n£S k—Q nGS'/s 

Now, taking limit as j — > oo in the both sides of the last inequality and also using 
(4.4), (4.5), we conclude that 



lim 2^2 aj 



0. 



n£S 



which gives (4.3). Hence, the proof is completed. 



□ 



4.2. Statistical ^-approximation in the case of m — 0. In this subsection, 
we first combining Theorems 3.6 and 3.7 as follows: 

Corollary 4.4. Let 1 < p < oo and r € N. Then, for every f € L p (M 2 ) , we have 

Pl%(f)-f <Nuj r (f,U P 
p 

for some positive constant N depending on p, r, where 



N := 



L (as in Theorem 3.7) if p = 1 



K (as in Theorem 3.6) if 1 < p < oo with (1/p) + (1/?) = 1- 

Now we can state our second statistical ^-approximation result. 

Theorem 4.5. Let r G N and A = [aj n ] be a non-negative regular summability 
matrix, and let (£ n )neN be a bounded sequence of positive real numbers for which 
(4.1) holds. Then, for all f G L p (R 2 ) with 1 < p < oo, we have 



(4.6) 



stA — hm 



>[0] 



O/)-/ 



= 0. 
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Proof. It follows from Corollary 4.4 that, for every e > 0, 



nGN: 



P™ (/) - /|| p >ejc{neN:, r (/, O p > ^} 



Hence, for each j e N, we have 

E 



x jn 



< 



E 



'J"- 



>[0] , 



Now, letting j - 
we obtain that 



|-Pr"t.(/)-/|| > £ ™ : <^(/,?„)p># 

II ' lip 

oo in the last inequality and also considering using Lemma 4.1, 



lim 
i 



E 



i, Jn 



0, 



3 [0] 



(/)-/ >e 



which proves (4.6). 



n 



5. Concluding remarks 



In this section, we give some special cases of our approximation results obtained 
in the previous section. 

In particular, we first consider the case of A — C\, the Cesaro matrix of order one. 
In this case, from Theorems 4.3 and 4.5 we have the following result immediately. 

Corollary 5.1. Let m G No, r G N, and let (£„)neN be a bounded sequence of 
positive real numbers for which st — lim„ £ n = holds. Then, for all f as in (3.3) 
with d 2t - e ' e f e L p (R 2 ), \<i< [m/2], t = 0,1, ...,2i; 1 < p < oo, we /iaue 



st — lim 



Pt ] (f)~f 



0. 



The second result is the case of A = I, the identity matrix. Then, the next 
approximation theorem is a direct consequence of Theorems 4.3 and 4.5. 

Corollary 5.2. Let m G No, r G N, and let (£„)neN be a bounded sequence of 
positive real numbers for which lim n £„ = holds. Then, for all f as in (3.3) 
with d^-^f G L p (R 2 ), 1 < i < [to/2], £ = 0,1, ...,2i; 1 < p < oo, t/ie sequence 



{Pl™ ] (f)\ „ 

L J riGF 



is uniformly convergent to f with respect to the L p -norm. 



(5.1) 



Finally, define a sequence (£„) n eN as follows: 

jrp^j it n = A; , k 
t-^, , otherwise. 



ir, 



1,2,.. 



Then, observe that si— lim„ £„ = 0. So, if use this sequence (£ n )n6N in the definition 
of the operator Pr™ , then, we obtain from Corollary 5.1 (or, Theorems 4.3 and 4.5) 



that st — lim„ 
1 < i < [to/2 



P$ if)- I =0 holds for all / as in (3.3) with d 



2i-tJ, 



f G i P (M^), 

, £ = 0, 1, ...,2i; 1 < p < oo. However, since the sequence (£ n )neN 
given by (5.1) is non- convergent, the classical L p -approximation to a function / 
by the operators Pr™ '(f) is impossible, i.e., Corollary 5.2 fails for these operators. 
We should remark that Theorems 4.3 and 4.5, and Corollary 5.1 are also valid 
when lim£ n = because every convergent sequence is A-statistically convergent, 
and so statistically convergent. But, as in the above example, our theorems still 
work although (£ n ) n eN is non-convergent. Therefore, this nontrivial example clearly 
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shows that our statistical L p -approximation results in Theorems 4.3 and 4.5, and 
also in Corollary 5.1 are stronger than Corollary 5.2. 
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Abstract 

A fast and effective numerical algorithm for computing the rank of block bidi- 
agonal Toeplitz (BBT) matrices has been recently proposed by Triantafyllou and 
Mitrouli [On the computation of the rank of block bidiagonal Toeplitz matrices, /. 
Comput. Appl. Math., 227(2009): 126-135]. In this paper, we extend the mod- 
ified resultant block bidiagonal Toeplitz (MRBBT) factorization algorithm to deal 
with a triangular banded block Toeplitz (TBBT) sequence of matrices. Compared 
with the complexity of 0(k 3 n 3 ) required by the classic methods for computing the 
rank of TBBT matrices with the bandwidth set to be 3, the extended approach need 
0(kn 3 ) only, which is therefore fast and efficient for large k. A numerical example is 
presented here to demonstrate the performance of the modified approach. 

Key words: Triangular banded; Block Toeplitz matrix; Rank; LU factorization 

AMSC: 65F30; 15B05 



1 Introduction 

The computation of the rank of a matrix [1-3, 6] arises naturally from the application of 
numerical methods to many computational fields of science. It is well known that the 
most efficient way of computing the rank of a dense matrix A e R mxn is the singular value 
decomposition (SVD). 

In the present paper, we are concerned with the problem of computing the rank of 
a triangular banded block Toeplitz (TBBT) sequence of matrices, based on the modi- 
fied resultant block bidiagonal Toeplitz factorization (MRBBT) algorithm proposed by 
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Triantafyllou and Mitrouli for computing the rank of block bidiagonal Toeplitz (BBT) 
matrices [4]. For simplicity of exposition, we consider only the bandwidth of the TBBT 
matrices is 3 for the moment, which can be then naturally extended to any arbitrary band- 
width. 

Definition: (A, B, C) sequence 

Let A, B, C be three matrices of m x n, and let r,, i = 1, 2, • • • , k, ■ ■ ■ be the following 
sequence of matrices: 



r = a, r 1 = 



A 
B A 



r 2 = 



A 





] 


/ 


B 


A 





, r 3 = 


C 


B 


A J 


V 



A > 

B A 

C B A 

C B A 



n = 



f A 
B A 
C B A 



C B 



The above sequence is defined as a (A, B, C) sequence of matrices. Obviously when 
C = 0, it becomes the (A, B) sequence, which has been already considered in [4]. 

In general, for computing the rank of a matrix, the Gauss-Jordan (GJ) [2, 5] factor- 
ization, the QR factorization with column pivoting (QRCP) [11], the Rank Revealing QR 
(RRQR) [1], the Singular Value Decomposition (SVD) [2] and the Partial SVD (PSVD) 
[12, 13] are the most known techniques. When the number k of block [C B A] increases, 
however, all the methods above become inefficient for implementation, which has been 
mentioned in [4]. In this way, for C = 0, taking advantage of the special form of the 
(A, B) sequence, [4] introduced reliable and efficient algorithms for the computation of 
rank of BBT matrices. In this paper, thanks to the special form of Y k , we extend the algo- 
rithm in [4] to deal with the rank of ¥/, efficiently without the requirement on the matrix 
C. We will show that if the bandwidth of a TBBT matrix is 3, then the complexity of 
0(kn 3 ) is obtained, comparing with 0(k 3 n 3 ) by the classic methods for the rank of the 
TBBT matrix. 

The outline of the paper is as follows. Section 2 briefly describes the application of the 
displacement rank of a matrix [7, 8, 10, 14-16] to the computation of the rank of TBBT 
matrices. The heart of the article is section 3, where an extended MRBBT algorithm for 
TBBT matrices and the resulting complexity are derived. Section 4 shows a numerical 
example to demonstrate the efficiency of the extended approach. Finally, the concluding 
section reviews the main idea. 
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2 The displacement rank 

Initially, we briefly describe the displacement rank method for BBT matrices. More ref- 
erences and information concerning the method, mentioned in [4], include [7-8, 14-18]. 
The (lower) shift matrix Z has the following form: 



' 
/ 

/ 



where / is the n x n identity matrix. The name '(lower) shift matrix' is derived from the 
fact that if we multiply an array by Z, the entries are shifted down, and if we multiply by 
Z 7 ', the entries are shifted up. 

Let T be a kn x kn block Toeplitz matrix. It is showed in [8] that the displacement 
rank of T: VT = T - ZTZ T is at most In. In particular, exploiting the special form of a 
BBT matrix: many zero blocks, the authors in [4] have obtained its displacement rank is 
at most equal to n. That is 



vr = 



T - ZTZ T 

< A 
B A 



v 

< A 

B 







B 



' 
/ 



/ v 
^ 







< A 
B A 



/ v 



B A ) 



/ 



/ 




and the block [B A] is an n x 2n submatrix, the rank of VT is therefore less or equal to n. 
Similarly, given 

< A 
B A 
T = C B A 

C B A 
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then we have 



vr 



< A 
B 
C 



^ 







v , 

and consequently, the rank of VT is less or equal to n. 

Kailath and Chun in [7] have proposed a Generalized Schur algorithm for fast trian- 
gular and orthogonal factorizations of Toeplitz matrices and Toeplitz-derived matrices 
(or Toeplitz-like, close-to-Toeplitz). Their procedure for an m x n Toeplitz matrix T 
with a r x r leading principal submatrix, requires 0(apr) flops, where p = max(m, n), 
a is the length of the generator (any matrix pair X, Y such that VT = XY T , where 
X = [xi, • • • ,x a ], Y = \yi, • • • ,y a ] is called generator of T [7]). Instead of matrix op- 
erations, required by two look-ahead Schur algorithms [10], the extended method treats 
block- Toeplitz matrices in the same way as scalar Toeplitz matrices, using only elemen- 
tary scalar operations just as the algorithm in [4]. 



3 The modified resultant TBBT factorization 

3.1 The MRTBBT algorithm 

In this subsection, we use a similar approach in [4] to make use of the special structure of 
TBBT: reorder its blocks by moving the first In rows to the end of the matrix, taking the 
modified TBBT (MTBBT). In the (k + 2)-th term of the sequence we will have: 



k+l 



< A 
B 
C 



A 
B 



C B A 



k+i 



C B A 



C B 



A 
B 



It is a known result that the rank of a matrix is invariant under row interchanges. There- 
fore, we consider the rank of the matrix t k+l instead of r^ +1 in order to exploit the special 
form of the modified matrix T k+ i : there are k same [C B A] blocks. 

We first triangularize the block [C B A] using LU with partial pivoting factorization: 

LU([C B A]) — » [t/ (0) B (0) A (0) ], 

where £/ (0) is an upper triangular matrix. If Gi and G^ are matrices such that: 

G,[CBA] = [U^B^A^l 

G 2 



A 
B A 



jjiO) X (0) 







u. 



«)) 
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where £/ (0) , l/f\ l/f ) are upper triangular matrices, G 2 is a matrix of 2n x 2n, then by 
multiplying the f k term with the matrix: 



' G, 



G, 



we have 



G-n = 



Gy 



G 2 } 
< C B A 



G, 



G 2 , 

( U i0) 5 (0) A (0) 



C B A 



A 
B A 



U m B {0) A (0) 



^(0) x( o) 
(0) 







IT. 



After the block [C 5 A] is triangularized using the LU factorization, we shall update 
the other entries (the k -2 blocks of [C B A]) without additional calculations. Here we 
have a huge saving in floating point operations, since we need only one LU factorization 
to be applied to the nx3n block [C B A] instead of the whole matrix f *. 

Now the resultant matrix is in almost upper triangular form (only the last 2n rows: the 
A 



block 



B A 



is non-triangular). In the following we only need to apply k - 1 more 



times the LU factorization to the matrix G • 1^, in fact, apply LU factorization to the 
following matrices: 



( £/ (0) 



U 



(0) 







B (0) 

X (0) 



A (0) ^ 






[/(0) 



U 



(i) 







g(0) 



A (0) ^ 






[/(0) 



[/ 



(*-2) 



g(0) 



A (0) ^ 
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Therefore, the final step could be performed as follows. 



-(i) 



LU 



LU 



( U {0) B {0) 


A (0) 






\ 




r t/ (1) 


g(D 


A (l) 


\ 


I 


7(0) 


B (0) 


A (0) 






LJ/ 




[/(0) 


B m 


A (0) 








£/(0) 


5 (0) A (0) 


> 








[/(0) g(0) A (0) 


jj(0) X (0, 
















c/; x) 


x m 




,0 i 


J 2 









/ 




10 





uf 


/ 




( U m 5 (1) A« 






\ 










V (2) B (2) A (2) 


















[/(3) ^O) 


A (3) 










LU 


K 








u ( t 2) < 


g(0) 

) 


A (0) 


o , 






( U™ i 

I 


9(i) 

7(2) 


A (D 

B (2) 
TJO) 


A (2) 
g(3) 


A (3) 




\ 
















[/(*-!) 


£(*-l) A (*-l) 



















[/f- 1} x*- 1 ' 








\ 














£/(*-!) 









We note that if some zero rows arise in the first factorization of the block [C B A] or 
the above step, we delete them, and therefore, it reduces the required flops more. Based 
on the above analysis, the algorithm, called the MRTBBT algorithm, for computing the 
rank of 1^ can be summarized as follows. 



The MRTBBT Algorithm 

Step 1: Triangularize the first block [C B A] and J J of f\ using LU factoriza- 

tion with partial pivoting, and then delete any zero rows; 

Step 2: Update the entries of the last k - 2 blocks [C B A] without additional calcula- 
tions forming matrix f *.; 

Step 3: Compute the upper triangular matrix U, U = LU(Yk)- 



Obvious that, the number of non-zero rows of the resultant U is the rank of T k . In prac- 
tice, if the given k is not big enough, in order to avoid any floating point operation errors 
and without significantly increasing the required executable time, the previous algorithm 
can be implemented symbolically. Notice that this technique holds for rectangular m x n 
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blocks A, B and C as well. 



3.2 Computational cost 

In this subsection, we analyze the computational costs of our method and compare it with 
other methods. 

First, the LU factorization of [C B A] requires 0(|n 3 ), where [C B A] is an n x 3n 



matrix. Then the triangularization of 



A 
B 





A 



to 



jjW X (0) 







u 



(0) 



demands 0(^n ). Fi 



nally, since the upper left block is already in an upper triangular form, the factorization 

( £/ (0) 5 (0) A (0) ^ 



of every 3n x 3n block 



,(') 



demands fewer flops, and the complexity of 



U\' X (1) 

. o uf 

every one of the last k - 1 calling of the LU factorization is 0(6n 3 ). Hence the LU fac- 
torizations in Step 3 demand 0(6(k - \)n 3 ) flops. To sum up, the total complexity is 
0(\n 3 + fn 3 + 6(k - l)n 3 ) = 0(2(3k + \)n 3 ) flops. 

In comparison, the complexity of the classic methods for computing the rank of a 



,k 3 n 3 



TBBT matrix is 0(Fn 3 ): the Gauss-Jordan: 0(*f-) flops, the Classical SVD: 0(2*V) 
flops. Thus our method is fast and effective for large k. Moreover, taking into account the 
fact that we delete any zero rows that appears during the process, the required flops can be 
less than the above estimation in practise, reducing the floating point operations further. 

It is should be noted that our algorithm bases on the LU factorization, yet makes the 
numerical implementation of the method theoretically not stable, but it is known that 
Gaussian elimination with partial pivoting is utterly stable in practice [2]. 

We also note that by implementing the the Singular Value Decomposition (SVD) [5] 
or the Partial Singular Value Decomposition (PSVD) [12, 13] to the first phase of the 
previous algorithm we can obtain a numerical result more efficiently. In addition, if we 
use symbolical arithmetic, there will be no round off errors during the computations. 



4 Example 



In this section, to illustrate the MRTBBT algorithm in section 3, we now present an ex- 
ample. 
Let 



1 -3 2 
1 -1 
I, 2 -6 4 



B 



{ 1 -5 2^ 




1 -1 


, c = 


^ -2 10 -4 t 





' 1 


-5 


3 \ 


1 


-1 





."2 


10 


-6 J 
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Then for the (A, B, C) sequence, the forth term T 3 : 





( \ 


-3 2 
























-1 






















2 


-6 4 
























-5 2 


1 


-3 2 


















-1 


1 


-1 














r 3 = 


-2 


10 -4 


2 


-6 4 
















-5 3 


1 


-5 2 


1 


-3 


2 









-1 


1 


-1 


1 





-1 







-2 


10 -6 


-2 


10 -4 


2 


-6 


4 













1 


-5 3 


1 


-5 


2 


1 -3 2 










1 


-1 


1 


-1 





1 -1 




10 





-2 


10 -6 


-2 


10 


-4 


2-6 4 



and the modified fourth term f\: 



( 1 


-5 3 


1 


-5 2 


1 


-3 


2 





1 


-1 


1 


-1 


1 





-1 





-2 


10 -6 


-2 


10 -4 


2 


-6 


4 











1 


-5 3 


1 


-5 


2 


1 -3 2 








1 


-1 


1 


-1 





1 -1 








-2 


10 -6 


-2 


10 


-4 


2-6 4 


1 


-3 2 




















1 


-1 




















2 


-6 4 




















1 


-5 2 


1 


-3 2 














1 


-1 


1 


-1 














V -2 


10 -4 


2 


-6 4 















A 
Applying the LU factorization to blocks [C B A] and ( _ |, we have: 



(t 



LU([CBA\) = LU 



1 


-5 3 


1 


-1 


-2 


10 -6 



1 -5 2 
1 -1 



1 -3 2 
1 -1 



\\ 



-2 10 -4 2-6 4 

-2 10 -6 -2 10 -4 2 -6 4 ^ 

4 -3 4 -2 2-3 1 

^ 00 00 2-6 4 



n 
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and 



LU 



A 
B A 



LU 



( 2 -6 

4 







I 



( 1 


-3 


2 








1 





-1 








2 


-6 


4 








1 


-5 


2 


1 


-3 2 


1 


-1 





1 


-1 


V -2 


10 


-4 


2 


-6 4 



4 
2 



^ 
-6 4 



-3 -1.5 4.5 -3 

2-64 

3-3 

J 



Therefore the updated ty , after deleting the last line which is zeroed, becomes: 







r -2 


10 -6 
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10 -4 
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-6 4 
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4 -3 





4 -2 
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-3 1 
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-6 4 
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and 



-2 10 -6 -2 10 -4 2 -6 4 
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The number of non zero rows is 1 1 and thus the rank of T 3 is equal to 1 1 . 



5 Conclusions 

In this paper we have presented a modified resultant TBBT factorization technique for the 
rank of triangular banded block Toeplitz matrices. Our method is favorable for a large 
k, since it requires 0(kn 3 ) in complexity, comparing with the complexity of 0(k 3 n 3 ) by 
other classic methods. The performance of our approach, which significantly reduces the 
required flops, is illustrated with a numerical example. 
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Approximation by nonlinear Lagrange 

interpolation operators of max-product kind on 

Chebyshev knots of second kind 

Lucian Coroianu and Sorin G. Gal 

Department of Mathematics and Computer Science, 

The University of Oradea, 

Universitatii 1, 410087, Oradea, Romania 

E-mail: lcoroianu@uoradea.ro and galso@uoradea.ro 

Abstract 

The aim of this note is to associate to the Lagrange interpolatory 
polynomials on Chebyshev nodes of second kind plus —1 and 1, a continu- 
ous piecewise rational interpolatory operator of the so-called max-product 
kind, uniformly convergent to the function /, with an essentially better, 
Jackson-type rate of approximation. 

AMS 2000 Mathematics Subject Classification: 41A05, 41A25, 41A20. 

Keywords and phrases: Nonlinear Lagrange interpolation operators of 
max-product kind, Chebyshev nodes of second kind, degree of approximation. 

1 Introduction 

Based on the Open Problem 5.5.4, pp. 324-326 in [7], in a series of recent 
papers [1, 2, 3, 4, 5], we have introduced and studied the so-called max-product 
operators attached to the Bernstein polynomials and to other linear Bernstein- 
type operators, like those of Favard-Szasz-Mirakjan operators (truncated and 
nontruncated case), Baskakov operators (truncated and nontruncated case) and 
Blcimann-Butzcr-Hahn operators. 

This idea applied, for example, to the linear Bernstein operators B n (f)(x) = 
ELo (fe) 2 ^ 1 ~ x) n - k f{k/n), (where Pn . k {x) = { n k )x k {\ - x) n - k ) works as 

follows. Writing in the equivalent form B n (f)(x) = ^^iv^vf^r^ 
and then replacing everywhere the sum operator £ by the maximum operator 
V (that is ELo (l)x k (l-x) n - k f(k/n) by the maximum mffl t0 ...,„{ H)x k {l- 
x) n - k f(k/n)} and J2 n k=Q ( n k )x k (l-x) n - k by m & x k=0 _ n {( n k )x k (l-x) n - k }), one 
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obtains the nonlinear Bernstein operator of max-product kind 

n 

V WW/ (*) 



Bi M) (f)(x) 



k=0 



\/Pn,k( X ) 

k=0 



for which, surprisingly nice approximation and shape preserving properties were 
found. 

For example, it is proved that for some classes of functions (like those of 
monotonous concave functions), the order of approximation given by the max- 
product Bernstein operators, are essentially better than the approximation order 
of their linear counterparts. 

In the recent paper [6] , suggested by the fact that the fundamental Hermite- 
Fejer polynomials are positive exactly as the fundamental Bernstein polynomials 
are, this idea is applied to the Hcrmitc-Fcjcr interpolation based on the Chcby- 
shev nodes of first kind, obtaining a max-product interpolation operator which, 
in general, (for example, in the class of positive Lipschitz functions) approxi- 
mates essentially better than the corresponding Hcrmitc-Fcjcr polynomials. 

The aim of the present paper is to use the same idea in the case of the La- 
grange interpolation polynomials based on the Chebyshev knots of second kind 
in [— 1, 1] plus the cndpoints. Surprisingly, although in this case the fundamen- 
tal Lagrange polynomials are not anymore positive, however, the corresponding 
max-product Lagrange operators obtained have essentially better approxima- 
tion properties than the corresponding Lagrange interpolation polynomials. 

First we present the problem in general frame. Thus, let / C M. be a bounded 
or unbounded interval, / : I — > R, x n k € I, k G {l,...,n}, x nl < ... < x nn , 
and consider the Lagrange interpolation polynomial of degree < n — 1 attached 
to / and to the nodes (x nt k)k, 



L n{f){x) = y^Jn,k( X )f( X n,k), 



fc=l 

with 

\X X n i)...\ y X X n f £ _ \)\X X n ^k-\-\ ) • •• \X X nn J 



m,fc \X ) 



\Xn,k X n \)...yX n k Xn,k — l)\Xn,k Xn,k-\-l)'"\3'n,k Xn,n) 

It is well known that X)fc=i ln,k{%) = L f° r a h a; G K, which allows us to write 

r t *\t \ 2—tk=\ '"n,k( x )j( x n,k) c ,, T 

Ln{f)(x) = K ' — - — — , for all x £ I. 

2^ik=l l 'n,k\X) 

Therefore, its corresponding max-product interpolation operator will be given 
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by 

n 
V lnM X )f( X n,k) 

Li M \f)(x) = k -^— n ,x € I. 

V ln,k{x) 
fe=l 

The plan of the paper goes as follows : in Section 2 we present some auxil- 
iary results, while in Section 3 we prove the main approximation result for the 
Lagrange interpolation based on Chcbyshev knots of second kind in [— 1, 1] plus 
the cndpoints, essentially improving the order of approximation given by the 
corresponding Lagrange interpolation polynomials. 

2 Auxiliary Results 

Let us define the space 

CB + (I) = {f : I —t M + ; / is continuous and bounded on I}. 

Remark. Firstly, it is clear that L n (f)(x) is a well-defined function for all 
i£l and it is continuous on R. Indeed, by Y^k=i ln,k(x) = 1; f° r an ^ G M, for 
any x there exists an index k G {!,..., n\ such that l n ,k(x) > (which implies 
that Vfc=i ln,k( x ) > 0), because contrariwise would follow that l n ^k{x) < for 
all k and therefore we would obtain the contradiction Y^ik=i ln,k(%) < 0. 

Also, by the property l n .k( x n,j) = I if k = j and l n ,k{ x n,j) — if k ^ j, 
we immediately obtain that L n (f)(x n j) — f(x n j), for all j G {l,...,n}. In 
addition, L n {eo){x) = 1, where eo(x) = 1, for all x G K. 

In what follows we will see that for / G CB + [a, b], the L„ (/) operator 
fulfils similar properties with those of the Bn (/) operator in [1], [2]. 

Lemma 2.1. Let I C K be a bounded or unbounded interval. 

(i) Then L { n M) : CB + (I) -► CB+(I), for allneN : 

(n) Iff,9 e CB+{I) satisfy f < g then L ( n M) (f) < L { n M \g) for all n G N ; 

(m) Li M) (/ + g) < L { n M) (/) + L ( n M) (g) for all f, g G CB + (I) ; 

(iv) For all f,g€ CB + (I), n G N and x G / we have 

\Ll M Hf)(x) L^\g){x)\ < Li M \\f - g\)(x); 

(v) Ln is positive homogenous, that is L n (A/) = \L n (/) for all A > 
and f e CB+(I). 

Proof, (i) The continuity of L n '(f)(x) on / follows from the previous 
Remark. Also, by the formula of definition for L n '(f)(x), if/ is bounded by the 
constant C > on /, then it easily follows that L„ is bounded on / by the same 
constant. It remains to prove the positivity of L n (/)■ So let / : I — > R + and 
fix x G /. Reasoning exactly as in the above Remark, there exists k G {!,..., n} 
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such that l n ,k{x) > 0. Therefore, denoting I^{x) ={J;e {1, ...,n}; l n ,k{x) > 0}, 
clearly I„(x) is nonempty and for / € CB + (I) we get that 

(ii) Let f,g £ CB + (I) be with f < g and fixiel. Since /^"(a:) is indepen- 
dent of / and g, by (1) we immediately obtain L n (f){x) < L n \g)(x). 

(iii) By (1) and by the sublinearity of \J , it is immediate. 

(iv) Let f,g G CB+(I). We have / = / - g + g < \f - g\ + g, which by 
(i) — (Hi) successively implies L„ '(f)(x) < L n (\f — g\)(x) + Ln '(g)(x), that 
is L { n M) (f)(x) - L { n M) (g)(x) < L ( n M) (\f - g\)(x). 

Writing now g = g — f + / < \f — g\ + f and applying the above reasonings, 
it follows Ln (g)(x) — L n (f)(x) < L n (\f — g\)(x), which combined with 

the above inequality gives \L n (/)(#) - L„ '(g)(x)\ < L n (\f - g\)(x). 

(v) By (1) it is immediate. D 

Remark. By (1) it is easy to see that instead of (ii), L n satisfies the 

stronger condition 

L n (fVg)(x) = L n (f)(x)VL n (g)(x), f,g€CB+(I). 
Corollary 2.2. For all f G CB + (I), n £ N and x £ I we have 



\f(x)-Li M \f)(x)\< 



l -Li M H^)(x) + l 



wi(/;<J)j, 



where S > 0, (f x (t) = \t — x\ for all t £ /, x £ I and uj\(f; $)i = max{|/(x) — 
f{y)\;x,y€l,\x-y\ <6}. 

Proof. Indeed, denoting eo(x) = 1, from the identity 

Li M) (f){x) f{x) = [Li M Hf)(x) - f(x) ■ Li M He )(x)} + f [x)[L^\e ){x) 1], 
by Lemma 2.1 it easily follows 

\f(x)-Li M \f)(x)\< 
\Li M Hf(x))(x) - Li M Hf(t))(x)\ + \f(x)\ ■ \Li M He )(x) - 1| < 
4 M) (I/W - f(x)\)(x) + \f(x)\ ■ |4 M) (eo)(x) - 1|. 
Now, since for all t, x G I we have 



l/(*) - /(^)l < «i(/; I* - »I)j < 



- 5 \t-x\ + l 



wi (/;«)/, 



replacing above and taking into account that L n (eo) = 1, for all x G /, we 
immediately obtain the estimate in the statement. □ 
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Remarks. 1) Therefore, to get an approximation property for L n , it is 
enough to obtain a good estimate for 



E n (x) := I#° (¥>*)(*) = 



\Jln,k{x)\Xn,k-A 

fc=l Vfee/+(x) l, n,k{ x )\ x n,k x \ 



V l n ,k{x) 



Vfee/+(x) ln,k(X) 



k=\ 



2) The results in Lemma 2.1 and Corollary 2.2 remain valid if we replace the 
space CB + (I) by the space C + (I) = {/:/—► M + ; / is continuous on I}. 



3 Main Results 

In this section we will study the properties of F„ '(f)(x), n > 2, in the case 



of Lagrange interpolation based on the knots x n .k = cos I ^jTT), k = 1, ...,n. 

It is known that x n ^ are the roots of u> n (x) = sin(n — l)tsint, x = cost 
(which represents in fact the Chebyshev polynomial of second kind of degree 
n — 2 multiplied by 1 — x 2 ) and that in this case for the fundamental Lagrange 
polynomials we can write (see [9], p. 377) 



*"n,k \X ) 



(-i) fc -V(z) 



,n>2, fc=l, 



(l + 4,i + Sk, n ){n- l){x-x ny ky'" 



(2) 



where w n (x) — II^ =1 (a: — x n ^) and 6{j denotes the Kronecker's symbol, that is 
5i t j = 1 if i = j and dij = if i ^ j. 

For our purpose it will be useful to exactly calculate \j ' k=1 l n ,k(x) for x G 
[—1,1]. In this sense, we need the following. 

Lemma 3.1. Let n E N, n > 2. 

(i) Let j G {1, ...,n— 1} &e fixed. For all k € {1, ...,n} and a; G (x n _j, x nt j+i) 
we have : sign[l n j~(x)] = (— l)™+ fe_ ^ 1 if k < j, and sign[l ni k(x)] = (— l) rl + fe ~J 
i/fc > j. 

(««,) -For oH j G {l,...,n— 1} and x G (XnjjJnj+i) we /lave sign[Z nj (a;)] = 
siyn[Z nj -+i(x)] = (-l) n_1 . 

(ni) For all i £ K ii follows : 

Ifk = l then l nM {x) - l n ,k+i(x) = ^^ • agl^")^;^) / 

// 1< fc < n - 2 tften ;„ fc (x) - Z„ fc+1 (a;) = -^H- 1 )*" 1 . 2»-(^.y+^,*+i) 

3cc— (a; nin _i+2x n)n ) 



7/fc = n-l tten/ n , fe (x)-/ n , fc+ i(x)= ^M-^ . ^____^___ ? . 
(zi>,) Suppose that n G N, n > 3 is an odd number. We have : 



ifx G 



Xjl,\ 1 



2x nj \-\-x ni 



then l n> \(x) > l n ,2{x) > and if x G 



£/ien < l n .\{x) < l n ,2{x) ; 
for any l<k<n — 2, ifxG 

and if x € 



2Xn,l+Xn,2 



x n.2 



X n . k 



X n ,k+X n ,k + 1 



then l n .k(x) > l n ,k+i{x) > 



x n , k +x n , k+1 

2 •> • Xj n.k-\'\ 



then < l n .k( x ) < ln t k+l(^) 
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for k 
ifxE 



n—1, if x £ 

a-l+2lE r 



X-n.n — 1 5 



l+2x„,„ 



then l n ,n-l{%) > ln,n{%) > and 



" ? X r< 



then < /„,„_i (x) < i„,„(a;). 



Proof. (i)Byw n (i) = [(x-x„,i)...(x-x„,j)]-[(x-x ni j + i)...(x- 



weget 



that sign[w(x)] = (— l)" - - 7 , for all x € (x nj , x nj -+i). Suppose first that k < j. 
Since sign[(x — x k )] = +1, by (2) wc easily obtain that sign[l n ^{x)] = (—l) k ^ 1 ■ 
(— l)™ - - 7 = (— l) n+fc-J ' -1 . Suppose now that k > j. Since sign[(x — Xk)\ = — 1, 
by (2) we easily obtain that sign[l nik {x)] = (-i)""j(-i)"" J = (_i)™+fc-J. 

(ii) Choosing k = j and fc = j + 1 in (i) we immediately get the desired 
conclusion. 

(iii) By using (2) we immediately obtain 



l n ,k{x) - l n ,k+i{x) = 



u) n (x)(-l) 
n—1 



fe-i 



"[1 + 4 + 1,1 + 4 + 1, n + 1 + 4,1 + 4,n] 



(1 + 4,1 + 4,n)(l + 4+1,1 + 4+1, n)(x - X„,fc)(x - X n ,k+l) 

XnJsQ- + 4,1 + 4,n) + XnJt+lQ- + 4+1,1 + 4+1, n) 
(1 + 4,1 + 4,n)(l + 4+1,1 + Sk+l,n){x - X n ,k){x - X n ,k+l) 

Now, since 1 + 4+i,i + 4+i,n + 1 + 4.1 + 4.« = 3 if fc = 1, k = n — 1 and 
1 + 4+i,i + 4+1, n + 1 + 4,i + 4,n = 2 if 1 < fc < n — 2, by simple calculation 
we get the desired conclusions. 

(iv) Since n is odd number, by (ii) we get l n ,k{x) > and l n ,k+i{x) > 
on [x nt k,Xn,k+i], for a h k G {l,...,n— 1}. Let fe = 1. Because sign[ui n {x)] = 
(— 1)" _1 = +1 and sign[x — x n _2\ = ~1 for all x G (x„.i, x n ,2)j by (iii) it follows 
that the sign of l n ,i{x) — l n ,2{x) on [x nt i,x n ^\ is opposite to the sign of the 
expression 3x — (2x nj i + x n> 2)/3, which implies the desired conclusion. 

Now let 1 < k < n — 2. Since sign[u) n (x)] = (— l) n ~ fe for x G (x n ^,x n .k+i), 
by (iii) we easily get that the sign of l n ,k(x) - l n ,k+i{x) on [x n ^,x n ^+i] is 
opposite to the sign of the expression x — (x n .k + Xn.fc+i)/2, which implies the 
desired conclusion. 

Finally, let k = n — 1. Since szgn[w„(x)] = (— 1)™ _ (™ _1 ) = —1 for x G 
(x n ,n-i,x n ,n), by (iii) we easily get that the sign of /„,„-i(x) - /„, n (x) on 
[x n ,n-i,Xn.n] is opposite to the sign of the expression x — (x n ,n-i + 2x„.„)/3, 
which implies the desired conclusion. D 

Lemma 3.2. Let n G N, n > 3 be odd number. 

(i) If x G [x n ,i,(2x ni i + x„ j2 )/3] tfien \J^ =1 l n ,k( x ) = 'n,i( x ) anrf »/ x € 
[(2x„,i + x„ )2 )/3,X„ i2 ] ^en \fl =1 l n ,k( x ) = ^,2(2) ," 

fwj For 1 < j < n - 2, i/x G [x nj , (x n j + x„,j + i)/2] i/ien Vfc=i ^0*0 = 
l n ,j{x) and if x G [(x n j + x n j + i)/2,x n j + i] then V*=i WW = Z nj - + i(x) ; 



(mj J/x G [x„,„_i, (x n ,„_i + 2x„,„)/3] tfien \/£ = i W( x ) = /„,-, 
x t: [\x nn —i~\-zx n:n )/o 1 x nn \ then Vfc— 1 ^^v^/ — m,n^xj. 



l(x) and z/ 



Proof. Let j G {1,. 



1} be fixed and suppose that x G [x n j, x„ J+ i]. 



Taking into account Lemma 3.1, (iv) and denoting A r , 



{fcG {l,...,n}}\ 
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{j, j + 1}, it suffices to prove that 

l n ,k( x ) - max {^j(a;)^n,i+i(a;)}, for all k € A n j. (3) 

By Lemma 3.1, (ii) we get l n j(x), l n .j+i( x ) > for all x € [x nj -,x nj - + i]. It 
follows that (3) is immediate for those k € A n j which satisfies l n ,k(x) < for 
all x € [x ni j,x n j+i\. But according to Lemma 3.1, (i), we distinguish two cases 
: 1) k < j '; 2) k > j. 

Case 1). Since sign[l nt k(x)] = (— l)* - - 7 on (x n j,x n j+i), it follows that we 
can eliminate those k < j 'in A n j for which k — j is odd number. 

Case 2). Since sign[l n ^ k (x)] = (—l} k -J+ 1 on (x nj -,x„ J+1 ), it follows that 
we can eliminate those fc > j in A n j for which fc — j — 1 is odd number. 

Therefore, in what follows let us suppose that k £ A n j excepting those k in 
the above Cases 1) and 2). 

Firstly, taking into account the above Case 1), let us suppose that k G A n j, 
k < j and j — k is an even number. By using (2) we can write 

^n,j\X) <<n,k\X) — ~ 

n — 1 

(_ip-i (-l)^ 1 



(1 + 8j,i + S j>n )(x - X„j) (1 + 4,1 + Sk,n)(x - X n> k) 

u n {x){-iy- 1 r i i 



n-\ \(l + 6j t l + Sj !n )(x-X n ,j) (1 + 4,1 + 6k,n)(x - Xn,k) . 

Note that here we have that j =/= 1 and j =/= n. Indeed, first j < n — 1 < n, 
then if j = 1 then k = 1 <G -A n ,i, which is impossible. It immediately follows 
5j t i = 5j : n = 4.1 = 0. Suppose first that k ^ 1. It follows 4,i = and therefore 
we obtain 

'"n : j\X) <<n,k\X) 



72 1 ^ X %Tl,j X X n ^ k 



(n - l)(x - x n ,k){x - X n j) 



\Xn,j X nk J. 



Since for x <E (i n j, x„j + i) we have sign[uj n (x)] = (— 1)™ _J , we immediately 
obtain that on (x n ,j,Xn,j+i), we get sign[/, nj (x) — l n ,k{x)] = (— l)™ -1 = +1, 
which is the desired conclusion. 

Now if k = 1 then 4,i = 1 and we obtain 

<"n,j\X) in,l\X) = - S ^ r 

Because x — x„.i > x — x nj - > for x <E (x n j, x n ,j+i), it follows 2 i x -x — ) < 
(a ._^ l} < ( x -l nJ ) and we § et a g ain that sign[l n j{x)-l nyk {x)] = (-1)™ -1 = +1 
on \x n ^j , x n ^j-\-i j. 
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Taking into account the above Case 2), let us suppose that k € A n j, k > j 
and k — j — 1 is an even number. By using (2) we can write 

7 ( \ 1 ( \ Un{x){-iy 
in,i+l^J - ln,k( X ) = ~-\ 

1 1 



(1 + 6j+i,i + 5j + i >n ){x - x nJ+1 ) (1 + 5 k ,i + S k , n ){x - x„ jfe ) 

Note here that we cannot have j = n — 1, because contrariwise, by k > j we 
get k — n = j + 1, contradicting that k G A n j. Therefore, we can suppose that 
1 < j < n — 2. We get <Jj+i,i = 6j+i, n = Sk.i = 0. We have two subcases : a) 
j < k < n ; b) j < k = n. 

Subcase a). It follows 5 k n = and we can write 

'n,j+i(a;; - hi.k( x ) = 



71 1 ^ X Xji^j-\-l X X n ^fc 

to n (x)(-iy 



" \%n,j-\-l %n,k) • 



(n - l)(x - x„j + i)(x - x„ t k) 

Since k G A n j we also have k 7^ j + 1 and by the above equality we easily get 
that on (x nt j,x nt j+i) we have sign[l n ,j+i(x) -l n ,k( x )} = (— 1)" — J ( — 1) J (— I) 3 = 
(-1)"+ 3 = +1. 

Subcase b). It follows Sk, n = 1 and since k =/= j + 1 we obtain j + 1 < n and 
therefore Sj+i. n = <5j+i,i = and by using (2) it follows 



7 (^ _ 7 f-^ - ^»Q)(-1) J 

w n (x)(-lp' 



1 1 



X X n j+\ L\X X n ^ n J 

., -i , , ,, \ [\ X ~ x n,n) + \X n ,j + l ~~ x nn )\. 

2{n -1)(X- X n j+l){X - X n ,n) 

Since x G (x n j, x n j+i) and k = n > j + 1, we immediately get that 

aiffn[* n j+i(aO - k,fc(aO] = (-l)"- j (-l) J '(-l) 3 = (-1)"+ 3 = +1. 

This proves the lemma. □ 

Remarks. 1) Let n G N, n > 4 be an even number and let j G {2, ..., n — 2}. 
For any x G [x n j,x n j+i] we have l n ,j{ x ) < 0, / nj +i(x) < and ? nj j_i(x) > 0, 
ln,j+2(x) > 0. Also, for all x G [x n .i,x n- 2\ we have £ n ,i(x) < 0, l n ,2{x) < 0, 
'n,3(z) > 0, and for all x G [x„,„_i, x nj „] we have l n ,n-i{x) < 0, l n ,n{x) < 0, 
in,n-2(ar) > 0. 

Indeed, firstly let j G {1, ..., n — 1}. Taking k — j and k = j + 1 in Lemma 
3.1, (i), we get that l n ,j{ x ) < 0, l n j + \(x) < 0, for all x G [x„j,x„j + i]. Also, for 
j = 1 and k = 3, from the same Lemma 3.1, (i) we obtain that Z n ,3(x) > for 
all x G [x n ,i, x n _2\- Finally, for j = n — 1 and fc = n — 2, from the same Lemma 
3.1, (i), we get that l n ,n-2{x) > for all x G [x n] „_i,x„, n ]. 
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Therefore, it follows that in the case when n is even number, Lemma 3.2 
dose not apply. Because of this reason, the cases when n is an odd number and 
n is an even number will be treated separately. 

2) Since L n {f){x n ,j) — f( x n,j) = for all n e N and j = l,...,n, we 
note that in the next notations, proofs and statements of the all approximation 
results, in fact we always may suppose that x € [—1,1] and x ^ x n j, for all j = 
l,...,n. 

Theorem 3.3. If f : [— 1, 1] — ► R + is continuous and n £N, n > 3 is an 
odd number then we have the estimate 

\Li M \f)(x) - f(x)\ < 4wi (f; ^-j) Jor all x e [-1, 1], 

where 

wi(/; 5) = sup{|/(a;) - f(y)\;x,y € [-1, 1], \x - y\ < 6}. 

Proof. First, let us observe that for all x E (— 1, 1) we have 

V n - ky n n - k ' n -i V 1 + 4+4 

Since n > 3, it is easy to check that for each x € (—1,1) there exists k € 
{2, 3, ..., n — 1} such that k € i^"(x). This relation implies 



\ / / i m i l w «(a;)| 

V «n.fe(a;)F™.fe -a; = — 

v n — 1 



for all x G (—1, 1). In order to prove the conclusion of the theorem we distinguish 
the following cases: 1) x € (x nl ^x n ^)\ 2) x <E (x n .j,x„..,- + i) with j G {2, 3, ..., n— 
2} and 3) x G (2;„,„_i,x„,„). 

Case 1) If x G (x nj i, (2x„ i i + x„^)/3], then from Lemma 3.2, (i), we get 

\/ ln,k{x) = /„,l(x) 

fce/+(x) 

and it follows that 

P /x kn(a;)| , . , /2a; ni i + x„,2 

(n-l)l n ,i(x) V 3 

2 , n 2 / /«- 2 s ,, 
= o ' \ X n,2 - X n ,l) = o • ( C0S ( 7 71 ") + 1) 

3 3 n — 1 



W(^tt) W(^) 



2 



< 



3 3 3(n-l) 2 ' 

If x G ((2x„ i + x n2 )/3, x n ^), then from Lemma 3.2, (i), we get 

V l n ,k{x) = i n ,2(a;) 

keit{x) 
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and it follows that 

|u> n (x)| 2x„.i + X„ j2 

E„{x) = — — —- = x rh2 - x < X n ,2 — 

(n- l)<„ i2 (x) 3 

_ 2 _ 7T 2 

- 3 -(»n,2 ^,l)< 3(n _ 1)2 - 

Case 2) If x G (x nj -, (x nj - + x nj +i)/2], then from Lemma 3.2, (ii), we get 

V l n ,k( x ) = l n,j( x ) 
kei+(x) 



and it follows that 



\Un{x)\ _ _ XnJ + XnJ+l _ 

(n-l)l n , j (x)~ X Xn ' jS 2 



2 • (a>n,j+i - x„ ;J ) = - • [cos( ^— - tt) - cos(^— ^-7r)J 

7T . . ,(2n-2j-l) , 7T 

: sin( — -) sin(^ — J ' tt) < 



v 2(n- 1)' v 2(n-l) ' ~ 2(n- 1) 
If x G {{%n,j + x nj j+i)/2, x nj - + i), then from Lemma 3.2, (ii), we get 

\f ln,k{x) = l n> j+i(x) 

keii(x) 



and it follows that 



|W„(X)| _ X„,j + X„,j+1 



(n- l)Z n , j+ i(x) 

1 . . 7T 

\Xnj+l X n j) ^ 



2 v~«,^ -»,.,, - 2 ( n _i)- 

Case 3) If x G (x nj „_i, (x n>n _i + 2x n .„)/3], then from Lemma 3.2, (iii), we 
get 

\f ln,k( x ) = ln,n-l(x) 

kei£(x) 
and it follows that 

tt, / \ |^nl.XJ| X nn _i -|- ZX n ^ n 

f-JnyX ) 7 77^ 7 r X X nn — \ \ - X n n — l 

(n- l)i n ,„_i(x) 3 

= 3 • (*»,» - *n,»-i) = 3 • (1 " cos^)) = 3 • sin i^^) 

. TT 2 

- 3(n-l) 2 ' 



10 
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If x G ((x ntn -i + 2x nyn )/3, x n , n ), then from Lemma 3.2, (iii), we get 

\l vn,k\X) — ^n^nyX) 

keit{x) 
and it follows that 

E (x) - Mx)l -2(x -x)<2(x - Xn ' n -' + 2Xr ' 

n( > (n- l)l n , n {x) ~ ( n ' n ' S \ n ' n 3 

_2 ^ ^ 

o ' \'^"n,n $n,n—l) _ 



3 v ' ~™,™-v- 3(„_i)2- 

2 

Since for n > 3 we have „, x ,, 2 < f • „, - .,, and „, J n < f • „, - .,, , it 

— 3(7i—l)' J — 3 2(n— 1) 2(n— 1) — 3 2(n — 1) ' 

immediately follows that E n (x) < 6 /■„_!■, for all a; € (—1,1) and n > 3. 
Now, taking S n — & i^ l _ 1 - ] in Corollary 2.2, since [^-] = 1, from the property 
oj\{f 1 X5) < ([A] + 1) wi(/, (5), we immediately obtain the desired conclusion. □ 
Remark In what follows we prove that the order of uniform approximation 
in Theorem 3.3 cannot be improved. Indeed, for each odd number n G N, n > 3 
let us denote no = ^^ an d let us denote y n = "'"" 2 "'"o +1 . By Lemma 3.2, 
(ii), it follows that 

\f ^ri-kyVn) — <"n,riQ\yn ) — m,no+l yUn) 

kel+(y n ) 

and we get 

rp ( \ \^n{yn)\ _ X n ^ no ~r X nnQ + i 

(n- l){„,„ (2/ n ) 2 

= = - • [C0S( — 7T) - COBf-^j-*)] 

. 7T 2n — 2no — 1 . . 7r . wk 

= sm(— -)sm( — 7r) = sin(— -)sm( ; 



v 2(n-l) y v 2(n-l) ' y 2{n-l)' y 2{n-l)' 

By the well known inequality sinx > -x for all x G [0,7r/2] we get E n (y n ) > 
n^i Sm ( 2(n-i') )- Since lim sin( 2( ."^ 1 ^ ) = 1, it follows that for n sufficiently 

large we have E n (y n ) > — j and we obtain the desired conclusion. 

In what follows, for the case when n is an even number, we present a similar 
result. 

Theorem 3.4. If f : [—1,1] — ► K + is continuous and n GN, n > 4 is an 
even number, then we have the estimate 



\L { n M \f){x) f(x)\ < 28 Wl (/; ^-^j Jo 



all x G [— 1, 1]. 



11 
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Proof. First, let us observe that in the same manner as in the proof of 
Theorem 3.3 we obtain 

V l n,k \X)\X n ,k -X = — 

v n — 1 

for all x € (— 1, 1). Then, let us observe that from the definition of E n it follows 
that if x € (— 1, 1) and k E I^(x), then 

E (x) K VkeI+(x) l nAx)\Xn,k-x\ = \<V n (x)\ 

ln.k(x) (n-l)ln,k( X )' 

We distinguish the following four cases: l)i£ (s n .i,s n .2); 2) a: G (cc n) 2, £71,3); 
3) x e (x ni j,x n j + i) with j e {3,4, ...,n- 2} and 4) xe (x„ t n-i,x nt „). 

Case 1). From the Remark after the proof of Lemma 3.2 it follows that for 
k = 3 we have k € In( x ) which implies 

|o; n (x)| _ _ 

(n- ljlnM x l 

U — 3 . . o/ TT \ 27T 2 

= cos( -ir) — cos7r = 2 sin ( -) < 



2 ' 



v n — 1 7i—l (n — 1) 

Case 2). From the Remark after the proof of Lemma 3.2 it follows that for 
k = 1 we have k € I„( x ) which implies 

E n (x) < - ' "\ n - = 2{x - a;„,i) < 2(x„, 3 - x nA ) < 



(n-l)l nA (x) " v ~ — -— — "(n-1) 2 ' 

Case 3). From the Remark after the proof of Lemma 3.2 it follows that for 
k = j — 1 we have k £ In( x ) which implies 

|w„(x)| 

(n- l)l n> j-i(x) 

,n-j-l . n-j + 1 it . ,n-j 2ir 

= cos( — n) — cos( — it) = 2sm( -) sm( -w) < 



n — 1 n— 1 n — 1 71—1 71—1 

Case 4). From the Remark after the proof of Lemma 3.2 it follows that for 
fc = n — 2 we have fc G /+ (x) which implies 

771 / |w„(a:)| 

^n\X) j^ 7 tt— t r X X n n — 2 f^ X nn X n n _2 

(n- l){„,„_2(ar) 

= cos - cos ^-^tt = 2 sin 2 < -^ • 

7i—l n — 1 (n — lj z 

Since for n > 4 we have r4rjT2 < ^f ' "^rr an d since [47r 2 /3] = 13 we easily get 
the estimate in the statement of the theorem. □ 
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Remark. Note that in the same manner as in the remark after the proof 
of Theorem 3.3 we get that the order of uniform approximation in Theorem 3.4 
cannot be improved. 

Corollary 3.5. Let f : [—1,1] — ► K+ be continuous. Then we have the 
estimate 

l4 M) (/)W - f(x)\ < 28 Wl (f, -^\ ,ueN,n>3,xe [-1, 1]. 

Proof. The proof is immediate by Theorems 3.3 and 3.4. □ 

Remark. Starting from a standard technique in interpolation (see [10]), in 

the proof of Theorem 4, p. 410 in [8], for the Lagrange polynomials L n (f)(x), 

based on the Chebyshev nodes of second kind plus the endpoints ±1, it is proved 

the uniform estimate 

\\L n (f) - f\\ < C^ (f;^\ ln(n),n eN, 

where || • || denotes the uniform norm on C[— 1, 1] and ln(n) denotes the natural 
logarithm of n. 

If / is a Lipschitz function and positive on [—1,1], it follows that the approx- 
imation order given by L n (f) is O ( "^ ) , while from Corollary 3.5 it follows 

that the approximation order given by L n (/) is O (-), which is an essential 
improvement. 
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FORWARD CONTINUITY 

HUSEYIN gAKALLI 



Abstract. A real function / is continuous if and only if (f(x n )) is a conver- 
gent sequence whenever (x n ) is convergent and a subset E of R is compact if 
any sequence x = (x n ) of points in E has a convergent subsequence whose limit 
is in E where R, is the set of real numbers. These well known results suggest 
us to introduce a concept of forward continuity in the sense that a function 
/ is forward continuous if linin^oo A/(rr n ) = whenever limn^oo Ax n = 
and a concept of forward compactness in the sense that a subset £ of R 
is forward compact if any sequence x = (x n ) of points in E has a subse- 
quence z = (zfc) = (x nk ) of the sequence x such that linife^oo Az^ = where 
Azj, = Zfc+i — Zfe. We investigate forward continuity and forward compactness, 
and prove related theorems. 



1. Introduction 

A subset E of R is compact if any open covering of E has a finite subcovering 
where R is the set of real numbers. This is equivalent to the statement that 
any sequence x = (x n ) of points in E has a convergent subsequence whose limit 
is in E. A real function / is continuous if and only if (/(i n )) is a convergent 
sequence whenever (x„) is convergent. Regardless of limit, this is equivalent to the 
statement that {f(x n )) is a Cauchy sequence whenever (x n ) is. Using the idea of 
continuity of a real function and the idea of compactness in terms of sequences, 
we introduce a concept of forward continuity in the sense that a function / is 
forward continuous if it transforms forward convergent to sequences to forward 
convergent to sequences, i.e. (/(i n )) is forward convergent to whenever (x n ) is 
forward convergent to 0, and a concept of forward compactness in the sense that a 
subset E of R is forward compact if any sequence x = (x n ) of points in E has a 
subsequence z = (z^ = (x nk ) of the sequence x such that linifc^oo Azk = where 
Azfe = Zk+i — Zk- Before we begin, some definitions and notation will be given in 
the following. Throughout this paper, N will denote the set of all positive integers. 
We will use boldface letters x, y, z, ... for sequences x = (x n ), y = (y n ), z = (z„), 
... of terms in R. c and A will denote the set of all convergent sequences and the set 
of all forward convergent to sequences of points in R where a sequence x = (x n ) 
is called forward convergent to if linin^oo Ax n = 0. 

Following the idea given in a 1946 American Mathematical Monthly problem [4], 
a number of authors Posner [12], Iwinski [10], Srinivasan [16], Antoni [1], Antoni and 
Salat [2], Spigcl and Krupnik [15] have studied yl-continuity defined by a regular 
summability matrix A. Some authors, Oztiirk [11], Sava§ and Das [13], Borsik 
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2 HUSEYIN QAKALLI 

and Salat [3]) have studied A-continuity for methods of almost convergence or for 
related methods. 

Fast [8] introduced the definition of statistical convergence. Recall that for a 
subset M of N the asymptotic density of M, denoted by S(M), is given by 

6{M) = lim -\{k < n : k E M}\, 

n — >oo TL 

if this limit exists, where \{k < n : k e M}\ denotes the cardinality of the set 
{k < n : k E M}. A sequence (x n ) is statistically convergent to £ if 

5({n: \x n - e\ > e}) = 0, 

for every e > 0. In this case i is called the statistical limit of x. Schocnbcrg 
[14] studied some basic properties of statistical convergence and also studied the 
statistical convergence as a summability method. Fridy [9] gave characterizations of 
statistical convergence. Connor and Grosse-Erdman [5] gave sequential definitions 
of continuity for real functions calling G-continuity instead of A-continuity and 
their results covers the earlier works related to A-continuity where a method of 
sequential convergence, or briefly a method, is a linear function G defined on a 
linear subspace of s, denoted by cq, into R. A sequence x = (x n ) is said to be 
G-convergent to £ if x G cq and G(x) = I. In particular, lim denotes the limit 
function lim x = lim„ x n on the linear space c and st — lim denotes the statistical 
limit function st — limx = st — lim„ x n on the linear space s£(R). A function / is 
called G-continuous at a point u provided that whenever a sequence x = (x n ) of 
terms in the domain of / is G-convergent to u, then the sequence /(x) = (/(x„)) 
is G-convergent to f(u). A method G is called regular if every convergent sequence 
x = (x n ) is G-convergent with G(x) = limx. A method is called subsequential if 
whenever x is G-convergent with G(x) = £, then there is a subsequence (x nk ) of x 
with linife x 7lk — £. Recently, Cakalli gave new sequential definitions of compactness 
and slowly oscillating compactness in [6] and [7]. 

The purpose of this note is to introduce a concept of forward continuity of a 
function and a concept of forward compactness of a subset of R and prove that 
any forward continuous function on a forward compact subset E of R is uniformly 
continuous. 

2. FORWARD CONTINUITY 

We say that a sequence x — (x n ) is forward convergent to a number £ if 
linife^oo A.Tfe — £ where Axk — Xk+i — Xk- Now we give the definition of forward 
compactness of a subset of R. 

Definition 1. A subset E of R is called forward compact if whenever x = (x n ) 
is a sequence of points in E there is a forward convergent to subsequence z = 

(z fe ) = (X nk ) Of X. 

Firstly, we note that any finite subset of R is forward compact, union of two 
forward compact subsets of R is forward compact and intersection of any forward 
compact subsets of R is forward compact. Furthermore any subset of a forward 
compact set is forward compact and any bounded subset of R is forward compact. 
Any compact subset of R is also forward compact, and the set N is not forward 
compact. We note that any slowly oscillating compact subset of R is forward 
compact (see [7] for the definition of slowly oscillating compactness) . 
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We note that this definition of forward compactness can not be obtained by 
any G-sequcntial compactness, i.e. by any summability matrix A, even by the 
summability matrix A = (a n k) defined by a n k — — 1 if k — n and akn = 1 if 
k = n + 1 and 

DC 

G(x) = lira Ax = lim N a>kn x n — hrn Ax^ (1) 

k — *oo ^ — 4 k — >oo 

n=l 

(see [6] for the definition of G-sequcntial compactness) . Despite that G-scqucntial 
compact subsets of R should include the singleton set {0}, forward compact subsets 
of R do not have to include the singleton {0}. 

A real function / is continuous if and only if, for each point xq in the domain, 
lim„^oo f(x n ) — f(xo) whenever linin^oo x n = xq. This is equivalent to the state- 
ment that (f(x n )) is a convergent sequence whenever (x n ) is. This is also equivalent 
to the statement that (f(x n )) is a Cauchy sequence whenever (x n ) is Cauchy. These 
well known results for continuity for real functions in terms of sequences might sug- 
gest us to give a new type continuity, namely, forward continuity: 

Definition 2. A function / is called forward continuous on E if the sequence 
(f(x n )) is forward convergent to whenever x = (x n ) is a forward convergent to 
sequence of terms in E. 

We note that this definition of continuity can not be obtained by any A-continuity, 
i.e. by any summability matrix A, even by the summability matrix A = (a n k) de- 
fined by (1) however for this special summability matrix A if A-continuity of / at 
the point implies forward continuity of /, then /(0) = 0; and if forward continuity 
of / implies ^4-continuity of / at the point 0, then /(0) = 0. 

We also note that sum of two forward continuous functions is forward continuous 
and composite of two forward continuous functions is forward continuous but the 
product of two forward continuous functions need not be forward continuous as it 
can be seen by considering product of the forward continuous function f{x) = x 
with itself. 

We note that if / and g are forward continuous functions, then so are max{f, g} 
and min{f, g}. More generally, if (/„) is a sequence of forward continuous functions, 
then so are supf n and inff n . 

In connection with forward convergent to sequences and convergent sequences 
the problem arises to investigate the following types of continuity of functions on 
R. 

(5): (x n ) e A =► (/(»„)) e A 
(5c): (x n ) e A => (/(&„)) e c 

(c): (x n ) ec^ (f(x n )) £c 
(d): (x n ) £c=> (/(>„)) e A 

We see that (<5) is forward continuity of / and (c) states the ordinary continuity 
of /. It is easy to see that (8c) implies (6), and (6) does not imply (5c); and (5) 
implies (d), and (d) does not imply (5); (5c) implies (c) and (c) does not imply (5c); 
and (c) is eqivalent to (d). 

We see that (c) can be replaced by statistical continuity, i.e. st— linin^oo f(x n ) = 
f(£) whenever x = (x n ) is a statistically convergent sequence with st—\vai n —, co x n ) = 
i. More generally (c) can be replaced by G-sequential continuity of / for any regular 
subsequential method G (see Corollary to Theorem 5 on page 106 of [5]). 
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Now we give the implication (5) implies (c), i.e. any forward continuous function 
is continuous in the ordinary sense. 

Theorem 1 If / is forward continuous on a subset E of R, then it is continuous on 
E in the ordinary sense. 

Proof. Let (x n ) be any convergent sequence with limfc_,oo Xk = xq. Then 

(f(xi),f(x ),f(x 2 ),f(x ), ..., f(x n )J(x ), ...) 

is forward convergent to 0. It follows from this that the sequence (/(#«)) converges 
to f(xo). This completes the proof of the theorem. 

The converse is not always true for the function f(x) = x 2 is an example since 
the sequence (y/n) is forward convergent to while (f(y/n)) = (n) is not forward 
convergent to 0. □ 

Corollary 2 If / is forward continuous, then it is G-continuous for any regular 
subsequcntial method G. 

Now we state the following straightforward result related to statistical continuity. 
Corollary 3 If / is forward continuous, then it is statistically continuous. 
Theorem 4 Forward continuous image of any forward compact subset of R is forward 
compact. 

Proof. Write y n = f(x n ) where x n G E for each n € N. Forward compactness of 
E implies that there is a subsequence z = (zk) = (x Uk ) of x with linife^oo Azk = 0. 
Write (tk) — /(z) = (f(zk))- (ife) is a subsequence of the sequence /(x) with 
linifc^oo Atk = 0. This completes the proof of the theorem. □ 

Corollary 5 Forward continuous image of any compact subset of R is compact. 

The proof of this theorem follows from the preceding theorem. 
Theorem 6 If a, function / on a subset E of R is uniformly continuous, then it is 
forward continuous on E. 

Proof. To prove that (f(x„)) is forward convergent to whenever (x n ) is, take any 
e > . Uniform continuity of / implies that there exists a S > 0, depending on e, 
such that \f(x) — f(y)\ < e whenever \x — y\ < 5. For this 5 > 0, there exists an 
N = N(5) = Ni(e) such that \Ax n \ < 5 whenever n > N. Hence |A/(x„)| < e if 
n > N. It follows from this that (f(x n )) is forward convergent to 0. This completes 
the proof of the theorem. □ 

It is well known that any continuous function on a compact subset E of R is 
also uniformly continuous on E. It is also true for a regular subsequcntial method 
G that any forward continuous function on a G-sequentially compact subset E of 
R is also uniformly continuous on E (see [6]). Furthermore, for forward continuous 
functions, we have the following: 

Theorem 7 If a function is forward continuous on a forward compact subset E of 
R, then it is uniformly continuous on E. 

Proof. Suppose that / is not uniformly continuous on E so that there exist an 
eo > and sequences (x n ) and (y n ) of points in E such that 

\x n -y n \ < 1/n 
and 

I /On) ~ f{y n )\ > eo 
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for all ncN. Since E is forward compact, There is a subsequence of (x„ fc ) of (x n ) 
that is forward convergent to 0. Since E is forward compact, On the other hand 
there is a subsequence of (y nk . ) of (y nk ) that is forward convergent to 0. It is clear 
that the corresponding sequence (x nk ) is also forward convergent to 0, since {y nk ) 
is forward convergent to and 

\ X n kj ~~ X ™fc i + 1 I — \ X n kj ~ Vn k . \ + \Vn k . ~ Un kj + 1 \ + |2/n fcj . + 1 — x nfc J + 1 |- 

Now define a sequence z = (zj) by setting z\ = x nkl , z 2 = y nkl , z-$ = a;„ fc2 , z 4 = 
Vn k ,Z5 = x nk ,zq — y nk , and so on. Thus the sequence z = (zj) defined in this 
way is forward convergent to while /(z) = (f(zj)) is not forward convergent 
to 0. Hence this establishes a contradiction so this completes the proof of the 
theorem. □ 

It is a well known result that uniform limit of a sequence of continuous functions 
is continuous. This is also true in case forward continuity, i.e. uniform limit of a 
sequence of forward continuous functions is forward continuous. 
Theorem 8 If (/„) is a sequence of forward continuous functions defined on a sub- 
set E of R and (/„) is uniformly convergent to a function /, then / is forward 
continuous on E. 

Proof. Let e > 0. Then there exists a positive integer N such that |/„ (x) — f(x)\ < | 
for all x G E whenever n > N. There exists a positive integer N\, depending on 
e, and greater than N such that |/jv(cc n +i) — /iv(^n)| < | for n > JV^. Now for 
n > Ni we have 

|/On+i) - f(x n )\ < \f(x n+1 ) - /jv(a; n+ i)| + |/jv(a; n+ i) - /jv(a;„)| + |/jv(a;„) - /(a;„)| 

e e e 

< - -\ h-=e. 

" 3 3 3 

This completes the proof of the theorem. □ 

A definition of double continuity of a real function can be given in a natural way 
and equivalence of double continuity and ordinary continuity can be seen easily. A 
question arises if double forward continuity is equivalent to forward continuity or 
not when double forward continuity is defined in a natural way. We note that the 
study in this paper can be extended to first countable Hausdorff topological groups. 
We also note that fuzzy version of this work can be done as a further study. 
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Abstract 

In this paper, almost periodicity of the abstract semilinear evolution equation 
u'(t) = A(t)u(t) + f(t,u(t)) with Stepanov almost periodic coefficients is discussed. 
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1 Introduction 

Recall that almost periodic functions is a generalization of continuous periodic functions. 
However, sometimes, the requirement of continuity is a drawback for applications of al- 
most periodic functions. Thus, in 1920s, Stepanov [12] introduced a generalization of 
almost periodic functions — Stepanov almost periodic functions, which is not necessarily 
continuous. 

Since Stepanov almost periodic functions is not necessarily continuous, the study of 
Stepanov almost periodic problems may be more interesting in terms of applications, and 
be more difficult considering complexity of Stepanov almost periodic functions. Therefore, 
the study of Stepanov almost periodic problems is a meaningful and interesting work. 

On the other hand, recently, since the work of [10] by N'Guerekata and Pankov, 
Stepanov almost automorphic problems have widely been investigated and many inter- 
esting results are established (see, e.g., [3, 5-7] and references therein). Especially, in the 
above works, existence and uniqueness of almost automorphic solutions to the abstract 
semilinear evolution equations 

u'(t) = A(t)u(t) + f(t,u(t)) (1.1) 

with Stepanov almost automorphic coefficients are studied. 

However, there seems to be no corresponding results for Eq. (1.1) with Stepanov 
almost periodic coefficients. In this paper, we consider this probelm. We first establish 
a composition theorem of Stepanov almost periodic functions, and then, we investigate 
the existence and uniqueness of almost periodic solutions to the abstract linear evolution 
equations 

u'{t) = A{t)u{t) + f{t) (1.2) 

with Stepanov almost periodic coefficients. At last, combining the composition theorem 
and the existence and uniqueness theorem for Eq. (1.2), we discuss the existence of 
almost periodic solution to Eq. (1.1) with Stepanov almost periodic coefficients. As one 
will see, the composition theorem plays a key role in this paper, and is more complex than 
composition theorem of almost periodic functions. 
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Throughout this paper, we denote by R the set of real numbers, by mesE the Lebesgue 
measure for any subset BcK, and by X a Banach space. Moreover, we assume 1 < p < 
+00 if there is no special statement. First, let us recall some definitions and basic results 
of almost periodic functions and Stepanov almost periodic function (for more details, see 
[1, 8, 11]). 

Definition 1.1. A set E C R is called relatively dense if there exists a number I > such 
that 

(a,a + Z)n£/0, VaGK. 

Definition 1.2. A continuous function f : R — > X is called almost periodic if for each 
e > there exists a relatively dense set P(e, /)cl such that 

sup \\f(t + r)-f(t)\\<e, WeP(e,f). 
teR 

We denote the set of all such functions by AP{X). 

Definition 1.3. The Bochner transform f b (t,s), i£l, s £ [0,1], of a function f(t) on 
R, with values in X, is defined by 

f b (t,s):=f(t + s). 

Definition 1.4. The space BS P {X) of all Stepanov bounded functions, with the exponent 
p, consists of all measurable functions f onM with values in X such that 

Sp := sup 



(jf WHrWdr) P <+oo. 



It is obvious that L'f(R;X) C BS P (X) C L^ oc (R;X) and BS P (X) C BS q (X) whenever 
P > Q > 1- 

Definition 1.5. A function f G BS P (X) is called Stepanov almost periodic if f G 
AP(L p (0, 1; X)}, that is, Ve > 0, there exists a relatively dense set P(e, /) C R such 
that 

sup(/ \\f(t + S + T)-f(t + sWdsY <e, VTGP(eJ). 

We denote the set of all such functions by APS P (X). 
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Remark 1.6. It is clear that AP(X) C APS P {X) C APS q (X) for p > q > 1. 

Next, we introduce a notion about Stepanov almost periodic functions from Mxlto 
X. 

Definition 1.7. A function /:lxI-»I,(t,«)H f(t, u) with /(-, u) G BS P (M, X) for 
each u G X, is said to be Stepanov almost periodic in t G R uniformly for u G X, if for 
each e > and eac/i compact set K C X, there exists a relatively dense set P(e, f,K)cR 
such that 

sup( / ||/(t + s + r , u )-/(* + a , u )||P<fe)'< £ , 

teK v Jo ' 

for each r G P(e,f,K) and each u G K. We denote by APS P (R x X, X) the set of all 
such functions. 

Similar to Remark 1.6, it is easy to show that APS P (R x X, X) C APS q (R x X,X) 
for p > q > 1. 

Next, let us recall some notations about evolution family and exponential dichotomy 
For more details, we refer the reader to [4]. 

Definition 1.8. A set {U(t, s) : t > s, t,s G M} of bounded linear operator on X is called 
an evolution family if 

(a) U(s, s) = I, U(t, s) = U(t, r)U(r, s) for t > r > s and t,r,se R, 

(b) {(t, cr) G R 2 : r > a} B (i, s) i — ► U(t, s) is strongly continuous. 

Throughout the rest of this paper, we suppose that A(t) generates an evolution family 

U(t,s). 

Definition 1.9. An evolution family U(t,s) is called hyperbolic (or has exponential di- 
chotomy) if there are projections P{t), t G R, being uniformly bounded and strongly con- 
tinuous in t, and constants M , to > such that 

(a) U(t, s)P(s) = P(t)U(t, s) for all t > s, 

(b) the restriction UQ(t,s) : Q{s)X — ► Q(t)X is invertible for all t > s (and we set 
U Q (s,t) = U Q (t, S )- 1 ), 
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(c) \\U{t,s)P{s)\\ < Me-^-^ and \\U Q (s,t)Q(t)\\ < Me^f'- 8 ' for all t > s. 

Here and below Q := I — P. 

Exponential dichotomy is a classical concept in the study of long-term behaviour of 
evolution equations, see e.g. [2, 4]. If U(t,s) is hyperbolic, then 

f U(t,s)P(s), t>S,t,8€R, 
T(t,s) := < 

[ -U Q (t,s)Q(s), t<s, t,seWL, 

is called Green's function corresponding to U(t, s) and P(-), and 

{ M -u(t-s) t > 8 fse i 
, ' ~ ' ' (1.3) 

Me _o,( s -t) ) t <s, t,s£R. 

Next, we recall some definitions. 

Definition 1.10. A continuous function u : M. — > X is called a mild solution of Eq. (1.2) 

if 

u(t) = U(t,s)u(s)+ U(t,T)f(r)dT, t>s. 



Definition 1.11. A continuous function u : R — > X is called a mild solution of Eq. (1.1) 
if 

U (t) = U(t,s)u(s)+ U{t,T)f{T,u(T))dT, t>S. 



2 Main results 

First, we establish a composition theorem of Stepanov almost periodic functions. Through- 
out the rest of this paper, for convenience, we denote the norm of -L p (0, 1; X) by || • || p . 

Theorem 2.1. Assume that p > 2 and the following conditions hold: 

(a) f G APS p (Bk. x X, X), and there exists a function L G BS P (X) such that 

\\f(t,u)-f(t,v)\\<L(t)\\u-v\\, Vt£R,u,v£X; (2.1) 
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(b) x G APS P (X), and there exists a set £ct with mesE = such that 



K :={x(t) :t£R\E} 
is compact in X. 
Then f(-,x(-)) eAPSi{X). 

Proof. First, we claim that /(■,#(■)) G PIS? (X). In fact, by (2.1), we have 

t+i \ 2 /p 

\\f(r,x(T)W/ 2 drj 

f ft+l \ 2/P / ft+l \ 2/p 

< [J LP/ 2 (r)\\x(rW/ 2 drj + [J \\f(r,0)\\ p/2 drj 

/ ft+l \ Vi> / ft+l \ !/P / rt+l \ 1 /P 

< {J LP(r)drj (jf MrWdrj +[J \\f(r, 0)||"drj 

< ||L|| SP ||x|| SP + ||/(-,0)|| SP <+cx), VtGR. 

Noticing that K is a compact set, Ve > 0, there exist x±, . . . ,Xk G if such that 

k 

i=l 

Since / G ^1P5 P (M x X, X) and x G APS^-X"), by [8, page 6, Property 7], for the above 
e > 0, there exists a common relatively dense set P(e) C R such that 

||/(t + r + -,n)-/(t + -,n)|| p <^, (2.3) 

and 

||x(* + r+-)-x(t + -)llp<^jj— J (2-4) 

for all r G P(e), t G R and u G K. 
By (2.1), we obtain that 

\\f(t + S + T, X {t + S + T))- f(t + S, X(t + s))|| 

< Lit + s + r)||x(i + s + r) - x[t + s)|| + ||/(* + s + r, x{t + s)) - /(i + s,x(i + s))|| 
:= I+J. 



KclJBixi,—- . (2.2) 
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For /, by (2.4), we have 

||/||p/2 = (f L p l 2 {t + S + T)\\x{t + S + T)-X{t + S)\\ p l 2 ds 

< ( f L p (t + s + r)ds) ( f \\x(t + s + T)-x(t + s) \\ p ds 



1/p 



< \\L\\ S p ■ \\x(t + t + •) - x(t + -)\\p < e/2, 

for all r G P(s) and t G R. 

Next, let us consider J. Fix t£l. Define E t = {s G [0, 1] : t + s £ E}. It follows that 
mes([0, l]\E t j = and x(t + s) G K for all s G E t . Then, by (2.2), for each s G E t , there 
exists i(s) G {1, 2, . . . , k} such that 



ki( s ) -aj(* + «)ll < 



6IILI 



SP/2 



On the other hand, by (2.3), we have 



||/(* + r+-,x i )-/(t+- J a: i )||p< _. , 



£ 

6k'' 



(2.5) 



(2.6) 



\ J \\p/2 



for each r G Pie) and i = 1, 2 . . . , k. In view of (2.5), (2.6) and (2.1), we get 

/ pI \2/p 

U \\f(t + S + T, X (t + S)) - f(t + S, X (t + S))\\ p / 2 dsj 

(J \\f(t + s + r,x(t + s))-f(t + s,x(t + s)W/ 2 ds) 

(J llrt* + s + r ' x ( f + s )) - N + s + T ' s i(-)) ll p/2da ) 

+ (j \\f{t + S + T,X l{s) )-f{t + S,X i{s) )\\ p / 2 ds 



\ 2/p 



||/(t + S ,x i(s) )-/(t + S ,x(t + S ))|| p / 2 * 



2/p 

2/P 



< 



6IILI 



5P/2 



/ L p / 2 (t + S + r)d^ +— \ f / L p / 2 (t + S )d^ 



2/P 



J \jt\\f(t+S + T,Xi)-f(t + 8,Xi)\\\ 



p/2 



d,s 



2/P 
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2/P / r l \ 2/p 

< 



611^11^/2 



r 1 \ /p f / r 1 V 

/ L P/\ t + s + T ) ds ) +^ — / L p /\t + s)ds) 
Jo J v\\ L \\sp/ 2 \Jo J 



fc r- „1 

52 / ||/(t + s + r,Xi)-/(t + s,Xi 



\ p/2 ds 

'0 



2/p 



k 

for each r £ -P(e)- Combining the proof for / and J, we have 
/ r i \2/p 

U \\f(t + S + T,x(t + S + T))-f(t + S,x(t + s))\\P/ 2 ds) <||/|| p/2 + ||J|| p/2 



<£, 



for each r G P(e) and tel, which means that /(■, x(-)) G APS'a (X). □ 

Next, we discuss the existence and uniqueness of almost periodic solutions for linear 
evolution equation (1.2). For convenience, we list some assumptions: 

(HI) The evolution family U(t,s) generated by A(t) has an exponential dichotomy with 
constants M,u > 0, dichotomy projections P(t), t G M, and Green's function T. 

(H2) r(£ + -, s + -) is uniformly almost periodic for t, s G M. with \t — s\ > h > 0, i.e., Ve > 
and V/i > 0, there exists a common relatively dense set P{s) C M such that 

sup ||T(i + r + r, s + r + r) — T(t + r, s + r) || < e, 

for all r G P(e) and t, s G R with |t - s\ > h. 

Remark 2.2. For some general conditions which can ensure that (H2) holds, we refer 
the reader to [9, Theorem 4.5]. In addition, in the case of A(t) = A, Pit) = I, and A 
generating a semigroup T(t), T(t, s) = T(t — s) for t > s. Then, (H2) obviously holds. 

Theorem 2.3. Assume that f G APS P (X) with p > 1 and (HI), (H2) hold. Then the 
equation (1.2) has a unique almost periodic mild solution given by 

u{t) = / T(t,s)f(s)ds, teWL. 
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Proof. For each k G N and t G M, let 

*fc(t):= / T(t,s)f(s)ds= [ T(t,t-s)f(t-s)ds. 

Jt-k Jk-1 

We claim that $ fe € AP(X). In fact, it follows from / G APS 1 {X) and (H2) that Ve > 
and taking 

"^"'"{''(ssiEft)'}' H = 1 ' 

there exists a common relatively dense set P(e) C M such that 

sup/ ||/(t + a + r )-/(t + 5 )||d s <-|-, (2.7) 

t£R JO 6M 

for all r G P(e), and 

sup||r(t + r + r,s + r + r) - T(t + r, s + r)|| < J , (2.8) 



for all r G P(e) and t, s G R with |i - s| > /i . Then, we deduce by (1.3), (2.7) and (2i 
for all r G P(e) and t G R, 



||*i(t + r) -#i( 

< / ||r(t + r,t + r-s)/(t + r-s)-r(t,t-s)/(t-s)||da 

JO 

< / \\T(t + T,t + T-s)-T(t,t-s)\\-\\f(t- S )\\ds 
Jo 

+ / ||r(t + r,t + r-s)||-||/(t + r-s)-/(t-s)||ds 
Jo 

[•ho 

< / ||r(t + r,t + r-a)-r(t,t-5)||-||/(t-a)||ds 
Jo 

+ f \\T(t + T,t + T- S )-T(t,t-s)\\-\\f(t-s)\\ds + M f \\f(t + T- S )-f(t-s)\\ds 

Jh Jo 

ho £ j.\ j.\ 



< 2M I \\f(t- s )\\ds + —— \\f(t- s )\\ds + M \\f(t-l + s + T )-f(t-l + s)\\ds 
o ^WjWs 1 Jh Jo 

h \VP . r l 



i /q (J°\\f(t-8)\\>d^ + ^JyJ Q ll/(* -*)»* + 



< 2Mho u ' " ' ' ' " " " ' ; 



< 2Mhl /q \\f\\ SP + £ - + £ -<s. 
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For &k with k > 2, the proof is similar to that of $1 (but simpler). 
On the other hand, since 

nt-k+l 

||$fc(*)|| < / Me-^-^ ■ \\f(s)\\ds < Me-^-V ■ 

Jt-k 

oo 

we deduce that ^ ®k(t) 1S uniformly convergent on R. So 
fc=i 



.S" 1 - 



/' 

j — c 



r(t, a )/(s)cfa = ^* fc (t)eAP(x). 
fc=i 

Analogously, one can show that 



/+oo 
r(i,s)/( S )d S eAP(X). 



Then, it follows that 

u(t):= [r(t,s)f(s)ds€AP(X). 

At last, one can prove that u(t) is just the unique almost periodic mild solution to equation 
(1.2) (see, e.g., [2, Theorem 4.28]). □ 

Now, we are ready to present our results for Eq. (1.1). 

Theorem 2.4. Assume that f G APS P (M x X, X) with p > 2, and there exists a function 
L G BS P {X) such that (2.1) holds. Moreover, (HI) and (H2) hold. Then the equation 
(1.1) has a unique almost periodic mild solution provided that 

»*' < -mt- ' (t^M • (2 - 9) 

where 1 + 1 = 1. 

Proof. Let u G AP(X). Then u G APS P {X) and it is well known (cf. [8]) that K := 



{u(t) : t G M} is compact in X. Let 

F(u)(t):= I T(t,s)f(s,u(s))ds, t G R. 



By Theorem 2.1 and Theorem 2.3, we have F{u) G AP{X). So F maps AP{X) into 
AP(X). For u,v € AP(X), by using the Holder's inequality, we have 



\\F(a)(l)-F(r)(l)\\ < / \\T(t,s)\\ ■ \\f(s,u( S )) - f(s,v( S ))\\ds 

10 
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/t f+oo 

Me- ul{t -^L{s)ds ■ \\u - v\\ + / Me- ul{s - t) L{s)ds ■ \\u - v\\ 
-co J t 

00 / rt-k+1 rt+k \ 

- 5Z(/ Me- UJ ^-^L(s)ds+ Me- ul{s - t) L{s)ds)-\\u-v\ 

k=1 \Jt-k Jt+k-1 ) 

2M /l-e^V,, 

1 — e w \ wg / 



for all t£l, i.e., 



1 

9M /I — p _ ^9\ 9 

ll^u) " F(v)\\ < ^—^ {-^-) \\L\\s P -Wu-vl 

Then, in view of (2.9), we know that F has a unique fixed point u G AP(X), which 
satisfies 

u (t) = / r(t,a)/(s,«(a))ds, t G R. 

Next, similar to the corresponding proof of Theorem 2.3, one can prove that u(i) is just 
the unique almost periodic mild solution to (1.1). □ 

Remark 2.5. To the best of our knowledge, Theorem 2.4 are even new for the case of 
A(t) = A. In addition, for / G APS P (R x X, X), the condition (2.1) is more natural than 
the usual Lipschitz assumption, i.e., there exists a constant L > such that 

\\f(t,u)-f(t,v)\\<L\\u-v\\ 
for all t € M and u, v £ X. 
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1 

Abstract 

Recently, Chao Wang, Jinghao Zhu, Bosko Damjanovic, Liang-gen Hu [Approximating 
fixed points of a pair of contractive type mappings in generalized convex metric spaces, 
Applied Mathematics and Computation 215 (2009) 1522-1525] proved some results for 
an Ishikawa type iteration process with errors, which converges to the unique common 
fixed point of a pair of contractive type mappings in complete generalized convex metric 
spaces. The aim of this paper is to consider this in the frame of abstract (cone) metric 
spaces. We extend some fixed point results of these mappings from complete generalized 
convex metric spaces to convex abstract metric spaces with the solid cone. Also, we have 
improved some results. Four examples are included. 

2000 Mathematical Subject Classification 47H10, 54H25 

Keywords: Convex abstract metric spaces; Ishikawa type iteration process with errors; Normal and 
non-normal cone; Uniformly quasi-Lipschitzian mappings. 



1. Introduction and preliminaries 
Ordered normed spaces and cones have applications in applied mathematics, for instance, 
in using Newton's approximation method [13]-[15], [25], [30], and in optimization theory 
[5]. if— metric and if— normed spaces were introduced in the mid-20th century ([14], see 
also [25], [30]) by replacing an ordered Banach space instead of the set of real numbers, 
as the codomain for a metric. L.G. Huang and X. Zhang [7] re-introduced such spaces 
under the name of cone metric spaces, but went further, defining convergent and Cauchy 
sequences in the terms of interior points of the underlying cone. In such a way, non-normal 
cones can be used as well (although they used only normal cones), paying attention to the 
fact that Sandwich theorem and continuity of the metric may not hold. These and other 
authors ([1], [2], [9], [19], [20], [30]) proved some fixed point theorems for contractive- type 
mappings in cone metric spaces. 

Consistent with [5] (see also [7], [14], [16], [25]) the following definitions and results 
will be needed in the sequel. 

Let E be a real Banach space. A subset P of E is called a cone whenever the following 
conditions hold: 
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(a) P is closed, nonempty and P ^ {9} ; 

(b) a, b € R, a, & > 0, and x,y £ P imply ax + by £ P; 

(c)Pn(-P) = {<?}. 

Given a cone P C E, we define a partial ordering ^ with respect to P by x d y if and 
only if y — x G P. We shall write x ~< y to indicate that x <y but x ^ y, while j<j/ will 
stand for y — a; £ mtP (interior of P) . If intP ^ then P is called a solid cone (see [25] ) . 

There exist two kinds of cones- normal (with the normal constant k) and non-normal 
ones [5]. 

Let E be a real Banach space, P C E a cone and d partial ordering defined by P. 
Then P is called normal if there is a number k > such that for all x, y € P, 

d x d y imply ||x|| < k \\y\\ , (1.1) 

or equivalently, if x n <y n < z n and 

lim x n = lim z n = x imply lim y n = x. (1-2) 

n — >oo n — >oo n — >oo 

The least positive number k satisfying (1.1) is called the normal constant of P. It is 
clear that k > 1. Most of ordered Banach spaces used in applications posses a normal 
cone with the normal constant k = 1. For details see [5]. 

Example 1.1.[25] Let E = C^ [0,1] with ||x|| = IMI^ + Hrr'H^ on P = {x € £ : x (t) > 0} . 

This cone is not normal. Consider, for example, x n (t) = — and y n {t) = —. Then 

d x n d yn, and lim y n = 6, but ||a; n || = max 1 — 1+ max |i™ _1 | = - + 1 > 1; hence 
n^oo te[o,i] ' ™ ' te[o,i] ' ' ™ 

a;„ does not converge to zero. It follows by (1.2) that P is a non-normal cone.. 

Definition 1.2. ([7], [30]) Let X be a nonempty set. Suppose that the mapping 
d : X x X —> E satisfies: 

(dl) 6 d d(x, y) for all x, y G X and d (x, y) = 6 if and only if x = y; 

(d2) d (x, y) = d (y, x) for all x, y € X; 

(d3) d (a;, y) d d (x, z) + d (z, y) for all x,y,z € X. 

Then d is called a cone metric [7] or if— metric [30] on X and (X, d) is called a cone 
metric [7] or if— metric space [30] (we shall use the first terms). 

The concept of a cone metric space is more general than of a metric space, because 
each metric space is a cone metric space where E = R and P = [0, +oo). 

Examples 1.3. 

1° [7] Let E = R 2 , P = { (x, y) e R 2 : x > 0, y > 0} , X = R and d : X x X -> E 
defined by d (x, y) — {\x — y\ , a \x — y\) , where a > is a constant. Then (X, d) is a cone 
metric space [7] with normal cone P where k = 1. 

2° For other examples of a cone metric spaces, i.e., P— metric spaces one can see [30], 
pp. 853-854. 

Now we give definition of a cone normed spaces which is generalization of a norm 
spaces. 

Definition 1.4. [17], [24], [22] Let X be a real vector spaces and E a real Banach 
space ordered with cone P. Suppose that mapping j|.j| p : X — > E satisfies: 

(cnl) ||x||p = 0e if and only if x = 6x', 

(cn2) ||o!x||p = |a| ||a;||p for any scalar a and any x G X; 

(cn3) ||x + 2/||p d \\x\\ P + ||y||p for all x, y € X. 

Then ||.||p is called a cone norm on X, and we call (X, ||.||p) a cone normed space. 
One can see that from (cn3) it follows ||ir;||p £ P for all x € X. It is clear that d(x,y) = 
\\x — y\\ P is a cone metric. 
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Definition 1.5. [7] Let (X,d) be a cone metric space. We say that {x n } is: 

(i) a Cauchy sequence if for every c in E with 9 <C c, there is an N such that for all 
n,m > N, d (x n ,x m ) <C c; 

(ii) a convergent sequence if for every c in E with 9 <C c, there is an JV such that for 
all n > N, d (x n , a;)<c for some fixed x in X (for the relation "^C" see [18]). 

A cone metric space X is said to be complete if every Cauchy sequence in X is con- 
vergent in X. 

Let (X, d) be a cone metric space. Then the following properties are often used, 
particularly when dealing with cone metric spaces in which the cone need not be normal 
(for details see [12]). 

Pi) If u ■< v and d<io, then u <C w. 

P2) If r< u <C c for each c £ intP, then u = 9. 

P3) If E is a real Banach space with a cone P and if a ■< \a where a £ P and < A < 1, 
then a = 9. 

P4) If c £ intP, 9 -< a n and a n — ► 9, then there exists no such that for all n > tiq 
we have a n <C c. It follows from Example 1.1. that the converse is not true in general. 
Indeed, in the mentioned Example, x n -» 9 but i n <c for n sufficiently large. 

In the sequel we assume that E is a real Banach space and that P is a solid cone in E, 
that is cone with intP 7^ 0. The last assumption is necessary in order to obtain reasonable 
results connected with convergence and continuity. The partial ordering induced by the 
cone P will be denoted by < . 

2. Convexity in cone metric space 
Let (X, d) be a cone metric space with solid cone P. A mapping / : X — » X is 
called asymptotically nonexpansive if there exists k n G [Loo), linin^oo k n = 1, such that 
d (f n x, f n y) r< k n d (x, y) for all x, y € X. Let F (/) = {re € X : fx = x} ; if F (/) # 0, then 
/ is called asymptotically quasi-nonexpansive if there exists k n € [1, 00), linin^oo k n = 1, 
such that d(f n x,p) ■< k n d(x,p) for all x € X,p € F (/) . Moreover, it is uniformly 
quasi-Lipschitzian if there exists 1/ > such that d(f n x,p) ^ Ld(x,p) for all a; € X, 

peF(/). 

From the above definition, if F (/) j^ 0, it follows that an asymptotically nonexpan- 
sive mapping must be asymptotically quasi-nonexpansive, and an asymptotically quasi- 
nonexpansive must be uniformly quasi-Lipschitzian (L = sup n>0 {k n } < 00). However, 
the inverse relation does not hold (for details see [21]). In recent years, asymptotically non- 
expansive mappings and asymptotically quasi-nonexpansive mappings have been studied 
extensively in the setting of convex metric spaces ([6], [8], [29]). 

In 1970, Takahashi [23] first introduced a notion of convex metric space which is 
more general space. It should be pointed out that each linear normed space is a special 
example of convex metric space, but there exist some convex metric spaces which cannot 
be embedded into normed space [23]. 

In the sequel, we shall need the following definitions and results: 

Definition 2.1. [21] Let (X,d) be a cone metric space, and I = [0, 1] . A mapping 
w : X 2 x I — » X is said to be convex structure on X, if for any (x/y, A) G X 2 x 7" and 
u € X, the following inequality holds: 

d (w (x, y, A) , u) < Xd (x, u) + (1 — A) d (y, u) . 

If (X,d) is a cone metric space with a convex structure w, then (X,d) is called a convex 
abstract metric space or convex cone metric space (see also [9], [20]). Moreover, a non- 
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empty subset K of X is said to be convex if w (x, y, A) £ K, for all (x, y, A) £ K 2 x I. For 
convex cone-normed spaces see [17] 

Definition 2.2. [21] Let (X, d) be a cone metric space, I = [0, 1] , and {a n } , {b n } , {c„} 
real sequences in [0, 1] with a n + b n + c n = 1. A mapping w : X 3 x I 3 —* X is said to be 
convex structure on X, if for any (x, y, z, a n , b n , c„) £ X 3 x J 3 and u E X, the following 
inequality holds: 

d (w (x, y, z, a n , b n , c„) , u) < a n d (x, u) + b n d (y, u) + c n d (z, u) . 

If (X, d) is a cone metric space with a convex structure w, then (X, d) is called a generalized 
convex cone metric space. Moreover, a nonempty subset K of X is said to be convex if 
w (x, y, z, a n , b n , c„) £ if, for all (a;, y, z, a n , b n , c n ) e K 3 x I 3 . 

Example 2.3. [17], [21] Let (X,d) be a cone metric space as in example 1.3., 1°. If 
w (x, y) =: \x+ (1 — A) y, then (X, d) is a convex cone metric space. Hence, this concept is 
more general than that of convex metric space. Also, every cone normed space (X, \\.\\ P ) 
is convex cone normed space. Indeed, if for x, y £ X, A G [0, 1], w (x, y) =: Arc + (1 — A) y, 
then for all u £ X we have 

\\u-w(x,y)\\ P = ||u-(Aa; + (l-A)2/)||p 

= ||A(«-x) + (l-A)(«-i/)|| P 

< \\\u — x\\ P + {l-\)\\u-y\\ p . 

Definition 2.4. [21]. Let (X,d) be a cone metric space with a convex structure 
w : X 3 x I 3 —* X 1 f, g : X — » X be uniformly quasi-Lipschitzian mappings with L > and 
L' > 0, {a„} , {&„} , {c„} , {a^} , {b' n } , {c' n } be six sequences in [0, 1] with a n + b n + c n = 
a' n + b' n + c' n = 1, n = 0, 1, 2, ..., . For any given xq £ X, define a sequence {x n } as follows: 



•^n+l — ^ v^ni / ?/ni ^n; ^n; ^n; ^nj 
?/n W (Xn> 9 X n , V n , Cl n , O n , C n ) , 



(2.1) 



where {u n } , {«„} are two sequences in X satisfying the following condition: for any 
nonnegative integers n, m, < n < m, if 5 (A nm ) > 0, then 

max {\\d(x,y)\\ : x € {ui,Vi} ,y € {x h y h fyj,gxj,Uj,Vj}} < 6 (A nm ) , (2.2) 

n<i,j<m 

where A nm = {xi,yi,fyi,gxi,Ui,Vi: n<i<m} ,S(A nm ) = sup \\d(x,y)\\. 

x,y£LA nm 

Then {x n } is called the Ishikawa type iteration process with errors of two uniformly 
quasi-Lipschitzian mappings / and g in convex cone metric space (X, d) . 

Definition 2.5. [26] Let (X, d) be a metric space and K a nonempty closed convex 
subset of X. Two mappings S,T : K — » K are said to be a pair of contractive type 
mappings if there exists h £ [0, 1) such that 

d {S n x, T n y) < h ■ max {d (x, y) , d (x, S n x) , d (y, T n y) , d (x, T n y) , d (y, S n x)} (2.3) 

for all x, y £ K, n > 1. 

It is easy to see that a pair of contractive type mappings are very general, and include 
Ciric's quasi-contractive mapping [3] (that is., S = T and n = 1). In this frame of cone 
metric spaces the set of these mappings include /—quasi-contractive and quasi-contractive 
mappings of Ilic's-Rakocevic's type [10], [11], ( i.e., S = T and n — 1) Since, in the case of 
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cone metric spaces the set of vectors {d (x, y) , d (x, S n x) , d (y, T n y) , d (x, T n y) , d (y, S n x)} 
need not even have the supremum in ordered Banach space E then, as in [10], [11], we 
use "£". It is clear that "G" can be used in metric spaces, while "^" can not be used in 
general in cone metric spaces. In this case we introduce: 

Definition 2.6. Let (X, d) be a cone metric space. Two mappings S, T : X —> X 
are said to be a pair of contractive type mappings if there exists h G [0, 1) such that for 
every x, y G X there exists 

u (x, y) G {d (Z, y) , d (x, S n x) , d (y, T n y) , d (x, T n y) , d (y, S n x)} 

such that 

d(S n x,T n y)±h-u{x,y). (2.4) 

Theorem 2.7. [26] Let K be a nonempty closed convex subset of a complete gen- 
eralized convex metric space X and S,T : K — » K a pair of contractive type map- 
pings with F = F (S) n F (T) ^ 0. For any x\ G K, {x n } is the Ishikawa type it- 
eration process with errors defined by (2.1), where {u n },{v n } C K satisfy (2.2) and 
{a n } , {b n } , {c n } , { a ' n } i { ' n } i Wn} are s ^ x sequences in [0, 1] satisfying 

oo 

a n + b n + c n = a' n + b' n +c' n = l and ^ (a n + b n ) < oo. 

n=0 

Then, {x n } converges to the unique common fixed point of S and T if and only if 
liminf^oo d (x n , F) = 0. 

Corollary 2.8. [26] Let K be a nonempty closed convex subset of a Banach space X, 
and S,T : K — » K a pair of contractive type mappings, that is, 

\\S n x - T n y\\ < hm^{\\x - y\\ , \\x - S n x\\ , \\y - T n y\\ , \\x - T n y\\ , \\y - S n x\\) 

for h G [0, 1), all x,y G K and n > 1. Let F = F (S) C\F(T)^ 0. For any xi G K, {x n } 
is the Ishikawa type iteration process with errors defined by 

^n+l "n^n ' a n o y n -}- c n y n 

y n = a' n x n + b' n T n x n +c' n v n , (2.5) 

where {u n } , {v n } C K are two bounded sequences and {a n } , {b n } , {c„} , {a' n } , {b' n } , {c' n } 
are six sequences in [0, 1] satisfying 

a n + b n + c n = a' n + b' n +c' n = l and ^ (o„ + b n ) < oo. 

n=0 

Then {x n } converges to the unique common fixed point of S and T if and only if 
liminf^oo d (x n , F) = 0. 

Theorem 2.9. [26]ie< K be a nonempty closed convex subset of a complete generalized 
convex metric space X and S,T : K — > K a pair of contractive type mappings with 
h < \. For any x\ G K, {x n } is the Ishikawa type iteration process with errors defined by 
(2.1), where {«„} , {v n } C K satisfy (2.2) and {a n } , {&„} , {c„} , {a' n } , {b' n } , {c' n } are six 
sequences in [0, 1] satisfying 

oo oo 

a n + b n + c n = a' n + b' n + d n = 1, y^ b n < oo, y^ c„ < oo and lim c' n = 0. 

^ — J t- — J n^oo 

n— 1 n=l 
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If F = F (S) n F (T) ^ 0, then {x n } converges to the unique common fixed point of S 
and T. 

Corollary 2.10. [26] Let K be a nonempty closed convex subset of Banach space X, 
and S,T : K — ► K a pair of contractive type mappings with h < \. For any x\ G K, {x n } 
is the Ishikawa type iteration process with errors defined by (2.1), where {u n } , {v n } C K 
are two bounded sequences and {a n } ,{b n } ,{c n } ,{a' n } ,{b' n } ,{c' n } are six sequences in 
[0, 1] satisfying 

oo oo 

a n + b n + c n = a' n + b' n + c'„ = 1, V" b n < oo, V" c„ < oo and lim c' n = 0. 

* — ' * — ' n — >oo 

n— 1 n— 1 

If F = F (S) n F (T) ^ 0, then {x n } converges to the unique common fixed point of S 
and T. 

3. Main results 
Now we give our main results of this paper by using only the fact that (X, d) is a cone 
metric space with a solid cone P. Hence, we do not impose the normality condition for 
the cones. The following theorem extends and improves Theorem 2.2. of [26]. 

Theorem 3.1. Let {X,d) be a cone metric space with a solid cone P; S,T : X — > X 
be a pair of contractive type mappings satisfying (2.4)- If h € [0, ^) then S and T 
have a unique common fixed point. Moreover, in this case, S and T are two uniformly 
quasi-Lipschitzian mappings (with L = L' = jzrf.)- 

Remark 3.2. It is worth noticing that if S and T satisfy (2.4) with < h < \ and 

u (x, y) e {d (x, y) , d (x, S n x) , d (y, T n y) , d (x, T n y) , d (y, S n x)} , 

then S and T satisfy (2.4) with < h < 1 and u(x,y) satisfy more general condition: 

/ \ f a \ a an \ ii mn \ d (x,T n y) + d (y, S n x) ' 
u{x,y) e U{x,y) ,d(x,S n x) ,d{y,T n y) , -i-2 * ; - 

Indeed, we have 

h-d(x^y) = 2h • " kp> < 2h • d ^ ^ ± d fo ^ = A • ^ ^ ± " ^ ^ .. 

h.d{z,S»v) = 2h • d {x f y) <2h- d <*■ T ^ \ d & S ^ =X- d ^ T ^ ± d to> *"*> , 

where 2h = X e [0, 1) if and only if he [0, ±). 

We now give the proof of Theorem 3.1. 

Proof. Taking 5" = /, T n = g in the condition (2.4) we obtain the following inequal- 
ity: 

d{fx,gy) <h-u, (3.1) 

where 

u £ {d (x, y) , d (x, fx) , d {y, gy) , d (x, gy) , d {y, fx)} . 

Suppose xo is an arbitrary point of X, and define {x n } by X2n+i = fx2n,X2n+2 = 
gx 2n +i,n = 0,1,2,.... 
We first show that 

d(x n ,x n+1 ) ^ ——rd(x n -t,x n ) , for n > 1. (3.2) 
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Now, we have that 

d(x 2 n+l,X2n+2) = d(fX2n,gX2n+l) ~< h ■ U\, (3.3) 

where 

Wl e {d(x 2n ,X2n+l) ,d(x 2n ,fX2n) , d (X2n+1, 5^2n+l) , d (x 2n , 5^2n+l) , d (x 2n +l, fX2n)} 
= {0, d (x 2n , X2n+l) , d (X2n+1, X 2n +2) , d {x 2n , X 2n +2)} ■ 

Now we have to consider the following four cases. 

If u\ = 9 or u\ = d(x2n+i,X2n+2) then d(x2 n +i>X2 n +2) = #, and (3.2) is immediate. 
If Mi = d(x2n,X2n+i) then clearly (3.2) holds. Finally, suppose that u\ = d(x2n,X2n+2) ■ 

Now, 

d(X2n,X 2 n+2) ^ h- (d (x 2 n, X 2 n+l) + d {x 2n +\, X 2 n+2)) ■ 

Hence, d(x 2n +i,X2n+2) ^ jz^d (x 2n , x 2n +i) , and we proved (3.2). 
Similarly it can be obtain that 

d (x 2 „+3, x 2n +2) = d (fx 2n +2, gx 2 ,i+i) <h-u 2l (3.4) 

where 

U 2 £ {d(X2,i+l,X2n+2) ,d{x 2n +2,fX2n+2) ,d(X2n+l,gX2n+l) , 
d (x 2n +2, gx 2n +l) , d (x 2n +l, fX2n+2)} 
= {0,d(x 2n +l,X2n+2) , d {x 2n +2, X2n+:i) , d (x 2n +l, X 2n +3)} ■ 

Now repetition of the argument for case u\ leads to d (a>2n+3, X2n+2) ^ j~h,d (x2 n +2, £2n+i) . 
Hence, the inequality (3.2) holds for every n = 1, 2, 3, .... 
Now we have that for n = 1, 2, 3, ... 

d (x n , x n+1 ) < \ n d (x , x\) , A = — — - £ [0, 1), (3.5) 

because h £ [0, |). 

We will show that {x n } is a Cauchy sequence. For n > m we have 

rf(x„,a; m ) ^ d{x n ,x n -\)+d(x n -ux n -2)-\ hd(x m +i,x m ) 

1 (\ n - 1 + X n - 2 + --- + X m )d(x u xo) 

< rd(xo,xi) — ► 6, as m — ► oo. (3.6) 

1 — A 

From p 4 ) it follows that for 6 <C c and large m : A m (1 — A) - d(xQ,X\) <C c; thus 
according to pi) d(x n ,x m ) <C c. Hence, by Definition 1.4 (i), {:r„} is a Cauchy sequence. 
Since X is complete, there exists u in X such that x„ — ► u as n — ► oo. Let us show that 
fu = gu = u. For this we have 

d{fx 2n ,gu)<h-u n , (3.7) 

where 

w„ £ {d (x 2n , u) , d (x 2n , fx 2n ) , d (u, gu) , d {x 2n7 gu) , d (u, fx 2n )} ■ 
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Let 9 <C c. Clearly at least one of the following five cases holds for infinitely many n. 
(Case 1°) 



d (fx 2n ,gu) <h- d (x 2n , u) < h ■ - = c. (3.8) 



(Case 2°) 



c c 

d(fx 2n ,gu) ^ h-d(x 2n ,fx 2n ) ^ h-d(x 2n ,u) + h-d(u,fx 2n ) ^ h '2h +h '2h =c - ( 3 - 9 ) 

(Case 3°) 

c c 

d(fx 2n ,gu) < h-d(u,gu) ^ h-d(u, fx 2n ) + h-d(fx 2n ,gu) < ft,- lyr+h- — = c. (3.10) 

(Case 4°) 
d{fx 2n ,gu) < h ■ d(x 2n ,gu) ^ h ■ d(x 2n ,u) + h ■ d(u, fx 2n ) + h ■ d{fx 2n ,gu) , i.e., 
d{fx 2n ,gu) ■< T— T^^™,-") + -^—^d(u,fx 2n ) 

h fl-h 1-h \ , 

(Case 5°) 

d{fx 2n ,gu) ^ h-d(u,fx 2n ) < h ■ - = c. (3.12) 

In all cases (according to Definition 1.4 (ii)) we obtain that fx 2n — * gu, that is x n — > gu. 
The uniqueness of a limit in a cone metric space implies that u = gu. 
Now, we shall prove that fu = gu. We have 

d (fu, u) = d (/u, gu) •< h- u, 

where 

u e {d (u, u) , d (u, fu) , d (w, gu) , d (w, gu) , d (u, fu)} = {0, d (u, fu)} . 

Hence, we get the following cases: 

d (fu, u) <h ■ 9 = and d (fu, u) <h ■ d (fu, u) . 

According to P3) it follows that fu = u, that is., u is a common fixed point of / and g. 

Uniqueness of the common fixed point follows easily from (3.1). 

Now we get that S n u = T n u = u, i.e., u is a unique common fixed point of S and T. 

This completes the proof of Theorem 3.1. □ 

We now list some corollaries of Theorem 3.1. 

Corollary 3.3. Let us remark that in Theorem 3.1., setting E = M, P = [0, 00), d (x, y) - 
\x — y\ ,x,y € R (that is |.| = \.\), we get that for h G [0, |) a pair of contractive type 
mappings defined in [26] in the frame of metric spaces, have a unique fixed point, i.e., the 
set F = F (S) n F (T) is a singleton. 

Corollary 3.4. The hypothesis that F = F (S) (~\F (T) ^% is superfluous in Theorem 
2.9 and Corollary 2.10 (see Theorem 2.2 and Corollary 2.2 in [26]). 

Corollary 3.5. // h 6 [0, 5) then the mappings S and T from Definition 2.6. are 
quasi-Lipschitziang with K = K' = y^ e [0, 1). 
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Proof. According to Theorem 3.1. we have that F = F (S) n F (T) = {u} . We shall 
prove that d(S n x,u) < j^d(x,u) and d(T n x,u) < j^d(x,u) for all x e X. For this 
we have 

d (S n x, u) = d (S n x, T n u) =</»■«, 

where 

u E {d(x,u),d(x,S n x),d{u,T n u),d{x,T n u),d{u,S n x)} 

= {d (x, u) , d (x, S n x) , 6, d (x, u) , d («, S n x)} = {9, d {x, u) , d («, S n x) , d (x, S n x)} . 

Hence, we get the following four cases: 

1° : If d (S n x, u)^h-e = 6, then d (S n x, u) = 9 < j^d (x, u) . 

2° : If d {S n x, u) <h- d{x,u) < -^- d{x,u) . 

3° : If d (S n x, u)<h-d{u, S n x) , then d {S n x, u) = 6 < j^d (x, u) . 

4° : If d (S n x, u) -<h-d{x, S n x) , then d (S n x, u) < h ■ d{x,u) + h ■ d{u, S n x) from 
which it follows that d(S n x,u) < j^j-d(x,u) . In all cases we obtain that d(S n x,u) < 
jzrf.d(x,u) . Similarly, we also obtain d(T n x,u) < j^rd(x,u) , that is., we have that S 
and T are two uniformljy quasi-Lipschitzian mappings (with L = L' = j^j- > 0). D 

Theorem 3.6. Let K be a nonempty closed convex subset of a complete convex 
cone metric space X with a normal solid cone P, f,g : K — > K a pair of contrac- 
tive type mappings with A G [0, |). For any x\ G K,{x n } is the Ishikawa type it- 
eration process with errors defined by (2.1), where {u n },{v n } C K satisfy (2.2) and 
{a n } , {b n } i {c„} , {a' n } , {b' n } , {c' n } are six sequences in [0, 1] satisfying 

a-a + K + c n = a' n + b' n + c' n = 1 and ^ (o„ + b n ) < oo. 

n=0 

Then, {x n } converges to a fixed point u of f and g if and only if lim inf ||<i (;*;„, w)|| = 0. 

n — >oo 

Proof. The proof follows from ([21], Theorem 3.1.) and the previous theorem (see 
also [27]). □ 

The next example (where the idea is taken from [4]) shows that the condition (3.1) 
alone is not sufficient to obtain the conclusion of Theorem 3.1. We shall stay in the setting 
of metric spaces-it would be easy to adapt it to the setting of cone metric spaces. 

Example 3.6. Let X = {a, b, u, v} , where a = (0, 0, 0) , b = (4, 0, 0),u= (2, 2, 0) , v = 
(2, — 2, 1) , and let d be the Euclidean metric in M 3 . Consider the mappings / and g, defined 

by 

fa = u, fb = v, fu = v, fv = u and ga = b,gb = a, gu = b,gv = a. 
By a careful computation it is easy to obtain that 

3 

d (fx, gy) < - max {d (x, y) , d (x, fx) , d {y, gy) , d {x, gy) , d {y, fx)} , 

for all x, y € X. However, / and g have not a common fixed point. 

Remark 3.7. Also, hypothesis that F = F (S)(~\F(T) ^ is superfluous in Theorem 
2.1, Corollary 2.3. and Corollary 2.4. in [28]. 
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A new method to obtain natural cubic splines generated by initial 
conditions is constructed. An application to aeolian blade profile is 
proposed. 

Key words and phrases: cubic splines generated by initial conditions, 
optimal property, aeolian blade profile. 
AMS 2000 Subject Classification: 65D05. 

1 Introduction 

Within aero-electrical aggregates the wine turbine is the component that 
ensures the conversion of kinetic energy of wind into mechanical energy 
useable to turbine shaft, through the interaction between air current and 
moving blade. 

Wind turbine is composed mainly of an rotator fixed on a support shaft, 
comprising a hub and a moving blade consisting of one or more blades. Ac- 
tive body of aeolian turbines which made the quantity of converted energy 
is the blade. The achieving of aerodynamic performances, kinematics and 
energy curves of the aeolian turbines depend on the choice of a certain ge- 
ometry. Wind energy conversion is achieved by the interaction between air 
currents and solid surface of the blade. For design of the blade profile are 
used optimized shape (aerodynamic profile) selected and positioned such 
that the obtained performances for certain conditions, proper to the loca- 
tion, to be optimal. Interaction moment between moving blade and fluid 
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current is deduced from lifted aerodynamic forces and resistance. Calcula- 
tion of the blade profile was realized by determining the geometric contour 
of the aerodynamic profile deduced by an analytical method, combining two 
mathematical functions, a framework function and a gauge function, respec- 
tively. Presented model was synthesized by a section calculation which set 
the final shape of the blade, using a computer algorithm, taking into account 
the behavior of aerodynamic profile which was placed in a stream of air. 

The aerodynamic profile behavior depends mainly on profile position 
compared to the air current speed, through the angle of incidence value. 

It is known that cubic splines has applications in various technical do- 
mains, due to its smooth interpolation and uniform approximation proper- 
ties. Usually, for a partition A of an interval [a, b] , 

A : a = xq < x\ < . . . < x n -\ < x n = b 

a cubic spline is a function s : [a, b] — > M. with the following properties: 
i) s is two times differentiable with continuous second derivative on [a, b]; 
ii) the restriction s, of S to an arbitrary interval [xj_i,Xj], i = l,n, is 

third order polynomial function. 

For giving data y«, i = 0, n, a cubic spline of interpolation of the points 

(xi,yi), i = 0, n has the following supplementary property: 

s(xi) =yi,i = 0,n. 

If there exist a function / : [a, b] — >■ R such that f(xi) = yi,i = 0, n we 
say that s interpolates / on the knots Xi, i = 0, n. 

Usually, a cubic spline of interpolation is obtained integrating the differ- 
ential equation, 

(1.1) Sj (x) = Mi-i -\ (x-Xi-i), xE[Xi-i,Xi\ 

on each interval [xi-i,Xi], i = l,n. 

Here we have used the classical notations: 

s(xi) = yt, s"(xi) = m„ s(xi) = Mi, i = 0,n. 

To obtain unique solution, two conditions must be imposed. These can 
be two point boundary conditions, or initial value conditions. 

Frequently, in the literature, two point boundary conditions are consid- 
ered 

Si(xi-i) = yi-i, Si(xi) = yt 
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and leads to the well-known cubic spline. With the supplementary condi- 
tions Mq = M n = natural cubic splines it obtains (see [5], [9]). 
In that follows, we impose the initial value conditions 

Si(xi-i) = yi-i 

Sj(xi_i) = rrii-i 

and integrating in (1.1) we get the cubic spline of interpolation (introduced 

by C. Iancu in [7]) and used to data fitting in [8]): 

(1.2) 

s i\ x ) = wr- (x-Xi-i) H —-(x-Xi-i) +mi-i-(x-Xi-i)+yi-i, 

bhi A 

x G [xi-i,Xi], i = l,n. 

Since S has continuous second derivative on [a, b], we impose the condi- 
tions: 

Si(xi) = m, s'(xi) = rrii, i = l,n 

which lead to the relations: 

6 

(1.3) Mi + 2Mj_i = TgiVi ~ Vi-i ~ m i-i • hi) 

2 

Mi + Mj_i = — (mi -mj_i), i = l,n 
hi 

where hi = Xi — Xj_i, i = l,n. 

From (1.3) we obtain (see [7]) the recurrent relations: 

(1.4) M % = ^{ Vl - yi _!) - ^=1 - 2M,„! 

hf hi 

3 Mi-ihi 

m i = TrW-Vi-i) -2mj_i — , i = l,n. 

hi 2 

The cubic spline having the restrictions in (1.2) can be named cubic 
splines generated by initial conditions. The recurrent relations (1.4) permit 
to obtain the values mi, Mi, i = 1, n, starting from j/j, i = 0, n, mo and Mo. 
In this sense, in [7] was obtained: 

Proposition 1.1 (lemma 2.1 in [7])): For given yo, y\, . . . , y n , mo, Mq, there 
exists an unique cubic spline of interpolation generated by initial conditions 
which satisfies: 

s{xi) =yi,i = Q,n 

s'(x ) = m 

s"(x ) = M . 
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Remark 1.1 Prom the above Proposition follows that for given values 
yo,yi, ■ ■ ■ ,y n obtained by measurements, any choice of the values too and 
Mq determines the properties of the corresponding cubic spline (so, these 
two values remains free). For instance, in [1] these values are established 
such that the cubic spline to realize a suboptimal fitting of data affected by 
small and unknown errors. In [2], the values too and Mq are obtained such 
that for the corresponding cubic spline we have minimal quadratic oscilla- 
tion in average (this notion was introduced in [4]). In [3], too and Mq are 
established according to the values of the solution and of its first derivative 
on the initial point, in the aim to derive a combined numerical method for 
second order ODE'S with retarded argument. In that follows, we obtain mo 
and Mq such that the corresponding cubic spline to be natural. 

2 Natural cubic splines 

The notion of natural cubic spline was introduced by Holladay in 1957 
starting to the requirement to construct a smooth curve interpolating given 
points in plane and having minimal curvature. 

Consider the notation 

C [a,b] = {/ : [a, b] — > R// has continuous second derivative on [a,b]}. 

Proposition 2.1 If f E C 2 [a,b] and s G C 2 [a,b] is cubic spline of interpo- 
lation such that s(xi) = f(xi),\/i = 0,n and s"(a) = s"(b) = 0, then 

(2.1) / [f"{x)] 2 dx = f [s"(x)] 2 dx + / [f"(x] - s"(x)] 2 dx. 



f"{x)] 2 dx= / [s"(x)] 2 dx+ / [f"[x) - s"(x)} 2 

J a J a J a 

Proof. We see 

[/" (x)} 2 = (s"(x) + [f"(x) - s"(x)}) 2 , V* G [a, b] 

and 

rb n pxi 

/ s"(x) ■ [f"{x) — s"(x)]dx = y, \ s i( x ) • [f'i x ) — s'(x)]'dx ■ 

J a i=1 Jxi-i 

n 
= ^2 [ S 'i^ ' (/'( X «) ~ S '( X i)) ~ s 'i( x i~l) ■ (/'(Zj-l) - s'(Xi-l))- 

- e r s '^ x) • [/(x) - s{x)] ' dx = s " {xn) • [fi{xn) - s ' {xn)] ] - 
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-s"(x ) • [f'{x ) - s'(x )] 

after integrating by parts. 

Since s"(xq) = s"(x n ) = 0, we get (2.1). This above orthogonality 
property leads to the following result. □ 

Corollary 2.1 If s £ C 2 [a,b] is cubic spline interpolating the values yi = 
f(xi), i = 0, n and s"(a) = s"(b) = 0, then considering the functional 

J :ge C 2 [a,b]/g{xi) = y i: V i = O^n -»• R, 



J(g) = / [g"(x)Ydx, 



ir"^ 2 ' 

la 

we have 



J(s) = min{J(g) : g £ C 2 [a,b],g(xi) =y»,V i = 0,n}. 
Proof. 



J(s) 



f [s"(x)] 2 dx = f [g"(x)] 2 dx - f [g"(x) - s"{x)] 2 dx < 

a J a J a 

< f [g"(x)] 2 dx = J(g),\fgeC 2 [a,b] 



with g{xi) = yi,y i = 0,n. 

This minimal property represent after Halladay, the minimal curvature 
of s. Therefore, if the cubic spline s has this property then it is named 
natural cubic spline. □ 

3 The natural cubic spline generated by initial 
conditions 

In the following, we present a new method to obtain the above minimal 
curvature property for the cubic spline generated by initial conditions (1.2). 
After Corollary 2.1, this property follows imposing the conditions s"(a) = 
s"(b) = 0, that is M = M n = 0. 

For Mq = n, from relations (1.4) we determine the value of mo such that 
M n = 0. 
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Theorem 3.1 Consider Mq = n and mo = — -^ , where recurrently, 

h n 

-_9 _ A 

K = J- ■ (Vn ~ Vn-l) ~ 2 ■ 6 n -l ~ "^ " dn-1, 

6 6 

d n = t~2 ■ (y n - Vn-i) ~ 2 • <i n _i - — • 6„_i, n > 2, 

77 n /7 n 

starting from ai = -2, ci = -£, &i = ^ ■ (yi - y ), di = $ • (yi - y ). 

T/7en t/ie corresponding spline (as in (1.2)) generated by initial condi- 
tions is natural cubic spline. 

Proof. Using the recurrent relations (1.4), with M$ = and with notation 
z = mo, we obtain 

3 

mi = — ■ (yi - yo) - 2z = a±z + b\ 
hi 

, , 6 6 

Ml = up " (^1 ~ 2/o) - j- ■ z = ClZ + di 

where oi = -2, ci = -£, h = ^ ■ (yi - y ), di = Jr ■ (yi - yo)- 
Applying again the relations (1.4) we get, 

771,2 = CL2Z + &2 

M 2 = c 2 z + d 2 



with 



3/7 2 / 1 1 

a 2 = 4+-^, 02 = 12- — + — 

ftl V/7l ll 2 



b 2 = t- ■ (y 2 - yi) - 
<fe = t- ■ (y2-yi) - 

n 2 
By induction it proves that 

(3.1) 777„ = a n z + 6 n 



6 3/7 2 , 

^■(yi-yo)-^-(yi- 


-yo) 


18 12 


-yo 
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M n = c n z + d n , Vn e N* 

(3.2) a n = -2a n -i ^ ■ c„_i, 

6 

Cn — ^Cn— 1 - • CL n —l, 

K 

K = J- ■ (Un - Vn-l) ~ 2 ■ 6 n -l ~ "^ " dra-1, 

d n = -T2 ■ (y n - Vn-i) - 2 ■ d n _i - — ■ 6„_i, n > 2. 

For z = — 4*, in (3.1) we obtain M n = and together Mq = 0, the cubic 
spline as in (3.1) is natural cubic spline. So, the interpolation conditions 

s(xi) =yi,i = Q,n 



s'(x ) 
s"(x ) = 



c n 



uniquely determine the natural cubic spline, s, generated by initial condi- 
tions which has the optimal property 



b i-b 

[s"(x)] 2 dx = min{ / [g"(x)] 2 dx : g G C 2 [a, b],g(xi) = j/», V % = 0, n}, 

J a 

that is minimal curvature. 

Now, we prove that c^ / 0, V k = 1, n. F 
From (3.2) it obtains 

p,) (S )=<-!>■ (| !)■(:_-;) *•* «.„>*. 

Since ai = — 2 < 0, ci = — £- < 0, follows 

h 2 12 12 

a 2 =4 + 3-^>0, ci = — + — >0, 
h\ h\ hi 

ho h-x /iq 
a 3 = -8 - 6-^ - 6/ - 6/ < 0, 
h\ h\ h-2 

24 24 24 h 2 

C3 = -jr-jr-Tr- 18 dr < ° 

Ail /l2 /l3 ^1^3 
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and by induction, for any n £ N*, n > 2, according to (3.3) we obtain 
a n < 0, c n < for odd n and a n > 0, c n > for even ra. So, a n / 0, c n / 0, 

VnGN*. □ 

Remark 3.1 For the natural cubic spline of interpolation of a function 
s G C 2 [a, b] on the knots Xj, % = 0,n, the following error estimation holds: 



|/(x)- S (x)|<||/"(x)|| 2 -W/* 

\f'(x)- S '(x)\<\\f"(x)\\ 2 -Vh, Vxe[a,6] 

where h = max{hi : i = 1, n}. 

Indeed, for y> = / — s, according to f(xi) = s(xj), Vi = 0,n, we have 
(p{xi) = 0, Vi = 0, n. Using the Rolle's theorem we infer that for any i = 1, n 
there exist rji £ (xj_i,Xi) such that (p'(i]i) = 0, that is f'(r]i) = s'(rji). 

For arbitrary x £ [a, b] we find j € 1,2, ... ,n such that x £ [xj—i, Xj\. If 
r/j < x we have, 

\f{x) - s'(x)\ = I f [/"(*) - A*)]*l < f ![/"(*) - «"(*)]!* < 
y % J Vj 

- U [/,,(t) " s " (t)]2dt ) 'U dt ) - 

- {la [f{t) " S " (t)]2(it ) • (jf ' dt ) ~ lir " S " 112 • ^ 

According to (2.1), \\f" - s"\\ 2 < ||/"|| 2 and thus, 



\f(x)- S '(x)\<\\f"\\ 2 -Vh, VxG[a,6]. 
Finally, 

\f(x)-s(x)\< r \[f(t)- s '(t)]\dt< r nrii 2 -v^< 

JXj-l JXj-l 

<\\f"h-hVh, VxG[a,6]. 

This error estimation holds even for the natural cubic spline generated 
by initial conditions. 
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4 Application 

The procedure presented in the proof of Theorem 3.1 was implemented in 
the following on an exempla from aerodynamics. For the aerodynamic profile 
of the aeolian blade we consider at an cross section the points Xi, i = 0, 10 
situated on the axis of the section and the corresponding values on the 
surface of the blade in, i = 0, 10. 

There are: x = 0, x x = 35.5, x 2 = 71.00, x 3 = 106.50, x A = 142.00, 
x 5 = 177.50, x 6 = 213.00, x 7 = 248.50, x 8 = 284.00, x 9 = 319.50, x 10 = 
355.00 (for top shape) with the algorithm presented above we obtain the 
derivatives on these knots: m[0] = 1.502952, M[0] = (for top shape), 
m[0] = 0.1854874, M[0] = (for middle contour) , m[0] = -1.131526, M[0] = 
(for bottom contour) and the profile in Figure 1. 
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Figure 1: Aeolian blade profile 



5 Conclusions 

The main result of this paper in Theorem 3.1 presenting a new method 
to obtain natural cubic spline generated by initial conditions. This result is 
applied to the aerodynamic profile of the aeolian blade. 
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Abstract 

Given the Laplace operator A is defined by 

dx\ dx\ ' ' ' dx\ ' 
the Ultra- hyperbolic operator iterated k times D k is defined by 



d 2 _ JP_ ?P_ _ d 2 _ d 2 _ jf_ 



\ dX± OX 2 OXp dX p+l X p+2 ^ X p+q 



where p + q = n is the dimension of the Euclidean space M n . 

In this paper, we study Cauchy problem and fundamental solution of the 
A(n ) operator by using Green's identity, 

In particular, A(D fc ) reduces to the Diamond operator if k = 1. Moreover, 
for q = the ultra- hyperbolic operator □ reduces to A, and A(D ) reduces to 
the Laplace operator A fc iterated k times. 

Keywords: Cauchy problem, Fundamental solution, Distribution. 



1 Introduction 

It is well known that the Green's identity of the Lapace operator A is given by the 
formula, 

f f ( Ou Ov \ 

vAudx = / uAvdx + / [v— u— ) dS (1.1) 

n Ja Jan V on dnj 

where u,v E C 2 (Vl) and -j^ indicates differentiation in the direction of the exterior 
normal to dfl. 
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Let x,£ E R n . Denote that 



for n > 2; 



(2 — n)u n 

(1.2) 

, tor n = 2, 



2^ 



where ||x — £|| = \//.(^i ~ £«) 2 ) w n denotes the surface area of the unit sphere in M n . 

It is clear that 

AK(x,€) = Q, r>0 (1.3) 

Atf(s,0=^- (1-4) 

Hence i^(x, £) is the fundamental solution of the Laplace operator. 

In ([1], p. 79) F. John studied the Cauchy problem of the Laplace operator by using 
Green's identity. He obtain the solution of such problem is, 



u(0 =jK(x,t)Audx - J (V(*,0^ - «(*)^^) dS * 



1.5) 



for £ £ fl, the subscript x in S x and ^- indicates the variable of integration and 
differentiation respectively. 

In [2] C. Bunpog and A. Kananthai study the Cauchy problem of the Diamond 
operator, denote by ^> and defined by 

d 2 d 2 d 2 \ 2 ( d 2 d 2 d 2 ^ 2 



Y OX^ OX2 OX„ J Y ^*^r)+l jD+2 T>-\-Q / 

they obtain the solution of such problem is, 

M(x,0-^---A«-^— jd^ (1.7) 

where M(x,£) = Mi(a;,£) is defined by (2.8) with k = 1. 

In this paper we study the solution of the Cauchy problem of the operator A(D fe ) 
by using Green's identity, we obtain 

u(0 = J M k A(n k )udx - fnM 1 (x,0^ i - u9 ^) dS * 



k 



i=\ 



S(A(D'-%) A , ,,, dM, 



VJA M >-^^-^ u) W dS *' keN (L 



is the solution of such problem, where M\. is defined by (2.8). Moreover, we obtain 
that Mfc(x,£) is the fundamental solution of the operator A(D fc ). 
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2 Preliminaries 

Definition 2.1 Let C^°(Q) be the space of all infinitely differentiable functions on Q 
with compact support. A distribution is a linear functional < /, > defined for all 
T> = C£°(Q) which is continuous on T> in the following sense: Let the r be a sequence 
in V. Then lim^oo < f,<Pk(x) >= 0, 
provided 

(1) all <f)k vanish outside the same compact subset of Q, and 

(2) lim k _> 00 D a (f) k (x) = uniformly in x for each a, where D a = ai 8? " ara , \a\ = 

ai + a>2 + a n = Tn. 

Note that each continuous(or even locally integrable) function f(x) generates a distri- 
bution 

< fA >= / f(x)(j)(x)dx. 
More generally, we write any distribution / symbolically as 



< f,(f>>= / f(x)(j)(x)dx. 
Jn 

Definition 2.2 The Dirac delta distribution with singularity £, denoted by 5^,which is 
defined by 

It is given symbolically by 

/ 5^(x)(j)(x)dx = </>(£)• 
Jn 

Definition 2.3 Let L be an operator and u be a distribution defined for all <fi G C^°(Q). 

We call w a fundamental solution of the operator L if it satisfy the equation 

Lu = 5%. 

Definition 2.4 Let x = (xi, X2, ■ ■ ■ , x n ), £ = (£i, £2, • • • , £n) be be a point of R n , the 
following function is defined by 

E(x,0= L ~, , n>2 (2.1) 

(2 - n)u n 



(2 



7T 



n/2\ 



where u n = — — -— is a surface area of the unit sphere in R n . 
r(n/2) 

Definition 2.5 Let x = (x±,X2, ■ ■ ■ ,x n ), £ = (£1,^2, • • • ,£n) be a point of R n , put 
y = x-£ = (xi-£i,X2-£2,---,x n - £ n ) and write 



y 



P P+<? 

\ 1=1 J=p+1 



r + = {?/ 6 R n : i/! > 0, V > 0} designates the interior of the forward cone and denotes 
T + by its closure and the following function is defined by 

jra—n 

for y G T+; 

R a (y) = < JV " V " ; (2.2) 
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where the constant K n (a)is defined by 



71-1 . 



7r^r(^)r(^)i>) 
n[a) r(^±p)r(£^) 

Definition 2.6 Let Q be a bounded open subset of R n , and dfl is the boundary of 
Q, n denote the exterior unit normal vector ( = (Ci, C2, • • • , O of dQ. We define the 
vector n* in M n by 

n* • ti = n ■ ei, i = 1, 2, . . . ,p and 

n* • ej — —n ■ e j: j — p + 1, p + 2, . . . , p + q 
where ej = (0, 0, . . . , 1* , . . . , 0). We note that n* known as the transversal to dfi. 

Lemma 2.1 (Green's identity of the Ultra- hyperbolic operator). Let Q is an bounded 
open subset of W 1 and u,v G C 2 (Q). Then Green's identity of the Ultra-hyperbolic 
operator is 

/ vOudx = / uOvdx + / I v— u— — I dS x (2.3) 

Jn Jn Jan \ on* on* J 

where □ is the ultra-hyperbolic operator defined by (0.2) for k — 1, n* is the transversal 
to dVt and ^- denotes derivative in the transversal direction (see [3], p. 41). 

Proof. See ([2], p.32). 

Lemma 2.2 Let Q is an open subset o/R" and u G C 4 (Q), v G C 2 (Q). Then 

r r ( d(Au) dv \ 

vA(U u )dx = / UvAudx + / v^- — - - Aw—- dS x (2.4) 

n Jn Jan \ °n* dn^J 

where jf- denotes derivative in the transversal direction. 

on* 

Proof. We replace u in (2.3) by Aw, and use the property that DA = AD. Hence 
(2.4) is obtained. 

Lemma 2.3 Given the equation 

n k L k (x,t) = 6t, (2.5) 

for x, £ G W 1 , where O k , k G N is defined by (0.2). Then 

L k (x,S)=R 2k (y), (2.6) 

where i?2fc(y) is defined by (2.2) with a = 2k, k G N. 

Proof.See ([4], p.ll). 

Lemma 2.4 Let R a (y) and Rp{y) be defined by (2.2), then 

R a (y) * Rp(y) = R a +p(y) 

where a and (3 are positive even integers with a + /3 = 2k. 
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Proof. See([5],p.l03 ). 

Lemma 2.5 Given the equation 

n k M k (x,0 = E(x,0, keN (2.7) 

where x, £ G W 1 , E(x,£) is defined by (2.1) and O k is defined by (0.2). Then 

M k (x,0 = R2k(y)*E(x,0, keN (2.8) 

and 

nM k (x,0 = M k . 1 (x,0, A; = 2,3,... (2.9) 

where R2k{y) is defined by (2.2) with a = Ik. 

Proof. First, to prove (2.8). Convolving both sides of (2.7) by the function R 2k (y). 
We have 

R2 k (y) * o k M k (x,0 = R2k(y) * E(x,£), 

by the property of convolution, this equation becomes 

a k R 2k (y) * M k (x,£) = R 2k (y) * E(x,£), 
by Lemma (2.3) we obtain 

5 i *M k {x,0 = R2k{y)*E{x,0, 
then 

M k (x,0 = R2 k (y)*E(x,0- 

Next, to prove (2.9). From (2.8), 

DM k (x,0 = OR 2k (y)*E{x,0, 

= OR 2 (y) * R^^y) * E(x, 0, (by Lemma2.4) 

= M fc _i(x,0- 
That completes the proof. 

3 Main Results 

Theorem 3.1 Let Q be an bounded open subset of W l , x G Q u G C 2k+2 (Q) and 
M k (x,C,) be a function which satisfy (2.8). Then for £ G Q, 

frx , f ( ., / ^ du dOM x 



w(0= / M k A(n k )udx- I \UM 1 {x^)—-u-^\dS x 

is t/ie solution of the Cauchy problem of the operator A(D fe ). 

5 
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Proof. Since Mi is denned by (2.8) satisfy (2.7) with k — 1, then we can replace 
K(x,£) in (1.5) by OMi, we obtain 

u(0 = J nM 1 Audx - J ^ U^ - u 9 ^) dS x , 

or 

[ DMiAudx = u(0 + f [OM 17 ^ - J^^ ) dS x . (3.2) 

Jn Jan \ dn dn J 

From (2.4), replace v by M 1; thus 

M^iUujdx = f UMiAudx + [ \M 1 d ^^- - Ah^I dS x , 
n Jn Jdn\ on* on* J 

from this equation and (3.2), we have 

[MyA(nu)dx = ««) + / JoM^-J^\dS, 

M^-l^W. (3.3) 

9 n \ an* an* / 

From (2.4) again, replace u and v by □« and M 2 respectively, that is 

[ M 2 A(n 2 u)dx = [ UM 2 A(Uu)dx + f (M 2 9A } a ^ - A(a u )^] dS x , (3.4) 
Jn Jn Jan V on * on * ) 

where M 2 defined by (2.8) with k = 2. From (2.9) with fc = 2 we have DM 2 = M x . 
Thus (3.4) becomes 

/ M 2 A(a 2 u)dx = [ MxA(n M )rfx + f ( M 2 ^ff - A(D U )^^ dS- x , 

from this equation and (3.3), we have 

M 2 A(n\)dx = u(0+ f (nM l ^-u d ^\dS x 

By method of induction, we obtain 



M k A(n k u)dx = u(0 + J (DMi- - «^^ ) ^ 



n ./an 

A; 



+ §i(-^-<^H — 



Thus 



, N , / / , , du dOM 1 

-1 ft, \ j s I I i .1 / 



u(0 - / M fc A(D>da; - / [UM 1 —- u^^ ) dS x 



n Jon 

k 



si^^-^-o^ *«»■ 
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as required. 

In particular, A(D fc ) reduces to the Diamond operator if k — 1. Thus (3.1) is 
reduces to (1.7). Moreover, for q = the ultra-hyperbolic operator □ reduces to A, 
and A(D fe-1 ) reduces to the Laplace operator iterated k times A k . Therefore (3.1) 
reduces to 

«(0 = J M k A k udx - J (AM^ - u^^J dS x 



That completes the proof. 

Theorem 3.2 Let Q is a bounded open subset ofW 1 , u G C 2k+2 (Q). Then there is a 
fundamental solution G k (x,£,) of the operator A(D fc ) such that 

«(0 = J a G k (x,OA(n k )udx+J^ U*) d(nG d k ^ 0) +t A ( D, " ltt )^) ^ 

(3.5) 

Proof. Define G k (x,£) = M k (x,£) - V k (x,£) for x G H, £ G fi, x 7^ £, where M fc (z,£) 
satisfy A(D fc )M fc (x,0) = ^ and ^(x,0 G C 2 (H) is a solution of A(D fe )y fe (x,£) = 
for £ G Jl, such that M k (x,^) = V k (x,£,) for x G <9f2, then we have G k (x,!;) satisfy 
A(D fc )G fc (x, ^)) = #£, Gfc(x,^) = and OGi(x,£) = for x G <9f2. Thus we can replace 
M k (x, £) by Crfc(a;, £) in (3.4), we obtain 

u(0 = ^G k (x,0^ k )ndx+j^ Lx) d ^^ + ^A(U^u) d ^A dS x , 



as required. 

In the special case, let Q = -8(0, a) = {x, \x\ < a} we have that the sphere Q is the 
locus of point x for which the ratio of distances r = \x — £| and r* = \x — £*| from 
certain points and is constant. Here we can choose any point £ G f2, then £* is the 
point obtained from £ by reflection with respect to the sphere dQ. 

That is £* = |f^, such that K(x,£) = j^-J 2 ~ n and K(x,?) = (d^ r * 2 ~ n are 
the fundamental solutions of Laplace operator with poles £ and £* respectively, thus 

/ \ 2-n 

for x G 9fi, i^(x,£*) = (iff) #(z,£)- Then the function 

G(x, = X(x, - (^ tffo T) (3.6) 

vanishes for x G <9f2(See [1], p. 106-107). 
We define 

Gl(x, = i2»(l/) * U(x, - (^) *(*, D 

= R 2k (y) * K(x, - i22 fc (y) * f M) X(x, f ), (3.7) 
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then we have G^(x,^) = for x G dVL, moreover Gr£(x, £) satisfy A(O k )Gl(x, £)) = ^, 
G£(x, = an d D Gi(i, £) = for x G <9f2. Hence G^(x, £) is the fundamental solution 
of A(D fc ) for ft = 5(0, a) = {x, \x\ < a}. 

Theorem 3.3 Let Q is an open subset ofW 1 , <fi G C™(Q) and Mk(x,C,) is defined by 
(2.8), then Mk(x,£) is the fundamental solution of the A(D fc ) operator. 

Proof. We replace u(£) in (3.1) by 0(£) and by properties of <fi we obtain 

0(0= /M fc (x,OA(D fc )0rfx 

nfc\ 



=<M fc (x,O,A(n fe )0> 
=<M fc (x,O,n fc (A0)> 
=<n fc M fc (x,O,(A0)> 
=<A(D fc )M fc (x,O,0>- 

Hence 

A(n k )M k (x,0=^- 

That is M^(x,0 is the fundamental solution of the A(D fe ) operator. 
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Some algorithms for a class of set-valued variational inclusions 

in Frechet Spaces 

Chaofeng Shi, Nan-jing Huang 

Abstract. A new inequality in Frechet spaces is given in this paper, which can be regarded 
as the Frechet space versions of the well-known polarization identity occurring in Hilbert spaces 
and some inequalities for norms in Banach spaces. By using this inequality we give a conver- 
gence analysis result of Mann iteration scheme for approximating the fixed point of contractive 
mapping in a Frechet space. We also suggest and analyze some algorithms for solving a class of 
set- valued variational inclusions in Frechet spaces. 
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1 Introduction 

Let H be a Hilbert space with an inner (•, •) and norm )| • ||. It is well known that, for any x,y € H, 

\\x + y\\ 2 + \\x-y\\ 2 =2(\\x\\ 2 +\\y\\ 2 ), (1.1) 

or equivalcntly the polarization identity 

\\x + y\\ 2 = \\x\\ 2 + 2Re(x,y) + \\y\\ 2 . (1.2) 

In 1970, Petryshyn [16] generalized (1.1) and (1.2) to Banach spaces and obtained the following 
inequality: 

\\ X + y\\P<\\ X \\P+p(y,j p ), Vj p eJ p (x + y), (1.3) 

where J p : X — > X* is the duality mapping and p > 2. 

Recently, many iterative methods for approximating the fixed points of nonlinear operators and the 
solutions of the nonlinear operator equations or the variational inequalities (inclusions) have been studied 
in Hilbert spaces and Banach spaces by using equality (1.2) and inequality (1.3) under certain conditions 
(see, for example, [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 14, 15, 17, 20] and the references therein). Among 
these methods, Mann and Ishikawa iterative schemes are two important ones, which have been employed 
by many authors for approximating the solutions of nonlinear problems. Some authors also studied the 
iterative approximation problems for solutions of some kinds of nonlinear problems by using the Mann 
and Ishikawa iterative sequences with errors or mixed errors in Hilbert spaces or Banach spaces (see [2]). 

As an generalization of the Banach space, the Frechet space plays an important role in functional 
analysis and some related fields. It is an interesting problem to generalize inequality (1.3) from the 
Banach space to the Frechet space, which can be applied to solve some nonlinear problems in Frechet 
spaces. 

In this paper, we establish a new inequality in Frechet spaces, which is a generalization of inequality 
(1.3). By using this inequality, we give a convergence analysis result of Mann iteration scheme for approx- 
imating the fixed point of contractive mapping in the Frechet space, which generalized the corresponding 
result of Isac and Li [10]. We also suggest and analyze some algorithms for solving a class of set- valued 
variational inclusions in Frechet spaces, which improved and unified some corresponding results of Chang 
[1], Ding [5], Huang [8, 9], Shi and Liu [17], and Zeng [20]. 
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2 A New Inequality in Frechet Spaces 



Let F be a Frechet space with paranorm | • | and topological dual F* . Let (•, •) be the duality pair 
between F and F* . 

Proposition 2.1 F* is a paranorm space. 

Proof. Let 

|/|= sup i^fi, \/x€F,f€F*. (2.1) 

x^O \X\ 

Then, for any /, g e F* , 

,, , i \{xJ) + (x,g}\ 
lf + sl - S? H 

< rap K£f! +sup !fcf! 

z^O Fl £C#0 Fl 

= 1/1 + 14 (2-2) 

If {i n } is a sequence of scalars with t n —> t and {/ n } C F* with |/„ — f\ — ► 0, then 

Mn-t/l = SUp I^Wn)-^,*/)! 

x#o Fl 
< \t n - t\ sup — — — + \t\ sup — 

x^O Fl x^O Fl 

= |*n-*||/n| + |*||/n-/| (2-3) 

and so linin^oo \t n f n — tf\ = 0. From (2.2) and (2.3), it is easy to see that | • | defined by (2.1) is a 
paranorm. This completes the proof. 

Let p > 2 be a positive integer and J p : F — > 2 F be a paranormalized duality mapping of F defined 

by 

J p {x) = {x* e F* : (a;,x*) = |ar| • \x*\, \x*\ = |x| p_1 , x e F}. 

Remark 2.1 Similar to the classical Hahn-Banach theorem in Banach spaces, one can easily show 
that J p {x) is nonempty. 

Lemma 2.1 J p (x) C dip(x), where ip(x) — p _1 |a;| p , for all x <G F. 

Proof. If / <G J P (x), then for any y e F, 

(f,y-x) = (f,y) - (/,*> < |/||y| - \x\\f\. (2.4) 

We first show 

PM P - I |y|<ll/| , ' + (P-1)M P , P = 2,3,---. (2.5) 

For p = 2, we have 2|x||j/| < \x\ 2 + \y\ 2 and so inequality (2.5) holds. Assume that 

k\x\ k - 1 \y\<\y\ k + {k-l)\x\ k (2.6) 

holds for p = k. Then for p — k + 1, 

(M-|y|)(M*-|y| fc )>0, (2.7) 

which implies that 

\y\ k+1 + \x\ k+1 >\x\ k \y\ + \x\\y\ k . 

It follows from (2.6) and (2.7) that 

(k+l)\x\ k \y\ = \x\ k \y\ + k\x\ k \y\ 

< \x\ k \y\ + \x\\y\ k + (k-l)\x\ k+1 

< ||/| fc+1 + fc|»| fc+1 . (2.8) 
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Thus, the inequality (2.5) holds for all p — 2, 3, • • • . 

Next we prove that / £ dip(x). Since |/| = |x| p_1 , it follows from (2.5) that 

p\f\\y\-p\x\ p <\y\ p -\x\ p , 
i.e., 

i/y-Mi/i^p-^r-p-vr, (2.9) 

which together with (2.4) imply 

(f,V-x) < p- 1 |y| p -p- 1 N p 
= ip{y) - ip{x) 

and so / £ dip(x). This completes the proof. 

Theorem 2.1 Let F be a Frechet space and J p : F — > 2 F be a paranormalized duality mapping of 
F. Then 

\x + y\ p < \x\ p +p(y, Jp (x + y)), 

for all x,y £ F and j p (x + y) £ J p (x + y). 

Proof. By Lemma 2.1, we know that J p (x) C dtp(x), where ip(x) = p _1 |x| p , for all x £ F. It follows 
from the definition of subdiffcrcntial of ip that 

il>(x)-i/;(x + y)>(x-(x + y),jp), Vj P £ J P {x + y). (2.10) 

Substituting VK 2 -) by p _1 |x| p in (2.10) and simplifying it, we have 

\x + y\ p < \x\ p +p(y, 3p ), Vj P £J P (x + y). 

This completes the proof. 

Remark 2.2 Theorem 2.1 extended the inequality (1.3) to the Frechet space. 

Corollary 2.1 Let F be a Frechet space and J : F — > 2 F be a paranormalized duality mapping of 
F. Then 

N + y| 2 < \x\ 2 + 2(y,j(x + y)) 

for all x,y £ F and j(a; + y) G J(a; + y). 

3 A Fixed Point Theorem for Contractive Mappings in Frechet 
Spaces 



In this section, we shall study the convergence analysis of Mann iteration scheme for approximating 
the fixed point of contractive mapping in a Frechet space. 

Let K C F be a close convex subset and T : K — > K be a mapping. For any xq £ K, the Mann 
iteration scheme is defined by 

x n +i = (1 - a n )x n + a n Tx n , n = 0, 1,2, •••, (3.1) 

where < a n < 1 satisfying some conditions. 

Theorem 3.1 Let K be a close convex subset of a Frechet space F and T : if — > AT be a contractive 
mapping with a constant < k < 1, that is, 

\Tx — Ty\ < k\x — y\, \fx,y £ K. 

If there exists a positive integer N such that k ^ l < a n for all n > N, then for any xq £ K , the Mann 
iteration scheme of T defined by (3.1) converges to a fixed point of T. 
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Proof. By using the similar proof method of Banach fixed point theorem, we can show that T has a 
unique fixed point in F. Let u G F be a fixed point of T. From Corollary 2.1 and (3.1), we have 

\x n +i~u\ 2 = |(1 -a n )(x n -u) + a n (Tx n -Tu)\ 2 

< \a„(Tx n -Tu)\ 2 + 2((1 - a n )(x n -u),j(x n+ i - u)) 

< k 2 \x n - u\ 2 + 2(1 - a n )\x n - u\\x n+ i - u\, 



which implies 



where 



\x n+ i-u\ < {yjk 2 + (1 - a n ) 2 + (1 - a n ))\x n - u\ 



= c\x n -u\, 



(3.2) 



(3.3) 



Vfc 2 + (l-a n ) 2 + (l-a n ). 



From the assumption, we know that < c < 1. Thus, it follows from (3.3) that \x n — u\ — > 0. This 
completes the proof. 

4 Set- valued Variational Inclusions in Frechet Spaces 



In this section, we consider the problem of approximating of solutions for a class of set-valued varia- 
tional inclusions in Frechet spaces. Based on the result due to Nadler [13], we constructed some algorithms 
for solving the set- valued variational inclusions in Frechet spaces. We also prove the existence of solu- 
tions of the set-valued variational inclusions and the convergence of iterative sequences generated by 
Algorithms. 

We first give some basic definitions and notions. 

Definition 4.1 Let F be a Frechet space with a paranorm | • |. A Frechet space F is said to be convex 
if, for any u, X\, X2, ■ ■ ■ ,x n <E F and a±, a,2, ■ ■ ■ , a n with X)™=i a i — 1 an d < ai < 1, 

n n 

\u- y^QjEii < y^^diiu- Xi\. 

It is worth mentioning that, any convex Banach space is a convex Frechet space. However, there exist 
some convex Frechet spaces which can not be injected to any linear norm space (see [18]). 

Let F be a convex Frechet space, T,V : F — > CB(F) be two set-valued mappings, N(-, •) : F x F — > F 
and g : F — > F be two single-valued mappings, and A : D(A) C F — > 2 F be a set-valued mapping. We 
consider the following problem of finding p e F,w' € Tp, y e Vp such that 

0€N(w',y) + A(g(p)). (4.1) 

This problem is called the set- valued variational inclusions in convex Frechet spaces. 

If F is a Banach space, then problem (4.1) was studied by many authors (see, for example, Chang, 
Cho and Zhou [2] and the references therein). 

Remark 4.1 For a suitable choice of the mappings T, V, N,g,A and the space F, a number of known 
and new variational inequalities, variational inclusions, and related optimization problems introduced 
and studied by Chang [1], Ding [5], Huang [8, 9], and Zcng [20] can be obtained from (2.1). 

Let F be a Frechet space with a paranorm | • | and CB(F) denote the set of all nonempty closed and 
bounded subsets of F. For any A, B E CB(F), we define the Hausdorff metric H(-, •) as follows: 

H(A, B) — maxjsup inf \a — b\, sup inf \a — b\}. 

aeAbeB beB a£A 

Definition 4.3 A set-valued mapping T : F — > CB(F) is said to be /x-Lipschitz continuous if, for any 
x,y G F, 

H(Tx,Ty) < fi\x-y\, 
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where [i > is a constant. 

Lemma 4.1 [13] Let E be a complete metric space and T : E — ► CB(E) be a set-valued mapping. 
Then for any given e > 0, x, y G _E and u G Tec, there exists v G Ty such that 

d(u,t>) < (l + e)H(Tx,Ty). 

Next we will suggest and analyze some algorithms for solving variational inclusion (4.1). 

Algorithm 4.1 For any given xq G F, uq G Txq, zq G Vxoj compute the sequences {x n }, {y n }, {%}, {z n }, {w n } 
and {i> n } by the iterative schemes such that 

r„ e iV(u„, z n ) + A(g(x„)) + x n , 

w n G Ty n , \w n -w n+ i\ < (1+ ^r[)H(Ty n ,Ty n+1 ), 

v n e Vj/ n , |t>„ - u„+i| < (1 + ?j i T )J c f(Fj/„,Fy„ + i), 

p„ G 7V(w„,v„) + A(g(y n )) + y n , (4.2) 

u n G T<r„, |u„ -u„+i| < (1 + ^ I )H(Tx n ,Tx n+ i), 
z n G Va; n , \z n - z„ +1 | < (1 + ^ T )F(T/a;„, 1 (/a;„ + i), 
. n = 0,l,2,---, 

where a„, 6„, c„, a^, 6^, c^ G [0, 1] with 

a n + b n + c n = l, a' n + b' n + c' n = l, n = 0,1,2, ■■■ 

and {e„} C F and {/ n } C F satisfy the following conditions: 

max{|x -y\:x€ {e { , fi:n<i< m}, y G {xj,yj,Pj,rj,ej, fj : n < j < to}} 

< max{|x„ -Pi\, \x n -n\ : n < i < m}. 

The sequence {x n } defined by (4.2) is called the Ishikawa iterative sequence with errors. 

If b' n = c' n = for all n > 0, then Algorithm 4.1 reduces to the following algorithm. 

Algorithm 4.2 For any given xq G F,u>q G Txq,Vq G Vx , compute the sequences {x n },{w n } and 
{v n } by the iterative schemes such that 

p n G N(w„, v n ) + A(g(x n )) + x„, 

w n G Tx n , \w n - w n+ i\ < (1 + ^ I )H(Tx„,Tx n+ i) (4.3) 

v n G Vx n , \v n - v„+i| < (1 + ^ r[ )H(Vx n ,Vx n+ i), 
{ n = 0,l,2,---. 

The sequence {x n } is called the Mann iterative sequence with errors. 

Remark 4.2 If F is a convex Banach space, then F is a convex Frechet space. Thus, the Ishikawa 
iterative sequence considered by Chang [1] is a special case of (4.2). 

Theorem 4.1 Let F be a convex Frechet space, T, V, A three set-valued mappings, g : F — > F and 

N(-, •) : F x F — > F two single- valued mappings satisfying the following conditions: 

(1) N(-, •) is Lipschitz continuous with respect to the first argument and a constant /3 > 0; 

(2) N(-, •) is Lipschitz continuous with respect to the second argument and a constant 7 > 0; 

(3) T : F — ► CB(F) is /1— Lipschitz continuous; 

(4) V : F — > CB(F) is £— Lipschitz continuous; 

(5) I + Ao g is contractive and continuous with a constant < k < 1; 

(6) < = vW + 7C) 2 + k 2 + k < 1. 
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Then the sequences {x n },{u n } and {z n } generated by Algorithm 4.1 strongly converge to a solution 
p G F, w' G Tp, y G Vp of the varational inclusion (4.1) in F. 

Proof. Let N be the set of all nonnegative integers. For any n,m G N with < n < m, let 



where 
Then 
where 



5{A nim )= sup \x-y\, (4.4) 

x,y£A njm 

A n .m = {Xi,yi,Pi,n,Ui,Vi :n<i< m}. 
S(A n ^ m ) = max{D 1 ,D 2 ,D 3 , D 4 , D 5 ,D 6 }, 

Di = max{\x n -pi\,\x n -ri\:n<i<m}, 

D 2 = mBx.{\pi-pj\,\pi-rj\,\ri-rj\:n<i,j<m}, 

D 3 = max{\xi — Pj\, \Xi — Tj\ : n < i < m,n < j < m}, 

Di = max{|j/i-rj|,|yi - Pj\ : n < i,j < m}, 

D 5 = max{\xi — Xj\,\xi-yj\,\yi — yj\:n<i,j<m}, 

D 6 = max{>-y| : x G {e l ,f i : n < i < m},y G {xj,yj,Pj,Tj,ej, fj : n < j < m}}. 

Next we prove that 8{A n ^ m ) = D\. 

(I) From (4.2), Corollary 2.1 and the assumptions, there exist hi G A(g(xi)) and hj G A(g(xj) such 
that 

Pi = N(wi,Vi) + hi + xu Pj = N(wj,Vj) + hj + Xj 

and 

\Pi-Pj\ 2 = \N(u>i,Vi) + hi + Xi- N(vjj,Vj) - hj - Xj\ 2 

< \N(wi,Vi) - N(wj,Vj)\ 2 + 2(hi - hj + x { -Xj,j(pi - Pj)) 

< (fif3 + j£) 2 \xi - x 3 \ 2 + 2\hi - hj +xt - Xj\\pi -pj\ 

< dj,f3 + j£) 2 \xi -Xj\ 2 + 2k\x l -Xj\\pi -Pj\ 



which implies that 



Also, we have 

and 

It follows that 



\pi-Pj\ < (y/(n0 + 70 2 + k 2 + k)\xi - Xj\ 

= (j)\Xi-Xj\ 

< <j)5(A n ^ m ). 

\Pi -rj\ < c/)5(A rhm ) 
\n -rj\ < <pS(A ntTn ). 



D 2 < <p5(A n , m ). (4.5) 

(II) By Algorithm 4.1 and (4.5), for any n < i < m,n < j < m, we have 

\xi-pj\ = \di-iXi-i + h-iPi-i + Ci-iei-i - pj\ 

< Oi_i|a;i_i -Pj\ +6i_i|ft_i -Pj\ +c i _ 1 |e i _ 1 - pj\ 

< max.{\xi-i-pj\,<t>6(A ntm ),D 6 }. 

When i — 1 > n, it follows that 

\xi-i -pj\ <max{\xi-2-Pj\,4>S(A ntm ),D 6 }. 
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By induction, for any n < i < to, n < j < to, we have 

\xi-Pj\ < max.{\xi-i-pj\,(j)6(A n!m ),D 6 } 

< max.{\xi-2,pj\,<j>8(A ntm ),D 6 } 

< ■•• 

< max{\x n -Pj\,4>S(A ntTn ),D 6 }. 

Similarly, for any n < i < m,n < j < to, we can get 

\Xi -Tj\ < max{|x„ - rA, <p8(A n ^ m ), D 6 }. 

Thus, we have 

D 3 = max{\xi — rj\, \Xi — Pj\ : n <i <m,n < j < to} 

< max{\x n -Tj\, \x n -pj\,(/)8(A n:Tn ),D 6 : n < j < m} 

= max{Hi,#(A n , m ),D 6 }. (4.6) 

(III) For any n < i,j < to, it follows from (4.5) and (4.6) that 

\Vi-Pj\ = \a' n Xi + b / n r l + c' n fi - p 3 \ 

< a' n \x t -Pj\+b' n \ri - Pj\ + c'Jfi - Pj\ 

< max.{Di,<j)8(A n>m ),D 6 } 

and so 

£> 4 = max.{\yi-pj\,\yi-rj\:n<i,j<m} 

< max{D l7 <f>5(A rhm ),D 6 }. (4.7) 

(IV) Now we consider the case for 

D 5 = max{|xj - Xj\, \x t - yA, |j/j - yA :n<i,j< to}. 

a) firstly, we estimate max{|:Ei — Xj\ : n < i,j < to}. Denote A\ = max{|a;i — Xj\ : n < i,j < to}. 
Then there exist k and I with n < k < I < m such that A\ = \xu — Xi\ and 

\xk -a;j_i| < \x k -xi\ = Ax. (4.8) 

It follows that 

A\ = \x k -xi\ = \xk- (oj_iXj_i + 6j_ipj_i + cj_iej_i)| 

< a ; _i|.T fc - .x;_i| +6;_i|a; fe - pi-\\ + Ci-i\x k - ej_i| 

< a;_i|a;fe -x;_i| + 6;_iD3 + c;_iD 6 . (4.9) 

If a;_! = 0, then (4.9) implies that 

Ai < max{L> 3 ,£) 6 }. 

If a ; _i ^ 0, then it follows from (4.8) and (4.9) that 

Ai < ai-i\xk -xi-i\ + bi-iDs + ci-iD 6 

< max{D s ,D 6 }. (4.10) 

b) Now we make estimation for max{|a;i — yj\ : n < i, j < to}. Let 

^2 = max{|xi — j/j| : n < i,j < to}. 
Since j/j = o'-ojj + b'.Tj + c'/j, from (4.6) and (4.10), we have 

A 2 = max{ | x, - (a'j Xj + b'j r d - + c' 3 - fj)\} 

< max{(i' \xi — Xj | + frJa;, — r^ | + cAxi — fj\ : n < i, j < to} 

< maxli}!,^,^^)}. (4.11) 
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c) Finally, we made estimation for max-fly^ — Vj\ '■ n < i,j < m}. Denote 

A 3 = max{ | yi - (a'j Xj + b'j r + c'j fj ) | } 

< maxfflj \y t - Xj\ + bj\yi - Tj\ + c'j\yi - fj \ : n < i, j < to} 

< max{Z>i,D 6 ,^(A„ irn )}. (4.12) 

From (4.10), (4.11) and (4.12), we obtain 

D 5 = max.{\Xi-Xj\,\xi-yj\,\yi-yj\:n<i,j<m} 

< mzK{D u D 6 ,<i>8(A n , m )}. (4.13) 

Now combining the cases (I)-(IV), we have 

5{ A n, m ) = max{D 1 ,D 2 ,D 3 ,D 4 ,D 5 ,D 6 } 

< maxp!,^,^^)}. (4.14) 

If £>i < <pS(A n , m ), then 

D e < L>i < 4>5{A n , m ) < 5{A n>m ). 

From (4.14), we have 

o{A n ^ m ) < o(A nm ) 

which is a contradiction. Therefore, D\ > 4>5(A n , m ) and so (4.14) implies that 5(A n ^ m ) < D\. Obviously, 
£>i < S(A n . m ), so Di = S(A n . m ), i.e., 5(A n ^ m ) = D x . 

Letting n = in S(A nm ) = Di, we have 

S(Ao t m) = max.{\x -pj\,\xo-rj\:0<j<m} 

< |*o - Pol + max{|p - Pj\, \pa - Vj\ : < j < m} 

< \xo ~Po\ + 4>d(A , m )- 

Thus, 

5{A^ m ) < (1 - 0)- 1 (|a;o - Pol), (m > 0) (4.15) 

which implies that the sequence {5(^4o,m)} is bounded. 

On the other hand, for any positive integers n and to with 1 < n < to, we have 

5{A n , m ) = max{d(x„,pj),d(a;„,rj) : n < j < m} 

< max{|a„_ia;„_i +6 n _ir n _i + c„_ie„_i - Pj\, 

|&7l-l*7l-l; ^Ti-l^n-l, c n-l e n-l — r j I } 

< a n -\5{A n _i tm ) + b n -i(p5(A n _ 1}m ) + c n -i8(A n _ ltm ) 
= (1 - b„-i)5(A n _ ltm ) + b n -i<j>6(A n -i tm ) 

= (l-b n -i(l-4))(6(A n _ lirn )), 

which implies that 

71-1 

S(A n , m ) < ~[[(l-b j (l-<l>)){5{A 0frn )). 

3=0 

Since Xw=o ^i = °°, it follows that 

lim 5{A n , m ) = 0, 

n,m — *oo 

which implies the sequence {x n } is a Cauchy sequence in F and 

lim \x n - r n \ = 0. 

n — >oo 

Since F is complete, we can suppose that x n — * p G F. Thus, 

lim x n = lim r n = p. 

n — >oo n — >oo 
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From (4.2) and condition (3), we have 

\u„-u n+ i\ < (H —)H(Tx n ,Tx n+ i) 

n + 1 

< n(l-\ — -)\x n -X„+l|, 

n + 1 
which implies that the sequence {u n } is a Cauchy sequence in i* 1 . Let u n — > to' G i* 1 . Since 

d{w',Tp) < \w'-u n \ + H(Tx n ,Tp) 

< \w' - u n \ + /x(H — -)|a; n -p| -> 0, 

n + 1 

we know that w' G Tp. Similarly, we have z„ —>■ y G Vp. Since r„ G N(u n , z n ) + A(g(x n )) + x n , letting 
n — > oo, we get 

peJV(«/,ji) + i4(j(p)) + Pl 

i.e., 

0G7VK,y) + A(. 9 (p)). 

This complete the proof. 

Remark 4.3 Theorem 4.1 improved and unified some corresponding results of Chang [1], Chang, 
Kim and Kim [3], Ding [5], Huang [8, 9], Shi and Liu [17], and Zcng [20]. 

From Theorem 4.1, we can obtain the convergence analysis for the Mann iterative sequence as follows. 

Theorem 4.2 Let F be a convex Frechet space, T, V, A three set-valued mappings, g : F — > F 
and N(-,-) : F x F — > F two single-valued mappings satisfying the conditions (l)-(6) of Theorem 4.1. 
Then the sequences {x n }, {w n } and {v n } generated by Algorithm 4.2 strongly converge to a solution 
p G F, w' G Tp, y G Vp of the variational inclusion (4.1) in F. 
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ON THE EXTENDED KIM'S g-BERNSTEIN 
POLYNOMIALS 

S.-H. RIM, L.C. JANG, J. CHOI, Y. H. KIM, B. LEE, AND T. KIM 



Abstract The purpose of this paper is to present a systemic study of some 
families of the Kim's g-Bcrnstcin polynomials. By using double fermionic p-adic 
integral representation on Z p , we give some interesting and new formulae related 
to g-Euler numbers. 

1. Introduction 

Let p be a fixed odd prime number. Thoughout this paper Z p , Q p , C, and 
C p will, respectively, denote the ring of p-adic rational integers, the field of p-adic 
rational numbers, the complex number field and the completion of algebraic closure 
of Q p . Let N be the set of the natural numbers and Z + = N U {0}. Let v p be the 
normalized exponential valuation of C p with \p\ p = p- v pyp) = ± (see [3-10]). Let q 
be regarded as either a complex number q £ C or a p-adic number gGC p . If q € C, 
then we always assume that \q\ < 1. If q £ C p , we usually assume that |1 — q\ p < 1 
(see [3-5]). In this paper, the q- numbers are defined by [x] q — -^- (see [1-12]). 

Assume that UD(Z p ) denotes the space of uniformly differcntiablc functions on 
Z p . For / <G UD(1* p ), the fermionic p-adic g-inetgral on Z p is defined by 

P N -i 
/_,(/) = f f{x)dn- q {x) = Jim pL_ J2 f(x)(-qT, (see [3,8]). 

The ordinary fermionic p-adic integral on Z p is defined by i_i(/) = lim 9 _>i I- q (f) — 
L f(x)d/j,-i(x) (see [3]). As a well known definition, the Euler polynomials are 
defined as 

o °° j-n 

^ n - l ^ = Y,E n {x)- v (see [3,7,8]). 

n— 

In the special case, x = 0, E n (0) = E n are called the n-th Euler numbers. From 
the definition of Euler numbers, the recurrence formula for E n is given by 

E Q = 1, and (E + 1)" + E n = 1 if n > 0, (see [3,9]), 

with the usual convention of replacing E n by E n . As the g-extension of the Euler 
numbers, E n ^ q , Kim defined the g-Eulcr numbers as follows: 

E Q , q = 1, and (qE q + l) n + E n>q = 1 if n > 0, (see [3]), 

with the usual convention of replacing E q by E n ^ q . 

2000 Mathematics Subject Classification : 11B68, 11S80, 41A30. 
Key words and phrases : Bernstein type (/-polynomial, Laurent scries, q-Eulcr 
numbers and polynomials, fermionic p-adic integral. 
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2 

For n G N, write f n (x) = f(x + n). We have 

,. n—l 

I-i(fn)= / f(x + n)dn-!(x) = (-l) n /_!(/)+ 2 ^(-l)"- 1 -^/). 

Thus, we see that 

/ e^+»)*dM-i(y) - T-re 1 ' = £ ^K- ( sec I 3 - 13 -20])- 
K e' + l ^ n! 

This is equivalent to 



(x + y) n dn-i{y) = E n (x), (see [3,8,9]). 
In [3], the g-Euler polynomials are also given by 

En, q {x) = jf [X + »]?**_!(») = ^^ £ (") Y^J = («"3l + [*]«)"> 

with the usual convention of replacing E" by E n ^ q . In the special case, x = 0, 
£„,g(0) = S ni g = J Zp [x]"d^_i(x). 

Let C[0, 1] denote the set of continuous functions on [0,1]. For / e C[0, 1], 
Bernstein introduced the following well known linear operators (see [2, 9]): 

fc=0 ^ ' fc=0 

Here B„(/|a;) is called the Bernstein operator of order n for /. For n,k € Z + , the 
Bernstein polynomials of degree n are defined by 

B k . n (x) = x k (l - x) n -\ (see [1,2,6,11,12]). 

In [9] , Kim defined the new g-extension of Bernstein operator of order n for / as 

follows: 

n fc / \ " i 

B n ,,(/ \x) = £ /(-) ( J N*[! - *£-* = E /(-)£*,«(*, 9)- 

fe=0 ^ ' fc=0 

The Kim's g-Bernstein polynomials of degree n are also given by 

B k , n {x, q) = (f\ [x] k q [l - x] n q Zt for n, k e Z+ and .t e [0, 1]. 

Thus, we note that 

B„,,(l|a;) - l,B n ,,(t|x) = [a:],, and M n . q (t 2 \x) = U —^[x} 2 + Ml, (see [9]). 

n H n 

That is, Kim's g-Bcrnstcin operator of order n for / is uniformly converge to f([x] q ). 
In this paper, we present a systemic study of some families of the Kim's q- 
Bernstein polynomials. By using double fermionic p-adic integral representation on 
Z p , we derive some interesting identities closely related to g-Euler numbers from 
some families of the Bernstein type q-polynomials. 
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2. On the extended Bernstein type (/-polynomials 

For a,/?gK and / G C[0, 1], we consider the linear operator of order n for / as 

follows: 

Bn,,(/:*i,*2|a,/3) = E/(£)(")[*i&[l " ^^ 

™ fc 
= V/(-)S fc .„(a; 1 ,X2 : g|a,/3), (1) 

*— ' n 

fe=0 

where xi, X2 € [0, 1] and n, k G Z+. Here B kyn (x\ 1 x 2 '■ q\ot, f3) is called the extended 
Kim's g-Bernstein polynomials of degree n with weight a, (3. By (1), we get the 
following generating function for B kjn (xi,x 2 ■ q\ot,j3) : 



o(fe) / i.N _ (i[a;i] ga ) fe exp(t[l-x 2 ] 9 -/3) 

W^ 1 ' 3 ^ - 



' 1 -lg°l- z -lq -p ,ra+fc 

k\{n — k)\ n\ 



n=0 

■^ Fljg" L-' ' -l„ 



fc!n! 

N^[i-^];r!'^/» 

M — fc 

e(:)w;-[i-«i;--^ 



1- V* 

n— A; 



t" 



y2B kn (x 1 ,x 2 --q\a,0) — , (2) 



-k 



where x\, x 2 G [0, 1], n, k G Z + and a, /3 G K. 
From (2), we note that 

R , , m J G)N^[l-^]^ fe if n>fc, 

B k , n (xi,x 2 ■ q\a,p) = < (3) 

{ if fc > n. 

By (3), we easily get 

B n - k ,n{ 1 ~ x 2, 1 - x i ■ q\ - P, -«0 = B k , n {xi,x 2 ■ q\a, /?)• (4) 

For < k < n, we have 

[1 -x 2 ] q - l 3B kin _ 1 (xi,x 2 : q\a,(3) + [x 1 ] q *B k _ 1 , n _ 1 (xi,x 2 : q\a, (3) 

= [i - x 2 ] q - P ( n ~ ^ [xi]*.[i - x 2 T q z}- k + M,* (™ " J) M^l - ^];-t 

= [si]^ 1 "*<-*(£) = B M(*i.*2 : <zk/9). (5) 

The partial derivatives of extended Kim's g-Bcrnstcin polynomials of degree n 
arc also (/-polynomials of degree n — 1 : 

d log q Q 

a — B k , n {xi,x 2 : q\a,0) = — — -q axl nB k _ ln _ 1 (x 1 ,x 2 : q\a,/3), 
OX\ q a — 1 
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4 
and 

(J 1 O0" (1 

a — B kn (xi,x 2 : q\a,P) = ^q 0X2 nB kn ^ 1 {x 1 ,x 2 : q\a,fi). 

ox 2 1 — q p 

Thus, we obtain the following theorem. 

Theorem 1. For k, n G Z + and x 1; x 2 G [0, 1], we have 

[1 - X2] q -pB k>n _i(xi,X2 : q\a,/3) + [xi] q <*B k _i !n _i(xi,X2 : q\a,(i) 

= B k , n (xi,X2 ■ q\a,0), 

d log q a 

a — B kn (x 1 ,x 2 ■ q\a,(3) = — — -q axl nB k _ ln _ 1 (x 1 ,x 2 ■ q\a,0), 
OX\ q a — 1 

and 

(J 1 Off (1 

- — B kn (xi,x 2 : q\a,/3) = -;q l3x2 nB k , n ^i{x 1 ,x 2 : q\a,(3). 

Ox 2 1 — qP 

Let f(t) = 1. From (1), we note that 

n 

B n , g (l : Xi,x 2 \a,p) = ^B k . n (x 1 ,x 2 : q\a,j3) 



fc=0 



-k 



fc=0 v ' 

= (l + [ Xl ] qa -[x 2 ] q ,) n . (6) 

Thus, we have 

1 

n>g (l : xi,x 2 |a,/3) = 1. 



1 fn — 1 



{l + [Xl] q a - [x 2 ]go) 

Let /(£) = t. Then we have 

B„, g (i: 2 ; 1 ,x 2 |a,/3) = £ (- ) [xi]* a [l - x 2 ]^ fe . 

fe=0 ^ n ' ^ 

- ens- [i-<--,*g: j) 

where n € N and Xi,x 2 € [0, l],a,/Jet. By (7), we get 

/-, , r i r I W _i B »,<?0 : xi,x 2 \a,0) = [ll],«. 

By the same method, we see that 
B«, 9 (i 2 : xi,x 2 |a,/3) 

= ^Ng4i + M<r - Ng.)"" 2 + ^(i + [si],- - Ng.)"" 1 . 

For a — p and xi = x 2 = x, we have 

B n „u : x, x a, a) = iL> H ► x I a as n — > oo. 

n q n q 
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Thus, we obtain the following theorem. 
Theorem 2. For n e Z + . ael and x e [0, 1], we have 

B„ iq (l : a;,a;|a, a) = 1, 

B n ,,(* : x,x|a,a) = [x] g a, 
and 



B„ „(£ : x, xla, a) = U a H ► [x] a as n — ► oo. 

It is easy to show that 

[i-^]^ fc =i;f n 7*)(-i)'rt- w 



Z 

=o v 



By (1) and (8), we get 



hq (f : Xi,x 2 \a,P) = yj/ I - J B k , n (xi,X2 ■ q\a,P) 



- n 

fe=o x 



fc=0 \ / \ / J= o v ■' ' 



By simple calculation, we easily see that for m = k + j, 

fn\ (n — k\ / n\ fm\ 
\k)\ j ) = {m)\k)- 

From (9) and (10), we note that 

*«,,(/ : Xi,x 2 \a,f3) 

Thus, we obtain the following theorem. 

Theorem 3. For f E C[0,1], n e Z + , £1,22 € [0,1], and a,/3 € R, we Ziave 

*«,,(/ : xi,a; 2 |a,/3) 



(10) 



(11) 



H \r -i™ X ^ ( Tl%\ , „\™_t*/"'\ / l^ljlj 



E WE -r 1 / 



/" / ' "' z — ' \kj ' \nj \[x2]qP 



k 



m=0 v ' fe=0 

The second kind Stirling numbers are defined by 

^-h£(J)<-i>"*- £«»•»>£. (12) 

(=0 v 7 m=0 

where k € N (see [3,5]). Let A be the shift difference operator with Af(x) — 
f(x + 1) — f(x). From the definition of A, we derive 

A"/(0) = £Q(-l)"- fe /(fc). (13) 
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By (12) and (13), we get 



j- A fe 0™ = S(n,k). 
k\ 



Hence, we obtain the following theorem. 

Theorem 4. For f G C[0, 1], n G Z +; x 1 G [0, 1], and a G R, we have 

!„,,(/ : Xl , Xl \a,a) = £ (?)[*i]J.A fc / (- 

fc=o ^ ' ^ n 

In the special case, /(£) = t m (m G Z+), we have 

n m B„,,(t m : a;i,a;i|a,a) - £ W[»i]JaA fc m , 

where xi G [0, 1] and m,n£ Z+, a G K. 

For x, £ G C and n G Z + with n > k, consider 

where C is a circle around the origin and integration is in the positive direction. 
By (2) and (14), we get 

([x 1 ] q ct) k cxp(t[l -x 2 ] q -f>) dt 



E 



-nJC 



m—0 



k\ t n+1 

Bk,m(xi,x 2 ■ q\a,P) dt 
m! t n+1 



rj.! 



Thus, we have 



n\ 



! /• ([xi] gQ i) fc exp(i[l-x 2 ] (? -/0 dt 



2ni J c k\ 

From Laurent series and (2), we have 

(t[x 1 ] qa ) k exp(t[l -x 2 ] q -e) dt 



—^ = B k , n (x 1 ,x 2 : q\a,(3). (16) 



k\ t n+1 



i fe °° <[l-x 2 ]{ 



k\ 






m=0 



-fc 



>i]£ [l-x 2 ] fl 

— Z7T7 

jfcl(n-fc)! 

n\ k\(n — fc)! 



(17) 



By (16) and (17), we get 



B k , n (x 1 ,x 2 :q\a,/3)= K J Nj«[l - x 2 ] n q J, 
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where x\,X2 <G [0, 1] and n, k e Z + , a,p € R+. From the definition of B k , n {xi,X2 '■ 
q\a, (3), we have 

-B k ,n{xi,%2 ■ q\a,p) H #k+i,n(#i,:c2 : g|a,/>) 



n n 



( n ~ !) ! r~ ifc n ~ m-fc , fa" 1 ) 



lfc+lri in— fc— 1 



= ([a;i] g o, + [1 -a; 2 ]g-/3)Bfe ; „_i(xi,a;2 : g|a,/?) 

= (1 - [x 2 ] g /3 + [»i] g a)B fein _i(a;i,X2 : g|a,/3), (18) 

where fc e Z + , tieN and x\,X2 € [0, 1], a, /3 € R. 
Thus, we obtain the following theorem. 

Theorem 5. For k <G Z + , neN and X\,X2 € [0, 1], a,/3 € R, we /iai>e 

Bk, n \X\,X2 ■ q\a,p)-\ B k+ln (x 1 ,x 2 : q\a,p) 

n n 

= (1 - [x 2 ] q fi + [x\] q <*)B kyn _ 1 (x\,X2 ■ q\a,p). 

In the special case, a = P and x\ = X2 = x, we have 

B kn {x,x : q\a,a) -\ B k+ln (x,x : q\a,a) = B kn _i(x,x : q\a,a). (19) 

n n 

From the definition of B kyn (x\,X2 '■ q\a, P) and binomial coefficient, we can derive 
the following equation (20). 

B k , n ( Xl ,X2:q\a,P) = Q [a*]*, £ (" ~ ^ (-l)'N^ 

k n 
[Xl\ q c \ V- ( l\ (n\ .W-fcr ,/ 



ww s(i)(';)(-)»Hi.- (») 



By (20), we get the following theorem. 

Theorem 6. For a,P G M and n,k e Z + , X\,X2 € [0, 1], we ftawe 



In the special case, x\ — x 2 — x and a = /3, 



B fe ,„(*>* : g|a,a) = ]T (^J ^J(-l)'- fc N^. 

It is possible to write [xi]^ Q as a linear combination of B k ^ n (x\,X2 ■ q\a, P) by 
using the degree evaluation formulae and mathematical induction: 

n / k \ ™ / — 1 \ 

J2W ) B kAxi,x 2 :q\a,P) = ^"[4[l-<^ 
fc=i vi/ fe=i ^ ' 

fc=0 v / 



[a;i] g a(l + [a;i]g a - [x 2 ] q e) 



n-l 
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Thus, we have 

" (?) 



1 ( ) 

(1 + [si],- - teW"" 1 £ f) BkAx ^ : ^ = [ *^ 



By the same method, we get 

n (k\ n Ik 



Y t %B ktn {x u x 2 :q\ a ,ff) = £ ^ (f) N*,[l - x 2 ]\ 

k=2 UJ fc=2 UJ W 



-fe 

-/3 



= E(" fc 2 )[< +2 [i- 2 ];r 

fe=o v y 

= [X!]^(l + [»!],- -[Xa],.)"- 2 . 

Thus, we obtain 

( k ) 
EL2 W\B k>n {xi,x 2 : g|a,/3) 

(l + M^-M^)- 2 [ llq 

Continuing this process, we obtain the following theorem. 
Theorem 7. For j G Z + , a, (3 G K and Xi,2i2 G [0, 1], we ftawe 



( fc ) 



(1 + N, a - N^)"- J ' 



ZiE<*. (22) 



In [3,5,9], the q-stirling numbers of the second kind are defined by 

S q (n, k) = ^-1- X)(-l) J '? a) ■ ) [ fc - J']?. ( 23 ) 

where (J) = ^Jgl'^, and [fc],! = [fc],[fc - 1], • • • [2],[1],. For n G Z +) we have 

M^^E^f?) [^^-(A.n-fc). (24) 



.k. 

fc=0 x 7 <? 



By (22) and (24), we get the following corollary. 

Corollary 8. For n,j G Z + , a?i,X2 G [0, 1], anrf a,/3 G M., we have 

(1) 

E« a(5) ft) [^"^(A.i-fc), 

t -n V K / o° 



Efc=j7^y B fe,n(a;i,a;2:«|a,/3) i , N 

lW = V aO ( X 

(i + N,« - N,^)"- j ^ 



3. ON p-ADIC INTEGRAL REPRESENTATION FOR -Bfc,„(xi,X 2 : q\a,j3) 

In this section, we assume that q G C p with |1 — o| p < 1. From the definition of 
fermionic p-adic integral on Z p , we note that 

E n , q -,(l-x)= f [l-x + y]^ 1 dn- 1 (y) = (-l) n q n f [x + y] n q dn^{y), (25) 
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[1 - xY^d^ix) 



and 



= q n (-l) n / [x - l]?dn-i(x) = (-l) n q n E n . q (-l) = S n ,,-i(2). (26) 

By the definition of g-Euler numbers and polynomials, we get 

E nA {2) = 2 + E n<q , if n > 0. (27) 

From (26) and (27), we have the following theorem. 
Theorem 9. For neN, we have 



[i-<-.rfM-iW 

p 

2+ / [x]^ 1 dti-i(x) = 2 + E n , q -i. 



Taking double fcrmionic p-adic integral on Z p , we get 

Bk, n (xi,x 2 ■ q\a, /3)d/Lt_i(xi)d/x_i(x 2 ) 



(?) / M^M-i(zi) / [l-x 2 ]^dM-i(^) 



Ek,q"(2 + E n _ kq -p), (28) 



where n > fc, k G Z + and q,/3gQ . 
Thus, we obtain the following theorem. 

Theorem 10. For n > k, k e Z + anrf a,/?£Q, u>e Ziowe 

Sfc )n (xi,ar 2 : g|a,/3)d/i_i(a;i)rf/i_i(a; 2 ) 

Ffc !(J o(2 + E n _ kq - f j). 



n 
k 



By the (/-symmetric properties for Bk t n{xi,X2 '■ q\&,/3), we get 
Bk, n {xi,x 2 : q\a, 0)dfi-i(xi)dfj,-i(x2) 



p " ^p 

k 



= E(;)(- 1 ) fe+ ' / [l-zi]^-i(zi) / [l-x^I^-iM 
[l-a^d/i-iOra) 

£(f)(-i) fe+ ' / [i-*i];ridM-i(«i) / [i-x 2 r;_t^-i(^ 



/ = () 

B„_ fc , g -/»(2) + 2 ( l j(-l) k+l (2 + E k ^ q - a )(2 + E n _ Kq -,), (29) 



RIM ET AL: KIM q-BERNSTEIN POLYNOMIALS 291 



10 



where n, k G Z + with n > k. 

Thus, we obtain the following theorem. 

Theorem 11. For n, k G Z + with n > k, we have 



B k , n (x ll x 2 : q\a, 0)d/j,-.i(xi)diJ,-i(x2) 

fc-i /. \ 
= E n _ k>q -,{2) + ]T , ("l) fe+ '(2 + ^fc-J,,-)(2 + E n _ kyq - P ). 



A 



From (28) and (29), we have the following corollary. 
Corollary 12. For n, k G Z + with n > k, we have 



, ) ^/s,g° (2 + E n _ kq -n) 

^- M -42) + 53 LJ(-l) fe+ '(2 + ^^ g - Q )(2 + S„_ M -,0. (30) 



For m,n,k G Z + with to + n > 2/c, we have 



B k!Tl (xi,X2 ■ q\a,0)B k , m (xi,X2 ■ q\a, 0)dfj,-i(xi)dn-i(x2) 

p " ^p 

77,\ / 772 \ 

, ) ( , J£ : 2fc,g°(2 + -E n + m -2fc,g-' 9 )- (31) 



Thus, we obtain the following theorem. 

Theorem 13. For m,n,k G Z + wit/i to + n > 2/c, we ftawe 



B k} n(xi,x 2 ■ q\a,/3)B ktm (xi,X2 ■ q\a, P)d/j,-i(xi)dn-i(x2) 
n\ l to' 



, ii , j E2k,q"{'2 + E n+m _2 kt q-f3). 
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From the g-symmetric properties of B k>n (x\,x 2 '■ q\&,/3), we note that 
Bk, n {zi,%2 ■ q\a,(3)B kim (xi,x 2 ■ q\a, /3)rf^_i(xi)d/x_i(x 2 ) 

= E(T)(-i) 2fe+ ' / [i-*i]?-'**-i(*i) / [i-x2}pr 2k dn-i(x 2 ) 

£_Q \ / J Jjp J lip 

x I [l-x^f-Jd^ix,) I [l-x 2 } n q tr 2k d^-i(x 2 ) 

J £ip J £ip 

— -^n+m-2/c,Q-^(2) 

+ E ( 2 / fc )(-l) i+2fe (2 + E 2k _ Lq - a )(2 + E n+m _ 2ktq - e ). (32) 

Thus, we obtain the following theorem. 

Theorem 14. For n,m,k € Z + with n + to > Ik and a,^6l, we ftave 

Bk, n (xi,x 2 : q\a,/3)B k>m (xi,X2 ■ q\a, /3)d/j,-i(xi)diJ,-i(x 2 ) 

= E n+rn _ 2kq -p(2) 

+ E ( 2 f)(- 1 ) /+2fe ( 2 + ^ fe - i , g - a )(2 + ^ +m _ 2fe;9 -,). 

From (31) and (32), we have the following corollary. 

Corollary 15. For n,m,k G Z + wii/i n + to > 2fc and a, /3 € K, we ftawe 



,n , jE 2k ^(2 + E n+m _ 2kq -n) 
— E n+m _ 2kq -fi{2) 

2fe-l / 2 ,n 

+ E ( / j(-l)' +2fe (2 + J B 2fc _ ; ^)(2 + ii; n+m _ 2M -,). (33) 

Continuing this process, we obtain the following equation. 

For n\, n 2 , ■ ■ ■ , n s , k € Z + (s € N) with m + n 2 + ■ ■ ■ + n s > sk, we get 

/ / Yl B k! n i (x 1 ,x 2 : g|a,/3)d/x_i(xi)d/i_i(x 2 ) 



' £ip J JLp ■ — ^ 



n(;U [ ***-' M l [1 -<- 



TliH h^ s — s^ 



d/j,-i(x 2 ) 

\ K I I nj In? 

1=1 

II (^)-B«fc,«-"(2 + ^n 1 +...+n.-.fc,,-'')- ( 34 ) 



Thus, we obtain the following theorem. 
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Theorem 16. For n\ , ■ ■ ■ , n s , k £ Z + (s £ N) with n\ + ■ ■ ■ + n s > sk, and a, [3 £ 
X\,x 2 £ [0,1], we have 

= 11 ( h jEsk^-PV- + -SniH hn s -sfc,q-' 3 )- 



77,, 
i=l x ' 

By using g-symmetric properties of B kn (x\,x 2 : g|a,/3), we see that 
/ / Il^fc.ni^i'^a = g|a,/3)rf/i_i(a;i)d/i_i(a;2) 

= E (f ) (" 1 ) Sfe+ ' ^ t 1 - *i]f-^M-i(xi) jT [1 - * 2 ]^- +n --' fc d^-i(a: 2 ) 

= / [l-x 2 ]?-t" +n '-' k dn- 1 {x i ) 

Ji, P 

+ E (f) ( " 1)sfc+ 'i [i-*i]?-'^-i(*i)jT [l-^r+^^-i^) 

= -^niH h"s-sfc,<j-' 3 (2) 

+ E (f)(-l)' +sfe (2 + -E sfe -;, g -«)(2 + ^„ 1+ ... + „ s - sfe , g -.). (35) 

Thus, we have the following theorem. 

Theorem 17. Forni,- ■ ■ ,n s ,k £ Z + (seN) wit/i Hi + • • • + n s > sk, and a,/3 £ R, 
x \,x 2 £ [0,1], we have 

j j Y\ B k, ni (xi,x 2 : q\a, (3)d^ 1 (x 1 )dfi^ 1 (x 2 ) 

J% v •* lip i = \ 

= ^m-\ ^n s -sk,q-^{^) 

+ E ^f)(-^) l+sk (2 + E sk _ Uq -«)(2 + E ni+ ... +n3 _ sk ^). 

From (34) and (35), we obtain the following corollary. 

Corollary 18. Forni, • • • , n s , k £ Z+(s £ N) with n\ + - ■ -+n s > sk, and a,/3 £ R, 
x \,x 2 £ [0,1], we have 

11 ( u j E sk,q"(2 + E ni+ ... +riB _ skq -i3) 
t=i ^ ' 



Ern-\ Vn s -sk,q-f< (2) 

+ E ( S %-^) l+sk ^ + E sk - l , q -.)(2 + E ni+ ... +n3 _ sk ^). 






Acknowledgement. This Research was supported by Kyungpook National Uni- 
versity Research Fund, 2010 



294 



RIM ET AL: KIM q-BERNSTEIN POLYNOMIALS 



13 



References 



[1] M. Acikgoz, S. Araci, A study on the integral of the product of several type 
Bernstein polynomials, 1ST Transaction of Applied Mathematics-Modelling 
and Simulation, 2010. 
[2] S. Bernstein, Demonstration du theoreme de weierstrass, fondee surle calcul 

des probabilities, Commun. Soc. Math. Kharkow (2) 13 (1912-13), 1-2. 
[3] T. Kim, Some identities on the q-Euler polynomials of higher order and q- 
stirling numbers by the fermionic p-adic integral on Z p , Russ. J. Math. Phys. 
16 (2009), 484-491. 
[4] T. Kim, q-Volkenborn integration, Russ. J. Math. Phys. 9 (2002), 288-299. 
[5] T. Kim, q-Bernoulli numbers and polynomials associated with Gaussian bino- 
mial coefficients, Russ. J. Math. Phys. 15 (2008), 51-57. 
[6] T. Kim, L.-C. Jang, H. Yi, A note on the modified q-Bernstein polynomials, 
Discrete Dynamics in Nature and Society 2010 (2010), Article ID 706483, 12 
pages. 
[7] T. Kim, Note on the Euler q-zeta functions, J. Number Theory 129 (2009), 

1798-1804. 
[8] T. Kim, Barnes-type multiple q-zeta functions and q-Euler polynomials, J. 

Physics A:Math. Theor. 43 (2010), 255201, 11pp. 
[9] T. Kim, A note on q-Bernstein polynomials, Russ. J. Math. Phys. (accepted) 
[10] H. Ozden, Y. Simsek, S.-H. Rim, I. N. Cancul, A note on p-adic q-Euler 

measure, Adv. Stud. Contcmp. Math. 14 (2007), 233-239. 
[11] G. M. Phillips, Bernstein polynomials based on the q-integrals, Annals of Nu- 
merical Analysis 4 (1997), 511-514. 
[12] Y. Simsek, M. Acikgoz, A new generating function of q- Bernstein-type polyno- 
mials and their interpolation function, Abstr. Appl. Anal. 2010 (2010), Article 
ID 769095, 12 pages. 
[13] T. Kim, q-Euler numbers and polynomials associated with p-adic q-integrals, 

J. Nonlinear Mathematical Physics 14 (2007), 15-27. 
[14] T. Kim, On the q-extension of Euler and Genocchi numbers, J. Math. Anal. 

Appl. 326 (2007), 1458-1465. pages. 
[15] T. Kim, On a q-analogue of the p-adic log gamma functions and related inte- 
grals, J. Number Theory 76 (1999), 320-329. 
[16] T. Kim, Symmetry properties of the generalized higher-order Euler polynomials, 

Proc. Jangjeon Math. Soc. 13 (2010), 13-16. 
[17] T. Kim, On the multiple q-Genocchi and Euler numbers, Russ. J. Math. Phys. 

15 (2008), 481-486. 
[18] V. Gupta, T. Kim, J. Choi, Y.-H. Kim, Generating function for q-Bernstein, q- 
Meyer-Konig-Zeller and q-Beta basis, Automation Computers Applied Math- 
ematics 19 (2010), 7-11 pages. 
[19] T. Kim, Some identities for the Bernoulli, the Euler and the Genocchi numbers 

and polynomials, Adv. Stud. Contemp. Math. 20 (2010), 23-28. 
[20] A. Bayad, T. Kim, Identities for the Bernoulli, the Euler and the Genocchi 
numbers and polynomials, Adv. Stud. Contemp. Math. 20 (2010), 247-253. 



295 



14 

Seog-Hoon Rim. Department of Mathematics Education, Kyungpook 
National University, Taegu 702-701, Republic of Korea, 
E-mail address: shrim@knu.ac.kr 

Lee-Chae Jang. Department of Mathematics and Computer Science, 
KonKuk University, Chungju 380-701, Republic of Korea, 
E-mail address: leechae . j angOkku . ac . kr 

Jongsung Choi. Division of General Education-Mathematics, Kwang- 
woon University, Seoul 139-701, Republic of Korea, 
E-mail address: jeschoi@kw.ac.kr 

Young-Hee Kim. Division of General Education-Mathematics, Kwang- 
woon University, Seoul 139-701, Republic of Korea, 
E-mail address: yhkim@kw.ac.kr 

B. Lee. Department of Wireless Communications Engineering, Kwang- 
woon University, Seoul 139-701, Republic of Korea, 
E-mail address: bj_lee @kw.ac.kr 

Taekyun Kim. Division of General Education-Mathematics, Kwang- 
woon University, Seoul 139-701, Republic of Korea, 
E-mail address: tkkim@kw.ac.kr 



JOURNAL OF COMPUTATIONAL ANALYSIS AND APPLICATIONS.VOL. 1 3, NO.2, 296-304, 201 1 , COPYRIGHT 201 1 EUDOXUS PRESS, LLC 



INNER PRODUCT SPACES AND FUNCTIONAL EQUATIONS 
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Abstract. In [7], Th.M. Rassias introduced the following equality 



\^ \\xi - Xj\\ 2 = 2n\^\\xi\\ 2 , \ .v, - 



E 



for a fixed integer n > 3. Let V, W be real vector spaces. In this paper, we show that, if a mapping / : V — ► W satisfies 

n n 

^2 f(x i -x j ) = 2n^2 f{xi) (0.1) 

i,j — 1 i — 1 

for all xi, • • • ,x n £ V with Y^ ._ Xi = 0, then the mapping / : V — > W is realized as the sum of an additive mapping 
and a quadratic mapping. 

Furthermore, we prove the generalized Hyers-Ulam stability of the functional equation (0.1) in real Banach spaces. 

Keywords: additive mapping, quadratic mapping, functional equation associated with inner product space, generalized 
Hyers-Ulam stability. 

2010 AMS Subject Classification: Primary 39B72, 46C05. 

1. Introduction 

The stability problem of functional equations is originated from a question of Ulam [15] concerning 
the stability of group homomorphisms. Hyers [5] gave a first affirmative partial answer to the question 
of Ulam for Banach spaces. Hyers' Theorem was generalized by Aoki [1] for additive mappings and 
by Th.M. Rassias [6] for linear mappings by considering an unbounded Cauchy difference. The paper 
of Th.M. Rassias [6] has provided a lot of influence in the development of what we call generalized 
Hyers-Ulam stability of functional equations. A generalization of the Th.M. Rassias theorem was 
obtained by Gavruta [4] by replacing the unbounded Cauchy difference by a general control function 
in the spirit of Th.M. Rassias' approach. 
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A square norm on an inner product space satisfies the following parallelogram equality: 

||.T + y|| 2 + !|x-y|| 2 =2!| a ;|| 2 + 2||y|| 2 . 

The functional equation 

f(x + y) + f(x-y) = 2f(x) + 2f(y) 

is called a quadratic functional equation. 

A generalized Hyers-Ulam stability problem for the quadratic functional equation was proved by 
Skof [14] for mappings / : A — ► Y, where A is a normed space and Y is a Banach space. Cholcwa [2] 
noticed that the theorem of Skof is still true if the relevant domain X is replaced by an Abelian group. 
In [3], Czerwik proved the generalized Hyers-Ulam stability of the quadratic functional equation. 

A square norm on an inner product space satisfies the following equality: 



3 3 

Yl \\ x i~ x j\\ 2 = 6 A^ 

i 7 j — l i—1 



^"xJI 2 



for all xi, X2, #3 G ^ with x\ + X2 + X3 = (see [7]). 

From the above equality, we can define the functional equation 

h(x -y) + h(2x + y) + h(x + 2y) = 3h(x) + 3h(y) + 3h(x + y), 

which is called a quadratic functional equation. In fact, h{x) — ax 2 in R satisfies the quadratic 
functional equation. In particular, every solution of the quadratic functional equation is said to be a 
quadratic mapping. Several functional equations have been investigated in [8]-[13]. 

Throughout this paper, assume that n is a fixed integer greater than 2. Let A be a real normed 
vector space with norm || • || and Y a real Banach space with norm || • ||. 

In this paper, we investigate the functional equation (0.1) and prove the generalized Hyers-Ulam 
stability of the functional equation (0.1) in real Banach spaces. 

2. Functional equations associated with inner product spaces 

We investigate the functional equation (0.1). 
Lemma 2.1. Let V and W be real vector spaces. If a mapping f : V — > W satisfies 

n n 

Y,f{x i -x j ) = 2nJ2f{x i ) (2.1) 

i,j — 1 i—1 

for all Xi, • • • , x n G V with J^._ 1 Xj = 0, then the mapping f : V — ► W is realized as the sum of an 
additive mapping and a quadratic mapping. 

Proof. Let g(x) :— 2 an< ^ h{x) := J^ x > + f^ x ' f or a ]j x e V. Then g(x) is an odd mapping 

and h{x) is an even mapping satisfying /(x) = g(x) + h(x) and (2.1). 
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Letting x\ = x, x^ — y, X3 = — x — y and X4 = ■ ■ ■ = x n = in (2.1) for the mapping g, we get 

9{x) + g{y) - g(x + y) = g(x) + g{y) + g(-x - y) = 

for all x,y € V. So g{x) is an additive mapping. 

Letting x\ = x, X2 — y, X3 = —x — y and X4 = • • • = x n = in (2.1) for the mapping h, we get 

/i(x -y) + h(2x + y) + h(x + 2y) = 3h(x) + 3h(y) + 3h(x + y) 

for all x,y G V. So h(x) is a quadratic mapping. This completes the proof. □ 

For a given mapping / : X — > Y, we define 

n n 

Df{xi, ■ ■ ■ ,x n ) := J^ /(xj - Xj) - 2n^/(x l ) 

«,j — 1 i— 1 

for all xi , • • • , x n G X. 

Let g(x) := i( - x >~^~ x > and /i(x) := ^ x > + ^~ x > for all x <E X. Then <?(x) is an odd mapping and h(x) 
is an even mapping satisfying f(x) = g(x) + /i(x). If Df{x\ 1 • • • , x„) = 0, then Dg(xi, • • • , x n ) = 
and Dh(xi, • • • , x„) = 0. 

Now, we prove the generalized Hycrs-Ulam stability of the functional equation Df(x\, • • • , x„) = 
in real Banach spaces. 

Theorem 2.2. Let f : X — > Y be a mapping satisfying /(0) = for which there exists a function 

tp : X n — > [0, 00) such that 

00 
^(x 1 ,---,x n ):=^4V(g,---,5)<oo, (2.2) 

\\Dh(xi,- ■■ ,x n )\\ < tp(xi,-- ■ ,x„) (2.3) 

for all Xi, ■ • • , x„ € X with X^j=i x « = 0- TTien i/iere exists a unique quadratic mapping Q : X —> Y 
such that 

\\h(x)-Q(x)\\<hp(x,-x, 0,--- ,0) (2.4) 

n— 2 times 

for all x (^ X . 

Proof. Letting X\ = x, X2 = —x and X3 = • • • = x n = in (2.3), we get 

||2/i(2x)-8/i(x)|| < v?(x,-x, (),■■■ ,0) (2.5) 

n— 2 times 

for all xGl. It follows from (2.5) that 



/>(.<•) -4/,.(| 



1 x x 

n— 2 times/ 



299 



Y. J. CHO, C. K. PARK, TH.M. RASSIAS AND R. SAADATI 



for all x e X and so 



x 



ll 4 '^) -4 m M^)ll< 



m / 






(2.6) 



n— 2 times/ 

for all nonnegative integers m and I with m > { and all x E X. It follows from (2.2) and (2.6) that the 
sequence {i k h(^)} is a Cauchy sequence for all x E X . Since Y is complete, the sequence {4 fc /i(^)} 
converges and so one can define the mapping Q : X —* 1" by 

Q^lim^g) 



for all x e X. By (2.2) and (2.3), we have 



||£>Q(a;i,---,a; n )|| = lim 4 fc 

k—x>o 



Dh 



X\ x r _ 



2fe ' '2^ 

2 fe'"' ' 2fc 



* & 4 ^(S'---» = 



for all x\,--- ,x n E X with X^i=i •£» = 0- So DQ{x\,- ■ ■ ,x n ) = 0. Since ft, : X — > y is even, 
Q : X — ► V is even and so the mapping Q : X — > Y is quadratic. Moreover, letting / = and passing 
the limit m — > oo in (2.6), we get (2.4). Hence there exists a quadratic mapping Q : X — > y satisfying 
(2.4). 

Now, let Q' : X — > y be another quadratic mapping satisfying (2.4). Then we have 



\\Q(x)-Q'(x)\\ = 4«|Q(^)-Q'(^) 



< 4 9 



«(s) 



2" 



-4" 



"(s 



<•© 



n— 2 times/ 

which tends to zero as q — > oo for all a; G X. Therefore, we can conclude that Q(x) = Q'(x) for all 
x € X. This proves the uniqueness of Q. This completes the proof. □ 

Corollary 2.3. Let p > 2 and 6e positive real numbers and f : X — > y fe a mapping such that 

n 

\\Dh(x lt --- ,x n )\\<e^2\\xi\\ p (2.7) 

i=l 

/or oH xi, ■ ■ ■ ,x n € X with Y^7=i x * = 0- l%en i/iere exists a unique quadratic mapping Q : X — > y 
swc/i £/ia£ 



||/ l ( a; )-Q( a; )||<__|| a; 



/or all x € X. 



Proof. Define ^(xi, • • • , x n ) = #X}i=i ll a: i|l p an d a PPty Theorem 2.2, then we get the conclusion. □ 
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Theorem 2.4. Let f : X —> Y be a mapping satisfying /(0) = for which there exists a function 
tp : X n — ► [0, oo) satisfying (2.3) such that 

DC 

lp(x u --- ,x n ) := ^4" J V(2 J xi,- •• ,2 j x n ) < oo (2.8) 

for all Xi, ■ ■ ■ , X n € X. Then there exists a unique quadratic mapping Q : X — > Y such that 

\\h(x) - Q(x)\\ < ±$(x, -x, (V-^0) 

n— 2 times 

for all x € X . 



Proof. It follows from (2.5) that 



h(x) h(2x) 



< -<p(X) —x, 0, • • • ,0) 



n— 2 times 

for all x e X. The rest of the proof is similar to the proof of Theorem 2.2. □ 

Corollary 2.5. Let p < 2 and 9 be positive real numbers and f : X —> Y be a mapping satisfying 
(2.7). Then there exists a unique quadratic mapping Q : X —> Y such that 

\\h(x)-Q(x)\\<-^\\xr 
for all x £ X. 

Proof. Define ip(xi, ■ ■ ■ ,x n ) = 9^2™_i ll a; ill p an d a Pply Theorem 2.4, then we get the conclusion. □ 

Theorem 2.6. Let f : X — > Y be a mapping for which there exists a function ip : X n — > [0,oo) such 
that 

oo 

$(*!,- ■■ ) sO:=£*V(fj."-,|j)< oo, (2.9) 

||D5(xi,- •• ,x n )\\ < ip(xi,-- ■ ,x n ) (2-10) 

for all Xi, ■ ■ ■ ,x n G X with X)i=i x i = 0- ^ e?J there exists a unique additive mapping A : X —> Y 
such that 

\\g{x)-A(x)\\ <-^${x,x,-2x,0,--- ,0) 

n— 3 times 

for all x <E X. 

Proof. Letting x\ = x, xi = x, x% = —2x and X4 = • • • = x n = in (2.10), we get 

||4ng(a;) -2ng(2x)|| < ip(x,x,-2x, 0, • • • ,0) (2.11) 

n— 3 times 

for all xGl. The rest of the proof is similar to the proof of Theorem 2.2. □ 
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Corollary 2.7. Let p > 1 and 9 be positive real numbers and f : X — > Y be a mapping such that 

n 

\\Dg{xi, ■■■,x n )\\<eY J \\xi\\ P (2-12) 

i=i 

for all Xi, • • ■ ,x n G X with X^j=i x % = 0- Then there exists a unique additive mapping A : X — > Y 

such that 

\\9(*)-m\\<^^\W 

for all x G X . 

Proof. Define ip(xi, ■ ■ ■ ,x n ) = 6 Yl^—i \\xi\\ p and apply Theorem 2.6, then we get the conclusion. □ 

Theorem 2.8. Let f : X — > Y be a mapping for which there exists a function ip : X n — > [0, oo) 
satisfying (2.10) such that 

oo 

$(a;i, ■■-,*„): - £ 2"'V (2^i, • • • , Vx n ) < oo (2.13) 

/or oH Xi, • • ■ ,x n (z X with Y17=i x i = 0- ^ en there exists a unique additive mapping A : X —> Y 
such that 

|| 5 (x)-^(x)||<^*(a;,a;,-2x,0,"-,0) 

n— 3 times 

for all x (z X . 



Proof. It follows from (2.11) that 



9 ( x ) ~ 2' 9 ( 2x ) 



< — tp(x,x, —2x, 0, • • • ,0) 



n— 3 times 

for all x E X. The rest of the proof is similar to the proof of Theorem 2.2. □ 

Corollary 2.9. Let p < 1 and 9 be positive real numbers and f : X —> Y be a mapping satisfying 
(2.12). Then there exists a unique additive mapping A : X —> Y such that 

||ff(a;)-i4(a;)|| < i^Tj MT 
nv\ ) \ )\\ - 2n (2-2P)" " 

for all x <G X . 

Proof. Define f(xi, • • • , x n ) — 0$^»=i \\xi\\ p and apply Theorem 2.8, then we get the conclusion. □ 

From ||D/(a;i, • • • ,x n )\\ < <p(xi, ■ ■ ■ ,x n ), we have 

\\Dh(xi,-- ■ ,x n )\\ < -ip(xi,- ■■ ,X„) + -tp(-xi,- ■■ ,-x n ) 



and 



\\Dg(x 1 ,--- ,x n )\\ < -<p{x u --- ,x n ) + -ip{-x l ,--- ,-x n ). 
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Note that 

CO OO 

EMf},-,f)<l>M!.-.t 

i=i 3=1 

Thus, combining Theorem 2.2 and Theorem 2.6, we obtain the following result: 

Theorem 2.10. Let f : X —> Y be a mapping satisfying /(0) = for which there exists a function 

ip : X n — ► [0, oo) satisfying (2.2) and 

\\Df(x lr -- ,x n )\\ < <p{xu---,x n ) (2.14) 

for all xi, ■ ■ ■ ,X n € X with YH=i x i = 0- Then there exist a unique additive mapping A : X — > Y 
and a unique quadratic mapping Q : X —> Y such that 

\\f{x)-A{x)-Q{x)\\ 

< Ye^ x ' _a: ' °' " ' ' ° ) + iq^(~ x > x ' °' " ' ' ° ) 

n— 2 times n—2 times 

+— $(x, x, -2x, 0, • • • , ) + g^*(-», -a;, 2a:, 0, ■ ■ ■ , ) 

n— 3 times n— 3 times 

for all x ^ X, where tp and $ are defined in (2.2) and (2.9) ; respectively. 



Corollary 2.11. Let p > 2 and # 6e positive real numbers and f : X — > y oe a mapping such that 

n 

\\Df(x u ---,x n )\\<eJ2\\xi\\ P (2-15) 

/or a// Xi, • • • ,x„ G X wii/i X)"=i ^i = 0- ^ e?J ^ere errirf a unique additive mapping A : X —> Y 
and a unique quadratic mapping Q : X —> Y such that 

p f{ x)-A { x)-Q { x)\\<{^ + ^^)e\\x^ 

for all x G X . 

Proof. Define f(x\, • • • , x n ) — 6 X)"=i I \ x i\\ v an( ^ a PPly Theorem 2.10, then we get the conclusion. □ 
Note that 

oo oo 

^4->(2^i r -,2^)<^2-V(2^i r -,2^). 

3=0 3=1 

Thus, combining Theorem 2.4 and Theorem 2.8, we obtain the following result: 

Theorem 2.12. Let f : X — > Y be a mapping satisfying /(0) = for which there exists a function 
ip : X n — ► [0, oo) satisfying (2.13) and (2.14). Then there exist a unique additive mapping A : X — > Y 



303 

8 Y. J. CHO, C. K. PARK, TH.M. RASSIAS AND R. SAADATI 

and a unique quadratic mapping Q : X —> Y such that 

\\f(x) - A(x) - Q(x)\\ 

- Jq^( x > ~ x ' °> ' ' ' ' ° ) + Ik ^ _a; ' X ' ' " ' ' ° ) 

n— 2 times n— 2 times 

+ — $(x, x, -2x, 0, • • • , ) + g^*(-», -», 2s, 0, • • • , ) 

71—3 times n— 3 times 

for all x <E X, where ip and $ are defined in (2.8) and (2.13), respectively. 

Corollary 2.13. Let p < 1 and &e positive real numbers and f : X — > Y be a mapping satisfying 
(2.15). Then there exist a unique additive mapping A : X — ► Y and a unique quadratic mapping 
Q : X — > Y such that 

1 2 + 2P 



\\j\ ) \ ) ^\ /w - y 4 _ 2 p 2n(2-2P" 
for all x € X. 

Proof. Define ip(xi, • • • , x n ) = 9 X)i=i 1 1 2 -*! \ p an( i a PP^y Theorem 2.12, then we get the conclusion. □ 
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FUZZY FUNCTIONAL INEQUALITIES 

YEOL JE CHO, CHOONKIL PARK, AND REZA SAADATI 

Abstract. In this paper, we investigate the following functional inequalities 

ll/(«) + /(») + /toll < \\f{x + y + z)\\ (0.1) 

and 



||/(a0 + /fo) + 2/to|| < 



->/(^+* 



(0.2) 



in fuzzy normed vector spaces and prove the generalized Hyers-Ulam stability of the functional 
inequalities (0.1) and (0.2) in fuzzy normed vector spaces in the spirit of the Th.M. Rassias 
stability approach. 



1. Introduction and preliminaries 

The stability problem of functional equations originated from a question of Ulam [32] con- 
cerning the stability of group homomorphisms. Hyers [9] gave a first affirmative partial answer 
to the question of Ulam for Banach spaces. Hyers' Theorem was generalized by Aoki [1] for ad- 
ditive mappings and by Th.M. Rassias [22] for linear mappings by considering an unbounded 
Cauchy difference. The paper of Th.M. Rassias [22] has provided a lot of influence in the 
development of what we call the generalized Hyers- Ulam stability of functional equations. A 
generalization of the Th.M. Rassias theorem was obtained by Gavruta [6] by replacing the 
unbounded Cauchy difference by a general control function in the spirit of Th.M. Rassias' 
approach. 

During the last two decades a number of papers and research monographs have been pub- 
lished on various generalizations and applications of the generalized Hyers-Ulam stability to 
a number of functional equations and mappings (see [11], [16]-[20]). 

Gilanyi [7] showed that if / satisfies the functional inequality 

||2/(x) + 2f(y) - f(x -y)\\< \\f(x + y)\\ (1.1) 

then / satisfies the Jordan-von Neumann functional equation 

2f(x) + 2f(y)=f(x + y ) + f(x-y). 

See also [25]. Fechner [4] and Gilanyi [8] proved the generalized Hyers-Ulam stability of 
the functional inequality (1.1). Park, Cho and Han [21] investigated the Cauchy additive 
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2000 Mathematics Subject Classification. Primary 46S40; Secondary 39B72, 39B52, 46S50, 26E50. 
Key words and phrases, fuzzy Banach space, additive functional inequality, additive functional equation, 
generalized Hyers-Ulam stability. 



306 
2 YEOL JE CHO, CHOONKIL PARK, AND REZA SAADATI 

functional inequality 

\\f(x) + f(y) + f(z)\\<\\f(x + y + z)\\ (1.2) 

and the Cauchy-Jensen additive functional inequality 



||/(s) + /(y) + 2/(*)||< 



2f[^ + z 



;i.3) 



and proved the generalized Hyers-Ulam stability of the functional inequalities (1.2) and (1.3) 
in Banach spaces. 

Katsaras [13] defined a fuzzy norm on a vector space to construct a fuzzy vector topological 
structure on the space. Some mathematicians have defined fuzzy norms on a vector space 
from various points of view [15, 33]. In particular, Saadati and Vaezpour [27], following Cheng 
and Mordeson [2] , gave an idea of fuzzy norm in such a manner that the corresponding fuzzy 
metric is of Kramosil and Michalek type [14]. They established a decomposition theorem of 
a fuzzy norm into a family of crisp norms and investigated some properties of fuzzy normed 
spaces [28, 29, 31]. 

We use the definition of fuzzy (random) normed spaces given in [26, 27, 30] to investigate 
a fuzzy version of the generalized Hyers-Ulam stability for the Cauchy functional inequality 
(1.2) and the Cauchy-Jensen functional inequality (1.3) in the fuzzy normed vector space 
setting. 

Definition 1.1. Let X be a real vector space. A function TV : X x R — > [0, 1] is called a fuzzy 
norm on X if for all x, y £ X and all s,t el, 

(Aq) N(x,t) =0 for t <0; 

(JV 2 ) x = if and only if N(x, t) = 1 for all t > 0; 

(iV 3 ) N(cx,t) = N(x,±) if c^0; 

(N 4 ) N{x + y,s + t)> min{iV(x, s),N(y, t)}; 

(N§) N(x, ■) is a non-decreasing function of R and limt_»oo N(x, t) = 1; 

(Nq) for i/O, N(x, •) is continuous on R. 
The pair (X, TV) is called a fuzzy normed vector space. 

The properties of fuzzy normed vector spaces and examples of fuzzy norms are given in 

[27]. 

Definition 1.2. Let (X, N) be a fuzzy normed vector space. A sequence {x n } in X is said to 
be convergent or converges if there exists x G X such that lim n ^ 00 N(x n — x, t) = 1 for all t > 0. 
In this case, x is called the limit of the sequence {x n } and we denote it by A^-lim n ^oo x n = x. 

Definition 1.3. Let (X,N) be a fuzzy normed vector space. A sequence {x n } in X is called 
a Cauchy sequence if, for any e > and t > 0, there exists no £ N such that, for all n > uq 
and p > 0, iV(x n+ p — x n , t) > 1 — £. 
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It is well-known that every convergent sequence in a fuzzy normed vector space is a Cauchy 
sequence. If every Cauchy sequence is convergent, then the fuzzy normed space (X, N) is said 
to be complete and the complete fuzzy normed vector space is called a fuzzy Banach space. 

We say that a mapping / : X — > Y between fuzzy normed vector spaces X and Y is 
continuous at a point xq £ X if, for each sequence {x n } converging to xq in X, the sequence 
{f(x n )} converges to f(xo). If / : X — > Y is continuous at every x & X, then / : X — > Y is 
said to be continuous on X (see [27]). 

This paper is organized as follows: In Section 2, we investigate the functional inequalities 
(1.2) and (1.3) in fuzzy normed vector spaces, and prove the generalized Hyers-Ulam stability 
of the functional inequalities (1.2) and (1.3) in fuzzy Banach spaces. 

Throughout this paper, assume that X is a vector space and that (Y, N) is a fuzzy Banach 
space. 

2. Generalized Hyers-Ulam stability of functional 
inequalities in fuzzy normed vector spaces 

In this section, we investigate the functional inequalities (1.2) and (1.3) in fuzzy normed 
vector spaces and prove the generalized Hyers-Ulam stability of the functional inequalities 
(1.2) and (1.3) in fuzzy Banach spaces. 

Lemma 2.1. Let (Z,N) be a fuzzy normed vector space. Let f : X — > Z be a mapping such 
that 

N(f(x) + f(y) + f(z),t) > N (j(x + y + z), t -^j (2.1) 

for all x,y, z £ X and t > 0. Then f is Cauchy additive, that is, f(x + y) = f(x) + f(y) for 
all x,y G X. 

Proof. Letting x = y = z = in (2.1), we get 

iV(3/(O),t) = iv(/(O),0>iv(/(O),0 

for all t > 0. By (iV 5 ) and (JV 6 ), N(f(0),t) = 1 for all t > 0. It follows from (JV 2 ) that 
/(0) = 0. Letting y = —x and z = in (2.1), we get 

N(f(x) + f(-x),t) > N (7(0), = N (0, = 1 

for all t > 0. It follows from (7V 2 ) that f(x) + f{—x) = for all x G X and so f{—x) = —f{x) 
for all x G X. 

Letting z = —x — y in (2.1), we get 

«(/(*) + /(»)- /(* + »),*) = «(/(*) + /(») + /(-* -!/),0 

> w(/(0),i) -*(»,!)-! 
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for all x,y £ X and t > 0. By (N 2 ), N(f(x) + f(y) - f(x + y),t) = 1 for all x,y £ X and 
£ > and so 

/(x + y) = f(x) + f(y) 

for all x, y £ X. This completes the proof. □ 

Lemma 2.2. Let (Z,N) be a fuzzy normed vector space. Let f : X — > Z be a mapping such 
that 

N(f(x) + f(y) + 2f(z),t) > N (2f [^ + *) , 2 -t) (2.2) 

for all x,y, z £ X and all t > 0. T/ien / is Cauchy additive, that is, f(x + y) = f(x) + f(y) 
for all x,y £ X . 

Proof. Letting x = y = z = 0in (2.2), we get 

N(4f(0),t) = N (7(0), > N (2/(0), |t) = TV (/(0), |' 

for all t > 0. By (JV 5 ) and (iV 6 ), N(f(0),t) = 1 for all i > and so /(0) = 0. 
Letting y = —x and z = in (2.2), we get 

N(f(x) + f(-x),t) > N (2/(0), ?<) = TV (o, ^) = 1 

for all t > 0. It follows from (AT 2 ) that /(x) + /(— x) = for all x £ X and so /(— x) = — /(x) 
for all i£l. 

Letting z = -^ in (2.2), we get 

W(*) + /(v)-2/(^,t) = TV (/(*) + /(y) + 2/ (-^),t 

> TV ^2/(0), |i) = TV (0, |t) = 1 

for all x,y £ X and t > 0. By (iV 2 ), N(f(x) + /(y) - 2/(^),t) = 1 for all x,y £ X and 
t > and so 

2f(*±^=f{x)+f{y) 
for all x, y £ X. Since /(0) = 0, 

f{x + y) = 2f(^±^=f{x) + f{y) 
for all x, y £ X. this completes the proof. □ 

Now, we prove the generalized Hyers-Ulam stability of the Cauchy functional inequality 
(1.2) in fuzzy Banach spaces. 
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Theorem 2.3. Let ip : X 3 — ► [0, oo) be a function such that 

oo 

ip(x, y, z) := J2 2->(2 n x, 2"y, 2"z) < oo (2.3) 

ra=0 

/or a// x,y, z € X. Let f : X — > V be an odd mapping such that 

lim 7V(/(x) + /(y) + /(z), ty>(z, y, 2)) = 1 (2.4) 

uniformly on X . Then L{x) := TV-lirrire^oo 2n ' exists for any x £ X and defines a Cauchy 
additive mapping L : X — > Y such that, if there exist 5 > and a > satisfying 

N(f(x) + f(y) + f(z), 5<p(x, y, z)) > a (2.5) 

for all x,y, z £ X, t/ien 

iV (/(x) - L(x), -ip(x, x, -2x)) > a 
/or all x £ X . Furthermore, the additive mapping L : X ^ Y is a unique mapping such that 



lim M/(x) - L(x),tip(x, x, -2x)) = 1 (2.6) 

t^oo 



uniformly on X. 



Proof. Since / is an odd mapping, /(— x) = —f(x) for all x £ X and /(0) = 0. For any e > 0, 
by (2.4), we can find some to > such that 

iV(/(x) + f(y) + f(z),t<p(x, y,z))>l-e (2.7) 

for all t > to- By induction on n, we show that 

•>k+i r 



/ n-l 

TV 2 n /(x) - /(2 n x), t J2 2 "~ fe ~ V(2 fe x, 2 fc x, -2 A 
\ fc=o 



L x > 1-e 2.8 



for all t >to, x £ X and n £ N. In fact, letting y = x and z = — 2x in (2.7), we get 

N(2f(x) - f(2x),Up(x, x, -2x)) > 1 - e 

for all x £ X and t > to an d so we get (2.8) for n = 1. 
Assume that (2.8) holds for n £ N. Then we have 



N 2 n+1 /(x) - /(2 n+1 x), t J2 2 n ~V(2^, 2 fc x, -2 



fc+ M 



fe=0 

n-l 



> min I N[ 2 n+1 /(x) - 2/(2 ra x), t ^ 2 n ~V(2 n x, 2 n x, -2 



n+1 x) 



fc=0 



N{2f{2 n x) - f(2 n+1 x), t ^(2"x, 2 n x, -2" +1 x))} 
> min{l — e, 1 — e} = 1 — e. 



This completes the induction argument. 
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Letting t = to and replacing n and x by p and 2 n x in (2.8), respectively, we get 
/ J2™x) _ f(2 n +Px) Jo y 2P-fc-i (2 n+fc x 2 n + k x, -2 n+k+1 c 

>l-e (2.9) 

for all n > and p > 0. It follows from (2.3) and the equality 

p— 1 -, n+p-1 

^2- n - fe -V(2" + ^,2" +fc x,-2 n+fe+1 x) = - £ 2-V(2 fc x,2 fc a;,-2 fe+1 x) 

fc=0 *" fc=n 

that, for some 5 > 0, there exists no £ N such that 

n+p—l 

I £ 2-V(2 fe z,2 fc x,-2 fe + 1 x)<<5 

~ fc=n 

for all n > no and p > 0. Now, we deduce from (2.9) that 

/ /Cgg) _ /(2"+*>s) \ 
I 2 ra 2 n +P ' / 

> AT f Z&l _ /(2"+ P x) Jo y 2 P-k-l {2 n+k T+ k x _ 2 n+fc+l t 

— i 2 n 2 n ~'~P 2 n ~^~P ' 

> 1-e 

for all n > no and p > 0. Thus the sequence { 2 " } ^ s a Cauchy sequence in Y. Since Y 
is a fuzzy Banach space, the sequence { 2 " } converges to a point I/(x) G V and so we can 
define a mapping L : X — ► Y by L(x) : = -/V-lim n _»oo 2 " i that is, for any £ > and x £ X, 
lim n ^ 00 N(i^-L(x),t) = l. 

Let x,y,z € X and fix t > 0, < e < 1. Since lim^oo 2- r V(2 n z, 2 n y, 2 n z) = 0, there 
exists rii > no such that totp(2 n x, 2 n y, 2 n z) < -^ for all n > n\. Hence, for all n > m, we 
have 

N(L(x)+L(y)+L(z),t) 

> min | TV (l(x) - 2~ n f(2 n x), ^) , TV (l( V ) - 2~ n f(2 n y), ^j , 

N (L(z) - 2- n f(2 n z), 1) , iV (l(x + y + z) - 2""/(2"(x + y + z)), ^) , 

N (j{2 n {x + y + z))- f(2 n x) - f(2 n y) - /(2"z), ^) , TV (l(x + y + z), |) } . 

The first four terms on the right-hand side of the above inequality tend to 1 as n — ► oo and 
the fifth term is greater than 

N(f(2 n (x + y + z))- f(2 n x) - f(2 n y) - f(2 n z),t <p(2 n x, 2 n y, 2 n z)), 

which is greater than or equal to 1 — e. Thus it follows that 

N(L(x) + L{y) + L(z),t) > min jiV (l(x + y + z), , 1 - eX 
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for all t > and < e < 1 and so 

N(L(x) + L(y) + L(z), t) > N [l{x + y + z), t - 

for all t > or 

iV(L(x) + L(y) + L(z),i) >l-e 

for all i > 0. For the former case, by Lemma 2.1, the mapping L : X — > Y is Cauchy additive. 
For the latter case, N(L(x) + L(y) + L(z),i) = 1 for all t > and hence N(3L(x),t) = 1 for 
all t > and x G X. By (7V 2 ), L(x) = for all x £ X. Thus the mapping L : X — ► Y is 
Cauchy additive, that is, L(x + y) = L(x) + L(y) for all x, y € X. 
Now, for some positive 8 and a, assume that (2.5) holds. Let 

n-l 

<p n (x,y,z) := ^2- fc -V(2 fe x,2 fc y,2 fc z) 

fc=0 

for all x,y,z G X. For any x G X, by the same reasoning as in the beginning of the proof, 
one can deduce from (2.5) that 

N 1 2 n f(x) - f(2 n x),8 J2 2 n - k - 1 ^(2 k x, 2 k x, -2 k+1 x) j > a 

\ k=0 / 

for all uGN. For any t > 0, we have 

N(f(x) - L(x),Scp n (x, x, -2x) + t) 
> min | TV (7(x) - f -^-, «5<^(x, x, -2s)) , iV (^^ - L(x), t) } . (2.11) 

Thus, combining (2.10) and (2.11), it follows the fact that lim n _ >00 7V( ^„ — L(x),t) = 1 
that 

N(f(x) - L(x),5ip n (x, x, -2s) +t)>a 

for large enough n G N. From the continuity of the function N(f(x) — L(x), •), we see that 
N(f(x) — L(x), f </?(x, x, — 2s) + t) > a. Letting £ — ► 0, we conclude that 



(2.10) 



TV (/(s) - L(x), -<p(x, x, -2x)) > a. 



Finally, it remains to prove the uniqueness assertion. Let T be another additive mapping 
satisfying (2.6). Fix c > 0. For any e > 0, by (2.6) for L and T, we can find some to > such 
that 

iv(7(x)-L(x),^(x,x,-2x)) > 1-e, 

iv(7(x)-T(x),^(x,x,-2x)) > 1-e 
for all x G X and t > to- Fix some x G X and find some integer no such that 

oo 

toE 2_ V(2 fe x,2 fc x,-2 fe+1 x)<^ 

fc=n 
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for all n > uq. Since 

OO -I oo 

J2 2- k ip(2 k x, 2 k x, -2 k+l x) = — J2 2- ( - k - n ^ip(2 k - n (2 n x),2 k - n (2 n x),2 k ~ n (-2 n+1 x)) 

k=n " k=n 

1 oo 

= —J2 2~ m ^(2 m (2 n x),2 m (2"x),2 m (-2" +1 x)) 

m=0 

= ^(2 n x,2 n x,-2 n+l x), 



we have 



N(L{x)-T{x),c) 

, , '/(2"x) Tl , c\ A / , . f(2 n x) c 



2 n 2) ' V 2 n ' 2, 

- min{7V(/(2 n x) - L(2 n x), 2 n - 1 c), iV(T(2 n x) - /(2 n x), 2 n " 1 c)} 

> min I iV ( f{2 n x) - L(2 n x),2 n t £ 2~V(2 fe x, 2 k x, -2 k+1 x) ) . 



k=n 

oo 



N T{2 n x) - f{2 n x),2 n t J2 2- k p(2 k x, 2 k x, -2 k+1 x) \ 

\ k=n ) J 

= min{iV(/(2 n x) - L{Tx),t^{2 n x, 2 n x, -2 n+1 x)), 
N{T{2 n x) - f(2 n x),t ip(2 n x, 2 n x, -2 n+1 x))} 
> 1-e. 

It follows that N(L(x) - T(x),c) = 1 for all c > 0. Thus L(x) = T{x) for all x G X. This 
completes the proof. □ 

Corollary 2.4. Let 6 > and p be a real number with < p < 1. Let f : X -^ Y be an odd 

mapping such that 

lim 7V(/(x) + /(j/) + /(z), tt?(||xf + ||y|| p + |M| P )) = 1 (2.12) 

t—>oo 

uniformly on X 3 . Then L(x) := N -Xvavn^^ 2 " exists for any x G X and defines a Cauchy 
additive mapping L : X —* Y such that, if there exist 5 > and a > satisfying 

N(f(x) + /(y) + /(*), <W(||zP + Hj/IP + ||zf)) > a 

for all x,y,z € X, t/ien 



/ 2 -I- 2 p 

N ( /(x) - L(x), ^^zSe\\.r\\'' ) > u 



2-2P 
for all x G X . Furthermore, the additive mapping L : X — > Y is a unique mapping such that 



2 + 2 P 
lim 7V(/(x) - L(x), -^— 2t9\\x\\P) = 1 

t— +oo z — 2" 



uniformly on X. 
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Proof. Define (p(x,y,z) := 9(\\x\\ p + \\y\\ p + \\z\\ p ) and apply Theorem 2.3, then we get the 
conclusion. □ 

Similarly, we can obtain the following and so omit the proofs. 
Theorem 2.5. Let if : X 3 — ► [0, oo) be a function such that 

^x, y ,,):=£2> U,^,^ <oo (2.13) 

n=l ^ ' 

for all x,y,z € X. Let f : X — > Y be an odd mapping satisfying (2.4). Then L{x) := N- 
limn^oo 2 n /(^-) exists for any x G X and defines a Cauchy additive mapping L : X — ► Y 
such that, if there exist 5 > and a > satisfying 

N(f(x) + f(y) + f(z),5<p(x,y,z))>a 
for all x,y, z € X, £/ien 

TV (7(x) - L(x), -</$(x, x, -2x)) > a 
/or all x & X . Furthermore, the additive mapping L : X — > V is a unique mapping such that 



lim N(f(x) - L(x),tlp(x, x, -2x)) = 1 

t^oo 



uniformly on X. 



Corollary 2.6. Let 9 > and p be a real number with p > 1. Let / : X — > Y 6e an odd 

mapping satisfying (2.12). T/ien L(x) := iV-limn^oo 2 n f{i^) exists for any x G X and defines 
a Cauchy additive mapping L : X — ► Y suc/i i/iai, i/ t/iere exist 5 > and a > satisfying 

N{f{x) + /(y) + /(*), W(||x||P + ||yf + ||*f )) > a 

/or all x,y,z € X, then 



/ 2 P + 2 

Nlf(x) - L(x), ^^SeW.rW 1 ' i > n 



2P-2 
for all x £ X . Furthermore, the additive mapping L : X — > Y is a unique mapping such that 



2 P -\-2 
]hnN(f(x)-L(x),-±-2te\\x\\P) = l 

t^oo 2" — 2 



uniformly on X. 



Proof. Define (p(x,y,z) := #(||x|| p + ||n|| p + \\z\\ p ) and apply Theorem 2.5, then we get the 
conclusion. □ 

Finally, we prove the generalized Hyers-Ulam stability of the Cauchy-Jensen functional 
inequality (1.3) in fuzzy Banach spaces. 
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Theorem 2.7. Let tp : X s — ► [0, oo) be a function satisfying (2.3). Let f : X —>■ Y be an odd 
mapping such that 

lim N(f(x) + f(y) + 2f(z),tp(x, y, z)) = 1 (2.14) 

uniformly on X . Then L(x) := /V-limn^oo 2n ' exists for any x £ X and defines a Cauchy 
additive mapping L : X — ► Y such that, if there exist 5 > and a > satisfying 

N(f(x) + f(y) + 2f(z),6<p(x, y, z)) > a (2.15) 

for all x,y, z £ X, then 

N (/(x) - L(x),^(0,-2x,x)) >a 
for all x £ X . Furthermore, the additive mapping L : X — > V is a unique mapping such that 



lim iV(/(x) - L(x), £<£(0, -2x, x)) = 1 (2.16) 



uniformly on X. 



Proof. Since / is an odd mapping, /(— x) = —f(x) for all x £ X and /(0) = 0. For any e > 0, 
by (2.14), we can find some to > such that 

N(f(x) + f(y) + 2f{z),t<p{x, y,z))>l-e (2.17) 

for all t > to- By induction on n, we show that 

N (2 n f(x) - f(2 n x),tJ22 n ~ k ~ 1 ^(0,-2 k+1 x,2 k x)\ >l-e (2.18) 

\ fc=o / 

for all t >to, x £ X and n £ N. In fact, letting x = 0, y = — 2x and z = x in (2.17), we get 

AT(2/(x) - f(2x), M0, -2x, x)) > 1 - e 

for all x G X and t > to and so we get (2.18) for n = 1. Assume that (2.18) holds for n £ N. 
Then we have 

/ ra \ 



TV 2 n+1 /(x) - / (2 n+1 x), t ^ 2 n ~V(0, -2 fe+1 x, 2 



x) 

n-1 



> min \N[ 2 n+1 f(x) - 2f(2 n x),t £ 2"" V(0, -2 fc+1 x, 2 



fc+l» oM 



fc=0 



iV(2/(2 n x) - /(2" +1 x),t ^(0,-2 n+1 x,2 n x))} 
> min{l — e, 1 — e} = 1 — e. 

This completes the induction argument. 

Letting t = to and replacing n and x by p and 2™x in (2.18), respectively, we get 

N I f(2 n x) _ f(2 n+p x) t Q y, 2 p_fc_1 ( J 9fO -2 n+fe+1 x 2 n+fc x) 
I 2 n 2 n +P ' 2 n ~^~P ' ' ' 

>l-e (2.19) 
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for all n > and p > 0. It follows from (2.3) and the equality 
p— 1 -. n+p— 1 

^22- n ~ k ~ 1 if(0,-2 n+k+1 x,2 n+k x) = - J2 2- k ip(0,-2 k+1 x,2 k x) 

fc=0 k=n 

that, for a given 5 > 0, there exists no £ N such that 

n+p-l 

I £ 2-V(0,-2 fc+1 x,2 fc a ;)<5 

fc=n 

for all n > uq and p > 0. Now, we deduce from (2.19) that 

N ( f(2 n x) _ /(2"+*>s) \ 
I 2 n 2 n+ P ' I 

> N (fjTA _ /(2 n + P x) JO U 2 p-fc-l (Q _ 2 n+fe+l x 2 n+k x) 

V fc=o 

> 1-e 

for all n > uq and p > 0. Thus the sequence { 2 " } ^ s a Cauchy sequence in Y. Since Y 
is a fuzzy Banach space, the sequence { 2 " i converges to a point L(x) S Y and so we can 
define a mapping L : X —> Y by L(x) : = -/V-bim^oo - 2 „ x , that is, for any t > and x € X, 
lim n _ 0O iV(^i-L(x),t) = l. 

Let x,y,z G X and fix t > 0, < e < 1. Since lim n ^ 00 2- n <p(2 n x,2 n y,2 n z) = 0, there 

12 



exists m > no such that totp(2 n x, 2 n y, 2 n z) < -j^ for all n > n\. Hence, for all n > m, we 
have 



N(L(x) + L(y) + 2L(z),t) 

t 

16, 

t 
16/' 



' ' -i r> I 5 



> min | JV (.L(x) - 2~ n f(2 n x) 

N (L{y) - 2~ n f(2 n y), ^j , iV ^L(z) - 2~ n f(2 n z), 



Nl2Ll^ + z)-^f r ZpL + z)),^,. 



2 J J '16 

TV ^2/ (2™ (^±* + *)) - /(2 n x) - f(2 n y) - f(2 n z), ^) , 

The first four terms on the right-hand side of the above inequality tend to 1 as n — ► 00 and 
the fifth term is greater than 

N (2f (2" (?±V +zjj- f(2 n x) - f(2 n y) - 2f(2 n z),t <p(2 n x,2 n y,2 n z)) , 



2 
which is greater than or equal to 1 — e. Thus we have 

N(L(x) + L(y) + 2L(z),t) > min S.N (2L 



x+y \ 2 . 

"+z),-t),l-e 



2 / '3 
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for all t > and < e < 1 and so 

N(L(x) + L(y) + 2L(z),t) > N [2L {^- + z) , ?*) 

for all £ > or 

JV(X(or) + L(y) + 2L(z),t) > 1 - e 

for all £ > 0. For the former case, by Lemma 2.2, the mapping L : X — ► Y is Cauchy additive. 

For the latter case, N(L(x) + L(y) + 2L(z),t) = 1 for all t > and so iV(4Z,(x), i) = 1 for all 

t > and x G X. By (-/V2), £(#) = for all i£l. Thus the mapping L : X — ► Y is Cauchy 

additive, that is, L(x + y) = I/(x) + £(y) for all x,y £ X. 

Now, for some positive 5 and a, assume that (2.15) holds. Let 

ji-i 
¥>„(*, 3/, *) := ^2- fc -V(2 fe x,2 fc y,2 fc z) 

fc=0 

for all x,y,z £ X. For any x £ X, by the same reasoning as in the beginning of the proof, 
one can deduce from (2.15) that 

N (V/(x) - f(2 n x),5j2^ n ' k ' 1 ^,-2 k+1 x,2 k x)\ >a (2.20) 

\ fc=o / 

for all n£N. For any t > 0, we have 

N(f(x)-L(x),6<p n (0,-2x,x) + f) 
< min|iv(/(x)-^^,^ n (0,-2x,x)), TV (^^ - L(x),i) J . (2.21) 

Thus, combining (2.20) and (2.21), it follows from lim n ^oo N( 2 " ~ L(x),t) = 1 that 

N(f(x) - L(x),5ip n (0, -2x, x) + t)>a 

for large enough n £ N. From the continuity of the function N{f{x) — L(x), •), we see that 
N(f(x) — L(x), 1^(0, — 2x, x) + 1) > a. Letting t — ► 0, we conclude that 



N (j(x) - L(x), -£(0, -2x, z)) > a. 



Finally, it remains to prove the uniqueness assertion. Let T be another additive mapping 
satisfying (2.16). Fix c > 0. For any e > 0, by (2.16) for L and T, we can find some to > 
such that 

N^f(x)-L(x), t -lp(0,-2x,x)^ > 1-e, 

N^f(x)-T(x),^(0,-2x,xij > l-e 

for all x £ X and t > to- Fix some x £ X and find some integer no such that 

00 
toE 2_ V(0,-2 fe+1 x,2 fc x)<^ 

k=n 
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for all n > uq. Since 

OO -I oo 

^2"V(0,-2 fc x,2 fe x) = —J2^' (k ' n) ^,2 k - n (-2 n+1 x),2 k - n (2 n x)) 

k=n ~~ k=n 

1 oo 

= F E 2 ~>(°> 2m (- 2n+ H2 m (2"x)) 

m=0 



we have 



^(0,-2^ 1 x,2"x) 



N(L(x)-T(x),c) 

>min , N (f<2^1- L(x) .2), N ( Tlx , '(*>*) « 



\ 2 n 2) V 2 n 2, 

min{iV(/(2 n x) - L(2 n x), 2 n ~ 1 c), N{T{2 n x) - f(2 n x), 2 n " 1 c)} 



> min i AN / (2 n x) - L(2 n x),2 n t £ 2~V(0, -2 fc+1 x, 2 fc 

I \ fe=n 

/ oo 

N T(2 n x) - f(2 n x),2 n t J2 2"V(0, -2 k+1 x, 2 k 



x) 

k=n 

oo 

X) 

k=n 

71+1 i)ti r 



= min{AT(/(2 n x) - L{2 n x), t (p(0, -2 n+i x, 2 n x)), 

N(T(2 n x) - f(2 n x),t Ql f(0, -2 n+1 x, 2 n x))} 
> 1-e. 

It follows that N(L(x) - T(x),c) = 1 for all c > 0. Thus L(x) = T(x) for all x G X. This 
completes the proof. □ 

Corollary 2.8. Let 6 > and I p be a real number with < p < 1. Let f : X ^ Y be an odd 
mapping such that 

lim iV(/(x) + /(y) + 2/(*), tf(||xP + \\y\\ p + ||zf)) = 1 (2.22) 

t— >oo 

uniformly on X . Then L(x) := A^-lim^^oo M 2 „ ; exists for any x £ X and defines a Cauchy 
additive mapping L : X — ► Y swc/t i/iai, i/ i/iere exist (5 > and a > satisfying 

N{f{x) + f{y) + 2f(z), S9(\\x\\P + ||nf + ||zf)) > a 

for all x,y,z G X, t/ien 



/ 1 + 2 P 

N (f{x) - L{x),^—^5e\\,r\\i' ) >n 



2-2P 

/or all x £ X . Furthermore, the additive mapping L : X — > Y is a unique mapping such that 

l + 2 p 



lim N ( f(x) - L(x), 



2-2P 
uniformly on X. 



-2i0||x|| p =1 
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Proof. Define (p(x, y, z) := 6(\\x\\ p +\\y\\ p +\\z\\ p ) and apply Theorem 2.7, we get the conclusion. 

□ 

Similarly, we can obtain the following results and so we omit the proofs. 

Theorem 2.9. Let tp : X 3 — ► [0, oo) be a function satisfying (2.13). Let f : X —> Y be an odd 
mapping satisfying (2.14). Then L{x) := N-Y\m. n ^ <yo 2 n /(^-) exists forany x G X and defines 
a Cauchy additive mapping L : X — ► Y such that, if there exist 5 > and a > satisfying 

N(f(x) + f(y) + 2f(z),6<p(x, y, z)) > a 

for all x,y, z € X , then 

N (/(x) - L(x),^(0,-2x,x)) >a 
for all x £ X. Furthermore, the additive mapping L : X — > Y is a unique mapping such that 



lim N(f(x) - L(x),tip(0, -2x, x)) = 1 



uniformly on X. 



Corollary 2.10. Let 9 > and p be a real number with p > 1. Let f : X — > Y be an odd 
mapping satisfying (2.22). Then L{x) := iV-lim ra _ +00 2 n /(<pf) exists for any x € X and defines 
a Cauchy additive mapping L : X — ► Y suc/i £/ta£, i/ t/iere exisi (5 > and a > satisfying 

N(f(x) + /(j/) + 2/(z), W(||x|r + ||yf + ||zf)) > a 

for all x,y, z £ X, t/ien 



/ 2 P + 1 

iV ( /(x) - L(x), ^— r^lj.rll'" ) > n 



2P-2 

/or all x £ X . Furthermore, the additive mapping L : X — > Y is a unique mapping such that 

2 p + l 



lim N[f(x) -L(x), 



: 2i0||x|| p =1 



t^oo \ 2P - 2 

uniformly on X. 

Proof Define <p(x, y, z) := 0(||x|| p +|||/|| p +||z|| p ) and apply Theorem 2.9, we get the conclusion. 

□ 
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Abstract 

In this paper, we introduce the class AfK,^ a ,p of analytic functions in the unit disc D 
of the complex plane C. By using functions with lacunary Taylor series, it is shown that 
different values for p give raise to different spaces. Finally, we study composition operators 
acting between A//f,^ a ,p-type classes. 

1 Introduction 

Let D = {z : \z\ < 1} be the unit disk in the complex plane C, <9D its boundary and H(0) be 
the class of all holomorphic functions in ED. For < p < oo, the Bergman space A p is the set of 
analytic functions / in the unit disk D with 

ll/lf> = l -j\f{z)fdA{z) <oc, 

D 

where dA{z) denotes Lebesgue area measure. If p > 1, A p is a Banach space with the norm 
||.||_4p . If < p < 1, it is a complete metric space, where the metric is given by d(f,g) = 
\\f ~ dW'Ap ■ -A 2 is a Hilbert space with inner product 

1 



</,<?> = - / f(z)g(z) dA(z) 

IT 

and reproducing kernel k a (z) = (1 _1^ 2 at a G D. It actually turns out that this holds for / G A p , 
1 < p < oo. For more information about Bergman spaces we refer to [7, 8, 9, 14, 15, 23, 26]. 
A space closely related to A p is A~ n (n > 0), which consists of functions / analytic in D with 

||/|U-„=sup|/(z)|(l-|z| 2 r<oo. 

l 

A~ n is also a Banach space. It is easy to see that for any <5 > 0, A p ~ 6 C A p . One can also 

_ 2 

check that A p C A p. The space A~ n has been studied extensively (see [9, 19, 21, 22] and 
others). If n = 1 we call that / G A -1 . 



AMS: 32A36, 30B10 , 46 £15. 
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It should be remarked here that a function / is in the Bloch space if the derivative of / is in 

A' 1 (see [9]). 

Palmberg in [19] introduced the M p — spaces, (with p G (0, oo)) consist of / £ H(0) such that 






h = SUp / \f(z)\ 2 (l - \Va{z)\ 2 YdA{z) < OO, 



when p = 1, J\f p coincides M\. The J\f\— space was introduced in [16]. 

Very recently El-Sayed and Bakhit [3, 4] introduced the space Mk of holomorphic functions. 

This space consists of / G H(D) such that 



\\m K = sup / |/(z)| 2 ^( 5 (z,a))cM(z) < oo. 
aer 



If 



lim / \f(z)\'K(g(z,a))dA(z)=0, 
\a\-*l. 



then / is said to belong to Mk,o- Clearly, if K{t) = t p , then Mk = M p ', since g(z,a) ~ (1 — 

|(y9 a (z)| 2 ). For i^(t) = 1 it gives the Bergman space A 2 . It is easy to check that || • \\j\f K is a 

complete semi-norm on Mk- If Mk consists of just the constant functions, we say that it is 

trivial. 

In this paper, we introduce the new space MK,ip a ,p by the right continuous and nondecreasing 

function K : [0, oo) — > [0, oo). The MK,^> a ,p space consists of / G H(D) such that 



^_=sup(l-|a| 2 ) 2 ^ / \fo iPa \P(l-\z\ 2 r- 2 K(log-)dA(z)<o. 



If 

lim (1 - |a| 2 ) 2p / |/ o p a \ p (l - \z\ 2 ) p - 2 K(log ^)dA(z) = 0, 
|ci|— «-l Jo \z\ 

then / is said to belong to A/x, Va ,p,o- We assume from now on that all K : [0, oo) — ► [0, oo) to 
appear in this paper are right-continuous and nondecreasing functions such that the integral 

fl/e roo 

I K(log(l/p))pdp = / K(t)e~ 2t dt is convergent. 

From a change of variable we see that the coordinate function z belongs to MK,<p a ,p space if and 
only if 

f (l-lap^l-M 2 )^ 2 ^ 2 \ .. , , . 

sup / : ^— = K log — —r \aA(z) < oo, where a > r. 

aeoJo \l-az\ z P V \ a \-\ z \J 

simplifying the above integral in polar coordinates, we conclude that MK,<p a ,p space is nontrivial 
if and only if 

r 1 (i _ t) 3 P(l - \z\ 2 ) p ~ 2 ( 2 \ 

Throughout this paper we always assume that condition (1) is satisfied, so that the MK,^ a ,p 
space, which we study is not trivial. An important tool in the study of MK,<p a ,p space is the 
auxiliary function (pK defined by 

, . . K(st) 

4>k{s) = sup , < s < oo. 

0<t<l &{t) 
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The following condition has played a crucial role in the study of MK,u> a ,v space 

ds 
<Pk(s)^ < oo. (2) 

l s 

The function theory of Nx,ip a ,p obviously depends on the properties of K. 

Two quantities Af and Bf, both depending on an analytic function / on D, are said to be 
equivalent, written as Af ~ Bf, if there exists a finite positive constant C not depending on / 
such that for every analytic function / on D we have: 

^B f <A f < CB f . 

If the quantities Af and Bf, are equivalent, then in particular we have Af < oo if and only if 
Bf < oo. Given two weight functions K\ and K2, we are going to write K\ < K2 if there exists 
a constant C > 0, independent of t, such that K\{t) < CK2(t) for all t. The notation ifi < if 2 
is used in a similar fashion. When K\ < if 2 ^ ifi, we write ifi ~ if 2. 

Corollary 1.1 /#5/ If K satisfies condition (2), then there exists a constant C > swc/t t/iot 
K(2t) < CK(t) for all0<2t<l. 

Lemma 1.1 [25] If K satisfies condition (2), then the function 

f°° ds 

K*(t) = t / 4) K {s)^ {where, < t < 00), 
J\ s 

has the following properties: 

(A) K* is nondecreasing on (0, 00). 

(B) K*{t)/t is nondecreasing on (0,oo). 

(C) K*{t) > K{t) for all t G (0, 00). 
(D)K*<K on (0,1]. 

If K(t) = K(l) for t>l, then we also have 

(E) K*(t) = K*(l) = K(l) for t > 1, so K* » K on (0, 00). 



Theorem 1.1 [25] If K satisfies condition (2) then for any a > 1 and < (3 < 1 we /iai>e 

r^log -)~ $ K(log -)dr « C(/3) f 1 — ^") iff — ^") , (3) 



'0 r r \ a / \ a / 

where C{(3) is a constant depending only on (3. 

Now, we give the following proposition. 

Proposition 1.1 If K satisfies condition (2), then we can find another nonnegative weight func- 
tion given by 

f°° ds 

K*{t) = t 4>k(s)^ where, < t < 00, 

J\ s 

such that MK,ip a ,p = ■N~K*,ip a ,v an d that the new function K* has the following properties: 

(a) K* is nondecreasing on (0, 00). 

(b) K* satisfies condition 1. 

(c) K* satisfies condition 2. 

(d) K*(t)/t is nondecreasing on (0,oo). 
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(e) K*(2t) r*K*(t) on (0,oo). 

(f) K* is concave on (0,oo). 

(g) K* is differentiable (up to any given order) on (0,oo). 
(h) K*(t) = K*(l) for all t > 1. 

(i)K*<K on (0,1]. 

Proof: The proof of this proposition can be obtained from Lemma 1.1, and also using some 
similar steps to that used in the proof of proposition 4 in [25] , so it will be omitted. 

Throughout this paper, C stands for positive constants, which may indicate different constants 
from one occurrence to the next. 



2 Holomorphic Mr w » space 



Va,V 

In this section we prove some basic properties of AfK,(p a , P — space. 

Let D(a,r) = {z : |</? a (,z)| < r} be the pseudo-hyperbolic disk with radius r, where < r < 1. 

For a point a£D and < r < 1, we can get that D(a,r) with pseudo-hyperbolic center a and 

pseudo-hyperbolic radius r, its Euclidean center and Euclidean radius are -^aji" and \_ r t\J\l , 

respectively (see [20]). 

Now, we give the following results: 

Theorem 2.1 For each nondecreasing function K : [0, oo) — ► [0, oo) and < p < oo. Then 

(i)M K , Va , P cA- 4 
(ii)J^K,<fi a , P = A~ 4 , if 



sup (1 - \a\) p [ (1 - r 2 )- 3p - 2 K[ log ^— )rdr < oo, 

aen Jo \ \ a \- r J 

where \a\ > r. 

Proof: Suppose that / € J\fK,tp a ,p, and let C be a constant such that 

sup(l - |a| 2 )* f \f o <p a \P(l - \z\ 2 y- 2 K(log ^)dA(z) = c 

aen Jn \ z \ 

By the fact K is nondecreasing, for all r, < r < 1, we have 

C > (l-|a| 2 ) 2p f |/o <p a \P(l- |z| 2 )^ 2 ^(log^)dA(z) 
Jo \ z \ 

> (1-M 2 ) 2P / \f{z)\ ^ 1 - l ^^ P K{log T ^)dA{z l 



(4) 



D(a,r) I 1 - M ) Wa{z) 

> (l-|a| 2 ) 2 ^(logM | /( ^ Z lP1 ll ^z) 

r JD(a,r) \ l ~ az \ \ l ~ \ z \ ) 

> T^(log-) / |/(*)|*(1 - \a\ 2 ) 3p (l - \z\ 2 y- 2 dA{z) 
(4) p r J D{a>r) 

> ±^K(log-)\D(a,r)\ P -^(l-\a\ 2 f p f \f{z)fdA{z) 

> ^K(log^)|D(o,r)| E i 2 (l -\ a \ 2 fv\f{aW, 
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where (1 — \z\ 2 ) 2 ~ \D(a, r)\ and (1 — \a\) < |1 — az\ < (1 + \a\) for any fixed ro G (0,1), (see 
[20, 24]), then 



(l-|a| 2 ) 4 ^|/(a)r< 



C 

r 2 i^(log-i-)| J D(a,r )| E ^ 



Thus / e -4~ 4 in D. Hence, 

JK,(p a ,p 



A/V.^r, C .4 . 



The proof of (i) is therefore completed. 

Now, we show that A~ 4 C Mx,w a ,p^ provided that K satisfies condition (4). For / G A~ 4 , we 

have that, 

(1 - \a\ 2 ) 2p / \f o <p a (z)\V(l - \z\ 2 )P- 2 k( log j^W*) 

Jo \ \ Z \J 

f (l-\a\ 2 ) 3p (l-\z\ 2 ) p - 2 f 1 \ 

* /j /( - )|P ( ' (1- |a|)^ ' } K^fcMlH 

= (2ni- la \yjmz^±^^ 

= (2)^(l-|a|r||/(z)||^ 4 /(l-H 2 )- 3 ^ 2 ifflog i-^- 



< (2fv(l -\a\nf(z)f A _ 4 /(l-|z| 2 )^- 2 Kflog^4)^(z 

< (2) 3 ?(1- \a\y\\f(z)\\ p A _ 4 f\l-r 2 )- 3 P- 2 K(lo gr ^-)dA(z) 

Jo V l a l ~~ r / 

< (2) 3 l/(z)||^ 4 snp(l-H) P [\l-r 2 )-^- 2 K( 

< C||/(Z)||^_ 4 , 



log — ) dA(z) 

' \a\ — r ' 



Hence / G NK,tp a ,p> then we have proved that (4) is a sufficient condition, so that J^~K,ip a ,p = A 4 . 

Theorem 2.2 Let K±(l) > 0, K 2 (t) = ird{Ki(t),Ki(l)}, and < p < oo. A/so ; we suppose 
that 

\\f\W K ,<Pa,P= ll/IU-4) 

i/ien N~K U (p a ,p = NK 2 ,fa,p 

Proof: Since -K2 < K\ and If 2 is nondecreasing, it is clear that A/x li(/ , aiP C MK 2 ,f a ,p- ^ remains 
to prove that ft/K 2 ,<p a ,p c ■^K 1 ,ip a ,p- We note that 

g(z,a)>l, z € D(a, 1/e), 

c/(z,a) < 1, zeD\D(c,l/e). 

Thus K\(g(z, a)) = K2(g(z, a)) in D\D(a, 1/e). It suffices to deal with integrals over D(a, 1/e). 
If / G NK 2 ,p a ,pi tnen / e A~ 4 , hence 

(l-|a| 2 ) 2p / 1/0^(1- Izl 2 )^- 2 ^/ log j^W^) 

JD{a,l/e) V H/ 
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( H) ' l/()l (i-m 2 ) 2 Kl \ log RMf 



D(o,l/e) 
D(o,l/e) 



< 11/(^)11^-4 



l-az| 2 P(l- |z| 2 ) 3 p 
(1 - |z| 2 )- 3 p- 2 (1 - |a|2) 3 P 



cL4(z) 
1 



M _ I -,|2\4p— 2/1 _ I |2\jd 



£>(a,l/e) 



(i-H 



\2/, 



#i lo, 



1 



VaW 



(2)*||/(z)||* 4 (1 - |a|f / (1 - N 2 )- 3 ?- 2 ^ lo 



(2) 3p ||/(^)||^- 4 



D(a,l/e) 

l-lzl 2 )^- 2 ^! 1(, ? 



1 



D(a,l/e) 



1 — az 



a — z 
2 

ol — z 



< (2) 3 l/(z)||^ 4 / (l-H^-^-^xfbg 

JD(a,l/e) \ 

< (2) 3 P\\f(z)\\ p . 4 / le (l-^)~ 3 ^ 2 ^lfloK^^!n/r 



l¥>a(*OI 

cM(z) 
<M(z) 



<M(z) 



cM(z) 



a — r 



< cii/^ii^ 



The right-hand member gives abound for the supremum over a G D of the first term in this 
chain of inequalities. Hence / G MK 1 , l f a ,p and the theorem is proved. 

Theorem 2.3 let K : [0, oo) — ► [0, oo) be a nondecreasing function and let < p < oo. Then 

(i)NK,<p a , P ,o cAq 4 

(ii) J^K,ip a , P ,o = -4q 4 «/(4) /io/ds. 



Proof: (z) Without loss of generality, we note that if / G J\fK,u> a ,p,o an d -K"(l) > 0, then 

if(l)(l-|a| 2 ) 2p 



iMr i^g ^i 



1 



'D(a,l/e) (! - kl 2 ) 2 

< (1 - |a| 2 ) 2 ? / |/ o <^(z)P>(l - |z| 2 r 2 ^(log ^)cM(z). 
For a fixed r G (0, 1), let 

£7(o,r) = {z G D, |z - a| < r(l - |o|)}. 
We know that E(a, r) C -D(a, r) and for any z G E(a, r), we have 

(l-r)(l-|o|) <1-|«|< (l + r)(l-|a|), 
which means that 1 — |z| 2 ~ 1 — \a\ 2 for any z G E(a, r). Since |/(z)| p is subharmonic, for a G 

(1 - |a| 2 ) 2 ^ / \f o <p a (zW(l - \z\ 2 f- 2 K(log ^)cM(z) 

<vr(l/e) 2 -^^(l)(l-|a| 2 ) 4p |/(a)r 



Hence, 



J^K, Va ,pfi C A) • 
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(ii) We only need to prove that 
Assume that 



A C AfK,<p a , P ,o- 



C = sup(l - \a\f / (1 - r 2 )- ?>p - 2 K (log 

aeD JO V 



a — r 



rdr < oo. 



For a given e > there exists an n , < n < 1 , such that 



(l-|a|) p f {l-r 2 )- 3p - 2 K(lo£ 



\a\ — r 



rdr < e. 



Thus, 



(1 - |a| 2 ) 2 ^ / |/o p a |P(l - |z| 2 f- 2 K(log n )cL4(z) 

\D(a,r) \ z \ 



(l-\a\ 2 ) 



2\2p 



\D(a,r) 



\m\ pil 7T^W^K(log r J r^)dA(z) 



ri — ui 2 ) 2 



\Va{z)\ 



f M _ |n| 2 Wl - \7\ 2 \P- 2 1 

= (l-k| 2 ) 2p / I/^I P ( ii-lfr ^(log^ 

Jo\D(a,r) \l~az\ 2 P \<p a {z) 

r (1 - \a\ 2 ) 3p (l - \z\ 2 ) 4p - 2 1 

Jn\D(a,r) (l-\a\yP(l-\z\ z yP \<Pa{z)\ 

< (2f p \\f(z)\\ p (l-\a\) p [ (1 -\z\ 2 )^- 2 K (lo; [ -" : ' 



■)dA(z) 



K[ log 



a — z 
2 

lal — |u>| 



dA(z) 

dA{w) 



(5) 



< (2)^||/(z)||^ 4 (l - |a|)* / (1 - | W | 2 )- 3 ^ 2 k( 

Jr<\w\<l \ 

= (2fP\\f(z)\\ P A _ 4 (l-\a\r f\l - \r\ 2 r 3p - 2 K(log-^—)rdr 

< e(2f p \\f(z)\\ P A _ 4 . 

Since f(z) G Aq \f(w)\ p {l — |w| 2 ) 4p — > uniformly for |iu| < n if \a\ — > 1, where n is fixed and 
< ri < 1. Then, 

lim (1 - |a| 2 ) 2p f \f o <p a \P(l - |z| 2 )P- 2 K(log ^)dA(z) 

I^H 1 JD(a,n) \ z \ 

= lim (1 - |a| 2 ) 2 " / |/(*)|' (1 ~ ^^ ^(log T-4-Ti)^H 



/" (1 - \w\ 2 ) 4p ~ 2 (l - \a\ 2 ) 3p 

H-UH<n (l-|a|) 2 P(l-|u;| 2 ) 3 P '' " 



1 — aw 



a — w 



dA{w) 



< (2) 3p lim (1 



|o|-l 



\) p I \f{w)\v{l-\w\) ip {l-\w\ 2 )-^- 2 K(\o gT ^—\dA{w) 
J\w\<ri. V \a-w\J 



< (2f p £ lim sup |/H| p (l-|u;| 2 ) 4p = 
kH 1 |w|<n 



Therefore, 



lim (1 - |a| 2 ) 2p [ \fo ip a \P(l - |z| 2 f- 2 ^(log -^)dA(z) = 
I^H 1 Jo \ z \ 



Then, / G AfK,<p a ,p,o and hence (4) is a sufficient condition for A/"K,<p a ,p,o = A to hold. 
This completes the proof of our theorem. 
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3 Lacunary series in J\fK,<p a , p space 

Recall that the analytic function 

oo 
f( z ) = ^ a k z Tlk { with n k G N; for all k G N) 

k 

is said to belong to the Hadamard gap class (also known as lacunary series) if there exists a 
constant c > 1 such that n ^ > c for all k G N. It is well known that a lacunary series belongs 
to BMOA space if and only if it is in the Hardy space H 2 ; see [6]. It is also well known that 
a lacunary series in the Bloch space if and only if its Taylor coefficients are bounded; see [26] 
for instance. In [18], Miao gave characterizations of Besov space by the help of a lacunary 
series. These characterizations extended to higher dimensions using several complex variables 
and quaternion sense (see [1, 5, 12]). In this section, we obtain some results for functions to be 
in Mx,ip a ,p classes in terms of Taylor coefficients. 

Theorem 3.1 If K satisfies condition (2), < p < oo and 

oo 

f(z)=Y,a n z n -\ 



71=1 



then 



(1 - \a\ a ) 2p f \f o ^(l - |z| 2 r 2 K(log ^)dA(z) 

Jo \ z \ 

< c'(l - \a\yY\a n \v( , P ~l \ P ~ Y k(-J^± ^ 

fV \p(n-l) + 2j \p(n-l) + 2j 



n=l 



Proof: Write 



1(f) = (1 " \a\ 2 ) 2p [ \nz)\ ^\ l ^ r K0o g]; ^)dA(z) 

JO I 1 ~~ \ z \ ) \ L Pa\z)\ 

= (1 - |a| 2 ) 2p / |/(*)|PiLJ?LMLNJ_ l 

Jo \l-az\ z P Wa{z)\ 



< (2) 3 ^(1 - \a\y / |/(*)|'(1 - \ z \ 2 y- 2 K(log—-)dA(z). 
Jo l</W)| 

Integrating in polar coordinates leads to 

oo „! 

/(/) < (2) 3p (l - \a\) p V|a„| p / r p ( n -V +1 (l - r 2 ) p ~ 2 K (log -)dr, 

n=l ^ r 

where r G (0, 1). By the inequality 1 — r 2 < 21og(-), we have 

oo x 

/(/)<(2) 4p - 2 (l-|a|) p V|a n |^ / r^- 1 ) +1 (log-r- 2 ii:(log-)dr. 

^i Jo r 

We apply Theorem 1.1, with (3 = 2 — p and a = p{n — 1) + 2, we obtain 

/(/) « (2)^ C (2- rt (l - NF £ | 0j p( pl _^_) P -V(-^i_) 



71=1 



w- <M.i)*£kr(- 7 £^r* / ""' 



v p(n-l) + 2/ Vp(n-l) + 2 

n=l 



EL-SAYED AHMED, AL-AMRI: HOLOMORPHIC BERGMAN SPACES 



329 



Theorem 3.2 // K satisfies condition (2) and 



3=1 

is in the Hadamard gap class, then f £ NK,u> a ,v if 



PH^)< 



oo. 



(6) 



Proof: First assume that condition (6) holds. We write z = re in polar form and observe that 



!/(*)!< X>- 



rij — l 



r ' v 3 



3=1 



Then, 



p 



sup(l - |a| 2 ) 2 ^ / 1/0^(1 

aeD Jd 



1 



z| 2 f~^(log r7 )di4(z) 



~ 



1 



sup(l - |a| 2 ) 2 ^ / |/(*)|*(1 - |^W| 2 ) P (1 - M 2 )- 2 ^(log— - 



)(M(z) 



< (2) 3p sup(l - \a\Y [ \f(z)ni - \ z \*y-*\±-^ 
a& Jo \l-az\P 



K(g(z,a))dA(z) 



< (2) 4 ?>sup/ \f(z)\P(l-\z\y- z K(g(z,a))dA(z) 

ael 



< (2) 4p sup / y^lbjlr^- 1 



1 



2tt 



I - r 2 Y~ 2 ( — / K{g{re l \ a))d9 ) rdr. 



By Proposition 1.1, we may well assume that K is concave. Then 

±-j 2 J K{g{re w ,a))de < K (J- £\(re ie , a)d9 
by Jensen's formulae (see [11]). We proceed to estimate the integral 



1 



2~ 



1 



/U,i= 2^y g{re M ,a)d6 = —j log 



2tt 



1 — are 



■IB 



re 10 — a 



d6. 



Hence, 



1(a) < 



1o s(r) » < r < |a|; 
log(^) , \a\ < r < 1. 



In particular, 



From this we have, 






2- 



1(a) = ±- f g(re ie ,a)de<log( 1 ). 

^ Jo r 



„1 r- OO 

<(2) 4p sup / r~ p+1 YlbjW 



(l_ r 2)P-2 K /' log i), /; . 



(7) 
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Using the Cauchy-Schwarz inequality (see [11]) to produce 



EN 

3=1 



< 



< 



n=0 rijGl n 

oo 



E E i*> B ' < E E n^ 

'-n=0nj£l n 



IP 



y^^ 2 n/2 r 2™^l-l/p^2" 2 (l-p)n/2^1/p V^ | fc 



IP 



n=0 

OO 



«,' e/ n 



•n=0 

< cflo 



oo y \ pi r oo 

J- r 2» 2 ((l-p)/2)n/ J- | 6j .|j ^ 2 «/2 r 2" 



' rijel n 
lN -(p-l)/2_oo 



n=0 
-p)/2)n| 



p-1 



£V" 2 ((l-p)/2)n/ J- | 6 . 
where / n = {j : 2 n < j < 2 n+1 , j E N}. To this end, we combine the elementary estimates: 



V2fr 2 " = ^2 V / t^Adt 

— — Ion 

— r°° 
< V2 t~*r*dt 

Jo 



< 2r(^)(iogl)" 5 

This very useful tool can now be applied to the calculation above to obtain 

P /•! 






^C^)* 1 



"P)/2 



n=0 



E fci 



p-3 
r 2"-p+l^ log i\ 2 K flog I ),/,• 



This together with (7) and Theorem 1.1 for a = 2 n — p + 2,(3 = —^, we obtain 

p-i 
p — 1 \ 2 / p — 1 



A6 



Jf.Vo.P 



< 



< 



^E Ei & , 

n=0 rij£l n 
oo r- 

^E Ei & , 



. p-i 

P / 1 \ 2 



2 n+l-2(p + 2 

2 n \2 1 



K 



2«+l -2{p + 2) 



< 



c£ Ei». 



2 n / V 2 n 



(8) 



If rij G I n , then n^ < 2 n < 2 n+1 . It follows from the monotonicity of k and K(2t) < CK(t) for 
all < 2t < 1, such that 



l\ p-1 „/l 



2" 



A' 



2 n 3 



< n { r l) K 



n. 



Combining this with (8), we obtain 

OO i- 
p a ,p ~ Z^ Z^ I ■?' 






V 1 ^ f ' 



0) 
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Since / is in the Hadamard gap class, there exists a constant c such that rij+i > crij for all 
j G N. Hence, the Taylor series of f(z) has at most ([log c 2] + 1) terms a,jZ n ' such that rij G I n . 
By (9) and Holder's inequality, 

ii/ii^,_ < oog c 2+ir l f;EiW^) 

n=0rij<=I n ^ J ' 

= (iog c 2+ir i f;i6 i i^(i : Y 

n=l ^ ■? ' 

Then, / G M K , 9a , P - 

4 Composition operators on J\fK,<p a ,p classes 

There have been several attempts to study compactness and boundedness of composition oper- 
ators in many function spaces (see, e.g., [2, 10, 13, 16, 17, 19] and others). In this section we 
study composition operators acting on NK,tp a ,p s P ace - 

Now, we let <fr G H(D) to denote a non-constant function satisfying 0(D) C ED. The composition 
operator C^ : H(J}) — > H(0) is defined by C^ = f o </>. First, in the following result, we describe 
boundedness for our MK,<p a ,p classes. 

Lemma 4.1 (Test function in J\fK,<p a ,p F° r w £H), we define 

i-M 2 

nw[Z) ~ (l-wzf 

Then 

h w {z) G N K ,<p a ,p and sup \\h w {z)\\^f K ^ ap < 1. 

Proof: Trivially h u (z) G H(B), then 



HM&- = 8UP(1 " kl 2 ) 2p / K °M^)I P (1 " N| 2 r 2 ^(log^)^(z) < 1. 

Theorem 4.1 Let if : [0, oo) — ► [0, oo) 6e a nondecreasing function and a G (0,oo). T/ien 
C<£ : ftfK,<p a ,p — ► A a is bounded if and only if 



(1 _ | z |2)a 
SUp y^ |JL/ , ^^ < OO. (10) 



(1-|^)|2U 



Proof: First assume that condition (10) holds. Then 

||CV/|U Q = sup|/(0(z))|(l-|z| 2 r 



zero 
^ ^p-^M^-sup|/(^))|(l-|^)| 2 ) 4 
(1 - \z\ 2 ) a 

< II/IU-4SUP- — 

zeo {l-\4>{z)\r 

< c\\f\w KiVatP , 
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Conversely, assume that C^ : MR,ip a , P —> A a is bounded, then 

||c /m a < ll/lk*,^,,,- 

Fix a point zq £ D, and let h w be the test function in Lemma 4.1 with w = (f)(zo)- Then, 

1 — \ll}\ 2 M — \7n\ 2 \ a 

1 \ W \ ft l_ |2\a - ri V 1 l*0| J 



12 



i > \\h w \W K , Vn , p > c \\h w o (4>)\\ Aa > c- — r^(i - \z \T > c 



" K ' va ' p ~ " w ^"^- |l-u;^o)| 2V ' Ul ; " ^(l-|^o)| 2 ) 4 ' 
Theorem 4.2 C^ : Mx,ip a ,p —> A a is compact if and only if 

(l-\z\ 2 ) a 
lim sup = 0. 

^i^M 1 -!^)! 2 ) 4 

Proof: First assume that C^ : N~K,ip a ,p - ► A a is compact and suppose that there exists eo > 
a sequence {z n } C D such that 

(1 _ \z n \ 2 ) a 1 

> eo whenever |^(z„)| > 1 



(1-|<^)I 2 ) 4 "™ n 

Clearly, we can assume that w n = 4>{z n ) tends to Wq G dB> as n — ► oo. Let /i Wn = ^Z^J^ be the 
function in Lemma 4.1. Then h Wn — > /i Wo with respect to the compact-open topology. Define 
/n = /i«) n — h WQ . Then ||/n||A/*: < 1 ( see Lemma 4.1) and f n — ► uniformly on compact 

subsets of D. Thus, /„ o — > in A a by assumption. But, for n big enough, 

nc^/ n iu a > \h Wn ^{ Zn ))-h W0 {cp{z n ))\{i-\z n \ 2 r 



:i - u, 



|2\a 

I J I ... .i 

" l-\Mz n )\ 2 



1 (i-Kr)(i-Ki j ) 

|1 -tZJoWnl 



>6 =1 

which is a contradiction. Conversely, assume that for all e > there exists 5 € (0, 1) such 
that ii if i| 2 < e whenever |^>(z)| > <5. Let {/ n } be a bounded sequence in NK,<p a ,p norm which 
converges to zero on compact subsets of ED. Clearly, we may assume that |</>(z)| > 5. Then 

n<v„iu a = su P \f n (<p(z))\(i-\z\ 2 r 

zeD 



(l-\z\ 2 ) a 
^ (l-\^(z)\ 2 ) 



™P 77 l ';l,m 4 l/(^))l( 1 " l^)! 2 ) 4 - 



It is not hard to show that 

ll/IU-4 < ll/lk^ a , p . 

Thus, we obtain that 

HCtf./nlUc < e||/n|U-4 < 4fn\W K , VaiP < £■ 
It follows that Ca, is a compact operator. This completes the proof of the theorem. 
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Abstract. The purpose of this paper is to introduce a new system of 
nonlinear implicit fuzzy resolvent operators of (A, ^-monotone type and 
to develop a new iterative algorithm to approximate the solutions of the 
nonlinear implicit fuzzy resolvent operator systems. Further, by using 
Rus's results and and some new analytic techniques, we also prove the 
existence of solutions and the convergence of the sequences generated by 
the algorithms. The results presented in this paper improve and generalize 
the corresponding results of recent works. 

Key Words and Phrases. Nonlinear implicit fuzzy resolvent operator 
system, (A, ??)-monotone and relaxed cocoercive operator, new iterative 
algorithm, existence and convergence. 
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1 Introduction 

In this paper, for given operators a : Hi — > [0, 1], b : H 2 — > [0, 1] and c : H 3 — > [0, 1], we 
shall consider the following system of nonlinear implicit fuzzy resolvent operators: 

Find u, x G Hi, v,y 6 H 2 and w, z G H3 such that x £ (G u ) a (u), V G {S v )b(v), z € (%j)c(w) 
and 

' 9(u) =B£;£ Il [A 1 (f(u))-pN 1 (p(u),y,w)], 
v =R^ 2 [A 2 (v)-XN 2 (u,v,z)}, (1.1) 

where for i = 1, 2, 3, 7ii is a real Hilbert space, 2™-' denotes the family of all the nonempty 
subsets oil-Li, FiJ-Li) is the collection of all fuzzy sets on Hi, R„ l ' M . = (Ai + tMi)~ 1 : Hi — > 
Hi is the corresponding resolvent operator associated with nonlinear operator Mi, t > is 
an any constant, iVj : Hi x H2 X Hz — > Hi, f,g,p ■ Hi — > H\ and r\i : Hi x Hi —5- Hi are 
five single-valued operators, Q : Hi — > F(Hi), S : Hi — > Ti^Hi) and T : H3 — > JF{Hz) are 
three fuzzy operators, Ai : Hi — > Hi and Mi : Hi — > 2^ i are two any nonlinear (in general) 
operators such that f(u) £ dom(Mi) for all u £ Hi, and p, X,a > are three constants. 

Example 1.1 If f = g, then the problem (1.1) reduces to the following implicit resolvent 
operator system with fuzzy operators: 

9{y) = R^mM^u)) - pNi(p{u),y,w)], 
v = KIm 2 IMv) - XN 2 (u,v,z)}, w = R^ 3 [A 3 (w) - o-N 3 (x,v,w)}, 

1 This work was supported by the Sichuan Youth Science and Technology Foundation (08ZQ026-008) 
and the Open Foundation of Artificial Intelligence of Key Laboratory of Sichuan Province (2008RQ002, 
2009RZ001). 

2 The corresponding author: hengyoulan@163.com (H. Y. Lan). 
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which is equivalent to the following inclusion systems formula 

OeN 1 (p(u),y,w)+M 1 (g(u)), G N 2 (u, v,z) + M 2 (v), G N 3 (x, v ,w) + M 3 (w). (1.2) 

The problem (1.2) is called a system of nonlinear implicit fuzzy variational inclusions. 

Example 1.2 Furthermore, if G : U\ ->• 2 Wl , 5 : % -* 2^ 2 and T : H 3 -» 2^ 3 are i/iree 
classical set-valued operators, by using G, S and T, we can define three fuzzy operators as 
follows: 

Q : Hi ->• -F("Hi), n h^ Xg(u) , S : / H 2 ^ P{%2), v h-» xs(v), T :U 3 ^ P{U 3 ), w »->• xt(w), 

wherexG(u)> XS(v) an dXT(w) are the characteristic functions of the set G(u), S(v) andT(w), 
respectively. It is easy to see that Q, S and T both are closed fuzzy mappings satisfying 
condition (C) with constant functions a(u) = 1, b(v) = 1 and c{w) = 1 for all u G %\, 
v G ~H 2 and w G % 3 , respectively. Furthermore, 

(Gu)a(u) = Xg(u) 1 = {" e ftil Xg(u){v) = 1} = G(«), 
(5«)6( W ) = X5(«)j = i v G W 2 | X5(«)M = !} = £(«)> 
(7i,) c ( w ) = Xt(w) 1 = {v e H 3 | Xt»M = 1} = T M- 

Clearly, the fuzzy operators include set-valued operators as special cases. Thus, the problem 
(1.2) is equivalent to finding u, x G "Hi, v,y £ % 2 and w,z G ^3 sttc/i £/ia£ x G G(u),y G 
S'('u), z G T(w) and 

OG iVi (p(w), j/, w) + Afi ((/(it)), 0GiV 2 (n,t;,z) + M2(t;), G N 3 (x, v ,w) + M 3 (w). (1.3) 

TTie problem (1.3) is called a nonlinear implicit set-valued variational inclusion system, 
which includes a number of quasi-variational inclusions, generalized quasi-variational in- 
clusions, quasi-variational inequalities, implicit quasi-variational inequalities, variational 
inclusion systems studied by many authors as special cases, see, for example, [1-12] and the 
references therein. 

The study of such types of problems is motivated by an increasing interest in the varia- 
tional inequality theory introduced by Stampacchia [4] in early sixties. Variational inequal- 
ity theory has witnessed an explosive growth in theoretical advances, algorithmic develop- 
ments and applications across all disciplines of the pure and applied sciences. In recent years, 
much attention has been given to develop efficient and implementable numerical method for 
solving variational inequalities, operator equations and related optimization problems. It 
has been shown in [1, 3] that the three-step schemes give better numerical results than the 
two-step and one-step approximation iterations. The concept of variational inequalities can 
be defined differently depending upon the area in which one seeks to study these concepts. 

In [5], the author introduced first a new concept of (A, n)-monotone operators, which 
generalizes the {H , n)-monotonicity (see [3, 11, 13]) and A-monotonicity (see [7, 10]) in 
Hilbert spaces and other existing monotone operators as special cases, and studied some 
properties of (A, n)-monotone operators and defined resolvent operators associated with 
(A, n)-monotone operators. Then, by using the new resolvent operator technique, which is 
a very important method to find solutions of variational inequality and variational inclusion 
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problems, the author constructed some new iterative algorithms to approximate the solu- 
tions of a new class of nonlinear (A, ^-monotone operator inclusion problems with relaxed 
cocoercive operators and also proved the existence of solutions and the convergence of the 
sequences generated by the algorithms in Hilbert spaces. For more detail, we can refer to 
[3, 5, 7-15] and the references therein. 

On the other hand, in 1989, Chang and Zhu [16] were the first to introduce and study 
a class of variational inequalities for fuzzy mappings. Inspired and motivated by the re- 
search work going on this different field, several kinds of variational inequalities, variational 
inclusions and complementarity problems for fuzzy operators in different contexts were con- 
sidered and studied by many authors, see, for example, [13-17] and the references therein. 

Motivated and inspired by the works of [1, 3, 6, 12, 13, 15, 17], in this paper, we shall 
introduce and study a new system of nonlinear implicit fuzzy resolvent operators of (A, n)- 
monotone type. Further, by using Rus's results and and some new analytic techniques, a 
new class of iterative algorithm is presented for approximate solvability of above system of 
nonlinear implicit fuzzy resolvent operators of (A, ?7)-monotone type. 

2 Preliminaries 

Throughout this paper, let % be a real Hilbert space, whose norm and inner product 
are denoted by || • || and (■,•), respectively. In the sequel, we denote 2 W , CB(TL) and 
P{U) by 2 n = {B\B en}, CB(H) = {B C H\B is nonempty, bounded and closed} and 
JF{1-L) = {p : TL — > [0, 1]} (which is called the collection of all fuzzy sets over H), respectively. 
An operator Q from TL into J-{TL) is called a fuzzy operator. If Q : H — > J'i'H) is a fuzzy 
operator, then for u G TL, the set Q{u) (we denote it by Q u in the sequel) is a fuzzy set in 
J-{TL) and Q u {v ), for all v G TL is the membership function of v in Q u . 
Before proceeding further, we need following definitions and lemmas. 

Definition 2.1 (1) A fuzzy operator Q : TL — > J-{TL) is said to be closed, if for each u G TL, 
the function v i-> G u (v ) is upper semicontinuous, that is, for any given net {f a } Q gr C % 
satisfying v a — > vo G %, we have limsup aer Q u (v a )) < Q u {vo))- 
Letp G P{K), A G [0, 1]. Then the set 

(p)x = {u£H\p(u)>\} 

is called a X-cut set of p. For details and fundamental concepts see [18]. 

(2) A closed fuzzy operator Q : H — > F(H) is said to satisfy the condition (C), if there 
exists an operator a : H — > [0, 1] such that for all u G % the set 

{Gu)a(u) ■= {v G H\ Q u (v) > a(u)} 
is nonempty bounded subset ofH. 

Remark 2.2 It is worth mentioning that ifQ is a closed fuzzy operator satisfying condition 
(C), then for each u£?i, the set (Q u ) a (u) G CB(H). In fact, let {v a } a ^Y C (G u )a(u) be 
a net and v a — > vo G H, then {Gu)v a > a(u) for all a G T. Since the fuzzy operator Q is 
closed, we have 

a(u) < limsup^ M (w Q ,)) < G u (v )). 

This implies that vq G (G u ) a {u) an d so {Gu) a (u) G CB(TL). 
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Definition 2.3 Let Q : $7 x TL — > J^(TL) be closed fuzzy operator satisfying the condition 
(C) with function a : TL — > [0, 1]. Then Q is called ^y-H-Lipschitz continuous, if there exists 
a positive constant 7 such that 

~ H -{{Gu)a(u)AGv)a(v)) < l\\u ~ V ||, Vu, V G TL, 

where H(-, •) is the Hausdorff pseudo-metric on 2^ defined as follows: 

H(B, D) = max] sup inf d(u, v), sup inf d(u,v) >, \/B, D G 2 . 

Note that if the domain o/H is restricted to closed subset CB(TL), then H is the Hausdorff 
metric. 

Definition 2.4 An operator f : % — > Ti. is called ((,tu) -relaxed cocoercive if, there exist 
constants (, w > such that for all u, v £ % 

</(«) - f(v),u- v) > -C\\f(u) - f(v)\\ 2 + w\\u - vf. 

Definition 2.5 Let % be a real Hilbert space, r] : % x % — > % and A : H — > H be single- 
valued operators. Then set-valued operator M : TL — > 2^ is said to be (i) ^-H-Lipschitz 
continuous, if there exists a constant £ > such that 

H(Af(u),Af(t;))<S||u-t;||, Vu,t;G^. 

(ii) monotone if 

{x - y, u - v ) >0,Vu,t;eH,ie M(u),y £ M(v); 
(Hi) m-relaxed ij-monotone if there exists a constant m > such that 

(x — y, r/(u, v)} > — m\\u — v\\ , Vn, v G %, x G M(u),y G M(v); 

(iv) maximal monotone if M is monotone and (L + pM)(H) = % for all p > 0, where L 
denotes the identity operator on T-L; 

(v) (A, rj) -monotone if M is m-relaxed r\-monotone and (A + pM)(H) = TL for every 
p>0. 

Remark 2.6 (1) If m = or A = L or rj(u, v ) = u — v for all u,v G TL, (v) of Definition 
2.2 reduces to the definition of (H, if) -monotone operators, maximal rj -monotone operators, 
H-monotone operators, classical maximal monotone operators, A-monotone operators (see 
[3, 5, 8-11, 13];. 

(2) Further, operator M is said to be generalized maximal monotone (in short GMM — 
monotone) if M is monotone and A + pM is maximal monotone or pseudomonotone for 
p>0. 

Example 2.7 (1) An r-strongly monotone operator M : TL — > 2™- is m-relaxed monotone 
for m G (1, r + r 2 ) and r > 0.618. 

(2) Let f : TL — >■ TL be an nonlinear (in general) operator such that f(u) = ^u for all 
u G TL. Then f is ((, w) -relaxed cocoercive for C = 5 an( ^ w = \- 
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Example 2.8 Let % = M = (—00, +00), M(x) = 2x, A(x) = x 3 and rj(x, y) = y — x for all 
x,y €7i. Then M is an (A, rj) -monotone operator. 



Definition 2.9 Let A : % — > % be a strictly rj-monotone operator and M : T~L — > 2^ be 



an [A, rj) -monotone operator. Then the corresponding resolvent operator R '^ : H — > H is 



defined by 

L r/,M 



R^ p M (u) = (A + pMr\u), Vuen. 



Lemma 2.10 ([5]) Let rj : % x "H — > % be r-Lipschitz continuous, A : % — >■ % be an 
r-strongly rj-monotone operator and M : T~L — > 2^ be an (A, n) -monotone operator. Then 
the resolvent operator R '^ : % — >■ H is r J pm -Lipschitz continuous, i.e., 

\\ R tM u "> ~ Km( v )W ^ r - frrn \\ u ~ v W> Vn ^ G ^> 

where p G (0, r/m) is a constant. 

Lemma 2.11 ([19]) Let (X,d) be a complete metric space and let Bi,B 2 G CB(X) and 
t > 1 be any real number. Then, for every b\ G B\ there exists b 2 G B 2 such that 

d(b 1 ,b 2 )<tU(B 1 ,B 2 ). 

3 Existence and Iterative Approximations 

In this section, we present our main result for approximate solvability of the problem (1.1). 
By Lemma 2.11, we now introduce a new three step iterative algorithm for approximation 
solvability of the problem (1.1). 

Algorithm 3.1 Step 1. Choose an arbitrary initial point u° G ~Hi, v° G 7-L 2 , w° G TL3, 
a : Ux ->• [0, 1], b:n 2 -> [0, 1] and c : H3 -> [0, 1]. 

Step 2. Take {(x k ,y k ,z k )} C%x^x% such that 

x k e {G u k) a{uk) , \\x k - x fe+1 || < (1 + (1 + /c)- 1 )Hi((g ufc ) a(ufc) , (g u k+i) a{u k + i)), 

y k G (S vk ) b{vk) , \\y k - y k+1 \\ < (1 + (1 + fc)- 1 )H 2 ((5 t , fc )&(«*). (<W)6(^+i)), (3.1) 

z G (7^fc) c ( w fc), \\z - z + || < (1 + (1 + k)~ )H 3 ((7^fc) c ( w fc), (T w k+i) c ( w k+ij), 

where Hj : 2"* x 2^* — » (— 00, +00) U {+00} is £/ie Hausdorff pseudo-metric for i = 1, 2, 3. 
Step 3. Choose sequences {e } C "Hi is error to tafce into account a possible inexact 
computation of the resolvent operator point, which satisfies the following conditions: 



lim||e fc ||=0, Y \\e k - e^W < 00, (3.2) 



A;— >oo 

fc=l 



Step 4. lei {(u*> fc ,u/ fe )} C^x^x^ saiis/y 



u 



fc+i 



(1 - i)u k + i{u k - g{u k ) + R%* \Mf{u k )) ~ pN 1 (p(u k ),y k ,w k )]} + e k , 



^ +1 = < 2 ,M 2 [^(^) - AiV 2 (n fc ,t; fe ,z fc )], n; fc+1 = i^&J^fa*) - aN 3 (x k ,v k ,w k )]. { ' ' 

where p, A, a > are constants and 1 G (0, 1] is a size constant. 

Step 5. If u k , v k , w k , x k , y k , z k and e k satisfy (3.1) and (3.3) to sufficient accuracy, 
stop; otherwise, set k := k + 1 and return to Step 2. 
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Remark 3.2 By choosing suitable and appropriate choice of p, A, a, i and e k in Algo- 
rithm 3.1, one can obtain a number of known iterative algorithms for approximate solvability 
of nonlinear variational inclusions and variational inequalities. 

Theorem 3.3 Let Hi be a real Hilbert space for i = 1,2, 3, Q : Hi — » JF(Hi), S : H2 — > 
T^H-i) and T : Hz — > J 7 (Hz) be three closed fuzzy operators satisfying the condition (C) 
with functions a : Hi — > [0,1], b : H2 — > [0,1] and c : Hz — > [0,1], respectively, and let 
^i-Hi-Lipschitz continuous, ^2'^-2-Lipschitz continuous and ^-Ti^-Lipschitz continuous, 
respectively. Let g : Hi — > Hi be (Q,w) -relaxed cocoercive and e-Lipschitz continuous, 
f,p:Hi — > Hi be e-Lipschitz continuous and n-Lipschitz continuous, respectively. Suppose 
that for i = 1,2,3, r/i : Hi x Hi — >■ Hi is Ti-Lipschitz continuous, Ai : Hi — )• Hi is ri- 
strongly rn-monotone and ai-Lipschitz continuous, Mi : Hi — > i 2/ Li is (Ai, r]i) -monotone with 
constant nii, iVj : Hi x H2 x Hz — > Hi is (3ij-Lipschitz continuous in the jth variable for 
j = 1,2,3, Ni is (Si, si) -relaxed cocoercive with respect to /1 in the first variable, where 
/1 : Hi — > Hi is defined by fi(u) = Ai o f(u) = Ai(f(u)) for all u G Hi, and Ni is (Si, Si)- 
relaxed cocoercive with respect to Ai in the Ith variable for I = 2,3. //, in addition, there 
exist constants p G (0, ri/mi), A G (0,^/777,2), o G (0,^/771,3) and 1 G (0, 1] such that 

AftlT 2 _|_ o-felglT3 < Q _ Q \ pTlP\2& 1 Q-/332T3 ^ _ n fmPl3 _i_ A7g^23|g <- ^ _ Q 

r 2 — Am 2 rjj—crras \ '■' , ri—pmi r^ — amg ^' r\—pm\ r 2 — Am 2 "' 

9i = y/l - 2m + 2(e 2 + e 2 + ^^V^'f " 2 P*i + ^P^Ki + P 2 * 2 /^ < 1, (3.4) 

_ r 2 ^/a|-2As 2 +2A<5 2 /3| 2 +A2/3|^ _ T 3V / a|-2 ( T33+2^ 3/ 3g3+a2^ 

^ 2 ~~ r 2 -Am 2 < ' 3 ~~ r 3 -<Tm 3 < ^ 

i/ien £/ie iterative sequence (u k ,v k , w k , x k ,y k , z k ) defined by Algorithm 3.1 converges strongly 
to (u*,v*,w*,x*,y*,z*) G Hi x H2 x % 3 x Hi x H2 x Hz, and (u* , v*,w*, x* , y* , z*) is a 
solution of the problem (1.1). 

Proof. Now define || • ||» on Hi x H2 x Hz by 

||(u,t>, iw)||* = \\u\\ + \\v\\ + ||u;||, \/(u,v,w) eHi XH2 x Hz- 

It is easy to see that (Hi x H2 x Hz-, || ■ ||*) is a Banach space. 

Since p is K-Lipschitz continuous, g is (£, ro)-relaxed cocoercive and e-Lipschitz continu- 
ous, Q is ^i-Hi-Lipschitz continuous, S is ^2-H2-Lipschitz continuous, T is ^3-H3-Lipschitz 
continuous, Ai is ai-Lipschitz continuous, / is e-Lipschitz continuous, iVi is (Si, si)-relaxed 
cocoercive with respect to /1 and /3n-Lipschitz continuous in the first variable, Ni is /3i2- 
Lipschitz continuous and /3i3-Lipschitz continuous in the second and third variable, respec- 
tively, we know that 

\\u k -u k - 1 -\ 9 (u k )-g(u k - 1 )]\\ 2 

= \\u k - u k ~ l \\ 2 + \\g(u k ) - ff^" 1 )!! 2 - 2{g(u k ) - g^ 1 ),^ - u^ 1 } 

< ||„* _ u *-i||2 + £ 2\\ u k _ u fc-i||2 _ 2 (-(\\g(u k ) - g(u k - l )f + w\\u k - u k ~ l f) 

< [l-2m + 2(e 2 + e 2 }\\u k -u k - 1 f, 

\\Ai(f(u k )) - Ai(f(u k ~ 1 )) - p[Ni(p(u k ), y k ,w k ) - Ni(p(u k ~ 1 ),y k , w k )]\\ 

k u k - l \\ 



< Je 2 a\ - 2psi + 2pSiK 2 (3f 1 + P 2 K 2 PlA\u k 
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and 

\\N 1 (p(u k - 1 ),y k ,w k )-N 1 (p(u k - 1 ),y k - 1 ,w k )\\ 

< Pi2\\y k - / _1 || < (1 + k- 1 )P 12 Hi(S(v k ),S(v k - 1 )) < (1 + k-^Pu&Wv' - v , 

\\NM^- 1 ),y k ~\^ k )-mP(u k - 1 ),y k -\w k - 1 )\\<p 13 \\w k -w k - 1 \\. 

Hence, it follows from Algorithm 3.1 and Lemma 2.5 that 

\\u k+1 -u k \\ 

< (1 - i)\\u k - u k ~ l \\ + i\\u k - it*" 1 - \g{u k ) - g{u k - l )]\\ + \\e k - e fc ~ x || 
+L\\R^ i {A 1 (f(u k ))-pNMu k ),y\™ k )} 

-KlmlMH^- 1 )) - pNMu'- 1 )^- 1 ,™'- 1 )^ + \\e k - e^H 

< (1 - i)\\u k - u k ~ l \\ + i\\u k - u^ 1 - [g(u k ) - 5 (n fc - 1 )]|| 

+ m {\\A 1 (f(u k ))-A 1 (f(u k - 1 )) 
r\ — prrii 

-piNM^)^,^) - N 1 (p(u k - 1 ),y k ,w k )}\\ 

+p\\N 1 {p{u k ' 1 ),y k ,w k )-N 1 {p{u k - l ),y k ~\w k )\\ 

+p\\N 1 {p{u k - l ),y k -\w k )-N l {p{u k - l ),y k -\w k - 1 )\\} 

< (1 - i + L9 1 )\\u k - u k ~ l \\ + \\e k - e^W 

+ PTl [(1 + O/fo&lb* " w fc_1 || + Aalh* " ™ fe-1 ||], (3-5) 

ri — prrii 



where 9 1 = ^l-2w + 2(e 2 + e 2 + ^j^V^'f ~ 2 P s i + W^Ri + pW$n- 
Similarly, we have 

H^fc+i _ v fc|| <• 6> 2 ||t> fc - f fc_1 || 

Ar 2 



+ 1 — [/3 2 i||^ fc - u k ~ l \\ + (1 + O&a&lh* " ^ _1 H] (3-6) 

r 2 - Am 2 



and 



\w k+1 -w k \\ <9 3 \\w k -w k - 1 \ 

(JT 3 



+ 3 [(1 + Ar^sifcllu* - ^ll + fa\\v k - v^W], (3.7) 

r 3 - o-m 3 



where 0o = WgE^fg+gg^S+S an d a„ = W^-^a+^frffga+^ff 

' "" 2 r2 _,\ m2 3 7-3— 07713 



2 



Thus, it follows from (3.5)-(3.7) that 



\\(u k+1 ,v k+ \w k+1 )-(u k ,v k ,w k )\U 

= ll„*+l _ u *ll + ll^+l _ „*!! + ll^fc+1 _ „,*!! 

< k \\(u k ,v k ,w k ) - (u k - 1 ,v k -\w k - 1 )\U + \\e k - e*" 1 !!, (3.8) 



where 



o /n i o x i A ^ 2lT2 i ^ + ^V^lJ 
i? fc = max{(l - t + t0i) H 1 , 

r 2 - Xm 2 r 3 - crm 3 

(1 + fc -1 )/9ri/3i 2 6 . /, , 0"/3 32 T 3 PTl/013 , (1 + ^ 1 )Ar 2 /3 2 3C3 . fll 

\- U2 ~\ , 1 : r C3}. 

n — pmi r 3 — <7m 3 n — pmi r 2 — Am 2 

7 
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Letting 



v = max{(l — i + lOi) H 1 , 

r 2 - Am 2 r 3 - <Tm 3 



PTlPl2& , fl ^32T 3 pri/3i 3 Ar 2 /3 23 £ 3 . fl , 
h t) 2 H , 1 h P3), 

n — /9r?7,i r 3 — arris r\ — pm\ r 2 — Am 2 

then, we know that f9k i $ as k — > 00. 

By condition (3.4), now we know that < # < 1. Using the same arguments as those 
used in Page 9 of Lan [5] (we can also refer to [8, 10]), it follow that {(u k , v k ,w k )} and 
{x k }, {y k }, {z k } are Cauchy sequences. Thus, there exists (u*,v*,w*),(x*,y*,z*) GMiX 
%2 x H3 such that (u k ,v k ,w k ) ->■ (u*,v*,w*) and (x k ,y k ,z k ) ->■ (x*,y*,z*), respectively. 

Now, we will show that x* G (Gu*)a(u*)i V* £ (Sv*)b(v*) and z * £ (Tw*)c(w*)> it follows 
from the definition of Hausdorff pseudo-metric that 

d(x*,(g u *)a(«*)) = mf{||x fe -z;||| z/G (£ u *)a(«*)}< ||x*-a: fc ||+£i||u fc -u*|| -► 0. 

Hence, d(x*, (£?«*)a(u*)) = 0. Therefore x* G (<?«*)a(u*)- Similarly, we can prove that 
y* G (<S„* ){,(*,*) and z* G (7^*) c ( w .). 

By continuity and (3.2), we know that u* ,v* ,w* ,x* ,y* ,z* satisfy 

9(un = Ri 1 ;£ Il lMf(u*))-pN 1 ( P (u*),y*,w*)}, 
v* = R^ 2 [A 2 (v*) - XN 2 (u*,v*,z*)}, w* = R^ 3 [A 3 (w*) - <jN 3 (x*,v*,w*)}. 

It follows that (u*,v*, w* , x* , y* , z*) G T-Li x M 2 x %3 x T~i\ x %2 x %3 is a solution of the 
problem (1.1). This completes the proof. □ 

Remark 3.4 Condition (3.4) of Theorem 3.3 holds for some suitable value of constants, 
for example, 1 = 0.9, A = p = a = 0.06, e = e = 0.3, £ = 0.4, tu = 0.5, k = 0.04, /3y = 
0.05, Tj = 0.1,r< = 0.2, mi = 0.01,0* = 0.95,Si = 0.02,5; = 0.3,& = 0.3 fori, j = 1,2,3. 

From Theorem 3.3, we have the following result. 

Corollary 3.5 Assume that rn, Ai,p, g, Mi, N2, N 3 andT-Li are the same as in Theorem 3.1 
for i = 1,2,3,. Let G : H\ — > CB(Hi) be ^i-Hi-Lipschitz continuous, S : M 2 — > CB{H.2) 
be ^2-^-2-Lipschitz continuous, T : T-L 3 — > CB{T-L 3 ) be £ 3 -H 3 -Lipschitz continuous, N\ : 
Til x %2 x rt 3 — > rt\ be (3u-Lipschitz continuous and (Si, si) -relaxed cocoercive with respect 
to gi in the first variable, where g\ : H\ — > Hi is defined by gi(u) = Ai o g(u) = Ai(g(u)) 
for all u G %i. For any given (u°,v ,w°) G "Hi x %2 x % 3 , define an iterative sequence 
{(u k ,v k , w k ,x k ,y k , z k )} C Mi x H 2 x H 3 x Mi x ^2 x H3 as follows 

( u k+1 = (1 - i)u k + t{u k - g(u k ) + R* 1 " [Ai(g(u k )) - P Ni(p(u k ),y k ,w k )]} + e k , 



vk+1 = Ri 2 ,M 2 lM vk ) ~ ^2(u k ,v k ,z k )], w k+l = R^'m 3 [M^) - aN 3 (x k ,v k ,w k )], 



x k eG(u k ), \\x k -x k+1 \\ < (l + (l + ]fe)- 1 )Hi(G(u*),G(u fc+1 )), (3.9) 

y k G S(v k ), \\y k - y k+1 \\ < (1 + (1 + ky 1 )U 2 (S(v k ), S(v k+l )), 
k z k G T(w k ), \\z k - z k+1 \\ < (1 + (1 + k)- r )U 3 (T(w k ), T(w k+l )), 

where p, A, a, 1 and e k are the same as in Algorithm 3.1. 
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If, in addition, there exist constants p G (0,ri/mi), A G (0, r 2 /m 2 ), cr G (0,^/777,3) and 
l G (0, 1] such that 

Aft 1T2 1 o-/331^1T3 ^ Q _ Q \ pTlP\2& 1 Q-/332T3 ^ ^ _ a priPrj, , Ar 2 fe3g3 < ;[ _ # 

0i = Vl - 2^ + 2Ce 2 + e 2 + ^^^aA 2 " 2 " 2 P*i + Vi ^11 + P 2 « 2 /3ii < 1, 

« = T-2y a |-2As2+2A^2/3 2 2 2+ A2 / 3 2 2 2 < 2 /, t 3 V«|-2 ( T33+2 ( t53/?3 2 3+' t2 / 3 3 2 3 < J 

2 r2 — Am2 ' r^— orris ' 

i/jen i/ie iterative sequence {(u k , v k , w k , x k , y k , z k )} defined by (3.10) converges strongly to a 
solution (u* , v* , w* , x*,y*, z*) of the problem (1.3). 

Remark 3.6 (1) If we define the operators presented in the problems (1.1) and (1.3) by 
Nt : a X Hi X % X % ->• H i; /,^,p : fli x Hi ->• Hi, rji : SU x Hi x Hi -> Hi, 
G : fi x x Hi -»• 7"(Hi), 5 : fi 2 x H 2 ->• 7"(H 2 ), T:fi 3 x%^ ^(H 3 ), ^ : fii X Hi ->• Hi 
and Mi : fli x Hi — > 2 Wl /or a// z = 1,2,3, where fii, O2 a^d ^3 ore iaree different sets, 
then we can obtain the corresponding results of Theorem 3.3 and Corollary 3.5. 

(2) In Theorem 3.3 and Corollary 3.5, i/g is strongly monotone or Ni is strongly mono- 
tone in the ith variable for i = 1,2,3, then we can obtain the corresponding results. Our 
results improve and generale the known results in [3, 5-11, 13, 14, 16]. 

Remark 3.7 Using the same arguments as those used in the proof of Theorem 3.3, we 
can consider the following general system of nonlinear implicit fuzzy resolvent operators 
of {A, r]) -monotone type in real Hilbert space \\^ =l Hi: Find Ui,Xi G Hi such that Xi G 
(&K)) ai K) and 

g(ui) = R r) l$ i [A 1 (f{u 1 )) - p 1 N 1 (p(u 1 ),x 2 ,u 3 ,u 4 ,- ■ ■ ,n„_i,u„)], 
u 2 = R^$ 2 [A 2 (u 2 ) - p 2 N 2 (m,u 2 , x 3 , u 4 , ■■■ ,U n - 1 ,U n )], 



•■ 



n n _i = R^^^An-^Un-i) - Pn-lN„-l(ui,U2,U3,U4, ■ ■ ■ ,U n -l,X n )], 
U n = \"SEj,[AiK) - PnN n (xi,U 2 ,U3,U 4: ,- ■ ■ ,U n -i,U n )\, 

where Qi'-Hi^f J- (Hi) is a closed fuzzy operators satisfying the condition (C) with function 
on : Hi — > [0,1], pi > is a constant and R^'m = {Ai + piMi)~ x is the corresponding 
resolvent operator associated with (Ai,rji) -monotone operator Mi for i = 1,2, ■ ■ ■ , n. 
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A COMPOSITE ITERATIVE METHOD FOR GENERALIZED MIXED 
EQUILIBRIUM PROBLEMS AND VARIATIONAL INEQUALITY PROBLEMS^ 

THANYARAT JITPEERA AND POOM KUMAM* 

Abstract. In this paper, we introduce a new composite iterative scheme for finding the common 
element of the set of fixed points of a nonexpansive mapping, the set of solution of generalized 
mixed equilibrium problems and the set of variational inequality problems for an cr-inverse-strongly 
monotone mapping with the viscosity approximation method in a real Hilbert space. We show that 
the sequence converges strongly to a common element of the above three sets under some parameter 
controlling conditions. Application to optimization problems which is one of the main result in this 
work is also given. The results in this paper generalize and improve some recent results of Jung 
[J. S. Jung, Strong convergence of composite iterative methods for equilibrium problems and fixed 
point problems. Appl. Math. Comput. 213 (2009), 498-505], Jaiboon et al. [C. Jaiboon, P. 
Kumam and U.W. Humphries, Convergence theorems by the viscosity approximation methods for 
equilibrium problems and variational inequality problems. J. Comput. Math. Optim. 5 (2009), 
29—56], Su et al. [Y. Su, M. Shang and X. Qin, An iterative method of solution for equilibrium 
and optimization problems. Nonlinear Anal. 69 (2008), 2709-2719], Yao et al. [Y. Yao, Y.C Liou 
and R. Chen, Convergence theorems for fixed point problems and variational inequality problems. J. 
Nonlinear Convex Anal. 9 (2008), 239-248] and connected with Jung [J. S. Jung, Strong convergence 
of composite iterative methods for equilibrium problems and fixed point problems. J. Comput. Anal. 
Appl. Vol.12, NO.l-A (2010), 124-140]. 



1. Introduction 

Let C be a closed convex subset of a real Hilbert space H with the inner product (•, •) and the 
norm || • ||. Let F be a bifunction of C x C into R, where R is the set of real numbers, B : C — > H 
be a nonlinear mapping and ip : C — > R be a real-valued function. The generalized mixed equilibrium 
problem is to find i£C such that 

F(x,y) + {Bx,y-x) + p(y)-p{x)>0, Vy G C. (1.1) 

The set of solutions of (1.1) is denoted by GMEP(F, ip, B), that is 

GMEP{F, (p,B) = {xeC : F(x, y) + (Bx, y - x) + ip(y) - ip(x) > 0, Vy G C}. 

In particular, if B = 0, the problem (1.1) is reduced into the mixed equilibrium problem [7] for finding 
x E C such that 

F(x,y) + <p(y)-<p(x)>0, VyeC. (1.2) 

The set of solutions of (1.2) is denoted by MEP(F, ip). 

If ip = 0, the problem (1.1) is reduced into the generalized equilibrium problem [25] for finding x G C 

such that 

F(x,y) + {Bx,y-x)>0, Vy e C. (1.3) 

The set of solutions of (1.3) is denoted by GEP(F, B), which this problem was studied by Takahashi 
and Takahashi [26]. 

If F = 0, the problem (1.1) is reduced into the mixed variational inequality of Browder type [2] for 
finding x G C such that 

(Bx, y-x) + ip(y) - <p(x) > 0, Vy G C. (1.4) 
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The set of solutions of (1.4) is denoted by MVI(C, <p, B). 

If B = and ip = 0, the problem (1.1) is reduced into the equilibrium problem [3] for finding x G C 

such that 

F(x,y)>0, VyeC. (1.5) 

The set of solutions of (1.5) is denoted by EP(F). This problem contains fixed point problems, includes 
as special cases numerous problems in physics, optimization, and economics. Some methods have been 
proposed to solve the equilibrium problem, please consult [6, 9, 13, 14, 26]. 

If F = and <p = 0, the problem (1.1) is reduced into the Hartmann-Stampacchia variational inequality 
[11] for finding x G C such that 

(Bx, y - x) > 0, VyeC*. (1.6) 

The set of solutions of (1.6) is denoted by VI(C,B). The variational inequality has been extensively 
studied in the literature. See, e.g. [29, 31] and the references therein. 

If F = and B = 0, the problem (1.1) is reduced into the minimize problem for finding x G C such 
that 

<p(y)-<p(x)>0, VyeC. (1.7) 

The set of solutions of (1.7) is denoted by Argmin((f). 
Recall that the following definitions. 

(1) A mapping A of C into H is called monotone if 

(Au - Av, u - v) > 0, for all u,veC. (1.8) 

(2) A is called a-inverse-strongly monotone [4, 15] if there exists a positive real number a such that 

(Au- Av,u~ v) > a\\Au- Av\\ 2 , for all u,v G C. (1.9) 

Clearly, every a-inverse-strongly monotone is monotone. 

(3) A is said to be /3-strongly monotone if there exists a positive real number /3 such that 

(Au-Av,u-v) > (3\\u-v\\ 2 , for all u, v G C. (1.10) 

(4) A is called L-Lipschitz continuous if there exists a positive real number L such that 

\\Au - Av\\ < L\\u - v\\, for all u,veC. Q-H) 

It is easy to see that if A is an a-inverse-strongly monotone mapping of C into H , then A is ^-Lipschitz 
continuous. 

(5) A mapping / : C — ► C is said to be a contraction if there exists a coefficient k (0 < k < 1) such 
that 

Il/(a0-/(v)ll<*l|s-l4 for all z, y G C. (1.12) 

To find an element of F(S) n VI(C, A), Takahashi and Toyoda [25] introduced the following iterative 
scheme: 

x n+ i = a n x n + (1 - a n )SP c (x n - X n Ax n ), (1.13) 

for every n > 1, where Xi = x G C, {a„} is a sequence in (0, 1) and {A n } is a sequence in (0,2a). 
Recently, Nadezhkina and Takahashi [16] and Zeng and Yao [32] proposed some new iterative schemes 
for finding elements in F(S) D VI(C,A). In 2007, Chen et al. [8] introduced the following iterative 
scheme: 

En+i = a n f(x n ) + (1 - a n )SP c (x n - X n Ax n ), (1.14) 

for every n > 1, where xi = x G C, {a n } is a sequence in (0,1), {A„} is a sequence in (0,2a),/ is a 
contraction of C into itself, S is a nonexpansive self-mapping of a closed convex subset C of a Hilbert 
space ii\ They proved that such a sequence {x„} converges strongly to a common element of the set 
of fixed points of nonexpansive mapping and the set of solutions of the variational inequality for an 
inverse-strongly-monotone mapping which solves some variational inequality problems. Recently, many 
authors studied the problem of finding a common element of the set of fixed points of a nonexpansive 
mapping and the set of solutions of an equilibrium problem in the framework of Hilbert spaces and 
Banach spaces, respectively; see, for instance, [1, 12, 19, 20, 25, 26, 27] and the references therein. 

On the other hand, for finding an element of F(S) n VI(C,A) n EP(F), Su et al. [24] introduced 
the following iterative scheme by the viscosity approximation method in a Hilbert space: x\ G H 

J F(u n ,y) + A-(y-u n ,u n - x n ) > 0, Vy G C, 
1 x„ + i = a„/(x„) + (1 - a n )SP c (u n - \ n Au n ), 
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for all n £ N, where {a n } C [0, 1) and {r n } C (0, oo) satisfy some appropriate conditions. Furthermore, 
they proved {x n } and {u n } converge strongly to the same point z £ F(S) n VI(C, A) n EP(F) where 

z = PF(S)C\VI{C,A)C\EP{F)f{z)- 

Very recently, Jung [13] also introduced the following iterative scheme: 

F(u n ,y) + ~{y-u n ,u n -x n ) > 0, Vy £ C, 
< y n = a n f(x„) + (1 - a n )Su n , (1-16) 

X n +1 = (1 - 0n)Vn + PnSy n , 

for every n > 1, where {«„}, {/?„} C [0, 1] and {r n } C (0, oo). He proved that, if F(S) H £P(F) ^ 0, 
then the sequence {x„} and {«„} generate by (1.16) converges strongly to F(S) n EP{F). 

In this paper motivated by the iterative schemes considered in (1.14), (1.15) and (1.16), we will 
introduce a new composite iterative schemes for finding a common element of the set of fixed points 
of a nonexpansive mapping, the set of solution of generalized mixed equilibrium problems and the set 
of variational inequality problems for an a-inverse-strongly monotone mapping in a real Hilbert space. 
Consequently, we obtain strong convergence theorems under the some mild conditions on parameters. 
As applications, we also apply our results to study the optimization problem and we next utilize our 
main results for a class of strictly pseudo-contraction mappings. The results present in this paper 
improved and connected with some recent results of Chen et al. [8], Su et al. [24], Yao et al. [30], Jung 
[13], Jaiboon et al. [12] and many authors. 

2. Preliminaries 

Let if be a real Hilbert space with inner product (•, •) and the norm || • ||. Let C be a closed convex 
subset of H. It is well known that for all x,y £ H and A £ [0, 1] there holds 

||Ax + (1 - A)y|| 2 = Aj|xj| 2 + (1 - A)||y|| 2 - A(l - X)\\x - y\\ 2 . (2.1) 

For every point x £ H, there exists a unique nearest point in C, denoted by Pcx, such that 

\\x — Pcx\\ < \\x — y||, for all y <G C. 

Pc is called the metric projection of H onto C. It is well known that Pc is a nonexpansive mapping of 
H onto C and satisfies 

(x - y, P c x - P c y) > ||P c a; - P c y\\ 2 , (2.2) 

for every x,y € H. Moreover, Pqx is characterized by the following properties: Pcx € C and 

(x - P c x, y - P c x) < 0, (2.3) 

\\x - y\\ 2 > \\x - P c x\\ 2 + \\y- P c x\\ 2 (2.4) 

for all x € H,y € C . It is easy to see that the following is true: 

ueVI(A,C)-^u = P c (u-XAu),X>0. (2.5) 

We note that, for all u,v £ C and A > 0, 

||(I - XA)u - (J - XA)vf = \\(u - v) - X(Au - Av)\\ 2 

= \\u - v\\ 2 - 2X(u - v, Au - Av) + X 2 \\Au - Av\\ 2 

< \\u-v\\ 2 + X(X-2a)\\Au- Av\\ 2 . (2.6) 

So, if A < 2a, then / — XA is a nonexpansive mapping from C to H. 

A set- valued mapping T : H — > 2 H is called monotone if for all x, y £ H, f £ Tx and g £ Ty 
imply (x — y, f — g) > 0. A monotone mapping T : H — > 2 H is maximal if the graph of G(T) of T 
is not properly contained in the graph of any other monotone mapping. It is known that a monotone 
mapping T is maximal if and only if for (x, /) £ H x H, (x — y, f — g) > for every (y, g) £ G(T) 
implies / £ Tx. Let A be an inverse-strongly monotone mapping of C into H and let Ncv be the 
normal cone to C at v £ C, i.e., Nqv — {w £ H : (v — u,w) > 0, Vu £ C}. Define 

_ ) Av + N c v, v£C; 
" ~ " \ v£C. 
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Then T is the maximal monotone and € Tv if and only if v E VI(C, A); see [21, 22]. It is also known 
that H satisfies the Opial condition; for any sequence {x n } with x n — *■ x, the inequality 

liminf \\x n — x\\ < liminf ||x n — y\\, (2-7) 

n >oo n >oo 

holds for every y E H with y =/= x. 

The following lemmas will be useful with proving the convergence result of this paper. 

Lemma 2.1. [23] Let {x n } and {y n } be bounded sequences in a Banach space X and let {a n } be a 

sequence in [0, 1] with < liminf„ >oc a n < limsup„ too a n < 1. Suppose x n+ i = (1 — a n )y n + a n x n 

for all integers n>0 anrflimsup„ >00 (\\y n +i -y n \\ - \\x n +i -x n \\) < 0. Then, lim n — >00 ||y„-ar n || =0. 

Lemma 2.2. [28] Assume {a n } is a sequence of nonnegative real numbers such that 

a n +i < (1 - ln)a n + S n , n > 1, 

where {"f n } and {Sn} satisfy the following conditions: 

( a ) {in} C [0, 1] and Y^=i In = oo or, equivalently, ]ir=o( 1 ~ 7n) = 0, 

(b) limsup„^ oc ^ < or ^ r T=i 1^1 < °°- 
Then lim„ (^ a„ = 0. 

For solving the generalized mixed equilibrium problem and the mixed equilibrium problem, let us 
give the following assumptions for the bifunction F, the function tp and the set C: 

(Al) F(x,x) = for all x € C; 

(A2) .F is monotone, i.e., F(x, y) + F(y, x) < for all x,y E C; 
(A3) for each y E C,x >—> F(x, y) is weakly upper semicontinuous; 
(A4) for each x E C, y h- > F(x, y) is convex; 
(A5) for each x E C,y *—> F(x, y) is lower semicontinuous; 

(Bl) For each x E H and r > 0, there exist a bounded subset D x C C and y^ € C n dom(ip) such 
that for any z € C \ D^, 

■F(«) yx) + <p(y x ) + ~{Vx ~ Z, z - x) < ip(z); 
r 

(B2) C is a bounded set. 

Lemma 2.3. [3] Let C be a nonempty closed convex subset of H and let F be a bifunction of C x C 
into R satisfying (A1)-(A5). Let r > and x £ H . Then, there exists z E C such that 

F(z, y) H — (y — z, z — x) > 0, for all y E C. 
r 

The following lemma was also given in [5]. 

Lemma 2.4. [5] Assume that F : C x C — ► R satisfies (A1)-(A5). For r > and x E H, define a 
mapping T r : H ► C as follows: 

T r {x) = {zeC: F(z, y) + -(y-z,z-x)>0, Vj, E C}. 

r 

Then, the following hold: 

(1) T r is single-valued; 

(2) T r is firmly nonexpansive, i.e., for any x,y E H, 

\\T r x-T r y\\ 2 < (T r x-T r y,x-y); 

(3) F(T r ) = EP(F); and 

(4) EP{F) is closed and convex. 

By similar argument as in the proof of Lemma 2.3 in [17] (sec also in [6]), we have the following 

result. 

Lemma 2.5. [7, 17, 18] Let C be a nonempty closed convex subset of real Hilbert space H. Let 
F : C x C — ► R be a bifunction and if : C — ► RU {+00} is a proper lower semicontinuous and convex 
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function satisfies (Al)-(A5). Assume that either (Bl) or (B2) holds. For r > and x G H , define a 
mapping K r : H ► C as follows: 

K r (x) = {zeC : F(z, y) + tp{y) - <p(z) + -{y - z, z - x) > 0, Vy G C}, 

r 

for all x G H . Then, the following hold: 

(1) For each x G H , K r (x) is nonempty; 

(2) K r is single-valued; 

(3) K r is firmly nonexpansive, i.e., for any x,y G H, 

\\K r {x) - K r (y)\\ 2 < (K r (x) - K r (y),x- y); 

(4) F(K r ) = MEP(F,<p); and 

(5) MEP(F, if) is closed and convex. 

3. Main Results 

In this section, we prove a strong convergence theorem for finding a common element of the set 
of solutions for a generalized mixed equilibrium problem, the set variational inequality and the set of 
fixed points of a nonexpansive mapping by the composite viscosity approximation method in Hilbert 
spaces. 

Theorem 3.1. Let C be a nonempty closed convex subset of a real Hilbert space H. Let F be a 
bifunction from C x C — ► R satisfying (A1)-(A5), if : C — > R be a lower semicontinuous and convex 
function and let A,B be two a, (5 -inverse- strongly monotone mapping of C into H, respectively. Let 
f : C — > C be a contraction with coefficient k, (0 < k < 1) and S be a nonexpansive mappings from C 
into itself such that 6 := F(S) n VI(C, A) n GMEP(F, tp, B) ± 0. Assume that either (Bl) or (B2) 
holds. Suppose X\ € C and {x n }, {y n } o,nd {u n } are given by 

( F(u n ,y) + (Bx n ,y - u n ) + <p(y) - <p(u n ) + ^(y -u n ,u n -x n ) > 0, Vy G C, 
I z n = Pc(u n - X n Au n ), 

Vn = Pnf(x n ) + (1- l3 n )Sz ni 

x n+ i = (1 -a„)y n + a n Sy n , Vn > 1, 

where {a n }, {/3 n } are two sequence in (0,1), X n € [a, b] C (0,2a) and r n G [c,d] c (0,2/3) satisfy the 
following conditions: 

(CI) lim„ — >oc fl n = and Y^=i Pn = oo, 

(C2) lim„ — ,00 a n = 0, 

(C3) limn^oo |A n+ i - A n | = 0, 

(C4) liminf„ — >oc r n > and lim„ — >oc \r n+1 - r n \ = 0. 

Then {x n } and {u n } converge strongly to q G 0, where q — P<~,f(q). 

Proof. Let Q = P®. Then Qf is a contraction of H into itself. In fact, there exists k G (0, 1) such that 
||/(a;) — f(y)\\ < k\\x — y\\ for all x,y G H. So, we have that 

IIQ/(s) - Qf(y)\\ < ll/(x) - f(y)\\ < k\\x - y\\, 

for all x,y G H. This implies that Qf is a contraction on H into itself. Since H is Hilbert spaces, there 
exists a unique q G H, such that q — Qf{q). Such a q is an element of C. The unique fixed point of the 
mapping Qf is denoted by q in the statement of Theorem 3.1. We proceed with following steps: 

Step 1. We show that {x n } is bound. Further, we take x* G and let {K rn } be a sequence of 
mappings defined as in Lemma 2.5. Then x* — Sx* = Pc{x* — X n Ax*) = K Tn (x* — r n Bx*) and 
u n = K Tn (x n — r n Bx n ), it follows that 

||u„-a;*|| = \\K rn (x n -r n Bx n ) - K Tn (x* -r n Bx*)\\ 

< \\(x n -r n Bx n ) - (x* -r n Bx*)\\ 
= \\(I-r n B)x n -(I-r n B)x*\\ 

< ||« n -a;*||. 

By the fact that Pc and / — X n B are nonexpansive and x* = Pc(x* — X n Bx*), we get 
||z n -a;*|| = \\P c (u n - X n Au n ) - P c (x* - X n Ax*)\\ 
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and hence 



T. JITPEERA AND P. KUMAM 

< ||(u„ - \ n Au n ) - (x* - X n Ax*)\\ 
= \\(I-\ n A)u n -(I-\ n A)x*\\ 

< \\Un-X*\\ 

< ||x n -a;*||, 

||y n -^*|| < 0n\\f(Xn) -X*\\ + (1 - P„)\\Sz n -X*\\ 

< Pn\\f(x n )-X*\\ + (l-0 n )\\z n -X*\\ 

< Pn\\f(x n ) ~X*\\ + (1 - I3 n )\\x n -X*\\, 

\\x n +\—x*\\ < (1 -a n )\\y n -x*\\ + a„||5y n -x*|| 

< (1 - a n )\\y n -x*\\ +a n \\y n -X*\\ 
= llyn-a;*|| 

< 0n\\f(x n ) ~X*\\ + (1- f3 n )\\x n - X*\\ 

< Pn\\f(x n ) - /(ar*)|| + p n \\f(x*) - x*\\ + (1 - /3 n )\\x n - x*\\ 

< (i n k\\x n -a;*|| + (1 - n )\\x n - x*\\ + f3 n \\f(x*) - x*\\ 

\\f(x*)-x*\\ 



< {1 - (1 - k)f3 n }\\x n -x*\\+ n (l - ky 

rn *|| \\f(x*)-X*\\ , 

< max{ i n -i , }. 

1 — fe 



l-k 



%n "n— 1 1 1 

< 



By induction on n, we obtain ||a;„ + i — x*\\ < max{||a;i — x*\\, " i_~^ x } for all n e N, xi G C and 
hence {x n } is bounded. Consequently, the sequences {z„},{y„},{u„}, {Sz n },{Sy„} and {f(x n )} are 
also bounded. 

Step 2. We show that lim n _ >0o ||x„+i-£„|| = 0, lim^oo \\y n+ i-y n \\ = and lim„^oo ||u n+ i-u„|| = 
0. Since I — \ n A and Pq are nonexpansive, we have 

I Pc(u n - KAu n ) - P C (u n -l - An-i^Un-i)!! 

| (u n - X n Au„) - (w„_i - A„_ivlw„_i)|| 
= | (u n - \ n Au n ) - (w„_i - A„Au„_i) - (A„ - A„_i)Au„_i|| 
= | (7- X„A)u n - (7- A„A)u„_i - (A„ - X n -i)Au n -i\\ 
< | it„ — it™— ill + |A„ — A n _i|||^4u„_xj|. (3.2) 

On the other hand, from u n _i = K rnl (x n ^i — r n ^\Bx n ^\) and u n — K rn (x n — r n Bx n ), it follows 
that 

F(u n -i,y) + (Bx n -i,y - u n -i) + ip(y) - ip(u„-i) -\ (j/-u„_i,u n -i -x n -x) > 0, Vy € C (3.3) 

r„_i 

and 

F(u n ,y) + (Bx n ,y-u n ) + (p(y) - w(u n ) H (y - «„, u„ - x n ) > 0, Vy € C. (3.4) 



Substituting y = u n in to (3.3) and y = u„_i in to (3.4), we have 



and 



7 1 (m„_i,w„) + (Bx n -i,u n - u n -i) + y{u n ) - (f(u n -i) H (u„ -w„_i,u n _i - x n -i) > 

7 1 (u„,m„_i) + (Bx n ,u n -i -u n ) +ip(u n -i) - ip(u n ) H (w„-i ~u„,u n - x n ) > 0. 



From (A2), we have 



(u n - W„_l, B.T„_! - Bx„ + — -) > 0, 



and then 



(u n - u n -i,r n -i(Bx n -i - Bx n ) + U n -1 - X n -1 



r„_i 



(«„ - x„)) > 0, 
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SO 



r n -i 



r„ 



(u n - x n )) > 0. 



\U n U n —ii T n _\JDX n —\ T n _\±5X n T" lln—l U n T" Un -^n—l 

It follows that 

(u n - u n -i, (I - r n - 1 B)x n - (I - r n -iB)x n -i + u n -i - u n + u n - x n "—(u n - x„)) > 0, 

r n 

V i 
(U n ~ U„-l,U n -l - U n ) + (u n -U n -l,X n -I n -1 + (1 — IK ~ *„)) > 0. 

r„ 
Without loss of generality, let us assume that there exists a real number c such that r n _i > c > 0, for 
all n G N. Then, we have 



||'"« -U«-l|| 2 < (u n --Un-l,X n -Xn-l + 0- 



r n -i 



r„ 



)(u n - X n )) 



< 



\\u„ - Un-llh \\ x n ~ X n -i\\ +1 — - \\u n - X n \\ \ 



and hence 

||Un-U n -l|| < ||»n-a;n-l|H Vn ~ r n -l\ \\u n - X n \\ 

r n 

M x . 

< \\x n -Xn-i\\-\ \r n -r n -i\, 

c 

where Mi = sup{||w„ — x n \\ : n G N}. Substituting (3.5) into (3.2), we have 

HZn-Zn-lH < \\x n ~ Xn-xW -\ \r n - r n -l\ + \K ~ K-l\ ||^«n-l| 

c 
Note that 

\\Vn-l - Vn\\ = \\f3n-lf(Xn-l) + (1 - n -l)SZn-l - Pnf{x n ) ~ (1 - f3 n )Sz„\\ 



(3.5) 
(3.6) 



= \\/3 n -i(f(x n -i) - f(x n )) - (1 - P„-l)(Sz n - Sz„_i) + (/? n _i - /3 n )f(x n ) - (/3 n -i - n )Sz n \\ 

< /3„_i ||/(»n-l) - /(Xn)|| + (1 - /3„-l)||5z„ - SZn-iH + |/3n-l - 0n\\\f(x n )\\ + |/3„-l - A»|||5«„|| 
= /9n-l||/(*n-l) - /(»7i)ll + (1 - Pn-l)\\Sz n - SZn-l\\ + \/3 n -l - Pn\(\\f(z„)\\ + \\Sz n \\) 

< p n -lk\\x n -l - X n \\ + (1 - (3 n -l)\\Zn - Zn-4 + |/?„_1 - (3 n | (|| f(x n ) \\ + \\Sz n \\) 

Mi 

< (3 n - 1 k\\x n ^ 1 - x n \\ + (1 - Pn-i){ \\x n - x n _i|| H \r n - r„_i| + |A„_i - A„|||ylu„_i||} 



+ (ll/(*n)|| + ||Sa„||)|/a n _ 1 -/5U| 



< 



71/ 



(1 - (1 - fc)/3™-i)||£n-i - &„|| + — |r n - r„_i| + |A„_i - A„|pu„_i|| + M 2 |/? n _i - /3„|, (3.7) 



where M 2 = sup{||/(x„)|| + ||S'« n || : n G N}. Also, simple calculations that 

2^+1 - a: n = (1 - «„)(?/„ - J/n-i) + a n (Sy n - Sy n _ x ) + (a„ - a„_i)(52/„_i - y„-i). 
It follows that 

||«n+i - *n|| < (1 - a„)||y n - S/n-l|| + Onll^n - Sj/n-lH + |«n - a n -i\\\Sy n -i - y n -i\\ 

< (1 - a n )\\y n - y n -i\\ + ^ n \\y n ~y n -i\\ + \\Sy n -i -y n -i\\\<Xn - "n-il 

< ||j/n -2/n-ill +M 3 |a n -a„_i| 

< ((1 - (1 - fe)/3„_i)||x„ - jc„_i|| H \r n - r n -i| + |A„_i - A„|||^4m„_i|| 

c 

+M 2 |/3«-i - /3„| + M 3 |a„ - a„_!|, (3.8) 

where M3 = sup{||5y n _i — J/n-i|| : n € N}. From the condition (CI), it easy to see that 



lim {l-k)/3 n = 0, J]{l-k)0 n = oo 



n=l 



and by (C1)-(C4), that 
'Mi 



Y.(—\ Tn - r «-!l + l A "-! ~ A «lll Au n-ill + M 2|/3„^i - j9 n | + M 3 \a n ~ a„_i|) < OO 



n=l 
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Applying Lemma (2.2) to (3.8), we have 

lim \\x n+ i -x n \\ = 0. 

n — >oo 

Moreover, from (3.5) it follows that 

lim ||w n+ i -u n \\ = 0. 

n — *oo 

By( 3.7), we also have 

lim WVn-Vn-iW = 0- 

n — >oo 

Step 3. We show that lim„ >oc \\x n — Sz n \\ = 0. Indeed, from (C2), we get 

\\x n+ i - Vn\\ = a n \\Sy n - y n \\ ^0 as n -* oo. 
It follows that 

\\x n - Vn\\ < \\%n - x n+1 \\ + \\x n+1 - y n \\ -> as n -> oo. 
Notice that 

and (CI), that 



(3.9) 
(3.10) 
(3.11) 



Vn " z n — Pn\J(X n ) &Zn)i 

lim \\y n - Sz n \\ = 0. 



n ^oc 



(3.12) 



On the other hand, we observe that 

\\x n ~Sz n \\ < \\x„ - y n \\ + \\y n - Sz n \\, 

hence, we get 

lim \\x n - Sz n \\ = 0. 

n >oo 

Step 4. We show that \\x n — u n \\ — > 0, as n — > oo. For each x* € 0, note that K Tn is 
nonexpansive, then we have 

||w„-x*|| 2 = \\K Tn (x n - r n Bx n ) - K Tn (x* - r n Bx*)\\ 2 

< (K rn (x n - r n Bx n ) - K Tn {x* - r n Bx*),u n - x*) 
= ((x„ -r n Bx n ) - (x* -r n Bx*),u n - x*) 

= ^{\\( x n ~ r n Bx n ) - (x* - r n Bx*)\\ 2 + \\u n - x*\\ 2 

-\\{x n - r n Bx n ) - (x* - r n Bx*) - (u n - x*)\\ 2 } 

< ^{\\ x n - x*\\ 2 + \\u„ - x*\\ 2 - \\x n - u„ - r n (Bx n - Bx*)\\ 2 } 

< ^{\\ x n - X*\\ 2 + \\u n ~ X*\\ 2 - \\x n - U n \\ 2 

+2r n (x n - u ni Bx n - Bx*) - r 2 n \\Bx n - Bx*\\ 2 }, 

2 - \\x n - u n \\ 2 + 2r n \\x n -u n \\\\Bx n - Bx*\\. 



(3.13) 
firmly 



which imply that 

\\u n -x*\\ 2 < \\x n -x 
Therefore, from the convexity of || • || 2 and (3.1), we have 



(3.14) 



*n *£ 



\\P c (u n - \ n Au n ) - P c (x* - X n Ax* 



< \\(u n - \ n Au n ) - (x* - A„At*)|| 2 
= \\(I-\ n A)u n -(I-\ n A)x*f 

< \K-X*\\ 2 , 

from (3.14), we get 

\\y n -x*\\ 2 < f3 n \\f(x n )-X*\\ 2 +(l-(3 n )\\Sz n -X*\\ 2 

\ 2 + {l-[3 n )\\z n -x*\\ 2 
\ 2 + (l-f3 n )\\u n -x*\\ 2 

2 + (1 - 0n){\\x n -x*\\ 2 - \\x n - u n \\ 2 + 2r n \\x n - u n \\\\Bx r , 
\\ 2 +\\x n -x*\\ 2 -(l-(3„)\\x n -u n \\ 2 



(3.15) 



< f3n\\f(x n ) -X* 

< Pn\\f(Xn) -X* 

< Pn\\S{ x n) -X* 

< 0n\\f(Xn)-X* 



(3.16) 
Bx*\\} 
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+2(1 - p n )r n \\x n - u„||||.Ba: B - Bx*\\. (3.17) 

On the other hand, we note that 

||u„ - x*\\ 2 = \\K Tn (x n - r n Bx n ) - K rn (x* - r n Bx*)\\ 2 

< \\(x n -r n Bx n ) - (x* -r n Bx*)\\ 2 
= \\(x n -x*) -r n (Bx n - Bx*)\\ 2 

< \\x n - x*\\ 2 - 2r n (x n - x*,Bx n - Bx*) +rl\\Bx n - Bx*\\ 2 

< \\x n -x*\\ 2 -2r n f3\\Bx n -Bx*\\ 2 + rl\\Bx n -Bx*\\ 2 . (3.18) 
Using (3.16) and (3.18), we have 

\\x n+1 - x*\\ 2 < (1 -a n )\\y n - x*\\ 2 + a n \\Sy n ~x*\\ 2 

< (1 -a n )\\y n - x*\\ 2 + a„\\y n -x*\\ 2 

= ||»»-»T 

< p n \\f(x n )~x*\\ 2 + (l-f3 n )\\u n -x*\\ 2 (3.19) 

< (3n\\f(x n ) - x*\\ 2 + (1 - f3 n ){\\x n ~x*\\ 2 - 2r n [3\\Bx n - Bx*\\ 2 + r 2 n \\Bx n - Bx*\\ 2 } 

< I3n\\f(x n ) - x*\\ 2 + (1 - (3 n ){\\x n -x*\\ 2 + r n (r n - 2fi)\\Bx n - Bx*\\ 2 } 
||Xn+i - £*H 2 < n \\f{x n ) - x*\\ 2 + \\x n - x*\\ 2 + (1 - (3 n )r n (r n - 20)\\Bx n - Bx*\\ 2 . 
Then, we have 

{l-P n )c(2p-d)\\Bx n -Bx*\\ 2 < (l-f3 n )r n (2P-r n )\\Bx n -Bx*\\ 2 

< Pn\\I{x n ) - X*\\ 2 + \\x n - X*\\ 2 - \\x n+1 - X*\\ 2 

< f3 n \\f(x n ) - x*\\ 2 + \\x n - * n +i||(||a; n - x*\\ + \\x n+1 - x*\\). 

From conditions (CI), {r n } C [c, d] C (0,2/3) and lim„ >oc ||x n +i — x n \\ — 0, we obtain 

lim \\Bx n -Bx*\\ = 0. (3.20) 

n KOO 

From (3.14) and (3.19), we have 

\\x n+1 ~x*\\ 2 < (3 n \\f(x n )-x*\\ 2 + (l-f3 n )\\u n -x*\\ 2 

< Pn\\f(x n ) - X*\\ 2 + (1 -0 n ){\\x n -X*\\ 2 - \\x n - U n \\ 2 

+2r n \\x n - u n \\\\Bx n - Bx*\\} 

< P n \\f{x n ) - X*\\ 2 + \\x n - X*\\ 2 - (1 - fi n )\\x n -U„|| 2 

+2r„(l - I3 n )\\x n - u n \\\\Bx n - Bx*\\ 
and 

(1 -/3 n )\\x n - u n \\ 2 < f3 n \\f{x n ) -x*\\ 2 + \\x n -x*\\ 2 - \\x n+1 -x*\\ 2 

+2r„(l - P n )\\x n -u n \\\\Bx n - Bx*\\ 

< (3n\\f(x n ) - X*\\ 2 + \\X„ - X n+ i\\{\\x n - X*\\ + \\x n+ i - X*\\) 

+2r„(l - [3 n )\\x n - u n \\\\Bx n - Bx*\\. 
Since ||x n +i — x n \\ — > , f3 n — > and ||-Ba;„ — Bx*\\ — > 0,n — > oo, then we have 



lim lice 



n "-n 



0. 



Since lim inf. 



n >oo ' n 



r n > 0, we obtain 



lim 

n — too 



Xn v> 



n «n 



Step 5. We show that lim 



n >oc 



\\bZ n Z r 



\\y n -x*\\ 2 < 0„\\f(x„) -X* 

< Pn\\f{x n ) -X* 
= Pn\\f{Xn)-X* 

< f3n\\f(x n ) -X* 

< f3n\\f(x n ) -X* 



1 + (1 - Pn) 

2 + (i - M 

2 + (l-/3„) 

2 + (1 - 0n) 

2 + (1 " Pn) 



= lim — \\x n - u n \\ = 0. 
| — 0. For x* G 0, we compute 

| *^ %n X | 
Zn X | 

\Pc(u n - KAu n ) - Pc(x* - X n Ax*)\\ 
\{u n - \ n Au n ) - (x* - X n Ax*)\\ 2 
\{u n - x*) - \ n {Au n - Ax*)\\ 2 



(3.21) 
(3.22) 
(3.23) 
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Pn\\f(x n ) -X* 



+ (1 - /3 n ){\\u n - x*\\ 2 - 2X n (u n - x*,Au n - Ax*) + X 2 JAu n - Ax*\\ 2 } 



2 + (1 - /3 n ){\\u n -x*\\ 2 - 2X n a\\Au n - Ax*\\ 2 + X 2 JAu n - Ax*\\ 2 } 

2 + (1 - (3 n ){\\u n -x*\\ 2 + A n (A„ - 2a)\\Au n - Ax*\\ 2 } 

2 + (1 - [3 n )\\u n - x*\\ 2 + (1 - (3 n )X n (X n - 2a)\\Au n - Ax*\\ 2 

2 + \\x n - x*\\ 2 + (1 - (3 n )X n {X n - 2a)\\Au n - Ax*\\ 2 . 



< 0n\\f(Xn) -X* 

< 0n\\f{x n )-X* 

< Pn\\f(Xn) -X* 

< 0n\\f(Xn)-X* 

Using (3.1) and (3.23), we get 

\\x n +i -x*\\ 2 < (1 -a n )\\y n -x*\\ 2 + a n \\Sy n ~x*\\ 2 

< (1 - a n )\\y n - x*\\ 2 + a n \\y n - x*\\ 2 

= \\yn-x*\\ 2 

< Pn\\f(x n ) -x*\\ 2 + \\x n - x*\\ 2 + (1 - P n )\ n (\ n - 2a)\\Au n ~ Ax*\\ 2 . 
So, we get 

(l-(3 n )a(2a-b)\\Au n -Ax*\\ 2 < (1 - p n )X n (2a - \ n )\\Au n - Ax*\\ 2 

< P n \\f(x n ) - X*\\ 2 + \\x n - X*\\ 2 - \\x n+1 - X*\\ 2 

< Pn\\f(Xn) ~ X*\\ 2 + \\x n +l - X n \\(\\x n - X*\\ + \\x n +l - X*\\) 

From conditions (CI), {A„} C [a, b] C (0,2a) and lim n >oo||£n+i — x n \\ — 0, we obtain 





(3.24) 



lim ||^4un — Ax* 

n >oo 

From (3.1) and (2.2), we observe that 

\\z n -x*\\ 2 = \\P c (u n - X n Au n ) - P c (x* - X n Ax*)\\ 2 
< ((u n - X n Au n ) - (x* ~ X n Ax*),z n - x*) 

= -{\\(u n - X n Au n ) - (x* - X n Ax*)\\ 2 + \\z n - x*\\ 2 

-\\{u n - X n Au n ) - (x* - X n Ax*) - (z n - x*)\\ 2 } 



(3.25) 



{||w„-a:*|| +\\z n -x*\\ - \\(u n - z n ) - X n (Au n - Ax*)\\ } 

„ II 2 



< y{\\ U n ~ X*\\ 2 + \\z n - X*\\ 2 - \\u n - Z n \ { 

+2X n (u n - z n ,Au n - Ax*) - A 2 ||Am„ - Ar*|| 2 } 

< nil 1 " _ X *\\ 2 + \\ Z n - X*\\ 2 - \\U„ - Z n \\ 2 

+2X n (u n - z n ,Au n - Ax*) - A 2 ||Au„ - Ar*|| 2 }, 



and hence 



(3.26) 



\\z n -x*\\ 2 < \\x n - x*\\ 2 - \\u n - z n \\ 2 + 2X n (u n - z n , Au n -Ax*). 
Therefore, form (3.1) and (3.26), we have 

\\y n -x*\\ 2 < (3 n \\f{x n )-X*\\ 2 +{l-f3 n )\\Sz n -X*\\ 2 

< Pn\\f(x n )-x*\\ 2 + (l-f3 n )\\z n -x*\\ 2 

< Pn\\f(x n ) ~X*\\ 2 + (1 ~ Pn){\\Xn ~ X*\\ 2 - \\u n - Z n \\ 2 + 2X n (u n - Z n ,Au n ~ Ax*)} 

< Pn\\f{x n ) ~x*\\ 2 + ||z„-a;*|| 2 - (1 - Pn)\\u n -z n || 2 + 2A n (l - (3 n ) (u n - z n , Au n - Ax*) , 



and hence 



\x n+1 -x*\\ 2 < (1 -a n )\\y n - x*\\ 2 + a n \\Sy n - x*\\ 2 

< (1 -a n )\\y„ - x* \\ 2 + a n \\y n - x*\\ 2 

< l|yn-x*|| 2 

< Pn\\f(x n ) - X*\\ 2 + \\x n - X*\\ 2 - (1 - (3 n )\\u n - Z n \\ 2 

+2A n (l - Pn)(u n - z n ,Au n - Ax*), 



(3.27) 
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which imply that 

(I - (3 n )\\u n - z n \\ 2 < f3„\\f(x n ) -x*\\ 2 + \\x n -x*\\ 2 -\\x n+1 ~x*\\ 2 

+2\ n (l - /3 n )\\u n - z n \\\\Au„ - Ax* \\ 
< f3n\\f(%n) - x*\\ 2 + \\x n+ i - £„||(||a;„ -x*\\ + \\x n+ i - X*\\) 
+2A„(1 - /3 n )\\u„ - z n \\\\Au„ - Ax*\\. 
Since ||.t„ + i — x n \\ — ► 0, n — ► and \\Au n — Ax*\\ — > 0,n — > oo, then 

lim ||«n-«„||=0. (3.28) 

n >oo 

Since 

\\Sz n - Z n \\ < \\SZn - x n \\ + \\x„ - u n \\ + \\u n - z n \\. 
By (3.13), (3.21) and (3.28), we conclude that 

lim \\Sz n -Zn\\ =0. (3.29) 

n >oo 

Step 6. We show that 

limsup(/(<5f) - q, Sz n - q) < 0. 

n >oo 

Indeed, we choose a subsequence {z ni } of {z n } such that 

limsup(/(<7) - q, Sz n -<?)=. lim (f(q) - q, Sz 7li - q), 

n >oo l >QO 

where q — Pef(q). Without loss of generality, we may assume that {z ni } converges weakly to z G C. 
From \\Sz n — z n \\ — ► 0, we obtain Sz n . —^ z. 

Now, we will show that z G 6 := F(S) H VI(C, A) n GMEP(F, ip, B). Firstly, we will show z G F(S). 
Assume that z $ F(S). Since z ni — >■ z and Sz ^ z. By the Opial's condition, we obtain 

liminf \\z n . — z\\ < liminf \\z n . — Sz\\ 

n >oo * i >oo 

= liminf \\z n . — Sz n . + Sz n . — Sz\\ 

i >oo 

< liminf(||z ni - Sz n .\\ + \\Sz ni - Sz\\) 

i >oo 

= liminf ||5'z„ i — Sz\\ 

i >oo 

< liminf \\z n . — z\\. 

i >oo 

This is a contradiction. Thus, we have z G F(S). 
Next, let us show that z G VI(C, A). Let 

Aw\ + NqWi, wi G C; 



T ' n =: ^ " Wl i C. 

Then T is maximal monotone (see [22]). Let (wi,W2) G G(T). Since W2 — Aw\ G Nc(wi) and z n G C, 
we have (wi — z n ,W2 — Aw±) > 0. On the other hand, from z n — Pc(u n — X n Au n ), we have 

(u>i - z n ,z n - (u n - X n Au n )) > (3.30) 

that is, 

(Wi - z n , ^f^ + Au n ) > 0. (3.31) 

Therefore, we obtain 

(wi-z ni ,w 2 ) > (wi - z ni ,Awi) > (wi - z ni ,Awx) - (wi - z ni , -^- — — + Au ni ) 

Anj 

/ . , Zm.1 ttrj. ; * 

= (wi - z n . , Aw i - Au n% 



An; 

= (wi - z ni , Aw\ - Az ni ) + {w\ — z ni , Az ni - Au n% ) 

i Z n . Wfi- . 
-{Wi -Zni, x ) 

> (wi - z ni ,Az ni - Au ni ) - (wi - z ni , -^- — ), (3.32) 

A ni 
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which together lim„ >00 \\z n — u n \\ = and A is a-inverse-strongly monotone imply that 

(w 1 - z,w 2 ) > 0. 

Since T is maximal monotone, we have z E T~ 1 0, and hence z E VI(C, A). 
Finally, we show that z E GMEP(F, (p, B). Since u n — K Tn {x n — r n Bx n ), we have 

F(u ni y) + (Bx n ,y-u„) + ip(y) - y{u n ) H (y - u n ,u n - x n ) > 0, \/y E C. 

From (A2), we also have 

(Bx ni y - u n ) +<p(y) - <p(u„) H (y-u n ,u n - x n ) > F(y,u n ), Vy E C. 

r n 

11 — X 

(Bx m ,y-u ni ) + ip(y) - ip(u ni ) + (y - u ni , — —)>F(y,u ni ), Vy e C. (3.33) 

7V, 



and hence 



For i with < t < 1 and y £ C, let y t = ty + (1 — t)z. Since y £ C and z £ C, we have y t e C. So, 
from (3.33), we have 

u — X 
(yt - u ni ,By t ) > (y t - u ni ,By t ) - <p(y t ) + ip(u nt ) - (y t - u ni ,Bx ni ) ~ (yt -«»,, — — > + F(y t ,u ni ) 

= (yt - u ni> By t - Bu n% ) + (y t - u ni ,Bu ni - Bx ni ) - ip(y t ) + <p(u ni ) 

-(yt -Urn, — — > +F(y t ,u ni ). 

r r H 

Since \\u ni —X ni \\ — > 0, we have \\Bu ni —Bx ni || — ► 0. Further, from the inverse strongly monotonicity 
of B, we have (yt — u ni ,By t — Bu ni ) > 0. So, from (A4),(A5), and the weak lower semicontinuity of 
ip,-^ — ^ — > and u n —*■ z, we have at the limit 



(y t - z, By t ) > -cp(y t ) + <p(z) + F{y u z) (3.34) 

as i — ► oo. From (A1),(A4) and (3.34), we also get 

= F(y t ,y t ) + <p(yt) - <p(vt) 

< tF(y u y) + (l- t)F(y t ,z) + ttp(y) - (1 - t)<p(z) - ipfa) 

= t[F{y tl y) + <p(y) - <p(y t )} + (1 - t)[F{y u z) + ip(z) - <p(y t )] 

< t[F(y t ,y) + v (y) - <p(y t )} + (1 - t) (y t - z, By t ) 
= t[F(y t ,y) + <p(y) ~ y{y t )) + (1 - t)t(y - z, By t ), 

< F(y u y) + <p(y)-<p(y t ) + (l-t)(y-z,By t ). 
Letting t — ► 0, we have, for each y E C, 

F(z, y) + ip(y) - <p{z) + {y-z, Bz) > 0. 
This implies that z € GMEP(F, ip, B). Therefor z E 0. Since q — Pef(q), which implies that 
limsup(/(<7) - q, Sz n - q) = lim (f(q) - q, Sz ni - q) 

n — i-oo n ! " 00 

= (f(q)-q,z-q)<0, (3.35) 

From (3.12) and (3.35) it follows that 

limsup(/(g) - q,y n - q) < lim (f(q) -q,y n - Sz n% ) + lim (f(q) - q,Sz ni - q) < 0. (3.36) 

n yoo n — >oo n — >oo 

Step 7. We prove that {x n } converge strongly to q. From (3.1), we also have 

hn-q\\ 2 < \\P n (f(x n )-q) + (l-p n )\\Sz n -q\\ 2 

< (1 - Pn) 2 \\Sz n -q\\ 2 + 2/3 n (f(x n ) - q, y n - q) 

< (1 - (3n) 2 \\z n ~q\\ 2 + 2(3 n [(f(x n ) - f(q),y n - q) + (f(q) - q, y n - q)} 

< (1 - Pn) 2 \\x n -q\\ 2 + 2[3 n k\\x n - q\\\\y n - q\\ + 2f3 n (f(q) - q,y n - q) 

< (1 - f3 n ) 2 \\x n -q\\ 2 + p n k(\\x n -q\\ 2 + \\y n - q\\ 2 ) + 2/3 n (f(q) - Q, Vn - q) 
= ((1 - )3 n ) 2 + I3 n k)\\x n - qf + (3 n k\\y n - q\\ 2 + 20 n (f(q) - q, y n - q), 
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i:s 



that is 



11?/" 



< 



{l-p n ) 2 + p n k 



( { —l 



p n k 



)■ 



Wn 



I -Pnk 



(/(<?) -q,y n -q). 



(3.37) 



From (3.1) and (3.37), we obtain 
\\x n +i -q\\ 2 < 0--a n )\\Sy 7l 
= \\Vn-q\\ 2 



q\\ 2 + u„\\y„ -q\\ 2 



< 



(1 -A,) 2 + /?„*; W _ ll2 , 2A 

I -Pnk 

l-2/? n + /? 2 +/3„fc 



)\\x n -qf + 1 " k (f(q) ~q,Vn - q) 



I -(ink 
l + P n k- 2(3 n 
I -Pnk 

2(1 - k)0r 



Wn 



1 - Pnk 



(f(q) -q,y n -q) 



l - 
l - 



l -Pnk 

2(1 - k)P; 



q\\ 



q\\ 



ii 2 

<'n 



I- Pnk' 

Pn 



'ill 



Wn 

1 " Pnk 



(f(q) -q,y n - q) 



(P n \\x n -q\\ 2 + 2(f(q)~q,y n -q)) 



2 2(1 - k)P n ( Pn\\x n -q\\ 2 (f(q) - q, y n - q) 

I -PJi J"""' 1 *" I -Pnk V 2(1 -fc) 



(1-fc) 



Put 7„ = 2( l_pf k n and S n = 2( f" fc) ||x» - <?|| 2 + jhkif(q) - q,Vn - <?)• 
That is 



|ja; n+ i-g|| 2 < (1 - 7„)||a;„ - <?|| 2 + 7„<5„. (3.38) 

It is easy to seen that j n — ► 0, J2n°=i ^ n = °°> anc ^ limsup n >OQ S n < by (3.36). Applying Lemma 

2.2 to (3.38), the sequence {x n } converges strongly to q — P&f(q). Consequently, also {u n } converges 
strongly to q. This completes the proof. □ 

Corollary 3.2. Let C be a nonempty closed convex subset of a real Hilbert space H . Let F be a 
bifunction from C x C — ► R satisfying (A1)-(A5), if : C — > R be a lower semicontinuous and convex 
function and let f : C — > C be a contraction with coefficient k (0 < k < 1). Let B be a P-inverse- 
strongly monotone mapping of C into H and let S be a nonexpansive mappings of C into itself such 
that F(S) D GMEP(F,tp,B) ^ 0. Assume that either (Bl) or (B2) holds. Suppose xi G C and {x n }, 
{y n } and {u n } are given by 

F(u n ,y) + (Bx n ,y-u n ) + <p(y) - <p(u n ) + ^(y-u„,u n - x n ) > 0, Vy G C, 

yn = Pnf(x n ) + (1 - Pn)Su n , Vn > 1, 

x n +i = (1 - a n )y n + a n Sy n , 
where {a n }, {P n } are two sequence in (0, 1) and r n G [c,d] C (0,2/3) satisfying the conditions: 

(CI) lim„ .oo P n = 0, 2^Ll Pn = OO, 

(C2) lim„ — .oo a n = 0, 

(C3) liminf„ — tco r n > and lim„ — >00 \r n +i - r n \ = 0. 
Then {x n } and {u n } converge strongly to q G F(S)f)MEP(F, ip, B), where q = PF(S)nMEP(F.^>,B)f{q)- 

Proof. Putting A = then Pq = I, we get z n = u n . By Theorem 3.1, we have the desired result 
easily. □ 

Corollary 3.3. Let C be a nonempty closed convex subset of a real Hilbert space H . Let F be a 
bifunction from C x C — ► R satisfying (A1)-(A5) and let f : C — > C be a contraction with coefficient 
k (0 < k < 1) and let S be a nonexpansive mappings of C into itself such that F(S) D EP{F) ^ 0. 
Suppose X\ G C and {x n }, {y n } and {u n } are given by 

F(u n ,y) + ^(y -u n ,u n - x n ) > 0, VyeC, 

Vn = Pnf(x n ) + (1 - Pn)SUn, V« > 1, 

x n +i = (1 - a n )y n + OL n Sy n , 
where {a n } ; {Pn} are two sequence in (0, 1) and {r n } C (0, oo) satisfying the conditions: 

(CI) lim„^oo Pn = 0. E^Ll /?n = °°, 
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(C2) lim„ — ,00 a n = 0, 

(C3) liminf„ — >oc r n > and lim„ — fOC \r n+1 - r n \ = 0. 
Then {x n } and {u n } converge strongly to q G F(S) EP{F), where q = PF(s)nEP(F)f( ( l)- 

Proof. Taking tp = 0, B = and if putting A = then Pq — I, we have z n = u n . □ 

Remark 3.4. (i) Corollary 3.2 improves and generalizes the result of Jung [13]. 

(ii) Corollary 3.3 extends Theorem 3.1 of Jaiboon et al. [12] from equilibrium problems to more 
generalized mixed equilibrium problems. 

4. Applications 

In this section, we will utilize the results presented in this paper to study the following optimization 

problem: 

mm <p(y), (4.1) 

yec 

where C is a nonempty bounded closed convex subset of a Hilbert space and ip : C — ► R is a proper 

convex and lower semicontinuous function. We denote by Argmin(<^) the set of solutions in (4.1). Let 

F{x,y) = for all x,y € C in Theorem 3.1, then GMEP(F,ip,B) = Argmin(<^). It follows from 

Theorem 3.1 that the iterative sequence {x n } defined by 



x\ = x G C chosen arbitrarily, 

(4.2) 



Un = Axgmm y(iC {ip{y) + ^r\\y - x n \\ 2 }, 
Vn = Pnf(x n ) + (1 - j3 n )SP c {u n - X n Au n ), 
x n +i = (1 - a n )y n + a n Sy n , n>l, 



where {a n }, {f3 n } are two sequence in (0,1), A„ G [a, b] C (0,2a) and r n G [c, d] G (0,2/3) satisfy 
the conditions (C1)-(C4) in Theorem 3.1. Then the sequence {x n } converges strongly to a solution 

1 = " F(S)nvi(c,A)nArgmm(ip)J 1- 

Let F(x, y) = for all *, y € C, S = I, A = and / = x in Theorem 3.1, then GMEP(F, tp, B) = 
Argmin(yj). It follows from Theorem 3.1 that the iterative sequence {x n } defined by 

f x\ = x G C chosen arbitrarily, 

u n = argmin J/eC {^(y) + £r\\y- x n \\ 2 }, 

y n = /3 n x + (1 - f3„)Su n , 

x n+1 = (1 - a n )y n + a n Sy n , n>l, 

where {a„}, {f3 n } are two sequence in (0,1) and r n c (0,oo) satisfy the conditions (C1),(C2) and 
(C4), respectively in Theorem 3.1. Then the sequence {x n } converges strongly to a solution q = 

^F(s)nArgmin( v )1- 

We remark that the algorithms (4.2) and (4.3) are variants of the proximal method for optimization 
problems introduced and studied by Rockafellar [22], Ferris [10] and many others. 

Next, we prove two theorem in Hilbert spaces by using Theorem 3.1. A mapping T : C — > C is 
called strictly pseudo-contraction if there exists a constant < k < 1 such that 

\\Tx-Ty\\ 2 < \\x-y\\ 2 + n\\(I-T)x-(I -T)y\\ 2 , Vx,yG C. 

If k = 0, then T is nonexpansive. Put A = I — T. Then, we have 

\\{I - A)x - {I - A)yf < ||.t-2/|| 2 + k||/Lt-,4 2 /|| 2 , Vx,y e C. 

Observe that 

||(7 - A)x -{I- A)y\\ 2 = \\x - y\\ 2 + \\Ax - Ay\\ 2 - 2(x -y,Ax- Ay), \/x,y € C. 

Hence we obtain 

(x-y,Ax-Ay) > -^\\Ax - Ay\\ 2 , Vx,y € C. (4.4) 

Then, A is ^^-inverse-strongly monotone. 
Now we get the following result. 
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Theorem 4.1. Let C be a nonempty closed convex subset of a real Hilbert space H. Let F be a 
bifunction from C x C — ► R satisfying (A1)-(A5), Ta be an n a -strict pseudo-contraction of C into 
inself and Tb be an Kp-strict pseudo-contraction of C into C Let f : C — ► C be a contraction with 
coefficient k (0 < k < 1). Let B be an fi -inverse- strongly monotone mapping of C into H and let S be 
a nonexpansive mappings of C into itself such that F(S) fl F{Ta) fl GMEP{F, ip,I — Tb) ^ 0. Assume 
that either (Bl) or (B2) holds. Suppose Xi G C and {x n }, {y n } and {u n } are given by 

F(u n ,y) + ((I -T B )x n ,y-u n ) + <p(y) - <p(u n ) + ±{y - u n ,u n - x n ) > 0, Vy e C, 

Vn = Pnf(Xn) + (1 ~ fin)S((l - A„)ti„ + X„T A U n ), 

x n+ i = (1 - a n )y n + a n Sy n , Vn > 1, 

where {a n }, {fin} are two sequence in (0,1), A„ G [a, b] for some a,b with 0<a<b<l — n a and 
r n G [c, d] for some 0<c<d<\ — up satisfy the following conditions: 

(CI) lim„ — ,00 fi„ = and J2^=i fin = oo, 
(C2) lim„ — ,oo a n = 0, 

(C3) Y.n°=l l^n+1 - A„| < OO 

(C4) liminf„ — >oc r n > and lim„ — ,00 \r n +i — r n \ = 0, 
then {x n } and {u n } converge strongly to q G F(S) D F(Ta) ("I GMEP{F,(p,I — Tb), where q = 

PF(S)nF(T A )nGMEP(F,ipJ-T B )f(q)- 

Proof. Put vl = (I—Ta) and -B = (I—Tb) from (4.4) we know that A is 1 ~ 2 K ° -inverse-strongly monotone 

mapping and B is — ^-inverse-strongly monotone mapping, respectively. We have F(Ta) — VI(C,A) 
and 

z n = Pc(wn ~ A„Am„) = Pc((l - A„)u„ + A„Tau„) = (1 - A„)m„ + X„T A u n G C. 
So, from Theorem 3.1, we obtain the desired result. □ 

Let E be a Banach space. An operator A with domain D(A) and R(A) is accretive, if for each 
Xi G -D(-A) and yi G Axi(i — 1, 2), there exists i(s2 — #1) G J(a;2~a;i) such that {y% — yi,j(%2 — X\)) > 0. 
Where J is the duality map from E to the dual space E* . This is defined by 

J(x) = {x* G E* : (x.x*) = ||a;|| 2 = ||x*|| 2 },a; G E. 

An accretive operator A is m-accretive if R(I + rA) = E for each r > 0. Throughout this article we 
always assume that A is m-accretive and has a zero(i.e., the inclusion G A(z) is solvable). The set 
zeros of A is denoted by I\ Hence, 

r = {z G D(A) : G A(z)} = A' 1 ^). 

For each r > 0, we denote J r the resolvent of A, i.e., J r = (I + rA)~\. 

Note that if A is m-accretive, then J r : E — > E 1 is single-valued and nonexpansive and F(J r ) = T 
for all r > 0. We also denote by A r the Yosida approximation of A, i.e., A r = -(I — J — r). 

It is know that J r is nonexpansive mapping from E to C := -D(^4.) which will be assumed convex. 

The following theorem is connected with the problem of obtaining of a common element of the set 
of zeroes of a maximal monotone operator and an ^-inverse-strongly monotone operator. 

Theorem 4.2. Let C be a nonempty closed convex subset of a real Hilbert space H . Let F be a 
bifunction from C x C — ► R satisfying (A1)-(A5), A : C — > H be an a-inverse- strongly monotone 
mapping and B : C — ► H be a fi -inverse-strongly monotone mapping. Let f : C — ► C be a contraction 
with coefficient k (0 < k < 1) and $ : H — > 2 H be a maximal monotone operator such that F(S) fl 
A _1 (0) n GMEP(F, ip, B) ^ 0. Let J* be the resolvent of^> for each r > 0. Suppose X\ G C and {x n }, 
{y n } and {u n } are given by 

F(u n , y) + (Bx n , y - u n ) + tp(y) - tp(u„) + ^(y-u n ,u n - x n ) > 0, Vy G C, 

Vn = finf(Xn) + (1 - fin)S((l ~ A„)u„ + X n Au n ), 

x n+ i = (1 -a„)y n + a n J*y ni Vn > 1, 

where {«„}, {fi n } are two sequence in (0,1) , A„ G [a, 6] for some a,b with < a < b < 2a and 
r n G [c, d] for some < c < d < 2/3 satisfy the following conditions: 

(CI) lim„ — ,00 /3 n = and 52%Li fin = °°7 
(C2) lim„ — ,00 a n = 0, 
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(C3) E"=i |A„+i - A„| < oo 

(C4) liminf„ — >oc r n > and lim„ — fOC \r n+1 - r n \ = 0, 

Then {x n } and {«„} converge strongly to q £ F(S) fl .A _1 (0) fl GM EP(F, <p, B) , 
where q = PF(S)nA-i(0)nGMEP(F,<p,B)f{q)- 

Proof. Since A _1 (0) is the solution set of VI(H,A) i.e, A _1 (0) = VI(H, A), we can obtain the conclu- 
sion by Theorem 3.1 and we get that F(S) n ^(O) C VI(F(S),A). O 
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COINCIDENCE AND COMMON FIXED POINTS FOR GENERALIZED 
CONTRACTION MULTI- VALUED MAPPINGS+ 

WUTIPHOL SINTUNAVARAT AND POOM KUMAM* 

Abstract. In this paper, we prove the existence of coincidence and common fixed point theorems 
for generalized multi-valued /-contraction and generalized /- nonexpansive maps. In our results, 
we can drop the assumption of T-weakly commuting which improved and extend the recent results 
of Al-Thagafi and Shahzad [M.A. Al-Thagafi, Naseer Shahzad, Coincidence points, generalized I- 
nonexpansive multimaps, and applications, Nonlinear Analysis 67 (2007) 2180- 2188.], Shahzed and 
Hussain [Naseer Shahzad, Nawab Hussain, Deterministic and random coincidence point results for 
/-nonexpansive maps, J. Math. Anal. Appl. 323 (2006) 1038-1046.] and many authors. 



1. Introduction and preliminaries 

Let (X, d) be a metric space. We denote by CL(X) (resp. CB(X)) the class of all nonempty (resp. 
bounded) closed subsets of X. The Hausdorff metric induced by d on CL(X) is given by 

H(A, B) = maxjsup d(a,B), sup d(b, A)} 

aeA beB 

for every A,Be CL(X), where d(a, B) = in{{d(a, b) : b £ B} is the distance from a to B C X. 
Let / : X — > X and T : X —» CL(X). A point x £ X is said to be a fixed point of / (resp. T) if 
x = fx (resp. x £ Tx). The set of all fixed points of / (resp. T) is denoted by F(f) (resp. F(T)). A 
point x £ X is said to be a coincidence point of / and T if fx £ Tx. The set of all coincidence points 
of / and T is denoted by C(f,T). A point x £ X is said to be a common fixed point of / and T if 
x = fx £ Tx. The set of all common fixed points of / and T is denoted by F(f, T). 

The first important result on fixed points for contractive-type mappings was the well-known Banach 
contraction principle, published for the first time in 1922 in [7] (see also [9]). Banach contraction 
principle plays an important role in several branches of mathematics. For instance, it has been 
used to study the existence of solutions for nonlinear integral equations, nonlinear integro-differential 
equations in Banach space and to prove the convergence of algorithms in computational mathematics. 
Because of its importance for mathematical theory, Banach contraction principle has been extended 
in many different directions, see [22, 8, 33, 6, 10, 1, 32], etc. 

In 1969, Nadler extended the Banach contraction principle to multi-valued contractive mappings 
in complete metric spaces. In 1973, the study of fixed points for multi- valued contractions using the 
Hausdorff metric was initiated by Mar kin [21]. Afterward, an interesting and rich fixed point theory 
for such maps was developed. The theory of multi- valued maps has application in optimization 
problem, control theory, differential equations and economics. Recent fixed point results for multi- 
valued mappings can be found in [34, 23, 24, 31, 32, 13] and references therein. 

In 2004, Kamran [18] defined the property "/ is T-weakly commuting" as follows: 

Definition!.. 1 ([18]). Assume that (X,d) is a metric space and x £ X. Let / : X — ► X and 
T : X — > CB(X). The map / is said to be T-weakly commuting at x £ X if f fx £ Tfx. 

Afterward, Al-Thagafi and Shahzed [4] established some coincidence and common fixed point the- 
orems for a multimaps satisfying generalized /-contraction type conditions which used the assumption 
of "/ is T-weakly commuting" at coincidence point. 
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Recently, Sintunavarat and Kumam [30] showed that can dropped the assumption of "/ is T- 
weakly commuting" at coincidence point in Theorem 3.1, 3.6 [30]. The aim of this paper is combine 
ideas of Sintunavarat and Kumam with a generalized /-contraction mappings in Theorem 2.1, 2.3 of 
Al-Thagafi and establish common fixed point theorem for a generalized /-noncxpansive which extends 
main results of Shahzad and Hussain [29]. Several invariant approximation results are obtained as 
applications. Our results unify, extend and complement several well-known results. 



2. Generalized /-contraction mappings 



Theorem 2.1. Let (X,d) be a metric space, f : X -> X, T : X -» CB(X), T(X) C f(X), and T(X) 
be complete. If 

H(Tx, Ty) < fcmax id(fx, fy),d(fx, Tx),d(fy, Ty), \[d{fx, Ty) + d(fy, Tx)] j (2.1) 

for all x,y £ X where k £ [0,1). Then C(f,T) ^ 0. Moreover, if ffv — fv for some v £ C(f,T) 
then F(f,T)^0. 



Proof. Let x be an arbitrary point of X. Since T(X) C T(X) C f(X), we construct a sequence {x n } 
in X such that fx„ £ Tx n - X C T(X) C f(X) for all n > 1. By Theorem 2.1 [4] claims that {fx n } is 
a Cauchy sequence in T(X). It follows from the completeness of T(X) that fx n — ► z £ T(X) C f(X), 
where z — fu for some u £ X. Using the fact (2.1), we know that for every n > 1, we get 

H(Tx n -i,Tu) < kma,x< d(fz n -i,fu),d(fx n -i,Tu),d(fu,Tu), ~[d(fx n -i,Tu) + d{fu,Tx n -i)] 

< kma,xl d(fx n -i,z),d(fx n -i,Tu),d(z,Tu), ~[d(fx n -i,Tu) + d(z,Tz n -i)] 

Since fx n £ Tx n -i, we have d(fx n ,Tu) < H(Tx n —i,Tu) which implies 

d(fx n ,Tu) < fcmax i d(fxn-i,z),d(fx n -i,Tu),d(z,Tu),-[d(fx n -i,Tu) +d(z,Tx n -i)] 

for every n > 1. Letting n — > oo, we have d(z,Tu) < kd(z,Tu). Then, z = /u G Tm and, hence, 
C(f,T) is nonempty. Since there exists i> £ C(I,T) such that //u = fv. Let £ =: fv. So t = fv — 
ffv = ft£ Tv. It follows that 

d{t,Tt) < H(Tv,Tt) 

< kmaxid(fv,ft),d(fv,Tv),d(ft,Tt),^[d(fv,Tt) + d(ft,Tv)] 

< k max I d{t, t) ,d{t,Tv), d(t, Tt) , - [d{t, Tt) +d(t,Tv)} 

< kd(t,Tt). 

Then t £ Tt and so t = ft £ Tt. Hence F(f, T) ^ 0. □ 

Remark 2.2. Theorem 2.1 generalizes and cover than Theorem 2.1 of Al-Thagafi and Shahzad [4], 
Theorem 2.1 of Al-Thagafi [2], the main results of Jungck [15], and Theorem 2.1 of Shahzad [27]. 



Corollary 2.3. Let (X,d) be a metric space, T : X — * CB(X), and T(X) be complete. If 

H(Tx,Ty) < kmax{d(x,y),d(x,Tx),d(y,Ty),^[d(x,Ty) + d(y,Tx)]\ (2.2) 

for all x,y£X where k £ [0, 1). Then F(T) ^ 0. 

Proof. Take / as the identity mapping from X into X in Theorem 2.1 to get F(T) ^ 0. □ 

Remark 2.4. The Banach Contraction Principle [7], Nadler's Contraction Principle [22], Theorem 
2.4 of Daffer and Kaneko [11], and many results in literature are special cases of Corollary 2.3. 
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3. Generalized /-nonexpansive mapping 

A subset D of a normed space X := (X, || ■ ||) is called (i) convex if kx + (1 — k)y £ D for all 
x,y £ D and all k £ [0, 1]; and (ii) g-starshaped if kx + (1 — k)q £ D for all x £ D and all k £ [0, 1]. 
The map / : D — > D is called (iii) affine if D is convex and /(fcc + (1 — k)y) = kfx + (1 — fc)/y for all 
x,y £ D and all k £ [0, 1]; and g-affme if D is (iv) g-starshaped and f(kx+(l — k)q) = kfx+(l — k)fq 
for all x,y £ D and all k £ [0, 1]. We note that (i)=>(ii) and (ii)=>(iv). 

Let D be a g-starshaped subset of a normed space X, f : D —* D, and T : D — » CL(D). The pair 
(f,T) satisfies the coincidence point condition (in short, CPC) [4] onie CL(D) if whenever {a;„} 
is a sequence in A such that d(fx n ,Tx n ) — ► 0, then /z — > Tz for some z £ A. The map T satisfies 
the fixed point condition (in short, FPC) [4] on A £ CL(D) if whenever {x n } is a sequence in A such 
that d(x n , Tx n ) — » 0, then z — > Tz for some z £ A. 

Theorem 3.1. Let D be a q-starshaped subset of a normed space X, f : D — * D , T : D — > CB{D), 
T(D) C f(D), and T{D) be complete, f(D)=D, and the pair (f,T) satisfies the CPC on D. If 

H(Tx, Ty) < max j \\fx - fy\\, * [p(fx, Tx) + p(fy, Ty)] , l - [p(fx, Ty) + p(fy, Tx)] } (3.1) 

for all x,y £ X, where p(fx,Ty) := inf{||/a; — T^y\\ : < k < 1}. Then C(I,T) ^ 0. Moreover, if 
ffv=fv for some v £ C(f, T), then F(f, T) ? 0. 

Proof. Let {k n } be a sequence in (0, 1) such that k n — * 1. For n > 1, define T n : D ^ D by 

T n x = k n Tx + (1 - fe„)g 

for all x G D. As D is q-starshaped, T(D) C /(D) = D, and T(D) is complete that T„(D) C /(D) 
and for every T n (D) is complete. Using the fact (3.1), we know that for every n > 1 

H(T n x,T n y) = k n H(Tx,Ty) 

- [p(fx, Tx) + p(fy, Ty)) , - [p(fx, Ty) + p(fy, Tx)) 

~[d(fx,T n x) + d(fy,T n y)), ~[d(fx,T n y) + d(fy,T n x)) 

- [2 max{d(/a;, T n x),d(fy, T n y)}), - [d(fx, T n y) + d(fy, T n x)) 

ma,x{d(fx, T n x),d(fy, T n y)}, -[d(fx, T n y) + d(fy, T n x)) 

d(fx, T n x),d(fy, T n y), ~[d(fx, T n y) + d(fy, T n x)) 

It follows from Theorem 2.1 that there exist {z„} in D such that z n £ C(f,T n ) for all n > 1. 
So fz n £ T n z n = k n Tz n + (1 — k n )q which implies that 

j z n = k n a n + (1 — k n )q 
for some a n £ Tz„ C T(D). Since T(D) is bounded, k n — * 1, and 

||/Zn-an|| = ||fc n a„ + (1 - k n )q- a n \\ 
= ||fc„a„ + g- fc„Q-a n || 
= ||(1 - k n )(q~ o„)|| 
< (l-/c„)(||g-a„||), 

(/ z n — a n) — > whenever n — > oo. Since d{fz n ,Tz n ) < \\fz n — o„||, d{fz n ,Tz n ) — > 0. As the pair 
(/,T) satisfies the CPC on D that there exists u e D such that /« G Tu. Therefore C(f,T) ^ 0. 
Since there exists w G C(f,T) such that //i> = /w. 
Let t := fv. So * = fv = ffv = ft£ Tv. Since 

d(t,Tt) < H(Tv,Tt) 

< kmaxid(fvjt), l -[d(f Vl Tv) + d(ft,Tt)),^[d(fv,Tt) + d(ft,Tv)) 



< 


k n max < 


fx- 


-fy\\ 


< 


k n max < 


fx- 


-fy\\ 


< 


k n max < 


fx- 


-fy\\ 


< 


k n max < 


fx- 


-fy\\ 


< 


k n max < 


fx- 


-fy\\ 
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< k max i d(t, t ), - [d(t, Tv) + d(t, Tt)], - [d(t, Tt) + d(t,Tv)} 

< \d{t,Tt). 

So t E Tt which implies t = ft E Tt. Hence F(f, T) ^ 0. □ 

Remark 3.2. Theorem 3.1 generalizes and extends Theorem 2.1, 2.2, 2.4, 2.6, 2.7, 2.8, 2.9, 2.11 of 
Shahzad and Hussain [29], Corollaries 3.2, 3.4 of Jungck [16]. 



Corollary 3.3. Let D be a q-starshaped subset of a normed space X, T : D — > CB(D), T(D) C D, 
and T(D) be complete, and T satisfies the FPC on D. If 

H(Tx, Ty) < max | Hs - y\\ , - [p(x, Tx) + p(y, Ty)}, - [p(x, Ty) + p(y, Tx)\ J , (3.2) 

for all x,y E X where p(x,Ty) := inf{||x — Tf,y\\ : < k < 1}. Then F(T) ^ 0. 

Proof. Take / as the identity mapping from X into X in Theorem 3.1 to get F(T) ^ 0. □ 

Remark 3.4. Corollary 3.3 generalizes and extends Theorem 1, 2 of Doston [12], Theorem 3.2 of 
Lami Dozo [19]. 

4. Invariant approximations results 

Invariant approximations for non-commuting maps was considered first time by Shahzad [26, 28]. 
Let M be a subset of a normed space X and pel. The set Bm(p) :— {x E M : \\x — p\\ = d(p, M)} 
is called the set of best M -approximants tope X out of M. 

Theorem 4.1. Let M be a subset of a normed space X, f : X — > X and T : X — * CB(X) such that 
satisfy the following conditions: 

(i) Bm{p) is q-starshaped. 

(ii) T(B M (p)) C f(B M (p)) andT(B M {p)) is complete. 

(iii) Equation (3.1) holds on Bm(p)- 

(iv) #«=/« /or v € C(/, T) n £ M (p). 

(v) f(B M (p)) = B M (p). 

(vi) TTie pair (7,7V satisfies the CPC on Bm(p)- 

(vii) sup\\y-p\\ < \\fx-p\\ for all x E B M (p). 

y£Tx 

ThenF(f,T)nB M (p)^0. 

Proof. Let x E Bm(p) and z E Tx. Since /(Bjvf(p)) = Bm(p), fx E Bm(p) for all .t e Bm{p)- It 
follows from the definition of Bm(p) that ||/x — p\\ = d(p,M). Since 

||z - p|| < sup \\y - p\\ < ||/x - p|| = d(p, M), 

z E Bm(p)- Thus Tx C Bm(p) for all x E Bm(p)- Since Tx is closed for all x E X, so Tx is 
closed for all x G B M {p). Therefore /|s m (p) : B Af(p) -> B M (p), T\ Bm ( p) : B M (p) -> CB(B M (p))- 
Clearly, F(/|b m ( p ),T| Bm(p) ) = F(I,T) n Bm(p)- Now the result follows from Theorem 3.1 with 
D = B M {p). □ 

Remark 4.2. Theorem 4.1 extends Theorem 3.1 of Al-Thagafi [4], Theorem 3.2, 3.3 of Al-Thagafi 
[2], Theorem 3.1, 3.3 of Al-Thagafi [3], Theorem 3 of Sahab, Khan and Sessa [25], Theorem 2.12, 2.13 
of Shahzad and Hussain [29] , results of Hicks and Humphries [14] , Theorem 7 of Jungck and Sessa 
[17], Theorem 3 of Latif and Bano [20], and results of many authors. 

Corollary 4.3. Let M be a subset of a normed space X, T : X — > CB(X) such that satisfy the 
following conditions: 

(i) Bm(p) is q-starshaped. 

(ii) T(Bm(p)) C Bm(p) andT(BM(p)) is complete. 

(iii) Equation (3.2) holds on Bm(p)- 

(iv) The map T satisfies the FPC on Bm(p)- 
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(v) sup \\y-p\\ < \\x -p\\ for all x e B M {p)- 

y£Tx 

Then F(T) n B M (p) ^ 0. 

Proof. Take / as the identity mapping from X into X in Theorem 4.1 to get F(T) n Bm(p) ^ 0- Q 

Remark 4.4. Corollary 4.3 extends Theorem 1.1 of Al-Thagafi [3]. Results of Hicks and Humphries 
[14] is special cases of Corollary 4.3. 
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Abstract 

Let (fi, E) be a measurable space with S a sigma-algebra of subsets of 
fi. Let M be a nonempty closed bounded convex and separable subset of a 
uniformly convex Banach space X, and let / : Q x M — > M, T : Q x M — > 
KC(M) be a single valued and a multivalued nonexpansive commuting 
random operators, where KC(M) is the family of all nonempty compact 
convex subset of M with the Hausdorff metric induced by the norm of X. 
It is shown that every random operator T and / has a common random 
fixed point. Moreover, we also derive a random coincidence point for a 
pair of multi-valued and single- valued commuting random operators in a 
uniformly convex Banach space. 

2000 Mathematics Subject Classification: 47H10, 47H09, 47H40. 
Key words and phrases: random coincidence point, random common 
fixed point, multi-valued random operators, random fixed point 

1 Introduction 

Random common fixed point theorems are stochastic generalizations of 
classical common fixed point theorems. The study of random fixed point 
theorems was initiated by the Prague school of probability in the 1950s. 
Random fixed point theorems for contraction mappings in Polish space 
were proved by Spacek [19], Hans [5, 6, 7], etc. For a brief survey of them 
and relate results, please refer to Bharucha-Reid [2]. Random fixed point 
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theory has received much attention for the last two decades because of 
its importance in probabilistic functional analysis; the reader is referred 
to Beg and Shahzad [1], Khan et al. [9], Nashine and Shrivastava [14], Li 
and Duan [15], Tan and Yaun [20] and the reference therein. 

On the other hand, Nadler [18] extended the Banach Contraction 
Principle to multivalued contractive mappings in complete metric spaces. 
From then on, many researchers have studied the possibility of extending 
classical fixed point theorems for single valued nonexpansive mappings to 
the setting of multivalued nonexpansive mappings. 

In 1972, Itoh [8] obtained a random fixed point theorem for a multival- 
ued contraction mapping in a Polish space. In 1974, Lim [16] proved that 
every multivalued nonexpansive mapping has a fixed point on a uniformly 
convex Banach space. Afterwards, Xu [22] obtained random versions of 
there results. In 1996, Beg and Shahzad [1] studied the structure of com- 
mon random fixed points and randon coincidence point of a pair of com- 
patible random operators. Recently, Kumam and Plubtieng [11, 12, 13] 
obtained a random fixed point theorem for a multivalued non-self nonex- 
pansive mapping in a separable Banach space. 

Very recently, Dompongsa et al. [4] proved a common fixed point 
theorem for two nonexpansive commuting mappings t : E — > E and T : 
E — > KC(E) denoted the class of all compact convex subsets of X where 
X is a uniformly convex Banach space. 

The purpose of this paper is to prove the random version of the follow- 
ing celebrated deterministic result due to Dhompongsa et al. [4, Theorem 
4.2]. 

Theorem 1.1. (Dhompongsa et al. [4, Theorem 4.2]) Let E be a non- 
empty bounded closed convex subset of a uniformly convex Banach space 
X, t : E — > E.T : E — > KC(E) a single-valued and a multi-valued nonex- 
pansive mapping, respectively. Assume thatt andT are commuting. Then 
t and T have a common fixed point, i.e., there exists a point x in E such 
that x = tx G Tx. 

We obtained a common random fixed point for two single valued and 
multivalued nonexpansive commuting random operators in a uniformly 
convex Banach space. Furthermore, we also derive a random coincidence 
point for a pair of multi- valued and single- valued commuting random op- 
erators in a uniformly convex Banach space. Our results extend and im- 
prove of the results of Xu [22], Kumam and Plubtieng [11, 12] and many 
authors. 



2 Preliminaries 

We begin with establishing some preliminaries. Let (f2, S) be a measur- 
able space with S is a sigma-algebra of subset of Q. Let (X, d) be a com- 
plete metric space. We denote by CL(X)(resp.CB(X),K{X), KC{X)) 
the family of all nonempty closed (resp. nonempty closed bounded, non- 
empty compact, nonempty compact convex) subset of X, and by H the 
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Hausdorff metric on CB(X) induced by d, i.e., 

H(A, B) = max sup d(a, B), supd(b, A) 

aeA beB 

for A, B G CB(X), where d(x, E) = mi{d(x,y) : y G E} is the distance 
from x to E C X. 

A mapping T : S7 — » 2 X is said to be measurable if T^ 1 (B) G £ for 
each open subset B of X, where 

T^(B) = {lo G Q : T(uj) n B / 0}. 

Let C be a subset of X. A mapping T : Q, x C — > 2 X is said to be 
a random operator if, for every a; G C,T(-,x) is measurable. A mapping 
^ : SI — > C is said to be a deterministic fixed point of a random operator 
T : Q, x C — » 2 X if, for each u> G fi, £(w) G ^X w i £( w )) an d a random fixed 
point of a random operator T : fl x C — > 2 X if £ is a measurable map such 
that for each u) G Q, £(w) G T(u!,£(u>)). 

Obviously if a random operator T : SI x C — > 2 X has a random fixed 
point, then for each cj G fi, T(w, •) has a (deterministic) fixed point in C. 
We will denote by F{ui) the fixed point set of T(u), •), i.e., 

F(u>) :={xeC:xe T(lu,x)} . 

Note that if we do not assume the existence of fixed point for the deter- 
ministic mapping T(u>, •) : C — » 2 X ,F(u>) may be empty. 

A random operator / : Q x C — > C is said to be nonexpansive if, for 
fixed ueil the map /(u>, •) : C — > C is nonexpansive. 

A measurable mapping £ : fl — > X is a random coincidence point of 
random operators T : fl x X — > CB(X) and / : SI x X — > X if for every 
cj G S7, /(w, £(k-0) G T(u,£(u>)) (respectively, common random fixed point 
if for every u G SI, £(w) = /(w, £(w)) G T(w, £(w))). 

Let C be a nonempty bounded closed subset of Banach spaces X and 
{x n } bounded sequence in X, we use r(C, {x n }) and A(C, {x n }) to denote 
the asymptotic radius and the asymptotic center of {x n } in C, respec- 
tively, i.e. 

r(C, {#„}) — inf limsup ||a; n — x|| : a- G C , 

n 

A(C,{x n }) — x G C : limsup \\x„ — x\\ = r(C,{x„}) . 

n 

If D is a bounded subset of X, the Chebyshev radius of D relative to C 
is defined by 

r c {D) := inf{sup{||cc- j/|| :j6D}:i£C}. 

Obviously, the convexity of C implies that A(C, {x n }) is convex. No- 
tice that A(C,{x n }) is a nonempty weakly compact set if C is weakly 
compact, or C is a closed convex subset of a reflexive Banach space X. 

Let {x n } and C be a nonempty bounded closed subset of Banach 
spaces X. Then {x n } is called regular with respect to C if r(C, {x n }) — 
r(C,{x ni }) for all subsequences {:r ni } of {a?™}; while {x n } is called as- 
ymptotically uniform with respect to C if A(C,{x n }) = A(C,{x ni }) for 
all subsequences {a; ni } of {£„}. 
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Definition 2.1. (Dhompongsa ct al. [4]) Let E be a nonempty bounded 
closed convex subset of a Banach spaces X, f : E — » X, and T : E — > 
CB(X). Then f and T are said to be commuting if for every x,y G E 
such that x G Ty and ty G E, there holds 

tx G Tty. 

Lemma 2.2. (Deimling [3]) Let E be a nonempty bounded closed convex 
subset of a Banach space X andT : E —> FC(X) an upper semicontinuous 
and \— condensing mapping. Assume TxPiIe(x) 7^ for all x G E. Then 
T has a fixed point. 

Theorem 2.3. (Wagner [21]). Let (X,d) be a complete separable metric 
spaces and F : Q — > CL(X) a measurable map. Then F has a measurable 
selector. 

Lemma 2.4. ( Tan and Yuan [20]). Let X be a separable metric space 
and Y a metric space. If f : Q, x X — > Y is a measurable in u; £ Q and 
continuous in x G X, and if x : Q — > X is measurable, then f(-,x(-)) : 
Q — > Y is measurable. 

As an easy application of Proposition 3 of Itoh[8] we have the following 
Lemma: 

Lemma 2.5. Let C be a closed separable convex subset of a Banach space 
X and (yi, E) be a measurable space. Let T : ilxC —> CB(X) be a random 
continuous operator and F : fi — > 2 a measurable closed-valued operator. 
Then for any s > 0, the operator G : Q — > 2 given by 

G(w) = {x G F(w) : \\x - T(w, x)\\ < s} , u> G O 

is measurable. 

3 The main results 

We obtain the following result which extends and improves random version 
of [4, Theorem 4.2]. Our proof need not use the ultra power technique. 

Theorem 3.1. Let (Q, E) be a measurable space with S a sigma-algebra 
of subsets ofQ.. Let M be a nonempty closed bounded convex and separable 
subset of a uniformly convex Banach space X, and let f : Ox M — > M, T : 
Q x M — > KC(M) be a single valued and a multivalued nonexpansive ran- 
dom operators respectively. Assume that f and T are commuting. Then 
T and f have a common random fixed point. 

Proof. For each u) G O., set 

F(u) = {a; € M : x = f(u>,x)}. 

From Browder-Gohde Theorem, F(w) is nonempty for each w G fi. Let 
x G F(uj). Since / and T are commuting, we have f(ui,y) G T(u>,x) for 
each y G T(u>, x) and for each u> G fl. Thus we can considered /(u>, ■) as 
a nonexpansive mapping from T(ui,x) to T(w, x) for each uo G Q.. Since 
T(u),x) is compact convex, / has a fixed point y(u>) G F(u). This implies 
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that T(u>, x) Pi F(u>) 7^ for all u € fl. For a fixed element xo G F, we 
let Xo(co) = £0 for each u) £ £1. For each n, we define a random operator 
T n : n x F(u>) -► KC{M) by 

T„(w,a;) = i»o + (l- -)T(w,a;), x € F(w). 

n n 

It is easy to see that T n is a multivalued random contraction operator for 
all n G N. Since for T(oj,;e) n F ^ 0, for each x G F(w), It follows the 
convexity of F(lu) that implies T n (cu, x) n f(w) 7^ 0. Then as in the proof 
of the proof of Theorem 4.2 in [4] we note that T„(w, •) : F(w) -> KC(M) 
is ^-condensing for each w £ O. Hence, by Lemma 2.2, T n (u), •) has a 
fixed point 0„(u>) G ^(w) for each w G £1. Also it is easily seen that 
d(z„(ui),T(uj,Zn(Lu))) < -diamC — > as n — > 00. This implies that the 
set 

F„(w) = {x G F(w) : dis*(x,T(w,a;)) < -} 

n 

is nonempty closed for each n > 1. Furthermore, by Lemma 2.5, each _F n is 
measurable. Then, by Lemma 2.3, each F n admits a measurable selector 
x n (oj) such that 

d(x n (uj), T(u>, x n (io))) < —diamC — » as n — » 00. 
n 

Define a function /1 : Q x M -» E+ := [0, 00) by 

fi(u),x) — limsup ||x n (w) — x||, w G n. 

Applying Lemma 2.4, it not difficult to see that fi(-,x) is measurable. In 
addition /1 is continuous in x G C and convex. Therefore it is a weakly 
lower semicontinuous function. 

On the other hand, since the space X is uniformly convex and F(u>) is 
closed and convex and hence weakly compact, there exists a unique point 
x(uj) G F (w) such that 

fi(u),x(u))) — inf fi(u),x) —: r(u)). 

Note that a;(w) is an asymptotic center of the sequence {x n (ui)} with 
respect to F(w), i.e., x(u)) — A(F(ui), {x n }). Lim [17], and Kirk and 
Massa [10] actually proved that for each u) G Q, x(u)) is a fixed point of 
the map T(ui, •). By using the same argument as in the proof of Xu [22, 
p. 1091], we obtain x(uj) is measurable. Therefore x(ui) is a random fixed 
point of T, since x(uj) G F (a>) and so / and T have a common random 
fixed point x(u>), i.e., x(w) = f(u),x(u))) G T(w, a;(w)). The proof of the 
theorem, therefore, is complete. □ 

From Theorem 3.1 we immediately got the following Theorems: 

Theorem 3.2. Let (Q, E) be a measurable space with E a sigma-algebra 
of subsets o/fl. Let M be a nonempty closed bounded convex and separable 
subset of a uniformly convex Banach space X, and let f : Six M — » M, T : 
SlxM-» KC(M) be a single valued and a multivalued nonexpansive ran- 
dom operators respectively. Assume that f and T are commuting. Then 
T and f have a random coincidence point. 
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Theorem 3.3. Let (fi, E) be a measurable space with E a sigma-algebra of 
subsets of Q. Let M be a nonempty closed bounded convex and separable 
subset of a uniformly convex Banach space X, and let T : O x M — » 
CB(M) be multivalued nonexpansive random operator. Then T have a 
random fixed point. 

Proof. If f(u),x) = x for all (w, x) £ il x X, in Theorem 3.1, then we get 
the desired result. □ 

Corollary 3.4. (Xu's Theorem cf. [22]) Let (fi, E) be a measurable space 
with E a sigma-algebra of subsets of Q,. Let M be a nonempty closed 
bounded convex and separable subset of a uniformly convex Banach space 
X, and let T : il x M — + KC(M) be a multivalued nonexpansive random 
operator. Then T has a random fixed point. 

Corollary 3.5. Let M be a separable nonempty closed bounded con- 
vex and separable subset of a uniformly convex Banach space X, and let 
f : fi x M — > M, T : Q. x M — > M be two single valued nonexpansive 
random operators. Then there is a measurable map £ : fi — » M such that 
T(w,£(w)) = /(w,£(w)) = £(w) for each lo G fi. 

4 Deterministic results 

By using Theorem 3.1, we have the followings Theorem. 

Theorem 4.1. (Dhompongsa et al. [4, Theorem 4.2]) Let M be a non- 
empty bounded closed convex subset of a uniformly convex Banach space 
X, t : M — > M, T : M — > KC(M) a single-valued and a multi-valued 
nonexpansive mapping, respectively. Assume that t and T are commuting. 
Then t and T have a common fixed point. 

As an application of Theorem 3.3 or Corollary 3.4, we immediately 
obtain the following result: 

Corollary 4.2. (Lim's Theorem [16]) Let X be a uniformly convex Ba- 
nach space, let M be a nonempty bounded closed convex subset of X Then 
every multivalued nonexpansive mapping T : C — > K(M) has a fixed point. 

Remark 4.3. Theorem 3.1, Theorem 3.3 and Corollary 3.5 are stochastic 
version of [4, Theorem 4-2] and Lim's Theorem in [16]. 
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Abstract. In this paper, by using the fermionic p-adic invariant integrals, we consider 
the twisted ^-extension of the Barnes-type multiple g-Euler polynomials and numbers 
and discuss some properties of them. In particular, we present a systemic study of the 
generalized Barnes-type multiple twisted q-Euler polynomials of higher order and give 
Barnes-type multiple twisted zeta functions which interpolate the generalized Barnes- 
type multiple twisted q-Euler polynomials 



51. Introduction 



Let p be a fixed odd prime number. Throughout this paper, Z p , Q p and C p will, 
respectively, denote the ring of p-adic rational integers, the field of p-adic rational 
numbers and the p-adic completion of the algebraic closure of Q p . Let N be the set 
of natural numbers and Z + = NU {0}. The p-adic absolute value in C p is normalized 
so that \p\ p = -. When one talks of (/-extension, q is variously considered as an 
indeterminate, a complex number q e C or a p-adic number q e C p . If q e C, one 
normally assumes \q\ < 1. If q e C p , one normally assumes |1 — q\ p < 1. We use the 
notation 

1 — q x 1 — ( — q) x 

\x\n = 1 and \x]- a = see [1-171 

l \q 1 -g ' LJ9 l + q L J 
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for all x G Z p . For a fixed d G N with (p, <i) = l,d = l(mod2), we set 
X = X d = limZ/d!p JV Z,X* = U (a + dpZ„), 

"trT 0<a<dp 

7V (o,p) = l 

a + dp n Z p = {x G X|x = a (mod <ip n )}, 

where a G Z lies in < a < <ip n . 

The q- factorial is defined as [n] q \ = [n] q [n — l] q ■ ■ ■ [2] q [l] q . The (/-binomial formulas 
are known as 



(b:q) n = (l-b)(l-bq)---(l-bq n - 1 ) 



i=0 x ' 1 



and 



(b:q) n (l-b)(l-bq)---(l-bq"-i) 

=E( n+ i" 1 )^ 

where Q) = r n _;u Tnu ; = — Tfci! are ^ e ^"binomial coefficients for n,k E 

Z + (see[4,5, 10,13])! 

Recently, many authors have studied the (/-extension of various twisted Bernoulli 
or Euler polynomials and numbers (see[2,3,ll,12,14-17]). In this paper, we try to con- 
sider the twisted (/-extension of Barnes-type multiple Euler polynomials and numbers 
related to fermionic p-adic invariant integrals which were defined by Kim [4]. Note 

that 

'n\ fn\ n\ n(n — 1) • • • (n — k + 1) 



lim , 

g->i \kj \kj (n — k)\k\ k\ 

We say that / is uniformly differentiable function at a point a G Z p , and write 
/ G UD(7i p ) : if the difference quotient Ff(x,y) = X Z_ has a limit f'(a) as 
(x,y) — V {a, a). For / G UD(Z P ), the fermionic p-adic invariant integral on 7L V is 
defined as 

/,(/) = / f(x)d» q (x) = lim —^ J2 /(*)(-«)*• (^ 

Thus we note that 

lim I q (f) = I 1 (f)= [ f(x)d^(x). (2) 
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For n G N, let f n (x) = f(x + n). Then we have 

n-l 

h(fn) = (-lTh(f) + 2 ^(-l)"- 1 -^). (3) 

1=0 

Using formula (3), we can derive the Euler polynomials, E n (x), namely 

h (e tx ) = / e^+»)*dMi(y) = T— re rf = J^E n (x)-. (4) 

^^P n=0 

In this paper, we define Barnes-type multiple twisted (/-Euler polynomials and 
numbers related fermionic p-adic invariant integrals and discuss some properties of 
them. In particular, we present a systemic study of the generalized Barnes-type 
multiple twisted (/-Euler polynomials and numbers of higher order and give Barnes- 
type multiple twisted zeta functions which interpolate the generalized Barnes-type 
multiple twisted (/-Euler polynomials 



§2. Barnes-type multiple twisted (/-Euler polynomials and numbers 

In this section, we assume that q G C p with |1 — q\ p < 1. Let T p = U n >iC p « = 
lim n ^oo C p n. = Cpoo be the locally constant space, when C p « = {£ g X\^ p = 1} is 
the cyclic group of order p n . For £ G C p ^ and x, w±, • ■ • ,w r G C, we first consider 
the twisted (/-extension of Barnes-type Euler polynomials as follows: 

00 -in r 

Y^E n ^ q {x)-= ee^^d^iy). (5) 



n=0 



Thus, we have 



x\ q 



% g (x)=2^(-l)T[m + 

m=0 

2 ^ (?)(-l)V* , fi , 

-{\- q )n2^ 1 + tqi ■ [) 



i=0 



In the special case x — 0, E n ^^ q = E n ^ jq (0) are called the Barnes- type twisted (/-Euler 
numbers. 

The Barnes-type twisted (/-Euler polynomials of order reN are also defined by 

E S S>)^=/ •••/ e i+ - +Xr e^^ + - +x ^ t d^{x 1 )---d^ 1 {x r ). (7) 

n=0 ' ' Z P Z P 
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<r) _ Ur) 



In the special case x = 0, the sequence E„ I = E„ I (0) are refereed as the twisted 
g-extension of the the Euler numbers of order r. 
Let / € N with / = l(mod2). Then we have 

E nLW 

i Xl + '" +Xr [x + X!^ h X r ]"djLli(xi) • • • fJLl(x r ) 

\ /-I 

n 



E (-i)V^ E E 



(1 -g) n ^ Vi 

oo 



rai ,••• ,m r =0 

OO 



^2^( m + r M (_l)-e m [m + ^. (8) 

m=0 ^ ' ! 

By (7) and (8), we obtain the following theorem. 
Theorem 1. For r G N, n > and e £ T p , we have 

oo 

££!«(*) = T Yl (-!) E?=1 m ^ E ^ 1 mj [mi + • • • + m r + x] n q 

rai ,••• ,m r =0 



Let fW(t,x) = £~ <€,>)£• Then we have 

F^(t, x) = 2 r f; ( m + r " ^ (-l)"»f» e [™+*M 

m=0 ^ ' ! 

OO 

_ 2 r V^ (_l)Ej : =i m jtEj = i m J e KlH hm r +a:]<,t_ /g\ 

mi,"' ,m r =0 

Let x be the Dirichret's character with conductor / E N with / = l(mod2). Then 
the generalized Barnes-type twisted g-Euler polynomials attached to x are defined by 

oo , n oo 

X>„W)^ = 2 ^(-rxHre^ 1 ''. (10) 

n=0 m=0 

4 
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Thus we have 

/-i , 



a=Q 

a=0 J ** ^~ q) 



dni{y) 



/ " 1 (l-af)» r (l- q f (^ +y )Y 
= Vx(a)(-l)T ; i V / £ /y ^ 7^ 7T J —d^{y) 

/-i / + \ 

= [/i;Ex(«)(-i)tv, 9 ' ( ^pj • en) 



And also E njX ^ jq (0) = i?n,x,£,g are called the n-th generalized Barnes-type twisted 
g-Euler numbers attached to x- From (2) and (3), we can drive the following equation 

nf-l 

Em, x ,Unf) ~ (-l) n E m , x ,t, q = 2 £ (-^""'-'xCO^Wr- (I 2 ) 

i=0 

Let us consider the twisted (/-extension of higher-order generalized Barnes-type 
Euler polynomials attached to x as follows: 

m=iX{xi)) e i+ - +Xr e [xi+ - +Xr+x] ^ t d fJ , 1 (x 1 ) ■ ■ ■ dfnixr) 
x Jx 

= 5Xi*»si- (13) 

n=0 

where E^' + (x) are called the n-th generalized Barnes- type twisted g-Euler polyno- 
mials of order r attached to x- By (13), we see that 



<L,M 



n / \ /—I / r \ / N V r 



3=0 ""I 



v ^ i=0 V 7 ai,---,a r =0 y=l y V Sy ' 

= 2 " E ( m+ "" ') (- 1 )"' E fflxfe)) (-D^.».^.». 

m=0 ^ ' ! ai,---,a r =0 \j'=l / 

r 

x E(«j + ^m/)]; (i4) 
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and 



YE {r) t ( 



[X 

n=0 



n\ 



= 2 r J2 (-l) E ^= imj Il x ( a ^ \^= imj e^ +mi+ - +m ^ t . (15) 

m 1 ,--- ,m r =0 V = 1 / 

(r) / \ (r) 

Then E 1 ^ ' e (0) = E 1 ^ ' , are called the n-th generalized Barnes-type twisted g-Euler 
numbers of order r. By (14) and (15), we obtain the following theorem. 

Theorem 2. Let £ G T p and x be the Dirichlet's character with conductor f G N, 
with f = l(mod2). For n G Z + and r G N, we have 

m=0 ^ /:L oi,-" ,a r -0 \J = 1 / 

r 

7 = 1 
oo / r \ 

= 2 r £ (-1)^=* ™^=i mj II X(aj) [x + mx + • • • + m r ] J. 

mi,- ,m r =0 \i = l / 



Let /i G Z and r G N, we introduce the extended higher order Barnes-type twisted 
g-Euler polynomials as follows: 

= [■■[ q^=^ h - j)Xj ^=^ h - j)Xj [x + x 1 + --- + x r ]^ 1 (x 1 )---fi 1 (x r ).(16) 
From (16), we note that 

oo 

= 2 r J^ g Ej=i(fc-i)*i(_i)E;=i"»^i:j=i(h-j>i[ a . + a . 1 + ... + a . r ]n. (17) 

mi,"' ,m r =0 

6 
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Thus, we obtain 






(i-g) n ^(-e h - r g h - r+i ;?Or 

= 2 r E f m + " ~ ^ (-C ,l - r ^- r ) m ^ + m] q . (18) 

m=o V m / €« 

Let F& r >(t,s) = ES=o <£(*)£• Then we have 

^& P) (M) 

= 2 r E ^ + r ~ X ) (-l) rn (Cq) {h ~ r)m e lm+x] ' lt 

mi,'" ,m r =0 

Therefore, we have the following theorem. 

Theorem 3. For ft G Z, n 6 ff, i G Q + , and £ G T p , we have 

<£w = 2r E ( m + I ~ *) (-i) ra (&) (h - r)r > + x] j 



m=0 v 7 69 



X 



2 r E (-l)^ 1 m ^ 9 ) E 5= l( ' l " 3)mj [mi + ■ ■ ■ + m r + x];. 



mi,"' ,m r =0 



For u?i, • • • , w r G Z p , ai, • • • , a r G Z, we consider another ^-extension of Barnes- 
type twisted multiple g-Euler polynomials as follows: 

E n\, q ( x \ w u--- ,w r ;a ir -- ,a r ) 
= [■[ q J2 ^ ajX ^ j:r ^ aj ^[x + x 1 + --- + x r ^dfi 1 (x 1 )---fi 1 (x r ). (20) 



Thus, we have 



E n\,q( x \ w u-'- ,w r ;a ir -- ,a r ) 

2- " (?)(-!)¥* m) 



i=0 
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From (20) and (21), we can derive the following equation. 
E n£,q( x \ w i>'" ,«v;ai,--- ,a r ) 

oo r 

= T Yl (-l) E - imj (^) E - iajmj ^ + ^^m J ]-. (22) 

mi ,••• ,771^=0 J = l 

Let F^(t,x\w!,--- ,w r ;ai,--- ,a r ) = Yln=o( x \ w i-> ' ' ' > ^; a i> " ' > a ^)S"- Tnen 
we have 

F^(t,x|iui,--- ,to r ;ai,--- ,a r ) 

OO 

= 2 r V] (_i)EJ = i^i(^)E; = i^^ e [^+E; = i^^]^_ (23) 



L , ,nr, r - 



Therefore, we have the following theorem. 

Theorem 4. For r G N, Wi, ■ ■ ■ , w r G Z p , ai, • • • , a r G Z, and £ G T p , we have 
E n\, q i x \ w ^ - " » «V; ai» • • • , «r) 

CXD 

= 2 r J2 (-l) E3r = im] fe) Ejr=l(HK K + -- + mr + 4 

7Tli, ■■■ ,m r =0 



Let x be a Dirichlet's character with conductor / G N, with / = 1( mod2). Now we 
consider the generalized Barenes-type multiple twisted o-Euler polynomials attached 
to x as follows: 

E n,x,zA x \ Wl i " ' ' Wr '> ai » ' ' ' ' ar ) 
= / • •• / [x + wixi H h «vav]™ I Y\ X( x j) 



x ^E -=i W£E, r =1 W^m) . . . -j^). 



Thus, we have 



^Vx.^^l™ 1 ' " ' ' Wr ' ai ' ' ' ' ' ar ) 
/-i 



2 T 

bi,--,6 r =0 \j=l 






X Z^ TT (^ j-ta.i„(lwi+ai)f\ • ( 24: ) 



l=0 11 J 

From (24), we obtain the following theorem 

8 



FJ r _ 1 (l + £ a jq( lw j+ a j)f) 
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Theorem 5. For r G N, w\, • • • , w r G 7L V , oi, • • • , a r G Z, and £ G T p , we /lave 

oo / r \ 

mi,--- ,m r =0 \j = l J 

X [x + VO\Vfl\ + • ■ • + w r m r ]q . 



Then, we consider the generating function for E^i, p „(x\w\, • • • , w r ; oi, • • • , a r ) as 
follows: 



oo 



n 

n! 

n=0 



By Theorem 5, we see that 
F xl,q( t,x \ Wu '" i Wr ' ai 



i -i u r ) 



r 



mi,-,m r =0 \i =1 



}3. Barnes-type multiple twisted g-zeta functions 



In this section, we assume that o G C with \q\ < 1 and the parameters w±, • ■ ■ ,w r 
are positive integers. For £ G T p , we consider the Barnes-type multiple o-Euler poly- 
nomials in C as follows: 

F x,l, q (ti x \ w u ■■■ » w r', ai, ■ ■ ■ ,a r ) 

oo / r \ 

— 2 r y^ (_i)Ei=i m j I TTy(a;-) I (^q)^i=i a ^ mi e ^ x+Wimi ~ { — ^ m >-]^ 

mi,-,ra r =0 \J = ^ / 

= ^2 E n,l, q ( x \u>ir-- ,w r ;ai,--- ,a r ) — , (26) 

n=0 



for \t\ < maxi< t < r {t^tj}- 
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For s,x£C with R(x) > 0, ai, • • • , a r G C and £ G T p , we can derive the following 
equation (27) from the Mellin transformation of F^l (t, x\w±, ■ ■ ■ , «v; Oi, • • • , a r ). 

X 5S ^y 

— - * t s_1 F £ (r) (-t,x|M;i,--- ,tu r ;oi,--- ,a r )dt 

^ — r- ( 27 ) 



oo 



For s,i6C with R(x) > 0, oi, • • • , a r G C and £ G T p , we define Barnes-type multiple 
twisted g-zeta function as follows: 

(t,q,r(s,x\w ir -- ,«v;ai,--- ,a r ) 

= 2 r y (-l) E ^ mj (^) E ^ a ^ _ (2g) 

^ n [x + wiroi H h w r m r ]^ ' 

7Tli, ■■■ ,m r =U J y 

Note that Cc,g,r( s ? #|wi> • • • , io r ; Oi, • • • , a r ) is meromorphic function in the whole com- 
plex s-plane. By using the Mellin transformation and the Cauchy residue theorem, 
we obtain the following theorem. 

Theorem 6. For x G C with R(x) > 0, n G Z + , and £ G T p , we have 

C,z, q ,r{-n,x\wi, ■ ■ ■ , w r ; ai, ■ ■ ■ , a r ) = E n, X £,q( x \ Wl -> " ' , w r',a>i,-' , a r)- 



Let x be a Dirichlet's character with conductor / G N, with / = l(mod2). From 
(25), we can define the generalized Barnes- type multiple twisted g-Euler polynomials 
attached to x in C as follows: 

F x,l,q(^ x \ w u ■■■ ,w r ;a ir -- ,a r ) 

oo / r \ 

— 2 r ^ ( — \\T, r j = i m i I TTx(^0 I (^g)Er=i a i m i e [ x +™i m iH \-w r m r ]™t 

mi,- ,m r =0 \j=i J 

°° (r) t n 

= ^2 E n,x^ x \ Wl '"' > w r',ai,--- 5 «r) — , (29) 

n=0 

From (29) and Mellin transformation of F^l (t, xlwi, ■ ■ ■ , tu r ; oi, • • • , a r ), we can 
drive the following equation (29). 

i r°° 

— - <p t s_1 F^ (-t,x\wi,--- ,w r ;a ir -- ,a r )dt 

r(s) / x '^' 9 

= 2 r V TT x fo ^ — r- ( 3 °) 

m 1 ,--,m r =0 \j=l J L J| 7 

10 
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For s,i£C with R(x) > 0, we also define Barnes-type multiple twisted q — /-function 
as follows: 

l^ q (s,x\wi,-- ■ ,«v;ai,--- ,a r ) 

= t y n x m ^ ^ r . (31) 

n ■ , b + wimH + w r m r ] s 

Note that /^"l (s, aHtOi, • • • , w r \ ai, • • • , a r ) is meromorphic function in the whole com- 
plex s-plane. By using (29), (30), (31), and the Chquchy residue theorem, we obtain 
the following theorem. 

Theorem 7. For x G C wii/i R(x) > 0, n G Z + , and £ G T p , we have 

l^l, q (-n,x\wi,--- ,w r ;ai,--- , a r ) = E n, x ,t=, q ( x \ w ii •• • ,w r ',ai t - • • ,a r ). 
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Abstract. The aim of our study is to obtain a criterion of analyticity. In fact we 
have obtained the conditions for what a complex continuous function, defined on the 
closed unit disc, is an analytic function on the open unit disc. As a consequence, we 
have deduced, in a new manner, the Schwartz- Villat formula and the Joukowski function. 

Keywords: complex function; analytic function; criterion of analyticity; Schwartz- Villat 's 
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1. Introduction 

The study of analytic functions is always going to be a topic of interest for mathe- 
maticians and not only. The researchers assume that more than 90 % of the practical 
applications of the mathematical analysis deal with analytical functions. 

It is each to ascertain that the methods based on the complex function theory are 
quite efficient in many problems of numerical differentiation, numerical integration and 
so on. Also, to investigate what kind of analyticity the state function of a material has, 
or in other words, where and what kind of singularities exist in the complex plane, is an 
important subject in the field of recent statistical mechanics. So, we can deduce that 
is more realistic to study in what region the function is regular rather than to establish 
the differentiability. 

The analytic functions are used in various branches of Mathematics. For instance, 
in the paper [5] , the system of four linear partial differential equations of Lord-Shulman 
model of thermoelasticity with one relaxation constant is trasformed, by using some 
complex variables, in a complex system of equations. This offer the possibility to express 
the solution using a holomorphic expansion with analytic functions. 

In the paper [1], some integral representations are constructed for analytic functions 
in a strip. Using these representations, an effective solution of Calerman type problem 
is given for a strip. 
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In our study [4] we use some analytic functions to obtain a minimum principle in 
Thermoelasticity of dipolar bodies with stretch. 

There are a number of criteria regarding the analyticity of a function, starting with 
the well known criterion due to the Cauchy-Riemann's conditions (see . Regarding our 
statements above we propose a new criterion in our study which is easy to understand 
and applicable in solving actual problems like the examples we present below. 

Denote by A the space of all complex functions which are analytic on the open unit 
disc and continuous on the closed unit disc. Also, denote by C the space of all complex 
functions which are continuous on the closed unit disc and are analytic on the open unit 
disc, except certain points. 

Let H be the space of complex functions which are Holder continuous on the unit 
circle and let H be the subspace of H of restrictions of functions in A. 

In the following, our goals are, first, to find the conditions nedeed for a function from 
the space H to belong to the subspace H and, second, when a function from the space 
if is a restriction of a function from C. 
Let us consider a function <p G H which can be written in the form: 

<p(e is )=a(s)+ib(s), (1) 

where % is the complex unit and a and b are Holder continuous functions on the interval 
[— 7r,7r], satisfying the boundary conditions: 

o(— 7r) = a(n), b(—ii) = 6(71"). 

We can assume, without restricting the generality, that 

a(s)ds = f b(s)ds = 0. (2) 



It is well known the fact that the function /, defined by the Cauchy's Formula, 

f(>) = ±f ^ (3) 

2m J\€\=i 4 — z 

is an analytic function inside and outside the unit circle. 

Also, we know that the above integral exists for z on the unit circle in the sense of 
Cauchy principal value. 

In this case, we have the following Sokhotski-Plemelj formulas for inside and outside 
limits, denoted by fi(z) and f e (z) (see [3], [6]). For a fixed complex number a such that 
\a\ = 1, we have 



z-kt, \z\<i 2iri J\i\=i £ — er 2 

lim f(z) = m = ±l p^dt-^ (4) 

z ^ a ,\z\>i JK ' JeK ' 2mJ\i\=ii-a ^2 y ' 
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2. Basic results 

In our following main result, we will prove the relationship between the inside limit 
value of the function /, defined by the Cauchy's Formula (3), and the function (p e H, 
defined in (1). 

Theorem 1. The function f , defined by (3), satisfies the condition 

/«(*) = V>(<t) (5) 

if and only if the functions a and b, defined in (1) satisfy the conditions: 

1 [ n s — t 
b(s) — a(t) cot dt, 

IT J-TT 2 

a(s) = / b(t) cot S -^—dt. (6) 

IX J-TT 2 

In this case if the function f is defined by (3), then f G A and 

f{z) = 0, for \z\ > 1. 
In particular, for all a on the unit circle, that is, \a\ = 1), we have 

fe(o-) = 0. 

Proof. Let us first prove the necessity of conditions (6). If the function /, defined by 
(3), satisfies (4), then by using the relations (4), we have 

U<r) = 
for all a on the unit circle. Then, by (4) 2 ) we deduce 



2 2m J\£\=i £ — a 

Therefore, we have 

1 [* a(t) + i b(t) 



2n J-tt 2sin 2 (s - t)/2 - 2 i sin(s - t)/2cos 2 (s - t)/2 
After some simple calculations we obtain 

1 F ( , , ... s-t 



dt. 



I f n / s — t\ 

a(s) + ib(s) = — / a(t) - b(t) cot dt + 

2n J-tt V 2 / 

1 f n / s — t\ 

+— I (b(t) + a(t) cot— —jdt. 
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From this equality and the relation (2) we deduce the conditions (6). 
Now, we will prove that the conditions (6) lead to the condition (5). For this, we use the 
Fourier expansions of the functions a and b. By using the conditions (5) we can deduce 
the following relationships between the Fourier coefficients of the functions a and b: 

I r-ir l rw 

— / a(t) cos nt dt — — b(t) sinnt dt, 

TV J-TT IX J-TT 

1 f w If* 

— / a{t) sinnt dt = / b{t) cos nt dt. (7) 

TV J-TT IX J-TT 

Taking into account the geometric series expansion 

— - — = T — 

for any z such that \z\ > 1, we have 

2niz J\e\=i 1 — t/z 2-kiz J\(\=\ f^L z k 



2kiz J\i\=\ 1 — i/ z 2mz J|£|= 

r E"w [«(*) C08 ( k + 1 ) t " 6 (0 sin ( k + !)*] dt + 

I °° I / PTT \ 

+— J2 n^i / [ a W sin ( k + 1 ) t + h{ t) sin ( k + !)*] rft • 

2K U —n Z \J-TT J 



fc=0 

From this relations and considering the relationships (7), we can draw to the conclusion 

/(*) = o. 
Thus, for all a on the unit circle, we have 

/e(<7) = 0, 

such that, by using the condition (4), we obtain the desired conditions (5). This con- 
cludes the sufficiency of conditions (6) and Theorem 1. ■ 

In a similar way we can prove the relationship between the outside limit value of the 
function /, defined by the Cauchy's Formula (3), and the function tp e H , defined in (1). 

Theorem 2. The function f , defined by (3), satisfies the condition 

f e (a) = ip{a) 
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if and only if the functions a and b, defined in (1) satisfy the conditions: 

1 f w s — t 
b(s) = — / a(t) cot dt, 

a(s) = - [ b(t) cot S -^—dt. (8) 

IX J-TT 2 

In this case the function f defined by (3) is analytic for all z, \z\ ^ 1, continuous in all 
points z such that \z\ > 1 and 

f{z) = 0, for \z\ < 1. 

In particular, for all o~ on the unit circle, that is, \a\ = 1, we have 

fi(o-) = 0. 

A pair of functions (a, b) which satisfy conditions (6) or (8) will be called an inside 
conjugate pair or an outside conjugate pair, respectively. 

As a consequence of the above results, we want to solve two problems, having a 
practical significance. 

First, we will solve a boundary value problem of Hilbert type and then we will obtain 
the Schwartz- Villat formula, by using a new procedure. 

Regarding the boundary value problem, let us consider the given functions a, b and 
c assumed to be Holder continuous on the interval [— 7r, n] and satisfying the boundary 
conditions 

o(— 7r) = o(7r), b(—7r) = b(ir), c(—tt) = c(tt). 

We would like to find a complex function F , 

F(z) =u{z) +iv(z) G A, 

such that for all s G [— n, it] we have 

a{s)u(e is ) +b{s)v(e is ) = c{s). 

Let's assume that the function (p G H satisfies the condition (1). Then there exists a 
function f(z) G A such that 

f(z) = <p(z), on the unit circle, i. e. \z\ = 1. 

We consider the function c such that 

/ v c(s) 

C »« = a»(.)+t»W (9) 
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Also, we will consider the function cq, which is the inside conjugate of the function 

Co, defined by 

1 f n s — t 

cb(s) — — I Co(t) cot — - — dt. 



71 J-* ' ' 2 

Clearly, there exists a function p(z) G A such that 

p(e is ) =c (s)+ic (s). 
Then we can take the function F(z) in the form 

F(z) = f(z)p(z). 
This form of the function F is the desired function which solves our problem, since: 
F (e is ) = u (e is ) + % v (e ls ) = [a(s)c (s) - b(s)c (s)} + i [a(s)c (s)(s) - b(s)c (s)] , 

and 

a(s)u (e is ) + b(s)v (e is ) = c (s) [a 2 (s) + b 2 (s)] = c(s). 

The last equality is a consequence of the relation (9). 

Now, let us derive the Schwartz- Villat formula, as another application of the previ- 
ous theoretical result. 

Theorem 3. Given a function a on the interval [—71,71], satisfying the condition 

a(— 7r) = a(ir), 
there exists a function f 6 A such that 

which is the Schwartz- Villat formula. 

Proof. Given a function a having the above properties and using the result of Theorem 
1, we can deduce that there exists a function / e A such that, for all s G [ir, ir], we have 

Re f (e ls ) = a{s). 

We will denote by b the inside conjugated function of a. By virtue of Theorem 1, the 
required function / is given by (3), where the function (p G H satisfies the condition 



ip(e is ^j = a(s) +i b(s). 
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If we use the notation 
then we obtain 



W a(s)+ib(s) ± r* a(s)+ib(s) 3 = 

2iri J\€\=i £ — z 2n J- w £ — z 

«am + z) ds + ±r ib(s)t-za(s) ds _ (1Q) 



2tt J-tt i — z 2tt J-tt i — z 

We will prove that the last integral in the right-side of relation (10) is equal to zero 
for z inside of the unit disc, i.e. \z\ < 1. For this we will use a geometric series expansion 
and the Fourier series for the functions a(s) and b(s). Let us denote by a n and b n the 
Fourier coefficients of function a(s). Using the relation (2) we deduce that a = 0. Also, 
by virtue of the relations (7) we obtain the Fourier expansion for the function b(s) as 
well: 

oo 

a(s) = J^ (o n cos ns + b n sin ns) , 
n=i 

00 

b(s) = ^2 (—b n cos ns + a n sin ns) . 

n=l 

For z such that \z\ < 1 we have 

1 f n i b(s)£ — za(s) 1 r 71 i b(s) — a(s)z/£_ 



2% J-tt £ — Z 2n J-tt 1 — £/z 

I r-TT / °° z k °° Z k \ 

Using the relation 

£~ n = cos(ns) — % sin(ns) 

and the orthogonality of the Fourier basis, the integrant of the last integral of the right 
side of (11) take the following expression: 

oo 

y^ [—% b n cos 2 (ns) + a n sin 2 (ns) — a n cos 2 (ns) + i b n sin 2 (ns) ) z n = 

oo 

y^ — a n (cos 2 (ns) — sin 2 (ns)J — ib n (cos 2 (ns) — sin 2 (ns^ 

oo 

= — V] (a n + i 6 n ) cos(2ns)z n . 



71=1 

oo 



71=1 



71=1 
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By integrating the last term, on the interval [— tt, tt], we obtain zero and then from 
'11) we deduce 



and, from (10) it results 



1_ r i b(s)£ - za(s) ds = Q; 
2tt J~tt i — z 



M-krJfs** 



that is, the Schwartz- Villat formula and the proof of Theorem 3 is concluded. ■ 

We will conclude our study with a result, similar to the classical Milne-Thomson's result. 

Theorem 4. Consider a pair of functions (a,b), which are Holder continuous on the 
interval [—it, tt] and satisfy the boundary conditions: 

a(— it) = a(n), b(—n) = b{ir). 

Then there exists a function f which is analytic inside of the open unit disc, \z\ < 1, 
except certain points, such that 

f(e is )=a(s)+ib(s). 

Proof. Let us remark that if we find the functions F a (z) and F b (z) which are analytic 
on the open unit disc, except certain points, and satisfying the relations 

F a (e is ) = a(s), F b (e iS ) = a(s), 

then the function 

f(z) = F a (z)+iF\z) 

can be the desired function for our problem. 
Let's consider the function a(s) defined by 

a(s) 
a i s ) = -y- 

and its inside conjugate a(s). Define the function f a (z) G A by 



H*) = — / "(*)+'*(*) g (12) 



Then 

f?{e is )=a{s)+ia{s) 
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Also, for \z\ > 1 we have 

fa(z) = 0. 

Now, let's consider the outside conjugate 

- If 71 s — t 
(3(s) = / a(t) cot dt. 

Then there exists a function g a (z), which is analytic outside of the unit disc, such that 

g a e (e is ) = a(s) + i p(s) = a(s) - i a(s). 

Let g't be the analytic continuation of the function g a to the interior of the unit disc. 
Generally speaking, the function g't may and must have singularities. Otherwise the 
function f a + g't would be analytic inside the open disc, continuous for \z\ > 1 and 
would have zero imaginary part. Such a function must be constant. As a consequence, 
we can take the function F a in the form 

F a = f a + g a p . (13) 

Similarly, we obtain the function F h and the desired function from the enunciation is 

f{z) = F a {z)+iF\z) (14) 

and this concludes the proof of the Theorem 4. ■ 

We must outline that the above decomposition (13) is similar to the one of the 
classical Milne-Thomson's Theorem. 

As an application of the result from Theorem 4, we can obtain the well known 
Joukowski function. 

Let us consider the particular pair of functions (a, b) from the above Theorem 4 of 
the form 

a(s) — (l + k 2 ) coss, b(s) — (l — k 2 ) sins. 

It is easy to see that 

a(s) +i b(s) £ H. 

Using Theorem 4 we find that 

. , a(s) 1 + k 2 
a{s) = — = -^—coss, 

„, N I r 1 + k 2 s-t , 1 + k 2 . 

pis) = — / cos t cot at = sin s. 

' y ' 2-nJ-n 2 2 2 
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After some calculations we deduce that 

J K J 2z 
Now we will consider the outside conjugate 

n, n 1 p 1 + A; 2 s-t , 1 + A; 2 . 

p(s) = / cos £ cot at = sin s = —p{s) . 

2% J-tt 2 2 2 

So we obtain 

which is an analytic function outside the unit disc and satisfies the relation 

a / is\ l + k 2 I l + k 2 . 

a e = = (coss -z sins). 

We can continue the function g a (z) to a function which is analytic on the unit disc, 
except the origin. We have 

**«=^(* + i). (15) 

Similarly we find that the function b(s) has the form 

b(s) — (1 — /c 2 ) sins. 
Also, it is easy to find the other functions regarding the function b(s): 



a(s) = sins, 

u 2 

I r l-k 2 . s-t , 1 - A; 2 

pis) = — / sin £ cot at = coss, 

MW 2tt i-^ 2 2 2 

1 - P 

A*) = -< ^-*, 

6/ x . 1 - A: 2 1 

2 (*) = -» -^--- 

Finaly, we obtain 

F 6 (.) = -< i^ (* + 1) . (16) 

Taking into account (14)-(16) we obtain 

which is the Joukowski function. 

10 
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4. Conclusion 

With the help of our new criterion of analyticity (in Theorem 1 and Theorem 2), we 
can solve a Hilbert type problem and, as a consequence, we deduce the Schwartz- Villat 
formula. Also, a specific boundary value problem can be solved and, as a concequence, 
we obtain the Joukowski function. 
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Abstract 

The purpose of the present paper is to carry out the Non-Fourier effect subjected to heat flux boundary condition. 
The governing equation expressed in cylindrical coordinates. Equations are solved by deriving the analytical and the 
numerical solution. The temperature layers and profiles of sample calculations performed. It is found from these 
calculations that the numerical solution is in good agreement with the analytical solution. Also, the temperature 
layers and profiles of sample calculations show that, as much as the Vernotte number is higher, the point can get to 
higher temperature during the process. Also, it can be perceived from temperature profiles that, it is possible that the 
temperature of different points of object become even lower than initial temperature. 

Keywords: Non-Fourier - Heat Conduction - Relaxation Time - Analytical Solution - Numerical Solution 
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SAEDODIN ET ALANALYTICAL AND NUMERICAL SOLUTION... 



Nomenclature 










A,B,C,D,a n , 


c 1 ,c 2 ,C j2 , C r Constant coefficients 




c 


Specific heat capacity 




Greek symbols 




Fo 


Fourier number 




a 


Thermal diffusivity 


q 


Heat flux vector 




P 


Mass density 


k 


Thermal conductivity 




A 


Laplace's differential operator 


L 


Height of the cylinder 




V 


Gradient operator 


R 


Radius of cylinder 




T 


Thermal relaxation time 


r i 


Radius of heat flux 




e 


Dimensionless temperature 


Ve 


Vernotte number 




4, a 


Dimensionless spatial coordinate 


r,z 


Spatial coordinate 




A£,Affl 


Increment of the dimensionless spatial 
coordinate 


X(£),Z(co) 


Function employed in Eqs.(16) and 

(28) 


y/{%, co, Fo) 


Function employed in Eq. (11) 


t 


Temporal coordinate 




</>(£,co) 


Function employed in Eqs. (11) 


T 


Temperature 




4i 


Dimensionless radius of heat flux 


T(Fo) 


Function employed in Eq. (28) 




Pn>7r% 


Eigenvalues 


T„ 


Ambient temperature 




K 


Parameter difinded by Eq. (41a) 


T i 


Initial temperature 




«l 


Parameter difinded by Eq. (41b) 


M 


Square ratio of height to radius 
cylinder 


of 


A 


Parameter difinded by Eq. (39) 


AFo 


Increment of the Fourier number 









1. Introduction 

During the past few years there has been research concerned with departures from Fourier's heat conduction law 
when unsteady processes are involved. In order to eliminate these departures, Cattaneo [1] and Vernotte [2], 
independently proposed a modification of Fourier's law. Which, is now well known as Cattaneo-Vernotte's 
constitutive equation: 



q + r 



di 



-kVT 



(1) 



Where q is the heat flux vector, t is the thermal relaxation time, k is the constant thermal conductivity of the 

material and WT is the temperature gradient. If equation (1), combined with the conservation of energy gives the 
non-Fourier heat conduction equation: 



dT 

Ik 

Wh 


+ T 

ere 


d 2 T 

dt 2 

a = 



aAT 



(2) 



pc 



p , c and A are thermal diffusivity, mass density, specific heat capacity and Laplace's differential 



operator, respectively. Equation (2) is a hyperbolic partial differential equation and causes the propagation speed, 

reach a limit amount J ajx , in T > . Many heat transfer researchers have attached much importance to the 

potentially feasible values of the non-Fourier heat conduction in many applications, such as rapid metal thawing and 
solidifying process, temperature control of superconductor, freezing surgery, rapid drying, and also in situations 
which include extremely large heat fluxes such as surface thermal processing by laser, rapid prototyping, laser 
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surgery, etc. Hence, the non-Fourier heat conduction has become one of noteworthy subjects in the field of heat 
transfer. 

First, we review literatures that have been applied non-Fourier heat conduction Eq. analytically. There are many 
methods to solve Eq. (2) analytically. Most researches have applied non-Fourier heat conduction equation in one- 
dimensional [3-9]. Lewandowska and Malinowski [3] solved the case of a thin film subjected to a symmetrical 
heating on both side. Moosaie investigated the non-Fourier heat conduction in a finite medium with the arbitrary 
source term [4] and arbitrary initial condition [5]. Tang and Araki [6] computed the non-Fourier fin problems under 
the periodic thermal conditions. Zhang et al. [7] presented a non-Fourier model with heat source. Saleh and Al-Nimr 
[8] employed Laplace transforms, software package MATLAP and Taylor series, to solve the one-dimensional non- 
Fourier equation. To the authors' knowledge, there is only one paper that solved multi-dimensional non-Fourier 
equation analytically. Barletta and Zanchini [9] analytically investigated the non-Fourier equation, using three- 
dimensional rectangular coordinates. Also, there are a lot of literatures that applied this equation numerically. Chen 
and Lin [10] applied a hybrid numerical technique to problem in one spatial dimension. Fan and Lu [11] derived a 
new numerical method to solve non-Fourier equation. Liu [12] applied the hybrid method of the Laplace transform 
technique and a modified discretization scheme to analyze the non-linear non-Fourier heat conduction problems in a 
semi-infinite domain. He assumed either linearly or exponentially temperature-dependent thermal conductivity. 
Chen [13] combined the Laplace transform, weighting function scheme and the non-Fourier equation, with a 
conservation term. Zhou et al. [14] presented a thermal wave model of bioheat transfer, together with a seven-flux 
model, for light propagation and a rate process equation for tissue damage. Yang [15] applied a forward difference 
method to solved two-dimensional non-Fourier equation. Also, he proved the stable condition for the problem. In 
this paper, both analytical and numerical expression of temperature field is obtained for a cylinder. Therefore, we 
solved non-Fourier equation in cylindrical coordinates. Using our solutions, we performed sample calculation of 
temperature surfaces and profiles. Also, on those examples, we mention the reflection of the thermal wave. 

2. Problem statement 



Consider a cylinder, as shown as Fig. 1 . The heat flux is applied normally to the upper surface (Z = L) of the 
cylinder but only for r < r t . 




Fig. 1 . The cylinder configuration 
2.1. Governing differential equation 

For this case, the non-Fourier heat equation without any heat generation, the governing equation can then be 
expressed as: 



1 dT t d 2 T _ d 2 T 1 dT d 2 T 
a dt a dt 2 dr 2 r dr dz 2 

2.2. Boundary conditions 



(3) 
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For this case the boundary conditions are: 

— (0,z,r) = (4a) 
dr 

riT 

k — (R,z,t) + h[T(R,z,t)-T] = (4b) 

dr 

T(r,0,f) = T„ (4c) 

k — (r,L,t) = \ (4d) 

oz [0 r> r t 

2.3. Initial conditions 

Consider the solid initially has been at the ambient temperature. Then: 

Ti=T x (5) 

Hence the initial conditions are: 

r(r,z,0)=r (6a) 

^■(r,z,0) = (6b) 

dt 

3. Analytical solution 

For convenience of subsequent analysis, we introduce the following dimensionless quantities: 

Lq * R L L \L 2 R ' R k (7) 

Where 6 is dimensionless temperature and g,a> are dimensionless coordinates. Fo is the Fourier number, Ve is 
the Vernotte number, M is Square ratio of height to radius of cylinder, ^ is dimensionless radius of heat flux and 
Bi is the Biot number. By introducing the dimensionless quantities, the normalized temperature of the cylinder 
obeys the Eq. (8): 

w 2 3 2 # 30 ,,d 2 M 30 d 2 d 

Ve a^ + ^ =A V + 7aTa^ (8) 

Also, the boundary conditions are: 

df) 

— (0,OJ,Fo) = (9a) 

0£ 

d6 

—{\,G),Fo) + Bi6(\,0),Fo) = Q (9b) 

e{%AFo) = (9c) 

f^-)-\\ '/* <*> 

dew [0 £ > £ 

and the initial conditions are: 

dO 
3— (#,fl*0) = (10a) 

0(£ffl,O)=O (10b) 

If we want to apply the well-known separation of variables method, first we should split up eq. (8) with the 
boundary (9) and the initial conditions (10) into a set of simpler problems. Carslaw [16] and Ozisik [17] determined 
the solution of Eq. (8) from: 

0(g, co, Fo) = y/(g,co, Fo) + (*>(£ co) (11) 

Where the temperature </>(£, co) is taken as the solution of the following Eqs.: 
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,JV M d(t> d 2 d> „ 

M — V + - + — ^ = (12) 

d{ 2 4 d{ doj 2 y ' 

— 0(O,a>) = (13a) 

— - ^(l, o) + Bi^(l, co) = (13b) 

fl£0) = (13c) 

^(#,D = j* J" J (13d) 

Where the temperature y/(^,a>,Fo) is taken as the solution of the following Eqs.: 

3V dw ,,3V M dw d 2 w 

— z - + —^— = M — V + — + — ^ 

dFo 2 dFo d£, 2 4 d£ da 2 



„, 3V 9(^ ,,dV M dw d 2 w 

Ve 2 — 5!L + — 5!1 = M— ^- + — -^- + — V (14) 



— ^(0,<y,Fo) = (15a) 

3? 

— yf{l,C0,Fo) + Biw{l, O),Fo) = (15b) 
w{%,0,Fo) = (15c) 
^-^,l,F O ) = (15d) 

—r(£,(0,O) = O (15e) 

dFo 

jK£fl),O) = --0(£flJ) (I5f) 

Solving the partial differential equation (12), we should use the following separation ansantz: 

rt£ffl)3X(£)Z(ffl) (16) 

By substituting eq. (16) into eq. (12) and subtracting to (16): 

V X </<f *£#' Z do 2 H ' 

Here -/? 2 is suitable to our problem. Finally, the problem separately expressed in £ - and <jj -directions as follows: 

d 2 X 1 dX . „ 

d£ 2 £ d£ 

^^(0) = (19a) 

— Z(1) + B«X(1) = (19b) 
^# 

^--/? 2 Z = (20) 

Z(0) = (21) 

Where 

m 2 =^- (22) 

M 

By solving Eqs. (18) and (20) according to conditions (19) and (21): 

X(£) = CJ (£n„) (23) 

Z(aJ) = Bsmh(j3 n aJ) (24) 
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Where f5 is eigenvalue of Eq. B/J (-y=) — ^= J , (-7=) = . The first eight eigenvalues of this Eq. are given in 

Jm Jm Jm 



Table 1 for Bi = 2 and M = 16 . By substituting the Eqs. (23) and (24) into Eq. (16), we obtain following Eq. as the 
solution of the Eq. (12): 



(/>{%, GJ) = Yj a n smh(fi n O))J (mJ) 

»=i 
Using boundary condition (13d) and orthogonality condition, we find the following Eq.: 

j<fJ K<f)^ 
aJ n coshfi n 



yj \mj)d£ 



Finally, the constant a n is given as following Eq.: 
L(4 



2£Ji(-^Mi) 



A, 



A, 2 



4m cosh/J JJJ-^=)fx[Bi 2 + ^_] 
Jm M 



(25) 



(26) 



(27) 









Table 1 . First eight values of fi n 








« 


1 


2 


3 


4 


5 


6 


7 


8 


fi 


6.3977 


17.1638 


29.1535 


41.4633 


53.8875 


66.3641 


78.8688 


91.3902 



To solve the partial differential equation (14), we should use the following separation ansantz: 

}/(£ co, Fo) = X {£,)Z{oS)T{Fo) 

By substituting the Eq. (28) into the Eq. (14) and subtracting to (28): 



Ve 2 d 2 T 



1 dJ ,,, 1 d 2 X 
-M{- 



1 dX, 1 d 2 Z 

r) + 



= ± V 2 



T dFo' T dFo X d^ 2 ' XE, d£,' Z do) 

Here -rj 2 is suitable to our problem. Finally, the problem separately expressed in £ - and <a - and Fo 

as follows: 

d 2 Z 

- + tj 2 Z=0 

dco 

Z(0) = 
_3 

d_ 
d$ 

d_ 
~d^ 

dFo ~ dFo 



-Z(1) = 
1 dX 



+^x=o 

M 



X(0) = 

X(V) + BiX(l) = 



dFo 



7(0) = 



(28) 

(29) 
-directions 

(30) 
(31a) 
(31b) 

(32) 

(33a) 

(33b) 

(34) 

(35) 



Solving the Eqs. (30), (32) and (34) according to conditions (31), (33) and (35): 
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Z(o)) = A&m(rj g (a) 

X(£) = Bj (-^) 

Jm 



Where 7] g and Jf are eigenvalues of Eqs. cos/7 g =0 and BiJ (—^=) 



Eq. (34), if l-4Ve 2 z? ; > , we obtain: 
T{Fo) = e 2w2 (c, sinh( T7T ^) + c 2 coshC^^)) 



r f , y> 



J(-^- 

m ' Jm 



IVe 1 



2Ve L 



(36) 

(37) 

) = , respectively. For the 



(38) 



Where 

,2 1 2 



0/ =4/ +7 S 



And if l-4Ve 2 # 2 <0 



(39) 



T(Fo) = e^ 1 (c, sin(^4) + c 2 cos(^4)) 

2Ve 2Ve 

Where 

*-=^l-4Ve 2 *?, 2 

By substituting the Eqs. (38) and (40) into initial condition (35) to eliminating c x or c 2 



T(Fo) = C K 



Fo 

2Ve- 



1 . . . kFo . , , xFo 

— sinh( -) + cosh( -) 

K 2Ve 2 2Ve 2 



2Fe - 1 — sin(^-—) + cos(^-— ) 
/V. 2Ve 2 2Ve 2 



S" = reaZ 



K=lK-. 



Substituting the Eqs. (36), (37) and (42) into (28), the following equation for yr{%,G),Fo) obtain: 



iK£fl^) = ££c A exp(- 



/=i g =o 



Fo 

2V? 



)x 



1 . . . sfo . , , kFo . 

— sinh( -) + cosh( -) 

/V 2Ve 2 2Ve 2 



sin(77 m)J (—i=g) 



+££ c / s ex p(- 



Fo 

2Ve 2 



1 . ,K,Fo. ,KiFo 

— sin(— '——) + cos(— — -) 
K 2Ve 2 2Ve 2 



sin(n co)J (-fd=4) 



(40) 

(41a) 
(41b) 



(42) 



(43) 



Where .F,G are maximum value of f,g when the X"is real for each loop, respectively. Using boundary condition 
(15f) and orthogonality condition, we find the following Eq.: 



■a f \smh(y f (o)sm(T] g O})dco 



C, 



Finally 



C =-4- 



j sin 2 (7] g co)dco 



Jm 



(44) 



(-D s 



M[] (^)fx[Bi 

Jm 



2 , r f \(r} g 2 + rj 2 ) 



(45) 



M 
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4. Numerical solution 

To solve this problem numerically, Eq. (8) should be discretized. The discretization can be done in many ways, 
using Finite Element Method (FEM) or Control Volume Method (CVM). In this work we adopted an implicit Finite 
Difference Method (FDM) with non-uniform grids. In implicit methods, the finite difference approximations of the 
individual exact partial derivatives in the partial differential equation are evaluated at the solution time level n + 1 . 
The implicit schemes are unconditionally stable for any of time step, but the accuracy of the solution is only first- 
order in time. A forward difference representation is used for time derivative and the central difference 
representation is used for space derivative. Therefore Eq. (8) can be discretized as the follows: 

AFo 2 AFo A£A£„ £, . (A£ + A£ +1 ) AcoAco^ 



Arranging the Eq. (46) gives: 

Ve 2 ] 1 2M 2 , M M M M 

AFo 2 + AFo + At t AE M + AwAw M '■> + A£A£ +] + B tj (A£ + A<f i+ , ) "■' + A£At M £ u (A£ + A£ +] ) i+l " 

Aft>Aft> + , ,J+I '■ J_1 AFo 2 AFo ' AFo 2 " 
Where 

A£ +1 =£ +1 ,-£, y 

(48) 
Aw = o. - <» 

Afi» w = « +1 „, - <o Uj 

The above system of linear algebraic equations can be written in matrix equation as fallowing: 

[A\{6}" +{ =[B][0}" +[C]{0r l (49) 

Where [A] is five-diagonal matrix, [B] and [C] are just diagonal matrix. 

At the center, £ = , we have limf ) = by L'Hospital's Rule. Then, Eq (8) takes the form: 

s-° &£ d£ 2 



^8 ^ ^„d 2 d 2 

t + = 2M — - + - 

dFo 2 dFo d£ 2 dw 2 



Ve ~ — 7 + t — = 2M— - + — — (50) 



Hence, Eq (50) should be discretized for £, = . 

By using inverse method, the dimensionless temperature distribution at each time step can be determined. The 
numerical solution corresponds to the mesh size of AFo = 0.001 . Also, Computational grids tested were 55x55 . 
Detailed flow chart of the numerical solution for the cylinder temperature profile is shown in Fig. 2. 
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5. Results and discussion 



Input parameters: 
Ve,Fo,&,M 



Set initial conditions 



Set boundary conditions 



Calculate [A],[B],[C] 



Inverse method 



I 



Store every 
at any Fo 




Fo — Fo+AFo 

x 



Fig. 2. Flow chart of numerical solution 



Using our solution, we performed sample numerical computations of temperature surfaces and profiles in the 
cylinder for the considered type of the heat source, based on Eqs. (11), (25), (43) and numerical solution. These 
calculations are obtained for £, = 0.2 ,Bi = 2 and M = 16 . The results of calculations are presented in Figs. 3-6. 



Fig. 3 shows surface temperature profiles for the three cases. The Vernotte number that we simulated for is 0.7. It 
can be perceived from Fig. 3 that, the numerical solution and the analytical solution are in good agreement with each 
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other. Also, it can be observed from Fig. 2 that, in the wake of the non-Fourier effect, the heat wave cannot touch the 
other side of the cylinder at the moment. Furthermore, due to the non-Fourier effects, heat waves can be seen clearly 
in Fig. 3. 
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> = 0.05, 


Analytical ..[ 
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0.05 -v 





















Fig. 3. The surface temperature evolution with Ve = 0.7 for non-Fourier model 
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Fig. 4 shows temperature profiles along the CO direction at Fo = 0.5 and E, = . This Fig. shows that, according to 
the amount of Vernotte number for a specific Fourier number, it is possible that the temperature of different points 
of object become even lower than initial temperature but the conservation of energy for whole the cylinder remains 
indefeasible. In addition, it can be seen that due to the non-Fourier effects, the temperature for great number of 
points in the object remain steady for some moments. 




004 



03 



-6 — ve=0. 5, numerical 
-* — ve=0. 5, analytical 




D.1 02 0.3 04 0.5 0.6 0.7 0.8 0.S 1 

CO 



3.06 



.Mil 



-0.01 



-© — ve=0. 9, numerical 

— * — ve=0. 9, analytical X 




0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.3 1 

CO 

Fig. 4. The distribution for the non-Fourier model with the same Fourier number along the CO direction 

Fig. 5 shows temperature profiles along the £ direction at Fo = 0.5 and CO = 1 . It can be perceived again from Fig. 
5 that, the numerical solution is in good agreement with the analytical solution. So, it can be deduced from Fig. 5 
that, our numerical method is accurate and the error of the numerical method is negligible. It can be expressed that 
the proposed method can be implemented in the non-Fourier heat equations. 
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-0 — ve=0. 5, numerical 
— * — ve=0. 5, analytical 




0.1 0.2 0.3 0.4 0.5 0.6 D.7 



0.06 



0.05 



0.04 



9 0.03 



-9 — ve-0 9, numerical 
— * — ve=0 9, analytical 




Fig. 5. The distribution for the non-Fourier model with the same Fourier number along the <f direction 

Fig. 6 shows surface temperature profiles for the five cases, using numerical method. It can be seen from Fig. 6 that, 
the higher Vernotte number causes each point to remain more at initial temperature. As it is observed, as much as 
the Vernotte number increases, the Fourier number that the whole cylinder needs, in order to reach the equilibrium 
temperature, increases. Regarding Fig. 5, the thermal wave reflection causes the existence of a fracture in the surface 
temperature profiles of the cylinder. Also, it can be seen that, because of the reflection of heat waves, the 
temperature of specific points can become lower than initial temperature, especially with Ve = 0.9 . This interesting 
behavior does not appear under the Fourier heat conduction model. 
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Fig. 6. The surface temperature evolution with different Fourier and Vernotte number for non-Fourier model 



5. Conclusion 

In this paper, the two-dimensional non-Fourier haet equation was solved analytically and numerically for the case of 
a cylinder. The separation of variables method has been employed for analytical solution. The implicit FDM with 
non-uniform grids has been employed for numerical solution. Four different examples have been analyzed. We 
observed that, the numerical solution and the analytical solution are in good agreement with each other. Also, we 
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deduced that, the more the Vernotte number, the more the Foureir number passed for the point to sense the thermal 
wave. We also perceived that, the more the Vernotte number, the more the Fourier number the cylinder needs to 
reach an equilibrium temperature. 
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Abstract 

In this paper, we introduce a new iterative scheme for finding the 
common element of the set of common fixed points of countable family of 
nonexpansive mappings, the set of solution of a mixed equilibrium prob- 
lem and the set of solution of the variational inequality problems for a 
relaxed (u, «)-cocoercive and /i-Lipschitz continuous mapping in Hilbert 
spaces. We show that the sequence converges strongly to a common cle- 
ment of the above three sets under some parameter controlling conditions. 
Our results improve and extend the recent ones announced by [Y.J. Cho, 
X.Q. Qin, M. Kang, Some results for equilibrium problems and fixed point 
problems in Hilbert spaces, J. Comput. Anal. Appl. 11(2009) 294-316] 
and many others. 

2000 Mathematics Subject Classification: 47H09, 47H10, 47H17 
Key words and phrases: Nonexpansive mapping, Relaxed cocoercive 
mapping, Variational inequality, Fixed points, Mixed equilibrium problem 

1 Introduction 

Let H be a real Hilbert space with inner product (•,•) and norm || ■ ||, 
let C be a nonempty closed convex subset of H and Pc is the metric 
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projection of H onto C. We denote weak convergence and strong con- 
vergence by notations — *■ and —*, respectively. A mapping S : C — > C is 
called nonexpansive if \\Sx — Sy\\ < \\x — y\\ for all x,y G C. We denote 
F(S) = {x G C : Sx = x} be the set of fixed points of S. Recall that a 
self-mapping / : C — » C is contraction if there exists a constant a G [0, 1) 
such that \\f(x) - f(y)\\ < a\\x - y\\, Vx,y G C. 

Let )j:C^1U {+°°} be a proper extended real-valued function and 
let 4> be a bifunction of C x C into R such that C l~l domi^ 7^ 0, where R 
is the set of real numbers and domy> — x G C : <p(x) < +00 . Ceng 
and Yao [6] considered the following the mixed equilibrium problem for 
finding x G C such that 

<Kx,y) + <p(y)-<p{x)>0, VyGC. (1.1) 

The set of solutions of (1.1) is denoted by MEP(cj>, ip), i.e., 

MEP((f),<p)= xG C : (/>(x,y)+tp(y)-ip(x) > 0, Vy G C* .(1.2) 

We see that a; is a solution of problem (1.1) implies that x G domip = 
x G C : <^(x) < +00 . 
If if — 0, then the mixed equilibrium problem (1.1) becomes the fol- 
lowing the equilibrium problem is to find x £ C such that 

4>{x,V)>0, VjyGC. (1.3) 

The set of solutions of (1.3) is denoted by EP(cj>). 

If ip — and let <j>{x, y) = (Ac, y—x), for all x,y £ C, where A : C — » i? 
is a nonlinear mapping, then problem (1.1) becomes the following the 
variational inequality problem is to find x G C such that 

(Ae, y - x) > 0, VyGC*. (1.4) 

The set of solutions of (1.4) is denoted by VI(C, A). The variational 
inequality has been extensively studied in the literature. See, e.g. [2, 32, 
35] and the references therein. 

The mixed equilibrium problems include fixed point problems, varia- 
tional inequality problems, optimization problems, Nash equilibrium prob- 
lems and the equilibrium problem as special cases. Numerous problems 
in physics, optimization and economics reduce to find a solution of (1.1). 
Some methods have been proposed to solve the MEP(cj>,(p) and EP(<f>); 
see, for instance [3, 6, 9, 10, 14, 11, 12, 13, 20, 33, 34]. In 1997, Combettes 
and Hirstoaga [3] introduced an iterative scheme of finding the best ap- 
proximation to initial data when EP(<f>) is nonempty and proved a strong 
convergence theorem. 

Definition 1.1. Let A : C — > H be a nonlinear mapping. Then A is 
called 

(1) monotone if {Ax — Ay, x — y) > 0, Vx, y G C, 

(2) «-strongly monotone if there exists a positive real number v such 
that {Ax — Ay, x — y) > v\\x — j/|| 2 , \/x,y G C, for constant v > 0. 
This implies that \\Ax — Ay\\ > v^X — J/||, that is, A is w-expansive 
and when v — 1, it is expansive, 

(3) /x-Lipschitz continuous if there exists a positive real number fi such 
that \\Ax — Ay\\ < fj,\\x — y\\, Vx, y G C, 

(4) M-cocoercive [29, 30], if there exists a positive real number u such 
that {Ax - Ay, x - y) > u\\Ax - Ay\\ 2 , \/x,y G C. 

Clearly, every u-cocoercive map A is - -Lipschitz continuous, 
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(5) relaxed u-cocoercive, if there exists a positive real number u such 
that (Ax- Ay,x - y) > {-u)\\Ax - Ay\\ 2 , \/x,y € C, 

(6) relaxed (u, w)-cocoercive, if there exists a positive real number u, v 
such that {Ax — Ay,x — y}>(—u)\\Ax — Ay\\ 2 + v\\x — y\\ 2 , Vx,j/G 
C, 

for u = 0, A is v-strongly monotone. This class of maps is more gen- 
eral that the class of strongly monotone maps. It is easy to see that 
we have the following implication: v-strongly monotonicity implying 
relaxed (u,v)-cocoercivity. 

For finding a common element of the set of fixed points of a nonex- 
pansive mapping and the set of solutions of variational inequalities for 
w-cocoercive map, Takahashi and Toyoda [28] introduced the following 
iterative scheme: 

xo G C chosen arbitrary, 

x n+1 = a n x n + (1 - a n )SPc(x n - \„Ax n ), Vn > 0, 

where A is a it-cocoercive mapping, {a n } is a sequence in (0, 1), and 
{A n } is a sequence in (0,2m). They showed that, if F(S) (1 VI(C,A) is 
nonempty, then the sequence {x n } generated by (1.5) converges weakly 
to some q G F(S) n VI(C,A). On the other hand, Shang et al. [25] 
introduced a new iterative process for finding a common element of the 
set of fixed points of a nonexpansive mapping and the set of solutions 
of the variational inequalities for relaxed (u, w)-cocoercive maps in a real 
Hilbert space. Let S : C — » C be a nonexpansive mapping. Starting with 
arbitrary initial cci G C, define sequences {x n } recursively by 



Cn + l 



= a n f(x n ) + f3 n x n +j n SPc(I- X n A)x n , Vn > 1. (1.6) 



They proved that under certain appropriate conditions imposed on {«„}, 
{/3 n }, {7n} and {A n }, the sequence {x n } converges strongly to q G F(S)Pi 
VI(C,A), where q = P F (S)nvi(C,A)f(q)- 

Further, Takahashi and Takahashi [27] introduced an iterative scheme 
by using the viscosity approximation method for finding a common el- 
ement of the set of the solution (1.3) and the set of fixed points of a 
nonexpansive mapping in a real Hilbert space. Let S : C —* C be a 
nonexpansive mapping. Starting with an arbitrary initial xi G C, define 
sequences {x n } and {«„} recursively by 

4>{un,y) + ^{y-u„,u n - x n ) > 0, Vy G C, 
x n+ i — a„f(x n ) + (1 — a n )Su n , Vn > 1. 

They proved that under certain appropriate conditions imposed on [a„] 
and {r n }, the sequences {x n } and {«„} converge strongly to q G F(S) Pi 
EP{(j>), where q = P F (S)nEP(4,)f{q)- 

In 2009, Cho et al. [5] introduced an iterative scheme by the viscosity 
approximation method for finding a common element of the set of the 
solution (1.3), the set of common fixed points of a finite family of non- 
expansive mapping and the set of solutions of variational inequalities for 
relaxed cocoercive mapping and proved a strong convergence theorem in 
a real Hilbert space. In 2008, Ceng and Yao [6] introduced an iterative 
scheme for finding a common fixed point of a finite family of nonexpan- 
sive mappings and the set of solution of problem (1.1) in Hilbert spaces 
and obtained the strong convergence theorem which used the following 
condition: 
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(E) K : C —* R is 7/-strongly convex with constant a > and its deriv- 
ative K' is sequentially continuous from the weak topology to the strong 
topology. We note that the condition (E) for the function K : C — > K is a 

very strong condition. We also note that the condition (E) does not cover 

i ii 2 
the case K(x) = ^— and n(x,y) — x~y for each (i,y) 6CxC. In 2009, 

Peng and Yao [20] introduced a new iterative scheme based on only the 
extragradient method for finding a common element the set of solution 
of a (1.1), the set of fixed point of a finite family of nonexpansive map- 
pings and the set of solution of (1.4). They obtained a strong convergence 
theorem except the condition (E) for the sequences generated by these 
processes. Moreover, Aoyama et al.[l] introduced an iterative scheme for 
finding a common fixed point of a countable family of nonexpansive map- 
pings in Banach spaces and obtained the strong convergence theorem for 
such scheme. In 2008, Plubtieng and Thammathiwat [18] introduced an 
iterative scheme for finding a common fixed point of a countable family 
of nonexpansive mappings in Hilbert spaces and obtained the strong con- 
vergence theorem for the sequences generated by these processes applying 
to variational inequilities and equilibrium problems. 

In this paper, motivated by Cho et al. [5], Ceng and Yao [6], Plub- 
tieng and Thammathiwat [18], Peng and Yao [20], Shang et al. [25] and 
Takahashi and Takahashi [27] , we will introduce an itertive scheme which 
is mixed the iterative schemes considered in (1.6) and (1.7) for finding a 
common element of the set of common fixed points of a countable family 
of nonexpansive mappings, the set of solutions of an mixed equilibrium 
problem, and the solution set of the classical variational inequality prob- 
lem for relaxed (u, i>)-cocoercive and /i-Lipschitz continuous mappings in 
a real Hilbert space. Then, the strong convergence theorem is proved un- 
der some parameter controlling conditions. The results obtained in this 
paper improve and extend the recent ones announced by Cho et al. [5], 
Peng and Yao [20], Shang et al. [25], Takahashi and Takahashi [27] and 
many others. 

2 Preliminaries 

Let Hbea real Hilbert space and C be a nonempty closed convex subset 
of H . In a real Hilbert space H, it is well known that 

HA* + (1 - A)y|| 2 = A||x|| 2 + (1 - A)||y|| 2 - A(l — A>||op — yf , 

for all x,y £ H and A £ [0,1]. For every point x £ H, there exists 
a unique nearest point in C, denoted by Pcx, such that ||x — Pcx\\ < 
\\x — y\\ for all y £ C. Pc is called the metric projection of H onto C. 
It is well known that Pc is a nonexpansive mapping of H onto C and 
satisfies 

(x~y,P c x-P c y)> \\Pcx-Pcyf (2.8) 

for every x,y £ H. Moreover, Pcx is characterized by the following prop- 
erties: Pcx £ C and 

(x - P c x, y - P c x) < 0, (2.9) 

\\x -y\\ 2 > \\x - Pcxf -I- ||i/ — Pcxf, (2.10) 

for all x £ H, y £ C. For more details see [26]. 
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A set- valued mapping T : H — > 2 H is called monotone if for all x, y £ 
H, f e Tx and (? £ Ty imply (a; — y, f — g) > 0. A monotone mapping 
T : H — » 2 H is maximal if the graph of G(T) of T is not properly contained 
in the graph of any other monotone mapping. It is known that a monotone 
mapping T is maximal if and only if for (x, f) £ H x H, (x — y,f — g) > 
for every (j/, g) £ (7(7) implies / £ Ta\ Let A be an p-inverse-strongly 
monotone mapping of C into -ff and let Nc& be the normal cone to C at 
ip £ C, i.e., AT c i? = {w £ H : (■& ~ £, w> > 0, V£ £ C} and define 

0, D£C. 

Then T is the maximal monotone and £ T-& if and only if i9 £ VI(C, A); 
see [21]. The following lemmas will be useful for proving the convergence 
result of this paper. 

Lemma 2.1. [4] Let H be Hilbert space, let C be a nonempty closed 
convex subset of H and let A be a mapping of C into H . Let p £ C. Then 
for A > 0, 

P £ VI(A, C)^p = P c (p- XAp), 

where Pc is the metric projection of H onto C . 

It is clear from Lemma 2.1 that the variational inequality and fixed 
point problem are equivalent. This alternative equivalent formulation has 
played a significant role in the studies of the variational inequalities and 
related optimization problems. 

Lemma 2.2. [16]. Each Hilbert space H satisfies Opial's condition, i.e., 
for any sequence {x n } C H with x„ — *■ x, the inequality 

liminf \\x„ — x\\ < liminf \\x n — y\\, 



1 1 — ' _x:. 



hold for each y £ H with y ^ x. 

Lemma 2.3. [17] Let (C, (.,.}) be an inner product space. Then, for all 
x,y,z £ C and a, /3, 7 £ [0, 1] with a + (3 + 7 = 1, we have 

\\ax+[3y+jz\\ — a\\x\\ +/3\\y\\ +7||z|| — ck/?| | as — j/ 1| — a7||a;— z\\ — /?7||j/— «|| . 

Lemma 2.4. [23] Let {x n } and {z n } be bounded sequences in a Banach 
space X and let {/3„} be a sequence in [0,1] with < liminf n ^oo /3 n < 
limsupjj^^ P„ < 1. Suppose x n+1 — (l — f3 n )z n +/3 n x n for all integers n > 
1 and limsup n ^ 00 (||z„+i — z„\\ — \\x„+i — x„\\) < 0. Then, lim^oo \\z„ — 
x n \\ =0. 

Lemma 2.5. [31]. Assume {a n } is a sequence of nonnegative real num- 
bers such that 

C-n + l < (1 — ln)a„ + Qn, U> 1, 

where {l„} is a sequence in (0, 1) and {Qn} is a sequence in R such that 

(!) E~=i '» = °° 

(2) lim S up„_ OCJ ^ < or E^i lfi»l < oo. 
Then limn-^ a„ = 0. 

Lemma 2.6. [18] Let C be a nonempty bounded closed convex subset of 
a Hilbert space H and let {T n } be a sequence of mappings of C into itself. 
Suppose that 

lim pf=0, (2.11) 

k,l — *oo 
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where pf — sup{||T fc 2 — T t z\\ : z G C} < oo, for all k,l G N. Then for each 
x G C , {T n x} converges strongly to some point of C . Moreover, let T be 
a mapping of C into itself defined by 

Tx - lim T n x for all x G C. 

n — ►oo 

Then lim^oo sup{||T2 - T n z\\ : z G C} = 0. 

From Lemma 2.6, it easy to see that T is nonexpansivc. 
For solving the mixed equilibrium problem, let us give the following 
assumptions for the bifunction F, ip and the set C: 

(Al) 4>{x,x) =0 for alla:e C; 

(A2) cj> is monotone, i.e., <f>(x,y) + cj>(y,x) < for all x,y G C; 

(A3) for each x,y,z G C, limj_»o <f>(tz + (1 — t)x, y) < <j>(x, y); 

(A4) for each x G C,y 1— » <j>(x, y) is convex and lower semicontinuous; 

(A5) for each y G C, a; 1— * </>(#, J/) is weakly upper semicontinuous; 

(Bl) for each x G H and r > 0, there exist abounded subset D x C C and 
j/a: G C such that for any 2 G C \ D x , 

<t>{z,yx) + ^(yx) + -{y x - z,z-x) < <p(z); 

r 

(B2) C is a bounded set. 

By similar argument as in the proof of Lemma 2.7 in [19], we have the 
following lemma appearing. 

Lemma 2.7. Let C be a nonempty closed convex subset of H. Let <f> : 

C x C —* K be a bifunction satisfies (A1)-(A5) and let ip : C — > RU {+00} 
be a proper lower semicontinuous and convex function. Assume that either 
(Bl) or (B2) holds. For r > and x G H, define a mapping T r : H — > C 
as follows: 

T r (x) = {zeC: <t>{z,y) + <p(y)+ r (y-z,z-x)>tp(z), \/y e C*} 

for all z G if . Then, the following hold: 
1. For each x G H,T r (x) / 0; 
S. T r is stngle-valued; 
3. T r is firmly nonexpansive, i.e., 

\\T r x-T r yf < {T r x-T r y,x-y}, Vx, y e H; 

I F(T r ) = MEP(</>,<p); 

5. MEP{(f>, p) is closed and convex. 



3 The results 

In this section, we prove a strong convergence theorem which is our main 

result. 
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Theorem 3.1. Let C be a nonempty closed convex subset of a real Hilbert 
space H and let <f> be a bifunction from C x C to R satisfying (A1)-(A4) 
and let ip : E — > E U {+00} be a proper lower semicontinuous and convex 
function. Let A : C — » H be relaxed (u, v) — cocoercive and pL-Lipschitz 
continuous mapping, let f : C —> C be a contraction with coefficient a 
(0 < a < 1) and {S n } be a sequence of nonexpansive mappings of C into 
itself such that satisfies condition (2.11) and 

e — nZ=iF(S n ) n vi(c, A) n mep{4>, <p) / 0. 

Assume that either (Bl) or (B2). Let {x n }, {y n } and {u n } be sequences 
generated by 



X\ = x G C, 

<t>(un,y) + <p(y) - ¥>(««) + ^{y- u n,u n - x„) > o, Vy g c, 

y n — 5 n Un + (1 — 8 n )Pc(u n — \ n Au n ), 
, x n +i — a n f(x n ) + (3 n x n + j„S n Pc(yn — X n Ay n ), Vn > 1, 



(3.12) 



where {a n }, {/?„}, {7n} and {S n } are sequences in (0, 1) and {r n } is a 
sequence in (0,oo). If the following conditions are satisfied: 

(CI) a n + /3 n + in = 1 and < S„ < e < 1, 

(C2) limn^oo a n — and J2„° = i Q ™ — °°, 

(C3) < liminfn^oo j3 n < limsup,^^ (3 n < 1, 

(C4) liminfn^oc r„ > and lirtin^oo jr n+ i — r„\ — 0, 

fC5j limn^oo |A„+i — An | = lim„^oo \6 n +i — S n \ = 0, 

(C6) {A„} G [a, b] for some a, b with < a < b < " M , v > M/it 2 . 

Lei S be a mapping ofC into itself defined by Sx = lirtin^oo SV^ for all x G 
C and suppose that F(S) — n n ° = iF(S n ). Then, {x n } converges strongly 
to the same point q G 6 := n^ =1 F(S n ) n VI(C,A) n MEP(<p,tp), where 
q = Pef{q). 



Proof. Let Q = P, 



n%> =1 F(S n )nvi(C,A)nMEP(</>, v )- 



Since / is a contraction 



with a G (0, 1) , we obtain 

\\Qf{x) - Qf(y)\\ < \\f{x) - f(y)\\ < a\\x - y\\, Vx,y G C. 

Therefore, Qf is a contraction of C into itself, which implies that there 
exists a unique element g G C such that g = Qf(q). For all x,y € C 
and A : C — > // be relaxed (u, w)-cocoercive and /x-Lipschitz continuous 
mappings, we note that 

(I - \ n A)x - (I - \ n A)yf 
(x - y) - \ n (Ax - Ay)\\ 2 

x - y\\ 2 - 2\ n {x - y,Ax- Ay) + X n \\Ax - Ay\\ 2 

x-yf- 2\ n {-u\\Ax - Ay\\ 2 + v\\x - y|| 2 } + A 2 \\Ax - Ay\\ 2 

x — y\\ + 2\ n uu \\x — y\\ — 2\ n v\\x — y\\ + \ n fi \\x — y\\ 
(1 + 2X„ufj, — 2\ n v + \„ii )\\x — y\\ 

II ii 2 

\\x-y\\ , 



< 
< 
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which implies that I — \ n A is nonexpansive. 

Then we divide the proof into five steps. 

Step 1. We claim that {a; n }, {yn} and {u n } are bounded. 

Indeed, let p £ r\™ =1 F(S n ) n VI{C, A) n MEP{<t>, <p) and let {T r J be 
the sequence of mappings defined as in Lemma 2.7. Then p = Pc(p — 
X„Ap) = T rn p. From u n — T Tn x n £ C, we have 

\\Un— p\\ = ||T,. n Xn — T rn p\\ < \\x„ — p\\. (3.13) 

Putting v n - Pc{yn - X„Ay n ), we obtain 

\\v n -p\\ = \\Pc{yn-\ n Ay n )-P c (p- \ n Ap)\\ 
< || (y n — \ n Ay n ) - (p - \ n Ap)\\ 
= || (/ - \ n A)y n -{I- \ n A)p)\\ <\\y n - p\\ 

and 

|K~p|| < 5n,\\u n -p\\ + (1 - S„)\\Pe(u„ - \ n Au„) - p\\ 

< 8 n \\u n —p\\ + (1 — 8 n )\\u n —p)\\ = \\Un —P\\ < \\Xn — p\\, 

and hence 

IK ~P\\ < \\Vn-p\\ < IK -P\\ < \\Xn-p\\ (3.14) 

which yields that 

IK+i -p|| 

< a n \\f(x„) —p\\ + (3„\\x n —p\\ +-y n \\S n v n - p\\ 

< an\\f(Xn) — P\\ + /3n\\Xn — P\\ + -Yn\\v„ — p\\ 

< a n \\f{x n ) — p\\ + /3n\\x n — p\\ + ■y„\\x n — p\\ 

< a„\\f(x n ) - f(p)\\ +a„\\f{p) -p\\ +P n \\x„-p\\ +jn\\x n -p\\ 

< a„a\\x n —p\\ + (1 - a n )||x n -p|| + a n \\f(p) — p\\\ 

< (1 -a„(l -a))\\x n -p\\ +a„\\f(p) -p\\ 

= (1 - a„(l - a))|K - p|| + a„(l - a) Hy ~ p H , 

(1-a) 

It follows from induction that 

\f(p)-p\\ 



■ p\\ < max \\xi — p\\ 



Vn> 1. 



(3.15) 



Therefore, {x n } is bounded. Hence, so are {v„}, {y n } and {u n }. 
Step 2. We claim that lim,^^ ||a; n +i — x n || = 0. 

Let v n = Pc(yn — X n Ay n ) and ip n — Pc(u n — X n Au„). Thus, we 
compute 

IK+i - v„|| 
= \\Pc(y n +i — X n +iAy n+1 ) — Pc(y n — \ n Ay n )\\ 

< ll(?M+i - ^n+iAy n+ i) - (y n — \ n Ay n )\\ 

= WiVn+i - \„+iAy n+1 ) - (y n - \„ +1 Ay n ) + (X„ - \ n+ i)Ay n \\ 

< ll(y«+i — Xn+iAy n+ i) — (y n — X n+ iAy n )\\ + \\ n — A„ + i|||Ay„|| 
= ||(7 — \ n +iA)y n+ i — (I — \ n+1 A)y n \\ + A„ — \ n+ i\\\Ay n \\ 

< \\yn+i — y n \\ + |A„ — A n+ i| ||Ay„||. (3.16) 
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Similarly, we have 

\\lpn+l — lpn\\ — \\Pc{Un+l — \ n + lAu n + 1 ) — Pc (u„ — \ n Au n ) || 

< \\u n+ i — u n \\ + \\ n - \ n+ i\\\Au n \\. (3.17) 

Observing that 

y n = 8 n u n + (1 — 8„)tp„ 

Vri + l — &n + lU n +l + (1 — 8n+l)lpn+l, 

we obtain 

Vn — y n +l = 8 n (u n — U n + l) + (1 — S n )(lp n — 1pn + l) + (V'n+l — Un+l)(S n + l — S n ) , 

which yields that 

\\Vn -Vn+i\\ (3.18) 

< S n \\u n - W„+l|| + (1 - S„)\\lp n - V'n+lH + HV'n+l ~ «n+l|||<Wl - 8„\. 

Substitution of (3.17) into (3.18) yields that 

\\y n -Vn+i\\ 

< 8 n \\u n — U„+l\\ + (1 — S n )l \\u„+i — u„\\ + \X n — \ n +i\\\Au„\\ !> 

+ \\lpn+l ~ Un+l\\\Sn+l — S n \ 
— \\u n — U„+l|| + (1 — 8 n )\\ n — \ n+ i\\\Au„\\ + HV'n+l — « n +l|||5n+l — S n \ 

< \\Un - «n+l|| +Ml(|A n - A„+l| + \8„ - 6 n +l\), (3.19) 

where Mi is an appropriate constant such that 

Mi = max] sup ||Au„||,sup \\ip n — u n \\ >. 

'-n>l n>\ ' 

On the other hand, from u n — T rn x n G dom ip and M n +i = T rrl+1 x„+i G 
dom ip, we note that 

<S>[un,y) + <fi(y) -<p(u„)-\ (y-u„,u n - x„) > 0, Vj/ G C (3.20) 

and 

<f>(u n+1 ,y) + ip(y) - (f(u n+1 ) H (y - u„ +1 ,u„ +1 - x n+1 ) > Vy G C. 

r n +i 

(3-21) 
Putting y = u„+i in (3.20) and y — u n in (3.21), we obtain 

0(u n ,U n+ l) + tp(Un+l) — <p(u n ) H («n+l — U„,il„ — £„) > 

and 

0(M n+ l,M n )+(,o(M n ) — <p(u n+1 )-\ (u n — U„+l,U„+i — a- n+ i) > 0. 

r n +i 

From (A2) we have 

Un X n U n -\-\ %n-\-l \ , , 

U„+i — u n , ) > 

r n r„ +1 
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and hence 

Mn+i — u n ,u n — u„ +1 +u n+1 — x n — (u„+i — x n+1 ) ) > 0. 

r„+i 

Without loss of generality, let us assume that there exists a real number 
c such that r n > c > for all n £ N. Then, we have 



||«„+1 — Un\\ < ( Mn+l — Un,Xn+l — X n + 1 — (lln+1 — Xn+l) 

r n +i 

< ||Wn+l - WnlK llSn+l -a;„|| + 1 — ||Wk+1 - X n +1 1 

and hence 

||Wn+i — U„\\ < \\x n +i — x„\\ H r n+ i — r„|||it„ + i - x„+i|| 

< ||a;„ + i -a;„|| H |r„+i-r„|, (3.22) 

c 

where M2 = sup{||u n — x n || : n £ N}. It follows from (3.19) and the last 
inequality that 

\\yn-yn+i\\ (3.23) 

< \\x„+i — Xn\\ H \r n +i — r n \ + Mi A„ - A„+i| + |<5„ - 8 n+1 \ . 

c 

Substitution of (3.23) into (3.16) yields that 

||v„+i — v„\\ < \\yn+i — y n \\ + \\ n — X„+i\\\Ay n \\ 

< \\x n +i — x„\\ + M |r„+i — r„\ + 2|A„ — A„+i| 

+ \Sn-5 n +i\ , (3.24) 

where M is an appropriate constant such that 

M = max(sup||Ai/ n ||,Mi, — -}. 

^n>l c J 

Setting z n = a: " + 1 1 _7„ = ""•' "_"t 7 " """ , we obtain x n +i = (1 — 

Pn)zn + PnXn for all n G N. Thus, we have 

a„+l/(x„+l) + 7n+lS„ + l«„ + l a„f(x n ) + 'YnSnVn 



2-n + l 2t) 



1 - pn+i 1 - /?„ 

/(Xn+l) - f(x n ) +- ^ (5 n+ lV n+ l - S^l^) 



1 — /3n + l 1 — Pn + 

, Qn+1 Qn ,, s 7n + l 7n „ 

+ 1 -/?„ +1 l-p n f[Xn)+ l-/3„ + l l-/3„ ^ 

< ^ — ^p— ||/(a;„+i) - f(x n )\\ + z. — "o 1 \\S n +iv n+1 - S n v„\\ 

J- — Pn + 1 1 — Pn + 1 

tt n + l *^ n II JV~ \ O ... II 

+ 1 T, z Z7- \\f(X„) - S„V„\\ 

J- — Pn+1 1 — p n 

aa„+i .. .. 7n+i ,. „ on 

< Z a \\Xn+l — X n \\ + z ~z \\On+lVn+l ~ OnV n \\ 

J- — Pn + 1 1 — Pn + 1 

J- — Pn+1 1 — Pn 
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It follows from (3.24), that 

\\S n + lV n+ l — S n V„\\ < \\S n +lV n + l — S n + lV n \\ + \\S n +lV n — S n V„\\ 

< \\Vn+l — V„\\ + \\S n + lV n — S„V n \\ 

< \\x„+i — x„\\ + M \r n+ i — r n \ + 2|A„ — \ n +i\ + \8 n — 5 n+1 \ 
+ \\S n +iV„ - S„v n \\. (3.26) 

Combining (3.25) and (3.26), we have 



\Zn + l Z n 

aatn+i 

1 - /3„+l """'^ ""'" '1-/3. 



< z 'tt^— \\x n +i - x n \\ + - — ^- \ \\x n+1 - x n \\ + M \r„ +1 - r„ I + 2| \„ - X„ 

1 — Pn + 1 I 



+ \S„ — S n +l\ + \\Sn + lVn — S„V„\\ \ + ^r ^r- ||/(iCn) — 5n.Vn|| 

J J- — Pn+1 J- — Pn 

< \\xn+i — x„\\ +K \r„+i — r„\ + 2jA n — A„+i| + \6 n — 8 n+1 \ 



Jn + 1 ,,„ oil, a n+l a 



\\S n +lV„ — S n V n \\ + z. ^5 ^r~ ||/(Xn) — S„V n \\. 



' l-/3„+i" " Ti " " "" l-/3„+i l-/3n 
It follows that 

||z n + l — Z n \\ — \\Xn + l — X n \\ 

< K |r„+i — r n \ + 2|A„ — A„+i| + \S n — S n +i\ + - — ^ \\S n +iv n — S„v n \\ 

t — Pn+1 

O^n + 1 Q-n I, »/ \ o I 

+ 1 a 1 5- ll/fan) - S « V «II 

J- — Pn+1 1 — Pn 

< if |r„+i — r„| +2|A n — A„+i| + |<5„ — S n +i\ 
+ -, — ^ — supj ||5„+i« - S n z\\ : z e {v n } \ 

1 — Pn + 1 I - 1 

+ 1 — a — -a- II /w - S n V n \\, 

1 — Pra+1 1 — Pn 

where K = M( 1 2o +1 ) is a constant. This together with (C1)-(C6) and 
(2.11), imply that 

limsup(||,Zn + i - z„\\ - \\x„+i - x„\\) < 0. 

n — >oo 

Hence, by Lemma 2.4, we obtain \\z„ — x„\\ -^Oasn-t 00. It follows 
that 

lim HZn+i-Znll = lim (I - P„)\\z„ - x„\\ =0. (3.27) 

n — >oo n — >oo 

So, we also get 

lim ||u„+i — m„|| = lim \\y„+i — y„\\ — lim ||v„+i — v„|| = 0. 

n — >oo n — >oo n — >oo 

Step 3. We claim that lmin._» 00 \\Sv n ~ v n \\ = 0. 

Indeed, pick any p € n^ =1 F(S n ) n VI(C, A) n MEP((f>, ip), to obtain 

\\U„— p\\ — \\Tr n X n — T rn p\\ 



< {Tr n X n — T r „p, X„ — p) — (U n —p,X„- p) 
1 

2 

11 



11 11 2 1 1 11 2 11 11 2 

\\Un — P\\ +\\x„-p\\ — \\Xn — U n \\ 
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Therefore, ||« n — p\\ 2 < \\x n — p\\ 2 — \\x n — u n \\ 2 . From Lemma 2.3, (3.14) 
and (3.12), we obtain 

II n 2 

\\Xn+l -P\\ 

< a„\\f(x n ) - p\\ 2 + (3 n \\x n - p\\ 2 + fn\\v n - p\\ 2 

< a„\\f(X„) — p\\ +/3n\\X„—p\\ +"(n\\u n — p\\ 

< a„||/(Xn) -P|| 2 + /3n\\Xn ~ p\f + Jn\\\x n - P\\ 2 - \\x n - U n \\ 2 \ 
= a„\\f(X„) — p\\ + (I — Q>n)\\X„ — p\\ — -ynWxn — U„\\ 

and hence 

Jn\\x n — U n \\ < a„\\f(Xn) — P\\ + \\x n — p\\ — \\x„+l — p\\ 

< a„||/(cc„) - p\\ 2 + \\x„ - x n +i\\(\\x n -p|| + \\x n+ i -p\\). 
It is easy to see that liminfn^oc 7„ > 0, (C2) and (3.27), we arrive that 



lim \\x„ — U„\\ = 0. 

n — *oo 



(3.28) 



Since liminfn-^oo r„ > 0, we obtain 



lim | 

n — *oo 



f-n l*n I 



lim — \\x„ — u n \\ = 0. 



(3.29) 



For p e n£° =1 F(S„) n VI(C, A) n MEP{<f>, <p), we have 



tpn ~P\\ 

Pc(u„ - \ n Au n ) - P c (p - \ n Ap)\\ 
(«„ — \ n Au n ) — (p — \ n Ap)\\ 
(u n — p) — \ n {Au n — Ap)\\ 
u n —p\ 

U n —p\ 



U n —p\ 
Un ~P\ 

Un ~P\ 

x„ - p\ 



2 - 2X n {u n -p,Au„ - Ap) + \ n \\Aun - Ap\\ 2 



2A, 



|-«||^«„ - A P f + V\\U„ - P \\ 2 } + \ 2 n \\Au n - Apf 

+ 2\„u\\Au n — Ap\\ — 2X„v\\un — p\\ + \ n \\Au„ — Ap\\ 



+ 2\ n u\\Au n — Ap\[ 



2\„v 



n* 



\\Au n - Ap\\ 2 + \ 2 n \\Aun - Ap\\ x 



+ 2\ n u + \ n — 



2\ n v 



\\Aun- Ap\\ 



+ 2\ n u + X„ ^— \\Au n — Ap\\ . 



(3.30) 



Similarly, we have 



f < \\Xn - pf + 2\nU + \i-^f \\Ayn-A P \\ 2 . (3.31) 



It follows that 

II || 2 

WVn -P\\ 

< $n\\x n - P\\ 2 + (1 - 8n)\\lpn ~ p\\ 



2\„v 



< <5„||a:„-p|| + C 1 - 8n){ \\ x n ~P\\ + 2\ n u + \ n ^_ \\Au n - Ap\ 



< |ja; n -p|| 2 + 2X n u + \ n \- \\Au n - Ap\\ 2 . 



(3.32) 
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On the other hand, we have 

\\x n +i -p\\ 2 

< a n \\f(x n ) - p\\ 2 + /3„\\x„ -p\\ 2 + -y n \\S n v n -p|| 2 

< a n \\f(x n ) - f(p)\\ 2 + a n \\f(p) - P f + 2a n \\f(x n ) - f(p)\\ ||/(p) - p|| 

+ (3n\\$n — P\\ +Jn\\v n —p\\ 

< a n \\f(x n ) - f( P )\\ 2 + a n \\f(p) - P f + 2a n \\f(x n ) - f(p)\\ ||/(p) - pH 

+ (3n\\%n — P\\ +Jn\\y n —p\\ 

< a n \\f(x n ) - f(p)f + a n \\f(p) -pf + 2a n \\f(x n ) - f(p)\\ ||/(p) - p|| 

+ [3n\\x„— p\\ +J n \\Xn—p\\ + 2\ n U + X n ^— \\Au n — Ap\\ 

V 2 

< (1- a„)\\x„ -p\\ 2 + aa n \\x„ - p\\ 2 +a„\\f{p) - p\\ 2 

+2aa n \\x n -p\\\\f(p) -p\\ +7n 2A n -u + A 2 £- \\Au n - Ap\\ 2 

V 2 

< \\x„ - p\\ 2 + aa„\\x„ - p\\ 2 + a„\\f(p) - p\\ 2 

+2aa n \\x„-p\\\\f(p) -p\\+ 2X n u + \i ^- -y n \\Au„ ~ Ap\\ 2 . 

A* 

It follows from condition (C6) that 

— 2bu-b 2 ~f n \\Au n - Ap\\ 2 

p? 

< f^_2A nU -A 2 7n ||Au n -Ap|| 2 

M 2 

< ||x n — P|| — ||iBn+i — p|| +aa n \\x n — p\\ + a n \\f(p) — p\\ 
+2aa n \\x n -p\\\\f(p) -p\\ 

< \\x„ — X„+i\\ \\x n — p\\ + \\x„+i — p\\ + aa n \\x n — p\\ 
+ <Xn\\f{p) - p\\ 2 + 2aa n \\x n -p||||/(p) - p\\. 

Since linin^oo a n — 0, liminfn^oo j n > and (3.27), we otain 

lim \\Aun- Ap\\ =0. (3.33) 

n — >oo 

In a similar way, we can prove 

lim \\Ay n - Ap\\ = 0. (3.34) 

n — >oo 

Observe that 

n - 

\\v„ -p\\ 

= \\Pc(yn-\nAy n )-Pc(p~\nAp)\\ 2 

< (I — \ n A)y n — (I — \ n A)p,Vn—p 

= \{\\(I-X n A)u n -{I-\ n A)p\\ 2 + \\v n -p\\ 2 
-||(7 - \„A)y n - (I - \ n A)p - (v n - p)|| 2 } 

< gl"^" ~ P " 2 + ll^ _ -Pl| 2 ~~ ll^-^ll 2 - X2 n\\ A Vn - A P\\ 2 

+ 2X n (y n - v n ,Ay n - Ap) \ 
13 
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and hence 

\\Vn— p\\ < \\x„ — p\\ —\\y n — Vn\\ + 2\ n \\y n — v„\\\\Ay n — Ap\\. (3.35) 
Similar, we can prove 

liV'n-PlI 2 < \\ x n-p\\ 2 - \\u n - i)„\\ 2 + 2S n \\u„ - ip„\\\\Au n - Ap\\. (3.36) 
Therefore, from (3.33) and (3.35), we also have 

II n 2 

\\X„+i -p\\ 

< a n \\f(x n ) - f(p)f + a„||/(p) - pf + 2a n \\f(x n ) - f(p)\\\\f(p) - p\\ 

+ (3„\\x n - P\\ 2 +"fn\\V„ ~ pf 

< a n \\f{x n ) - f( P )f + a n \\f(p)- P \\ 2 + 2a n \\f(x n ) - f(p)\\\\f(P)-P\\ 

+ /3 n \\x„ — p\\ 2 +7„|||a;„ — p|| 2 — \\y n — v n \\ 2 + 2\ n \\y„ — v n \\\\Ay n — Ap\\ J 

< (1 - a„)||a;„ - p\\ 2 + aa n \\x n - p\\ 2 + a„\\f(p) - p\\ 2 

+2aa n \\x n -p\\\\f(p) -p|| -7„||j/n - v n \\ 2 + 2\ n j n \\y n - v„\\\\Ay n - Ap\\ 

< \\x„ -pf + aa n \\x n -p|| 2 + a n ||/(p) - p\\ 2 + 2aa n \\x n -p\\\\f(p) - p\\ 
— InWyn — V„\\ + 2\ n 'y n \\y n — V„\\\\Ay n — Ap\\. 

It follows that 



jn\\y n — v„\\ 

< \\x„— p\\ —\\x„+i—p\\ +aa n \\x n — p\\ +a n \\f(p) —p\\ 
+ 2aa n \\x n -p||||/(p) -p|| + 2\ n -y n \\y n - v n \\\\Ay„ - Ap\\ 

< \\x„ - iKn+i||(||a:„ -p|| - \\x„+i -p||) + aa„\\x n - p\\ 2 + a„\\f(p) - p\\ 2 
+ 2aa„\\x n -p||||/(p) — p|| + 2\ n -y n \\y n - V„\\\\Ay n - Ap\\. 



Since a n — > 0, liminf„_ 00 7 n > 0, \\x n — x n +i\\ — > and \\Ay n — Ap\\ — > 
as n — » oo, we have 

lim \\y„ - v„\\ - 0. (3.37) 

n — >oo 

Using (3.33) again, we have 

\\x n + l -pf 

< a n \\f(x n ) - f(p)f + «»ll/(p) -pf + 2a n \\f(x n ) - f(p)\\\\f(p)-p\\ 

+ (3„\\Xn - P\\ 2 +"fn\\v„ - p\\ 2 

< a n \\f(x n ) - f( P )f + a n \\f( P )-p\\ 2 + 2a n \\f(x n ) - f(p)\\\\f(P)-P\\ 

+ (3„\\x„ - p\\ 2 +7n||yn ~ pf 

< a n \\f(x n ) - f(p)\\ 2 + a n \\f(p) -p\\ 2 + 2a n \\f(x n ) - f(p)\\\\f(p) - p\\ 



+ /3„\\x n -p\\ + fn\dn\\x n - p\\ + (1 - S n ) \\ 1p n - p\\ \. (3.38) 

14 
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Substituting (3.36) into (3.38) yields that 

II n 2 

\\X n +l -P\\ 

< a n \\f(x n ) - f(p)\\ 2 + a n \\f(p) - P \\ 2 + 2a n \\f(x n ) - /(p)|| ||/(p) - p|| 



+ (3n\\x„ — P\\ +Jn 



8 n \\x„ — p\\ 2 + (1 - S„)< \\x„ — P\\ 2 — ||«n — 4>n\\ 



+ 28 n \\u n -rp n \\\\Au n - Ap\\\ 

= a„||/(a:„) - f(p)\\ 2 + a n \\f(p) -pf + 2a n \\f(x n ) - f(p)\\ ||/(p) - p|| 
+ /3 n ||a:„ — p|| 2 +7n ||x„ — p\\ 2 — (1 — <$„)||tt„ — t/>„|| 2 

+2<5„(1 — 5„)||«n — Vn||||j4«n — Ap\\ 

= a„||/(x„) - /(p)|| 2 + a„||/(p) - p|| 2 + 2a n \\f(x n ) - f(p)\\ ||/(p) - p|| 

+ /3n||a:„ — p|| + 7™ll x n^Pl - (1 - <Sn)7n|l U n — 1pn\\ 

+2(5n7„(l — <5„)||u„ — ip„\\\\Au n — Ap\\ 

< (1 — a„)\\x„ — p\\ + aa n \\x n — p\\ +a„\\f(p) — p\\ 

+ 2aa n \\x n — P\\\\f{p) —p\\ - (1 — S n )~1n\\u n — 1p n \\ 

+2<5 n 7„(l - 8 n )\\u n - Vnllll-^W" _ -^Pll 

< \\x n - p\\ 2 + aa n \\x n - p\\ 2 +a„||/(p) - p\\ 2 + 2aa n \\x n -p\\\\f(p) - p\\ 

-(1 -<5„)7„||«„ -'(/'nil 2 +25 n 7„(l -<J„)||li„ - VnlHI^Mn --Ap||- 

It follows from < S„ < e < 1 that 

(1 - e)-y n \\u„ - ^ n \\ 2 

< (1 — <5 n )7„||M n — ip n \\ 

< \\x n -p\\ 2 - \\x„+i -p\\ 2 + aa n \\x n -p|| 2 +a n \\f(p) - p\\ 2 

+ 2aa„\\x„ —p\\\\f(p) -p\\ + 2<5 n 7 n (l - S n )\\u n - ip n \\\\Au n - Ap\\ 

< \\x n — x n+ i\\(\\x n — p\\ ~ \\x n +i — p\\) + aa n \\x„ — p\\ + a n \\f{p) — p\\ 
+ 2aa„\\x„ —p\\\\f(p) —p\\ + 25 n 7 n (l - 8 n )\\u n - ip n \\\\Au n - Ap\\ 

Observing that (3.27), (3.33) and a n — > as n — > oo, we have 



lim \\u n -ip n \\ - 0. 

n — >oo 

Noting that 

Vn—lpn — 5 n {u„ —1p„). 

By (3.39), we obtain 

lim n _oo||2/n — ip n \\ — 0. 
Furthermore, by the triangular inequality we also have 

II En — Vn\\ < \\X„ — U„\\ + \\u n — 1p n \\ + \\lpn ~ Vn\\, 

from (3.28), (3.39) and (3.40), we have 

lim n _oc||zn — y n \\ = 0. 
From (3.37) and (3.41), we have 

limn^oolla^ — Vn\\ = 0. 



(3.39) 



(3.40) 



(3.41) 



(3.42) 
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Since x n+1 = a n f(x n ) + PnX„ + y n S„v n and a n + f3 n + -f n — 1, we obtain 

x n +i — x n = a n f(x n ) — x n + j n (S n v n — x n ). 
By condition (C2), liminf n ^ 00 7 n > and (3.27), we have 

nm n __» oo OVl |j &nV n X n | 

= \im n ^ ao (\\x n+1 - x n \\- a n \\f(x n )- x n \\) = 0. (3.43) 

We note that 

\\S n V n -V n \\ < \\S n Vn - X„\\ + \\x n - y n \\ + \\Vn — V n \\. (3.44) 

From (3.37), (3.41) and (3.43), we obtain 

Umn^aoWSnVn — Vn\\ = 0. (3.45) 

Applying Lemma 2.6 and (3.45), we have 

\\Sv„ — v„\\ < \\Svn — S„v„\\ + \\S„v„ — v„\\ 

< supl \\Sz — S„z\\ : z G {v„} > + \\S n V n — V„\\ — > 0. 

It follows from the last inequality and (3.42) that 

\\x„ — Sv„\\ < \\x„ — v„\\ + \\v„ — Sv„\\ — > as n — > cx>. 

Step 4. We claim that \imsup n ^ oc (f(q) — q, x„ — q) < 0. 
Indeed, we choose a subsequence {fn^} of {v n } such that 

limsup(/((7) - q, Sv„ - q) = lim (f(q) - q, Sv ni - q). 

Without loss of generality, we may assume that {fni} converges weakly 
to z £ C. From \\Sv n — v n \\ — * 0, we obtain Sv nt — i z. 

Now, we will show that z G 9 := n^ =1 F(S n )nVI{C, A)nMEP(<j>, ip). 

Firstly, we will show z G F(S) = r\™ =1 F(S n ). 

Assume z £ F(S). Since u ni — ^ z and z 7^ Sz, it follows by the Opial's 
condition (Lemma 2.2) that 

liminf \\u ni — z\\ < liminf \\u ni — Sz\\ 

i — >oc i — >oo 

< liminf \\u ni — Su ni \\ + \\Su ni — Sz\\ 

i — >oo 

< liminf ||w ni — z\\, 

i — >oo 

which derives a contradiction. Thus, we have z G F(S) — C\ n ° = iF(S n )- 
Next we will show that z G VI(C, A). Let 

Awi + N c wi, i«i G C; 
TW1 = 0, Wl $ C. 

Since A is relaxed (u, u)-cocoercive and condition (C6), we have 

{Ax — Ay,x—y) > (— u)||Ak — Ay\\ +v\\x — y\\ > (v — un )\\x — y\\ > 0, 

which yields that A is monotone. Then T is maximal monotone (see [21]). 
Let (101,102) G G(T). Since W2 — Awi G Nc{wi) and v n G C, we have 
(wi — v n ,W2 — Awi) > 0. On the other hand, from v n — Pc(yn — X n Ay n ), 
we have 

Wl - Vn, V n — (y n - \ n Ay n ) > 

1G 
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and hence, 

w 1 -v n , V ^^+Ay n ) - •(). 

Therefore, we obtain 

(tui - v„ t ,w 2 ) 

> (tui - v ni ,Awi) 

> (lOl - «„, , Awi) - ( Wl - V„ 4 , -^-r — + Ay„ 

An..- 

w 1 - v„ 4 , Awi - Ay ni '— '- 

A ni 

— Ay ni ) — <Wi —V„ t , 

> (wi - d„, , Av nt } - {wi-Vm, -^-7 — + Ay ni 

A ni 

= (wi - Vm , Avm - Ay ni ) - I wi - v ni , -^r — — ) (3.46) 

which together with ||i>„ — y n \\ —* and A is relaxed (u, v)-cocoercive 
implies that 

(wi — 2, W2) > 0. 

Since T is maximal monotone, we have 2 G T _1 and hence 2 G VI(C, A). 
Finally, we will show 2 G MEP(<j>, <p). 
Indeed, we observe that u n — T rn x n G dom ip, we have 

4>{u n ,y) + ip(y) — ip(u n ) H (y — «„,u„ — x„) > 0, Vy G C. 

From (A2), we also have 

ip(y) — ip(u n ) H (y — ««,«« — x n ) > —4>(u n ,y) > <j>(y,u n ), Vy G C 

r n 

and hence 

¥>(y) - p(u„) + ly~u Uz , -^- — \ > (j>(y,u ni ), My G C. 

From ||«„ — x„|| — ► 0, ||x„ — S„v„|| — > 0, and ||5„v„ — u„|| — > 0, we get 
v-m — i 2. Since - 51 - — — — > 0, it follows by (A4) and the weakly lower 
semicontinuity of ip that 

0(3/, 2) + <£>(*) - <p(j/) < 0, Vy G C*. 

For t with < t < 1 and y G C, let y t = ty + (1 — £)z. Since y G C and 
2 G C, we obtain yt G C and hence 0(j/t, 2) + ¥>(«) — <p(yt) < 0. So, from 
(Al), (A4) and the convexity of ip, we have 

= (f>(yt,yt) + vivt) - <p(yt) 

< t<t>(y t ,y) + (1 - t)<t>{y t , 2) + tp(y) + (1 - %(«) - <p(yt) 

< t 4>{yt,y) + f(y) -<p{yt) ■ 
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Dividing by t, we get 

<i>(.vt,v) + <p(v) - <p(yt) > o. 

From (A3) and the weakly lower semicontinuity of ip, we have <p(z,y) + 
<p(y) — ip(z) > for all y G C and hence z G MEP(<f>,tp). Hence z G 0. 
Therefore, we have 

lim sup(/(g) ~ q,x n - q) = lim sup(/(g) - q, Sv n - q) 

n — >oo n — *oo 

= lim (f(q)-q, Sv ni - q) 

% — ►OO 

= (f(q)-q,z-q}<0. (3.47) 

Step 5. We claim that lim n ^oo \\x n — q\\ = 0. 
From (3.12), we observe that 

II n 2 

\\Xn+i -q\\ 

— a n f(x n ) + f] n x n +j n S„v n — q,x n+1 — q 

— a„ /(#„) — q, x n +i — q + f3 n (x n — q,x n +i — q) 

+^n{S n V n — q, Xn+1 — <?} 

< -fin \\x„ - q\\ 2 + \\x n+ i - q\\ 2 + -7„ \\v n - q\\ 2 + \\x n +i - q\\ 2 

+ a n f(x n ) - f(q), xn+i - q +a n f(q)-q,x n +i-q 

< ^(l-a n ) \\x„ -q\\ 2 + \\x n +i -q\\ 2 + -a„ \\f(x n ) - f{q)\\ 2 

+\\x n +i — q\\ + a n f(q) — q,x n +i — q 

< -1 — a n l — a \\x„ — q\\ + -(1 — a n )\\x n +i — q\\ 

+ ^a n \\x n+1 - q\\ 2 + a n f(q) - q, x n+1 - q , 

which implies that 

||a?n+i — q\\ < 1 — h« 1 — a \\x„ — q\\ +2a n {f(q) — q,x n +i — q). (3.48) 
Taking 

g n — 2a n f(q) - q, Xn+i- q and l n = a n (l-a 2 ), 

we have limsupj^^ j - < 0. Applying Lemma 2.5 to (3.48), we conclude 
that {x„} converges strongly to q in norm. Finally, noticing \\u n — z\\ = 
1 1 T rn x n — T Tn z\\ < \\x n — z\\. We also conclude that u n — » z in norm. This 
completes the proof. D 

Corollary 3.2. Let C be a nonempty closed convex subset of a real Hilbert 
space H and let cj> be a bifunction from C x C to E satisfying (A1)-(A4) 
and let tp : E — » R U {+00} be a proper lower semicontinuous and convex 
function. Let A : C — » H be relaxed (u, v) — cocoercive and \i-Lipschitz 
continuous mapping and let f : C — > C be a contraction with coefficient a 
(0 < a < 1) such that 

9 := VL(C, A) n MEP{<j>, tp) / 0. 
18 
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Assume that either (L?l) or (B2). Let {x n }, {y n } and {u n } be sequences 
generated by 

Xi — x € C, 

4>(u„,y) + <p(y) — <p(u n ) + ^{y — u n ,u n — x„) > 0, Vy G C, 

y n — 5 n u„ + (1 — 8 n )Pc(u n — \ n Au n ), 

, X n + 1 — a„/(l„) + f3 n X n + JnPc(yn ~ \ n Ay n ), Vn > 1, 

where ja„}, {/3 n }, {7n} and {S„} are sequences in (0, 1) and {r„} is a 
sequence in (0, oo). If the following conditions are satisfied: 

(CI) a„ + /3 n + 7n = 1 and < S„ < e < 1, 

(C2) lim„^oo a n — and J2Z=i a « = °°i 

(C3) < limmf n ^oo /?„ < limsup^^ (3 n < 1, 

(C4) liminfn^oo r„ > and lim^oo |r„+i — r n =0, 

(C5) lillln^oo |A„+1 — An | = linin^oo \8 n +l — 6 n \ = 0, 

(C6) {An} G [a, ft] /or some a, 6 with < a < ft < " M > w > M/i 2 . 

Then, {x„} converges strongly to the same point q G := VL(C, A) n 
MEP(<j>,ip), where q = P&f{q). 

Proof. Putting S n ~ I for all n G N in Theorem 3.1. Then, the sequence 
{x n } generated in Corallary 3.2 converges strongly to Pvi(c,A)nMEP(4 > , v ,)f(q)- 

□ 

Corollary 3.3. Lei C be a nonempty closed convex subset of a real Hilbert 
space H and let A : C — > Lf 6e relaxed (u, v) — cocoercive and fi-Lipschitz 
continuous mapping. Let f : C — > C be a contraction with coefficient a 
(0 < a < 1) and {5„} fte a sequence of nonexpansive mappings of C into 
itself such that satisfies condition (2.11) and 

:= n~ = iF(S„) n V/(C, A) / 0. 

iei {£„} and {j/n} 6e sequences generated by 

Xi — X € C, 

y n = 8 n x n + (1 — 8 n )Pc{x n — \ n Ax n ), 

Xn+l = a n f(x n ) + (3 n x n + j n S„Pc{yn — X„Ay n ), Vn > 1, 

where {a n }, {f3 n }, {-yn} and {8 n } are sequences in (0, 1). If the following 
conditions are satisfied: 

(CI) a„ + p n + 7„ = 1 and < S„ < e < 1, 

(C2) linin^oo a„ = and J2^=i Q « = °°i 

(C3) < liminfn^oo /?„ < limsup n ^ 00 /?„ < 1, 

(C4) linin^oo |A n +l — An I = lim n ^oo |o~n+l _ <5n| = 0, 

(^(75^ {A„} G [a, ft] /or some a, 6 trei/i < a < ft < " M » w > w/i 2 . 

Lei S be a mapping ofC into itself defined by Sx = linin^oo S n x for all x G 
C and suppose that F(S) — r]^LiF(S n ). Then, {x n } converges strongly 
to the same point q G := il^L 1 F(S n ) n VI(C, A), where q — P e f(q). 
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Proof. Put ip — 0, cj>(x, y) — for all x,y G C and r„ = 1 for all n G N 
in Theorem 3.1. Then, we have u n = Pcx„ — x„. So, from Theorem 
3.1. the sequence {x„} generated in Corollary 3.3 converges strongly to 
Pn%> =1 F(S„)nvi(C,A)f{q)- □ 

Corollary 3.4. ([25, Theorem 3.1]) Let C be a nonempty closed convex 
subset of a real Hilbert space H. Let A : C — » H be relaxed (u,v) — 
cocoercive and /i-Ltpschitz continuous mapping, let f : C — » C be a con- 
traction with coefficient a (0 < a < 1) and S be a nonexpansive mapping 
of C into itself such that 

Q--F(S)nVI(C,A)^ib. 

Let {x„} be sequence generated by 

xi — x G C, 

x„+i = a„f(x„) + fi n x n + ~i n SPc{x n - \ n Ax„), Vn > 1, 

where jn„}, {fin} and {y n } are sequences in (0, 1). If the following con- 
ditions are satisfied: 

(CI) a n + (3 n +j n = 1, 

(C2) lim^oo a n = and X)^=i a ™ = °°> 

(C3) < liminfn^oo (3„ < limsup^^ [3 n < 1, 

(C4) limn^oo |A„+i - A„| = 0, 



(C5) {X n } G [a, b] for some a, b with 0<a<b< 2(t, ~" M2) , v > 



un . 



Then, {x n } converges strongly to the same point q G O := F(S)PiVI(C, A), 
where q = Pef(q)- 

Corollary 3.5. ([27, Theorem 3.1]) Let C be a nonempty closed convex 
subset of a real Hilbert space H . Let <f> be a bifunction from C x C to 
K satisfying (A1)-(A4), let f : C — > C be a contraction with coefficient a 
(0 < a < 1) and S be a nonexpansive mapping of C into itself such that 

e := f(s) n ep{4>) / 0. 

Let {xn} and {u„} be sequences generated by 
Xi = x G C, 

4>(u n ,V) + ^{y~Un,U n -X n ) > 0, Vj/ G C, 

x n+ i — a„f(x n ) + (1 — a n )Su n , Vn > 1, 

where {a n } is a sequence in (0,1) and {r„} is a sequence in (0,oo). If 
the following conditions are satisfied: 

(CI) lim^oo a n = and Y^=\ a n - oo, 

(C2) liminfn^oo r n > and lirrin^oo \r n +i — r„\ — 0. 

Then, {x n } converges strongly to the same point q G O := F (S) l~l EP(<j>), 
where q = P&f{q). 
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4 Applications 



In this section, we will utilize the results presented in this paper to study 
the following Optimization Problem (for short, OP)(see [8, 15, 22] for 
more detalis): 

OP:mmtp(y) (4.49) 

yeC 

where C is a nonempty bounded closed convex subset of a Hilbert space 
and p : C — > Eu{+oo} be a proper convex and lower semicontinuous func- 
tion. We denote by Argmin(iy5) the set of solutions in (4.49). Let (j>(x,y) — 
for all x,y € C in Corollary 3.2, then MEP(<f>,tp) =Argmin(v3). It fol- 
lows from Corollary 3.2 that the iterative sequence {x n } defined by 

u n = wgmin yeC {p{y) + ^-\\y - :r n || 2 }, 
y n — 8 n u n + (1 — 8 n )Pc{u n — \ n Au n ), 

X n + 1 — Ct n f(x„) + /3nX n + JnPc{yn ~ X n Ay„), Wi > 1, 

where {a n }, {/?„}, {7«} and {S n } are sequences in (0, 1) and {r n } is a 
sequence in (0, oo) satisfying the conditions (C1)-(C6) in Theorem 3.1. 
Then, {x n } converges strongly to q = P V i(C,A)nArgmin( v )f(q)- 

If <j>(x, y) — g(y) — g(x) for all x, y £ C, where g : C —* K is function, 
then the mixed equilibrium problem (1.1) becomes a problem of finding 
x £ C which is a solution of following optimization problem (for short, 
OP1): 

OP1 : min <p{y) + g(y) . (4.50) 

ySC 

The set of solution of (4.50) is denoted by Argmin(<7, ip). 

By taking <f>(x,y) = g(y) — g(x) for all x,y £ C, in Corollary 3.2, we 
obtain the following results. 

Theorem 4.1. Let C be a nonempty closed convex subset of a real Hilbert 
space H and let <j> be a bifunction from C x C to R satisfying (A1)-(A4)- 
Let A : C — > H be relaxed (u, v) — cocoercive and u-Lipschitz continuous 
mapping, let f : C — > C be a contraction with coefficient a (0 < a < 1) 
such that 

9 := VI(C, A) n Argmin(g, p) / 0. 

Assume that either (Bl) or (B2). Let {x n }, {y n } and {u n } be sequences 
generated by 

Xi = x G C, 

g{y) + ( p{y) - vK) - g(u„) + ^{y-u n ,u n -x n ) > o, Vy e c, 

y n = S n u„ + (1 - 5 n )P c (u n - \ n Au„), 

X n+ l — a„f(x n ) + f3nXn + ^nPciyn ~ X n Ay n ), Vn > 1, 

where {«„}, {/3 n }, {7n} and {S n } are sequences in (0, 1) and {r„} is a 
sequence in (0, oo). If the following conditions are satisfied: 

(CI) ct„ + /3 n + in = 1 and0<8„<e<l, 

(C2) limn^oo a n — and J2^=i a " — oo, 

(C3) < liminfn^oo f3„ < limsup^^ (3„ < 1, 

(C4) liminfn^oo r n > and lim^oo |r„+i — r n \ — 0, 

(C5) lrnin-^oc jA n+ l — An | = lim„_>oo \5n+l — 8 n \ = 0, 



21 



446 WANGKEEREE ET AL: MIXED EQUILIBRIUM PROBLEMS 



(C6) {An} G [a, b] for some a, b with < a < b < — " > v > upi 2 . 

Then, {x n } converges strongly to the same point 566:= VI(C, A) n 
Argmin(g, ip), where q = Pef(q). 

Let { T n : C — > C } be a family of infinitely nonexpansive mappings 
and let {/x n } be a nonnegative real sequence with < \x n < 1, for each 
n > 1. Shimoji and Takahashi [24], define a mapping W„ of C into itself 
as follows: 



U n ,n + 1 


= I, 


V n,n 


= fJ-nT n U n ,n + l + (1 — ^n)I, 


Un,n — 1 


= Mn-lTn-lL^n + (1 — fn-l)^ 



: (4.51) 

fn,fc = LlkTkU n ,k + l + (1 — Mfc)/, 
U n ,k-1 — fJ-k-lTk-lU„,k + (1 — flk-l)I, 

U„,2 — fJ-2T 2 U„,3 + (1 — ^2)1, 
W n = U n ,! = UlTiUnJ + (1 - fXl)I. 

Such a mappings W„ is nonexpansive from C to C and it is called the 
W-mapping generated by Ti , T2 , . . . , T n and /xi , /42 , •■ ■ , tx n ■ 

For each n, k £ N, let the mapping [7 n ,fc be defined by (4.51). Then we 
can have the following crucial conclusions concerning W„. You can find 
them in [24]. Now we only need the following similar version in Hilbert 
spaces. 

Lemma 4.2. [24], Let C be a nonempty closed convex subset of a real 
Hilbert space H . Let Ti, T2, ... be a family of infinitely nonexpansive map- 
pings of C into itself such that Pi^LiF(T n ) is nonempty, let lxi,H2, ■■■ be 
real numbers such that < /i n < b < 1 for every n > 1. Then: 

(1) W n is nonexpansive and F(W n ) = n n ? =1 F(T„) for each n > 1, 

(2) for each x £ C and for each positive integer k, the limit linin^oo U n ,kX 
exists ; 

(3) the mapping W : C — > C define by 

Wx = lim W n x = lim U nA x, (4.52) 

n — *oo n — >oo 

is a nonexpansive mapping satisfying F(W) = n^L 1 F(T n ) and it is 
called the W -mapping generated by T\,T 2 , ... and fxi, 1x2, •••• 

Lemma 4.3. [7]. Let C be a nonempty closed convex subset of a real 
Hilbert space H. Let Ti, T2, ... be a family of infinitely nonexpansive map- 
pings of C into itself such that n^ 1 F(T„) is nonempty, let fXi,iX2,-.- be 
real numbers such that < /x n < b < 1 for every n > 1. If K is any 
bounded subset of C, then 

lim sup \\W m x — W„x\\ — 0. 

m,n^oo xeK 

Setting S n — W„ in Theorem 3.1 and using the previous lemma, then 
we obtain the following theorem. 
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Theorem 4.4. Let C be a nonempty closed convex subset of a real Hilbert 
space H and let </> be a bifunction from C x C to E satisfying (Al)-(A^). 
Let A : C —> H be relaxed (u, v) — cocoercive and u-Lipschitz continuous 
mapping, let f : C — » C be a contraction with coefficient a (0 < a < 1) 
and let {T n } be a family of infinitely nonexpansive mappings of C into 
itself such that the set 

e := nZ=iF(T n ) n vi(c, A) n mep(4>, tp) + 0. 

Assume that either (Bl) or (-B2). Let {x n }, {y n } and {u n } be sequences 
generated by 

xi — x e c, 

<j}(u n ,y) +<p(y) - <p(u„) + ^{y-u n ,u n -x n ) > 0, Vy G C, 
y n = 8 n u n + (1 — 8 n )Pc{u n — \ n Au n ), 

X„ + l - Ct„f(x n ) + f3 n X n + 'JnWnPciyn ~ \ n Ay„), V« > 1, 

where {W n } is the sequence generated by (4-51) and {oc„}, {/3n}, {7n} 
and {8 n } are sequences in (0, 1) and {r n } is a sequence in (0, oo). // the 
following conditions are satisfied: 

(CI) a„ + /3 n + in = 1 and < 5„ < e < 1, 

(C2) limn^oo a„ - and Y^=i a ™ = °°< 

(C3) < liminf^oo f3„ < limsup n ^ 00 [3„ < 1, 

(C4) liminfn^oo r n > and lim^^ \r n+1 — r„\ — 0, 

(C5) lillln^oo |A„+1 — \„\ — Hindoo \8n+l — 8 n \ = 0, 

(C6) {An} £ [a, b] for some a,b with < a < b < t 11- ^ J ; v > ufi 2 . 

Then, {x n } converges strongly to the same point q G Q := n„^ 1 F(T n ) D 
VI(C, A) n MEP{(/>, ifi), where q = Pef(q). 
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A STUDY ON ALMOST INCREASING SEQUENCES 



H. N. OGDUK AYBEK 



Abstract. In this paper a general theorem dealing with | A,p n ; 8 \k summa- 
bility method has been proved. This theorem also includes a result of Ogduk 
[5] concerning the \ A,p„ |j. summability method. 



1. Introduction 

Let ^2 a n be a given infinite scries with the partial sums (s„), and let A = (a nv ) 
be a normal matrix, i.e., a lower triangular matrix of non-zero diagonal entries. 
Then A defines the sequence-to-sequencc transformation, mapping the sequence 
s = {s„) to As = (A n (s)), where 

n 

A n {s) = *^2a nv s v , n = 0, 1, ... (1.1) 

v=0 

The series J2 a n is said to be summable | A \/., k > 1, if (see [8]) 

oo 

Xy- 1 I AA„(«) | fc < oo. (1.2) 

71=1 

where 

AA n (s)=A n (s)-A n _ 1 {s). 

Let (p n ) be a sequence of positive numbers such that 

n 

P n = y p v — > oo as n — > oo, (P-i = P-i = 0, i > 1). (1-3) 

v=0 

The scqucncc-to-scqucncc transformation 

1 " 

t n = ~^-^PvSv (1-4) 

Fn v=0 

defines the sequence (t n ) of the (N,p n ) mean of the sequence (s n ), generated by 
the sequence of coefficients (j> n ) (see [3]). The series ^2 a n is said to be summable 
\N,p n \ k ,k>l, if (see [2]) 

£f — ) I tn ~ tn-1 \ k < OO, (1.5) 

n=l ^ P "^ 

^OiO AMS Subject Classification: 40F05, 40G99. 

Keywords: Absolute summability, summability factors, almost increasing sequences. 
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and it is said to be summablc | A,p n \k,k > 1, if (see [7]) 

00 / P \ k ~ 1 __ 
J2 [ — ) \AA n ( s )\ k <oo. (1.6) 

n=l VPn/ 

The series J^ a n is said to be summable | A,p n ; S \k, k > 1 and <5 > 0, if (see [6]) 

oo / p \ <5fe+fe— 1 

£ -T I AA„( S ) | fc < oo. (1.7) 

n=l VPn/ 



In the special case when 5 = 0,] A,p n ;5 \k summability reduces to | A,p n \k 

Pv 



summability. Also if we take 5 = and a nv = jjS then | A,p n ;S \k summability is 



the same as | N,p n (& summability. 

A positive sequence (b n ) is said to be an almost increasing sequence if there 
exists an increasing sequence (c„) and positive constants A and B such that Ac n < 
^n !_ -6c n (see [1]). Obviously, every increasing sequence is an almost increasing 
sequence. However, the converse need not be true as can be seen by taking the 
example, say b n = e^ -1 ' n. 

2. Known results. 

Given a normal matrix A = (a nv ), we may associate two lower semi-matrices 
A = (a nv ) and A = (a nv ) as follows: 

n 

a-nv = y^ani ,n,v = 0,1,—, (2.1) 

i—v 

and 

flOO = OOO = a 00; dnv = a nv — 0>n-l,v, fl — 1, 2, ... (2-2) 

It may be noted that A and A are the well-known matrices of scries-to-sequcncc 
and serics-to-serics transformations, respectively. Then, we have 

n n v 

^-n\S) / Q"nvSv / Am) / &% 

v=0 v=0 i=0 

n n n 

i—0 v—i i—0 

n n—1 

AA n (s) = y^ a n iai - } y a n -\ yi ai 
i=0 i=a 

ra-l 



i=0 
ri-1 



Q'nnQ'n T" / Qni^i — / ^ni^i- \ **) 

i=0 i=0 

For any double sequence (u„„), we write A„u nt , = u nt , — u n+ i v . 
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Before we state our main result, we show A = (a nv ) to be of class it if the 
following hold; 
A is lower triangular 

a nv >0, n,v = 0,l,...; (2.4) 

a-n-i.v > a nv for n > v + 1; (2.5) 

a„ = 1, n = 0,1,... . (2.6) 

Quite recently, Ogdiik [5] has obtained the sufficient conditions for ^a„A„ to 
be summable | A,p n \k,k > 1 as follows. 

Theorem 2.1. Let A g il satifsying 

a nn = O (f^) , (2.7) 



71-1 ^ 

a 



E ^^ = 0(a„„), n -+ oo. (2.8) 



V 

v—1 



If (X n ) is an almost increasing sequence such that 

| A„ | X n = 0(1), n -»• oo, (2.9) 

771 

^nX„ | A 2 A„ |=0(1), rrw oo, (2.10) 

n=l 

m 

^ ^ | *„ | fe = 0(X m ), m ^ oo, (2.11) 



n=l 



Pn 



l*»l 



k 



V J-!^-!_ = 0(X ro ), m -> oo, (2.12) 

z — ' n 

n=l 

t/ien i/ie series ^a n A n is summable \ A,p n \k,k > 1. 

3. The main result 

The main purpose of this paper is to prove a more general theorem which includes 
the above-mentioned result as a special case. Now, we shall prove the following the- 
orem. 

Theorem 3.1. Let A g il satisfying the conditions (2.7) and (2.8) and let (A n ) be 
a sequence of real numbers satisfying the conditions (2.9) and (2.10). 

If (X n ) is an almost increasing sequence such that 

m+1 I ' P \ Sk \ ( P \ Sk 1 

^2 ( — ) I A v a nv | = O < f — J a vv > , m -> oo, (3.1) 
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5k-l 



„=1 ^ Pt,/ 


' *" ' OCY 1 TT 




m+1 / p •, 5k 


-KG)" 



Ef — ) I *« | fe = 0(X m ), m ->■ oo, (3.2) 



(3.3) 



m — > oo, (3-4) 

then ^a„A„ is summable \ A,p n ;5 \k,k > 1,0 < 6 < 1/fc. 

It may be noticed that if we take 6 = 0, then we get Theorem 2.1. 

We need the following lemma for the proof of our theorem. 

Lemma 3.2. ([4\) If (X n ) is an almost increasing sequence, then under the condi- 
tions (2.9) and (2.10), we have that 

oo 

E^|AA„|<oo, (3.5) 

71=1 

nX n | AA„ |= 0(1), n -S- oo. (3.6) 

Proof of Theorem 3.1 Let (T„) denotes A— transform of the series ^2 a n^n- Then, 
by definition, we have 



za i n > a nv a v A^ 



v=0 

Applying Abel's transformation, we can write 

On,?? A7: 



AT„ = E 






D — 1 

ri-1 1 n-1 

E» + l . A Y^ V + 1^ 

L\ v a nv A V L V -\- y a n v ^\L\A v z v 

v z — ' w 

V— 1 V— 1 

v"^ fln.D+iA^+itt, n + 1 
i / , ~r a nn A n z n 

z — ' v n 

v=l 

= T n (l) + T„(2) + T„(3) + T n (4), say. 
Since 

| T n (l) + T n (2) + T n (3) + T„(4) | fe < 4 fe (| T„(l) | fc + | T„(2) \ k + | T„(3) | fc + | T n (4) | fe ), 
to complete the proof, it is sufficient to show that 

El" ) I T„(r) | fc < ex), for r = 1,2, 3, 4. (3.7) 

n=l VPn/ 
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Applying Holder's inequality with indices k and k , where k > 1 and j: + 77 = 1, 
we have that 

m+1 / p \ Sk+k — 1 

n=2 VPn/ 

m+1 / p \ <5fc+fc— 1 /n—1 



fe-1 



„=2 ^ P ™^ \„=1 

m+1 / p \ <5fc+fc— 1 /n—1 

= o(i)2 ( — ) (2i A ^-ii A -i fe i^ 

n=2 V Pn / 

/n-1 y 

x I 2 I A «a«i, I J 

By (2.5), 

^u^nu ^nu ^n,u+l ^nu ^n— l,t> ^n,v+l i ^n— l,u + l — ^jiu ^n— l,f _^ ". 

Thus using (2.6), 

n—1 n—1 

/ y I A^an,, |= 2_^i a n-l,v — a nv) = «nn- (3-8) 



From (2.9), it follows that A„ = 0(1). Using (2.7), (3.1) and property (3.5) of 
Lemma 3.2, we have 

m+1 , p ^ $k / p \ k— 1 n—1 

^1 = 2^ ( ) ( CLnn 1 2^ I A^a nt , || A^ | | At, || tt, | 

n=2 V P" / \ -P" / „ =1 

m m+1 / p \ 5k 

= o(i)2i A »ii*»i* E f — ) i A -«-i 

u=l n—v-\-l v 7 

m / p \ 5fc 



u=l 



0(1)2 — «™|AJ|^| fe 



n-1 / r, \ Sk-1 



-owEl-) i**ii*»i fc 

v=l ^ Pv/ 

n—1 ti / p \ <5fe— 1 m / p \ 5fe— 1 

= 0(l)2A|A„|2hr l^l fe +0(l)|A m |2M iM fc 

U — 1 2 — 1 x / D — 1 x ' 

m— 1 

= O(l) 2 I A ^ I *v + °(!) I A v\ X m 

v=l 

= O(l), m -+ oo. 
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Again using Holder's inequality, as in I\ 



m + 1 / p \ Sk+k-l 

In. 



n=2 



E ? i r «( 2 ) i fe 



Pn, 

m+1 / p \ Sk+k — 1 /n — 1 
in 



°wE — E^+i I AA - II tv I 

n=2 \ P "^ \„=1 , 

'Pn 



m+1 / 7-) \ (5fc+fe — 1 /n — 1 



O(l)^p) ( 5> n ,„ + i I AA„ || t„ | fc 

ra-1 

/ J dn.D+l I AAt, 



n=2 ^ P ™' \„=1 



X 



It is easy to see that 



y^On,«+l I AA„ |< Mftj 



11=1 



Thus, we have that 



m+1 / -rt \ Sk n—1 



m-t-i / p \ 0K n—i 

72 = 0(1)2 — 2<«+ 1 l AA -ll i «l 

„=2 \^W „=1 



m+1 / p \ <5fc 



= 0(1)2|AA, ||i,| fe E — ) ^ +1 

u=l n=u+l ^™ 

m / p \Sk 

= 0(1)E (-) |AA,||t,| fc 
„=i ^ Pt,/ 



PA 5fe !^| fc , ^ , ^ .^/PA^KI* 



0(1)$>MAA„|)X; - ^+0(l)m|AA ro |V 

V — 1 2—1 v 7 D — 1 V / 

m m 

0(1) ^ v I a2a « I ^ + 0(1) 2 I AA -+i I x '"+i + 0(1)™ | AA m I X n 



v=l 



O(l), m — > oo. 



by virtue of the hypothesis of Theorem 3.1 and Lemma 3.2. 
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Taking account of (2.8) and (3.4) 

m+l , „ x Sk+k-1 



m-t-± / p \ ok^k— i 

n=2 \ P ™^ 

m+l / D \ (5fe+fc— 1 /«— 



n=2 

k 
m+1 / „ s 5fe+fe — 1 /n— 1 ^ I , ii, I X 

*n \ / V~^ O-n.v + l | A^+i || £„ | \ 



m+1 / p \ 5fe+fe-l /n-1 ^ N 

= o(i) E ^ E ^r 1 1 A ^ +1 l fe_1 l A ^ +1 II *» l fc 



E 



n— 2 v 7 \v— 1 

"ro,v+l \ 



\v=l / 

-<*>£(£) (JS) (e^iwiki') 

m l f l fc m+1 / p \ 5k 

= o(i)Eia, +1 i^- E (-) «-+i 

= o (1) g(^„ +ll ^. 

Using Abel's transformation and Lemma 3.2, 

m-l " / P \ 5fe I + 1^ m / p \ Sk \ + \ 

/ 3 =E A i A ^iE(-) ^ ± +o(i)iA m+1 i^p) im 

V—l t—1 V 7 V— 1 v 7 

m— 1 

= 0(1) E I AA„ I X, + 0(1) | A m | X ro 

u=i 
= O(l), m — > oo. 

Finally, as in T„(l), 

m / p \ 5fc+fc — 1 

/4 = E Ur i^( 4 )i fc 

n=l VPll/ 

m / p \ <5fc+fe— 1 

= 0(1) E (— J <£„ I *» 1*1 *» I* 

<5fc-l 

ife 



/ P \ 0K ~ 1 
= 0(1)E - lAnMAnHtnl' 



n=l 

m / p \ <5fe — 1 

= 0(1)E (-) |A„||t„| fc 

n=l VPn/ 
= O(l), TO — > OO. 

Thus, wc obtain (3.7). This completes the proof of the Theorem. 
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FORTI'S APPROACH IN FIXED POINT THEORY AND THE STABILITY OF A 
FUNCTIONAL EQUATION ON METRIC AND ULTRA METRIC SPACES 

F. RAHBARNIA, TH. M. RASSIAS, R. SAADATI, AND GH. SADEGHI 

Abstract. In this paper, using the fixed point method, we prove the stability of a generalized func- 
tional equation in the Forti spirit. 



1. INTRODUCTION AND PRELIMINARIES 

A basic question in the theory of functional equations is as follows: 'when is it true that a function, 
which approximately satisfies a functional equation must be close to an exact solution of the equation' ? 

If the problem accepts a solution, we say the equation is stable. The first stability problem concerning 
group homomorphisms was raised by Ulam [20] in the year 1940 and it was partially solved by Hyers [8] in 
the year 1941. The result of Hyers was generalized by Aoki [1] for approximate additive function and by 
Rassias [16] for approximate linear functions by allowing the difference Cauchy equation \\f(x + y) — f(x) — 
f(y)\\ to be controlled by e(\\ x \\ p + || y \\ p ). Taking into consideration a lot of influence of Ulam, Hyers 
and Rassias on the development of stability problems of functional equations, the stability phenomenon 
that was proved by Rassias is called the Hyers-Ulam-Rassias stability. In 1994, a generalization of Rassias 
theorem was obtained by Gavruta [6], who replaced e(|| x \\ p + \\ y \\ p ) by a general control function 
ip{x,y). We refer the reader to the survey articles [5, 8, 17] and monographs [3, 9, 12, 14, 18] and references 
therein. 

For a nonempty set X, a function d : X x X — > [0, oo] is called a generalized metric on X if d satisfies 
(Mi) d(x, y) = if and only if x — y; 
(M2) d(x, y) — d(y, x) for all x,y £ X; 
(M3) d(x, z) < d(x, y) + d(y, z) for all x, y, z 6 X. 

Obviously the only one difference of the generalized metric from the usual metric is that the range of the 
former is permitted to include infinity. 

We now introduce one of fundamental results of fixed point theory. For the proof, we refer to [13]. This 
theorem will play an important role in proving our main theorem. 

Theorem 1.1. (The alternative of fixed point) Suppose we are given a complete generalized metric space 
(X,d) and a strictly contractive mapping J : X — > X ,with the Lipschitz constant L. Then for each x £ X, 
either 

d(J n x, J x) — +00, for all n > 0, (1-1) 

or, There exists a natural number no such that: 

d(J n x, J n+1 x) < +00, for all n > 0; (1.2) 

The sequence { J n x} is convergent to a fixed point y* of J ; 

y* is the unique fixed point of J in the set y = {y £ X, d(J n °x, y) < +00}; 

%,2/*)<3-^%,Jy), forallyeY. (1.3) 
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Key words and phrases. Generalized Hyers— Ulam stability; functional equation. 
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2. Main result 

let (£, d) be a complete metric space, S, T are sets, G : S — » S and H : £ —> T , be three given function 
and / : >S — » £ . In this section by using the idea of Forti [4], we will apply the fixed point method for 
proving stability the following functional equation 

H{f[G(x)]} = f{x). (2.1) 

And also assume that 5:5—+ M + , 4> : R + — ► R + , which </> is non-decreasing function. 

Theorem 2.1. Assume £/m£ / : S —* £ is a function satisfying the inequality 

d(H{f[G(x)]},f(x))<8(x). forallxeS. (2.2) 

If the function H : £ — » £ satisfies the inequality 

d(H(x),H(y))<<f>(d(x,y)) for all x,y e £, (2.3) 

and 

S(x) < 4>(6(x)) for all xeS, (2.4) 

(f>[a<f>{5{G{x)))} < aL</>(5(x)), (2.5) 

for some (Lipschitz constant) L < 1 and a £ R + . Then there exists a unique function F : S —> £ solution 
of the functional equation H{F[G(x)]} = F(x), and satisfying the following inequality 

d(f(x),F(x))< T ^ I ^S(x)) (2.6) 

for all x G S. 

Proof. First, let us define X to be the set of all functions g : S —* £ and introduce the generalized metric 
on X: 

dx(g, h) = inf{c G K + , d(g(x), h(x)) < ap(5{x)). 

It is easy to see that (X, dx) is complete. Now we will consider the mapping, 

J: X -* X 

Jg(x) = HgG(x). 
Let g,h G X and dx (g, h) < c, then we have 

d(g(x),h(x))<cct>(6(x)). 
Since <f> is non-decreasing function we get 

<Hd{g(z),h(x))}<4>{aK6(x))} 
or 

cb{d(gG(x),hG(x))} < <j>{c<j>(5{G(x))} 
from (2.3) and (2.5) we have 

d{HgG{x), HhG(X)} < <j>{d(gG(x), hG(x))} < <j>{c(j>{&{G{x))} 

< cL(t>(5(x)). 
Therefore 

d(Jg(x),Jh(x)) < cL(j){5(x)) 
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i.e., dx(Jg, Jg) < cL and dx(Jg, Jh) < Ldx(g, h), which imply that J is a strictly contractive self-mapping 
on X with Lipschitz constant L. On the other hand from (2.3) we get 

d(Jf(x),J 2 f(x)) = d{HfG{x),HHfGG{X)) < <j>{d{fG{x),HfG{x)). 

Now, from (2.2) we get d{fG(x),KHfG(x)) < S(G(xj) and <p{d(fG(x),HfG(x)} < <j>(6(G(x))) which 
imply that d(Jf(x), J 2 f(x)) < L<p{6(x)) and d X (Jf, J 2 f) < L < oo. 

Now, we can apply the fixed point alternative, and we obtain the existence of mapping F : S — » X such 
that F is a fixed point of J, that is JF(x) = F(x) i.e., HFG(x) = F(x). 

The mapping F is the unique fixed point of J in the set 

y = {gex- d x {f,g) <oo}, 
then F is the unique mapping which 

3c G (0, oo) such that d(F(x), f(x)) < c<f>{5{x)). 
We also dx(J n f, F) — > as n — ■» oo, which implies the equality 

l™»-=o(5)"{/[G"(i)]} = F(a:), /or all xeS 
and dx(f, F) < j^dx(f, Jf), which implies the inequality 

Since S(x) < cf>(5(x)), 

d(f(x),F(x))<-^—^(S(x)). 



1-L 1 



3. Stability of functional equations on ultra metric spaces 



□ 



An ultra metric (or non-Archimedean metric) on a set X is function d : X x X ^ R>o with the following 
properties, 

(Nl) d(x, y) — if and only if x = y, 

(N2)d(«,») = d(»,a:) ) 

(N3) d(x,y) < ma,x{d(x,z) = d(«,j/)}, ( strong triangle inequality) for all x,y,z g A 7 . Note that if 
ci(a;, 2) 7^ d(z, j/), then in fact d(x, y) = max{d(a;, z) — d(z, y)}. 

By the using strong triangle inequality sequence {x n }^Li is a cauchy sequence in X if for e > 0, there 
exists no G N such that for all n > no, d(x n +i , Xn) < £ 

In this section we let (X, d) be a complete ultra metric space. 

Theorem 3.1. Assume that f : S — > X is a function satisfying the inequality 

d(H{f[G(x)]}J(x))<S(x). (3.1) 

If the function H : X — * X is continuous and satisfies the inequality 

d(H(x),H(y))<<p(d(x,y)) x,y e X (3.2) 

for a certain non- decreasing function <j> : R + — > R + and 

lim 4> n {8[G n {x)\) = 0. (3.3) 

n — >oo 

Then there exists a function F : S — > X solution of the functional equation (2. 1), and satisfying following 
inequality, 

d(F(x), f(x)) < sup{<T(5[G"(x)]) : n G N} (3.4) 
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Moreover, i/lim ra _ KXJ max{^> I ((5[G l (a;)]) : < i < n} = 5[G(x)], then F is a unique function satisfying 
(2.1). 

Proof. Replacing in (3.1) x by G(x), we get 

d(H{f[G 2 (x)]},f(x))<S[G(x)] 

then by (3.2) we have 

d((H) 2 {f[G 2 (x)]},H{f[G(x)]}) < ^(d(H{f[G 2 (x)]},f[G(x)])) 

< </>{S[G{x)]) 

since <f> is non-decreasing. Then by induction for each integer n, we obtain 

d((Hr +1 {f[G n+1 (x)]}, {H) n {f[G n {x)]}) < 4> n (o[G n (x)]) xeS. (3.5) 

Now we set 

Q n {x) := H n {f[G n {x)]}) xeS. 

We show that the sequence {Q n (x)} is a Cauchy sequence for every x € S. Since the ultra metric space X 
is complete then sequence {Q n (x)} is conference. By (3.1) we have 

d(Q n+1 (x),Q n {x)) < ^ n (5[G n (x)]) 

the right of previous inequality tend to zero as n — > oo. Thus {Q n {x)} is a Cauchy sequence. Put 

F(x) = lim^oo Q n {x). 

d(Q n (x), f(x)) = d{{H) n {f[G n {x)]}, f{x)) < m ax {d((HY{f[G\x)}}, (Hy-'iflG^ix)]} 

< max{^ _1 (<5[G i_1 (a;)]) : 1 < i < n}. 

Taking the limits as n — > oo we obtain (3.1). By the continuity of function H we have the following chain 
equalities. 



H{F[G(x)}} = H{lim Q n [G(x)]} = limH{Q n [G(x)]} 
= \im(Hr +1 {f[G" +1 (x)]} = F(x). 

n — *oo 

Suppose that another function T satisfies in (2.1) and (3.1). Thus 

d(T(x),Q n (x)) = d(H n {T[G n (x)]},H n {f[G n (x)}}) < ^{d{T[G n (x)], f[G n {x)])) 

< 4> n { lim max{</» i ((5[G B+i (a;)]) : < i < n}) 

n— >oo 

< ^(S[G n (x)]) 

Taking the limits as n — > oo since the last term goes to zero we obtain, lim n ^ oa d(T(x),Q n (x)) — 
d{T{x),F(x)) = 0. □ 
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Abstract 

This paper addresses the robust stability for a class of linear polytopic discrete- 
time systems with interval time- varying delays. Based on the parameter-dependent 
Lyapunov-Krasovskii functional, new delay-dependent conditions for the robust sta- 
bility are established in terms of linear matrix inequalities. 
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1 Introduction 

Stability problems of continuous-time and discrete-time systems with time delays have 
been tackled and interesting results have been reported in the literature, see, e.g; [2, 3] 
and the references therein. Most of the results reported in the literature are for linear 
continuous time-delay systems and only few are for the class of discrete-time system with 
constant delays [4,5]. The main reason for this is that such systems can be transformed 
into equivalent systems without time delay and then one can use the known results on 
stability. Recently delay-dependent stability for discrete-time systems with time-varying 
delay was investigated in [3,5], where discrete Lyapunov functtional method were proposed 
to derived sufficient conditions for the stability. For more information on some of the 
results developed for discrete-time systems with interval delays, we refer the reader to 
[1,2], where the stability conditions were presented in terms of linear matrix inequalities 
(LMIs). Theoretically, stability analysis of the systems with time- varying delays is more 
complicated, especially for the case where the system matrices belong to some convex 
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polytope. In this case, the parameter-dependent Lyapunov-Krasovskii functionals are 
constructed as the convex combination of a set of functions assures the robust stability 
of the nominal systems and the stability conditions must be solved upon a grid on the 
parameter space, which results in testing a finite number of linear matrix inequalities 

(LMI) [4, 5]. 

To the best of the authors' knowledge, the stability for the class of linear discrete-time 
systems with both time-varying delays and polytopic uncertainties has not been investi- 
gated and this will be the subect of this paper. The aim of this paper is to develop new 
delay-dependent conditions for stability for linear polytopic discrete-time systems with 
interval time-varying delays. In this paper, we propose parameter-dependent Lyapunov- 
Krasovskii functional. The stability conditions are derived in terms of LMI, being thus 
solvable by the numeric technology available in the literature to date. By these delay- 
dependent conditions, the stabilization of this class of discrete-time systems is derived. 

The paper is organized as follows. Section 2 introduces the main notations, definitions 
and some lemmas needed for the development of the main results. In Section 3, condi- 
tions are derived for stability of linear discrete-time systems with time- varying delays and 
polytopic uncertainties. They are followed by some remarks. 

2 Preliminaries 

The following notations will be used throughout this paper. R + denotes the set of all real 
non-negative numbers; R n denotes the n-dimensional space with the scalar product (., .) 
and the vector norm ||.||; R nxr denotes the space of all matrices of (n x r)— dimension. 
A T denotes the transpose of A; a matrix A is symmetric if A = A T . 

Matrix A is semi-positive definite (A > 0) if (Ax,x) > 0, for all x G R n ; A is positive 
definite (A > 0) if (Ax, x) > for all x ^ 0; A > B means A - B > 0. 

Consider a delayed discrete-time systems with polytopic uncertainties of the form 

x(k + 1) = A(i)x(k) + D(£)x(k - h(k)), k = 0, 1, 2, ... 

x(k)=v k , k = -h 2 ,-h 2 + 1,...,0, (S 5 ) 

where x(k) G R n is the state, the state-space data are subjected to uncertainties and 
belong to the polytope Q given by 

v p 

n = {[a,d]($ -.= J>[A, A], j> = i,& > o}, 

i=i «=i 

where Ai, Di, % — 1,2, ...,p, are constant matrices with appropriate dimensions. The time- 
varying function h(k) satisfies the condition: 

< hi < h(k) < h 2 , Vfc = 0,l,2, .... 
Let \\v\\ = m&x{\\vi\\,i = — k, —k + 1, ..., 0}. 
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Definition 2.1. The system Eg, where u(k) = is robustly stable if the zero solution of 
the system is asymptotically stable. 



3 Main results 

In this section, we present delay-dependent conditions for robust stability of system (Eg). 

Let us set 

||a;fc|| = sup \\x(k + s)\\, 
se[-/i 2 ,o] 

\h 2 -h + l)Q t -Pi- AJR t - RJA 3 Rj - AjSi RjD j 
Mij(P, Q, R, S) = | Ri- SJA 3 Pi + Si + S? -SjD 3 , . 

Dj Ri Dj Si —Qi 

'5 0\ p v 

«s=[o o o , p(0 = j> p <> Q(0 = l>Qi, 

0/ *=i i=i 

p p 

j=l i=l 

Theorem 3.1. The system Eg is robustly stable if there exist symmetric matrices Pi > 
0, Qi > 0, S > 0, Ri, Si,i = l,2...,p satisfying the following LMIs 

(i) Mu(P, Q,R,S)+S<0,i = l, 2, ...,p. 

(ii) M ij (P,Q,R,S)+M ji (P,Q,R,S) < ^S, % = 1,2, ...,p- 1; j = i + 1, ...,p. 

Proof. Consider the following parameter-dependent Lyapunov-Krasovskii functional for 
system (Eg) 

V(k) = V 1 (k) + V 2 (k) + V 3 (k), 

where 

fe-i 

V 1 (k)=x(k)P(0x(k), V 2 (k) = J2 x T (i)Q(W), 

i=k—h(k) 
-hi+1 fe-1 

^s(*) = E E * T (OQ(0*(O, 

i=-h 2 +2«=fc+j+l 

We can verify that 

Xi\\x(k)\\ 2 <V(k)<X 2 \\x k \\ 2 . (3.1) 

Let us set z(k) = [x{k) x{k + 1) x{k — /i(A;))] T , and 

(i o o\ /p(0 o o N 

E=\0 , F(0 = i?(0 5(0 o 

\0 0/ \ 7, 
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(3.2) 



Then, the difference of V\(k) along the solution of the system is given as 

AVl(A;) = x T (k + l)P(£)x(k + 1) - x T (k)P(£)x(k) 

(0.5x(k) s 
= z{k)EF{i)z{k) - 2z T (k)F T (0 

V o 

because of 

z T {k)EF{£)z{k) = x(k + l)P(£)x(k + 1). 

Using the expression of system (Eg) 

= - x (k + 1) + A(i)x(k) + D(i)x(k - h(k)), 

we have 

/ 0.5x(k) \ 

2z T {k)F T {£) -x(k + 1) + A(£)x(k) + D{£)x{k - h{k)) z(k) 

(0.51 \ (0.51 A T (0 0\ 

= -z T (k)F T (0\A(0 -I D(0\z(k)-z T (k)\ -/ 0\F(Z)z{k). 

\ J \0 D T (0 0/ 

Therefore, from (3.2) it follows that 

AVi(ife) = ^ T (A;)M(02(A;), (3.3) 

where 

/0 0\ /0.5J \ /0.5J A T (0 0\ 

M(0 = P(f) - F T (0 A(0 -J £>(0 - -JO F(0- 
\0 0/ \ / \ P T (0 0/ 

The difference of V^(fc) is given by 

k fe-i 

AV 2 (A;)= ^ x T (i)g(0x(i) - E x T «Q(eM0 

i=fc+l— h(fe-M) i=k-h(k) 

k—hi 

J2 x T {i)Q{Ox(i)+x T {k)Q(£)x(k)-x x {k-h{k))Q{Ox{k-h{k)) 

i=k+l-h(k+l) 

fe-1 fe-1 

+ ]T x T (0Q(O*(0 - E a; T (0Q(O*(0- 

i=k+l-hi i=k+l-h(k) 

(3.4) 

Since /i(&) > hi we have 

fe-i fe-i 

E x T (i)Q(o<*)- E ^ T w^«<o, 

i=k+l-h 1 i=k+l-h(k) 
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and hence from (3.4) we have 

k—hi 

AV 2 {k)< J2 x T {i)Qx{i)+x T {k)Q{£)x{k)-x T {k-h{k))Q{£)x{k-h{k)). (3.5) 

i=k+l-h(k+l) 

The difference of V^{k) is given by 

-hi+l 

m(k)= J2 [x T {k)Q{i)x{k)-x T {k + 3-l)Q{i)x{k + 3 -l)} 

J= ~ h2+2 (3.6) 

= (h 2 -h 1 )x T (k)Q(Ox(k)- J2 x T V)Q(Ox(l)- 

l=k+l-h 2 

Since 

k—hi k—h\ 

Y, x T (i)Q{i)x(i)~ J2 * r (*)Q(O*(0 < 0, 

i=k=l-h(k+l) i=k+l-h 2 

we obtain from (3.5) and (3.6) that 

AV 2 {k) + AV 3 (k) < (h 2 -hx + l)x T (k)Q(i)x(k) - x T {k - h{k))Qx{k - h{k)). (3.7) 
Thereore, combining the inequalities (3.3), (3.7) gives 

AV(k) < z T (k)T(Oz(k), (3.8) 

where 

no = R(0 - s T (OA(0 p(o + s(0 + s T (0 -s T (0D(0 , 
V d t (OR(0 d t (OS(0 -Q(0 J 

and 

M(0 = (h 2 -h 1 + i)Q(0 - p(fl - a t (OR(0 - R(OMO- 

Let us denote 

Mij := (h 2 -h! + l)Qi -Pi- AJR, - RfAj, {R T D) l3 = R T l D j + RJD t , 

{A o)ij := Aj Oj + A i bj, Qij = Qi + Qj, [o L))ij = o^ JJjbjJJi 
[A Kjij = A i Kj + Aj Ki, bij = bi + bj, Kij = rii + Kj. 

From the convex combination of the expression of P(£),Q(£),R(£),S(£),A(£),D(£), we 
have 

p ( M tl Rj-AfSt RfD t 0" 

T(0=Y,g\Ri-STA i Pt + St + Sf -STDi 
i=i V DfRi DfSi -Qi 

P-i p ( M^ + Mji (A T S) ij + R lj (R T D) lJ 

p p— i p 

= EC 2 M(P,Q,P,S) + ]C E ^[A^(PQ,P,S) + A^(P,Q,P,S)]. 

i=l j=l j'=i+l 
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Then the conditions (i), (ii) give 

no<-E^+^EE^<o, 

j=l " i=l j=i+l 

because of 

p p— 1 p p— i p 

b-i)E^- 2 E E z& = E E (fc-fc) 2 ^ °> 

and hence, we finally obtain from (3.8) that 

AV(k)<0, Vifc = 0,1,2, .... 

which together wit (3.1) implies that the system is robustly stable. This completes the 
proof of the theorem. 

Remark 3.1. The stability conditions of Theorem 3.1 are more appropriate for practical 
systems since practically it is impossible to know exactly the delay but lower and upper 
bounds are always possible. 

Acknowledgments 

This work was supported by the Thai Research Fund Grant, the Higher Education Com- 
mission and Maejo University, Thailand. The author would like to thank the anonymous 
referee for his/her valuable comments and remarks which greatly improved the final ver- 
sion of the paper. 



4 Conclusion 

In this paper, new parameter-dependent robust stability conditions for linear polytopic 
discrete-time systems with interval time-varying delays have been presented in terms of 
LMIs. 
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ON THE CONVERGENCE OF SOLUTIONS OF SOME 
NONLINEAR DIFFERANTIAL EQUATIONS OF THIRD ORDER 

CEMIL TUNQ AND ERDAL KORKMAZ 



Abstract. In this paper, we consider a nonlinear differential equation of third 
order. By the Lyapvmov function approach, we discuss the convergence of the 
solutions of the equation considered. Our findings generalize some well known 
results in the literature. 



1. Introduction 

As we know the qualitative theory refers to the investigation of the behaviors 
of solutions of differential equations such as the stability, instability, bounded- 
ness, convergence of solutions etc. without determining explicit formulas for the 
solutions. It is worth mentioning that some authors have discussed the conver- 
gence of solutions for various third order nonlinear differential equations in the 
literature since 1968 by now. The relative works can be summarized as follows: 

First, in 1968, Tejumola [9] considered the third order nonlinear ordinary differ- 
ential equation 

x + ax + bx + h (x) = p (t, x, x, x) . (1) 

The author established some sufficient conditions, which guarantee the conver- 
gence of solutions of the last equation, Eq.(l). Namely, conditions were given under 
which all solutions are convergent, that is, if x\ and x 2 are solutions of Eq.(l), then 
xi (£) — x 2 (t) — ► 0, X\ (t) — x 2 (t) —* and X\ (t) — x 2 (t) — > as t — > oo. 

Later, in 1969, Swick [8] treated the convergence of solutions of the scalar dif- 
ferential equations 

x + Ax + g (x) x + h (x) = e (t) (2) 

and 

x + f (i) x + g (x) x + h (x) = e (t) . (3) 

The results presented contain sufficient conditions for the solutions of Eq.(2) and 
Eq.(3) to be convergent. 

Then, in 1972, Tejumola [10] extended his earlier result in [9] to the scalar 
differential equation 

X + ax + g(x) + h (x) = p (t, x, X, x) . (4) 

After that, in 1973, Bobrowski [6] derived some sufficient conditions involving 
numerous inequalities, which imply convergence of solutions of the scalar differential 
equation 
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X + / (t, X, X, Xj = 0. 

In additon, in 1983 and 2008, Afuwape [1] and Afuwape and Omeike [4] consid- 
ered the third order nonlinear vector and scalar differential equations of the form 

x + Ax + Bx + h (x) = p (t, x, x, x) 

and 

x + ax + g(x) + h{x) = p{t, x, x, x), 

respectively. By introducing some appropriate Lyapunov functions the authors 
discussed the convergence of solutions of the above equations. 

Finally, in 2009, Tung [11] obtained a similar result on the same topic for the 
third order nonlinear scalar differential equation 

x + f (x) + g(x) + h{x) = p(t, x, x, x) = 0. 

In this paper, instead of the above scalar differential equations, we consider 
the third order nonlinear differential equation 

x + q(x, x, x) + g(x, x) + h(x) = p(t, X, x, x). (5) 

Writing Eq.(5) as a system of first order equations, we obtain 

x = y, (6) 

z= -q(x,y,z) -g(x,y) - h(x) +p(t,x,y,z), 

where the functions q, g, h and p are continuous for all their respective arguments 
such that the differentiability of these functions are not necessarily. 

Two solutions (xi,y±, z±) and (2:2,2/2, 22 ) of the system (6) are said to converge 
to each other if X2 — x\ — > 0, 2/2 — Z/i — ^ 0, z i — z i ~^ as t — > 00. If any pair of 
solutions of the system (6) satisfies the foregoing estimates, we say that all solutions 
of Eq.(5) are convergence. 

It should be noted that the equation investigated here, Eq.(5), is the generaliza- 
tion of all the equations studied in [4-11]. The motivation of this paper comes from 
the works mentioned above. Our aim here is to achieve the foregoing results for a 
general third order scalar differential equation, Eq.(5). Finally, to the best of our 
knowledge, the equation considered here,Eq.(5), has not be discussed for the conver- 
gence of the solutions. Therefore, we believe that the investigation of convergence 
of solutions of the third order nonlinear differential equations is beneficial. 



2. Main Results 

Theorem 1. Together with all the assumptions imposed on the functions q,g,h 
and p assume that there exist positive constants a,b,a ,b , S and k (fc < 1) such 
that the following conditions hold: 



472 



CONVERGENCE OF SOLUTIONS ... 3 

(i) The functions q, g and h satisfy the following assumptions, respectively; 

n ^ s- 9(^2,2/2, z 2 )-q{x 1 ,y 1 ,z 1 ) . . .. 

< a < < a < 00, (z 2 7^ Zi), (7) 

z 2 - Z\ 

< b < < 00 < 00, (y 2 ^ 2/1), 

2/2 -2/1 

< S < k{X2) h{Xl) < kab , (x 2 ^i), 

x 2 - X\ 

and 

q(x,y,0)=g(x,0) = h(0)=0, 

(ii) for any £,77 (77 7^ 0) 

h(Z + v)-h(Q . 

lies in l a (8) 

V 

with Iq = [S, kab] , 

(Hi) there is a continuous function <f>(i) such that 

\p(t,x 2 ,y 2 ,z 2 ) -p{t,xi,yi,zi)\ < <t>{t) {\x 2 -xi| + \y 2 -yi\ + \z 2 - zi\} (9) 

holds for arbitrary t,Xi,yi,Zi,x 2 ,y 2 and z 2 . 
Then, there exists a constant D\ such that if 

I <f> v (T)dr < D x t (10) 

Jo 

for some v, in the range 1 < v < 2, then all solutions of Eq.(5) converge. 

A very important step in the proof of Theorem 1 will be to give estimate for any 
two solutions of Eq.(5). This in itself, being of independent interest, is giving as 

follows. 

Theorem 2. Let x\(t),x 2 (t) be any two solutions of Eq.(5). Suppose that all the 
conditions of Theorem 1 hold, then for each fixed v in the range 1 < v < 2 , there 
exist constants D 2 , D 3 , and D4 such that for t 2 > t\, 

r t 2 



S(t 2 ) < D 2 5(ti) exp l-D 3 (t 2 -h) + D 4 J 2 4> v (T)d T \ , (11) 



wh 



ere 



S(t) = { [x 2 (t) - Xl {t)f + [x 2 (t) - ii (t)] 2 + [x 2 (t) - Xl (t)] 2 } . (12) 

We have the following corollaries when x\{€) = and t\ = 0. 

Corollary 1. Suppose thatp = in Eq.(5) and assumptions (i) and (ii) of Theorem 
1 hold. Then the trivial solution of Eq. (5) is exponentially stable in the large. 

If we put £ = in (8) with 77 (77 ^ 0) arbitrary, we get the following corollary. 

Corollary 2. If ' p 7^ and assumptions (i) and (ii) of Theorem 1 hold for arbitrary 
V (v ¥" 0) -and £ = 0, then there exists a constant D 5 > such that every solution 
x(t) of Eq(5) satisfies 
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\x{t)\ < D 5 , \x(t)\ < D 5 , \x{t)\ < D 5 . (13) 

For the proof of the convergence theorems, we define a Lyapunov function 

W = W (x 2 -£1,2/2 -2/i>22 - «i ) , 
where 

2W = (1 - j3) b 2 {X2 - x x f + 13b (2/2 - yi) 2 
+ a&oT 1 (2/2 — yi) + aa~ (z2 — zi) 
+ {{z 2 -zi)+a (2/2 - 2/1) + (1 - (3) b (x 2 - Xl )f , (14) 

where < [3 < 1 and a > arc constants (see [4]). 

The following lemmas will be needed in the proofs of the theorems. 

Lemma 1. (i) W (0,0,0) = 0. 

(ii) There exist finite positive constants Dq,D^ such that 

W > As{(a;2-a;i) 2 + (2/2-2/i) 2 + (22-2i) 2 }, 

W < D 7 {(x 2 - Xl ) 2 + (y 2 - yi f + (z 2 - Zl ) 2 } , (15) 



whe 



D 6 = - min {(3 (1 - (3) b 2 , b (j3 + as" 1 ) , aaT 1 } 



an 



d 



D 7 = ^-m&x{b(l-f3)(l + b + a),b([3 + aa- 1 )+a(l + a + b(l-(3)) 

,1 + ota- 1 + a + b(l -13)} . 

If we define the function W (t) by W (x 2 (t) — x\ (t) , y 2 (t) — y\ (t) , z 2 (t) — z\ (t)) 
and use the fact that the solutions (xi^i^Zi), i = 1,2, satisfy the system (6), then 
S (t) in (11) becomes 

S (t) = {[x 2 (t) - Xl (t)f + [2/2 (t) - 2/1 (t)] 2 + [z 2 (t) - Zl (t)} 2 } . (16) 

Lemma 2. Assume that conditions (i) and (ii) of Theorem 1 hold. Then there 
exist positive constants D w and Du such that 

^ < -2D W S + DnS-z \d\ , (17) 

at 

where 6 - p{t,x 2 ,y 2 ,z 2 ) - p (t, x 1; j/i, Zi) • 

Proof of Lemma 2. The time derivative of the function W in (14) along with 
the solutions of the system (6) is given by 

W = — - = -Wi -W 2 -W 3 -W 4 -W 5 -W 6 -W 7 + W 8 , (18) 

dt 
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in which 

W x = {71 & (1-P)H (x 2 - Xl f + m a [G - b (1 - /?)] (iftj - Vl ) 2 (19) 

+ ^laa^ 1 ^ (z 2 - zi) + (Q - a) (z 2 - Zi) }, 
W 2 = {72& (1 - 0) # (» 2 - xif + i2ua- l Q (z 2 - z x f 

+ (l + aa^ 1 ) (x 2 - Xi) (z 2 - z{) H}, 
W 3 = {736 (1-0)H (x 2 - Xl f + V2 a [G - 6 (1 - /?)] (y 2 - Vl f 

+ a(x 2 -xi) (y 2 -y{)H}, 
W 4 = {746 (1-0)H (x 2 - Xl ) 2 + &aa- l Q (z 2 - z x f 

+ 6(1-/3) (x 2 - xi) (z 2 - z\) [Q - a] , 
W 5 = {756 (1-0)H (x 2 - Xl f + V3 a [G-b(l- /?)] (y 2 - Vl ) 2 

+ 6(1 - I3){x 2 - x l ){y 2 -y l )[G - b] , 
W 6 = {Uaa-iQ (z 2 - z x f + 774a [G - 6 (1 - /?)] (y 2 - Vl f 

+ (1 + aa- 1 ) (y 2 - y x ) (z 2 - Zi) [G - b) , 
W 7 = feaa-^ (z 2 - zi) 2 + 775a [G - 6 (1 - /?)] (y 2 - Vl f 

+ a{y 2 - yi) (z 2 - z\) [Q - a] , 
W 8 = {6(1- /?) (x 2 -xi) + a (y 2 - Vl ) + (l + aa" 1 ) (z 2 - zi)} 6 (t) 
with 

Q= q{x2,V2,Z2)-q{x 1 ,y 1 ,z 1 ) ^ ( ^ _^ (2Q) 

z 2 — 2 1 

G = , u/2#yi), 

2/2 -J/i 

/t(x 2 ) - fe(xi) 
i/ = , (x 2 ^xi), 

2^2 - *1 

and £j, ?7j and 7, (i = 1, 2, 3, 4, 5) are strictly positive constants such that 
5 5 5 

X)& = *' X^ = 1 ' X) 7 * = : 

i= 1 i=l i— 1 

If we follow a similar discussion made in [4] and [11], we get W 2 > 0, W3 > 0, 
Wi > 0, W§ > 0, 14^6 > 0, and W-j > 0. Besides, subject to the assumptions of the 
theorem, we get 

Wi > 2£> 10 {(x 2 - x x f + (y 2 - Vl f + (z 2 - Zl ) 2 } , 
where 2Dio = min {71 W (1 — /3) , t]iab/3^ £i(x} .On the other hand, it follows that 

W 8 < Al {(x 2 - Xi) 2 + (2/ 2 - Vl f + (z 2 - Zl ) 2 } \e (t)\ , 
where D n = 2 max {6(1 — (3) , a, (l + aa -1 )}. Hence, we obtain 

^ < -2£ 10 S (i) + On^ 1/2 (t) |0 (t)\ . (21) 

This result completes the proof of Lemma 2. □ 
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Proof of Theorem 2. Let v be any constant in the range 1 < v < 2 and 2/i 

2 — v, so that < /i < 1/2. One can arrange the estimate in (21) as 

dW 
~df 
where 

W* = (\9\ - D 12 S 1/2 ) S l/2 -» (23) 



D W S < -D 10 S + D^S 1 ' 2 \6\ = DuS^W*, 



(22) 



with D12 = DiqD^. We consider the following two cases: 

(i) \e\ < d 12 s 1 / 2 , 

(h) |0| > D 12 S 1 ' 2 . 
If \9\ < D 12 S 1 ' 2 , then W* < 0. On the other hand, if \6\ > D 12 S X ' 2 , then the 
definition of W* in (23) gives at least 

w* < s 1/2 -^ \9\ 

and also S 1 ' 2 < \9\ / D\ 2 . The foregoing inequality leads that 

|0| 1(1-2M) 



£.1/2(1-2,0 < 

so that 

S l/2(l-2„) | | < 

The above estimate implies 



D l2 _ 



D 



12 



|6>|. 



w* < d 13 \e\ 

where D13 = D\ 2 ^ ' . Hence, it is clear that 



2(1-A») 



dW 
~dT 



D va S<D u D 13 S' x \e\ 2{1 - ,i) 

where D 14 = S 1 ~ f *DnD 13 which follows from 

\9\ = \p(t,x 2 ,y 2 ,z 2 ) -p{t,xi,yi,zi)\ 

< (f>(t){\x 2 -xi\ + \y 2 — 3/1 1 + \z 2 - zi|}. 
Using the estimate v = 2 (1 — /it), we obtain 



fit 
By the inequality (15), we find 

rilU 



< -D10S + DuA 



rff 



+ (D 1B - £>i6^ (*)) W < 



(24) 



for some positive constants Di 5 and -D 16 . Integrating (24) from t\ to i 2 (^2 > £1), 
we have 

W (t 2 ) < W (ti) exp |-D 15 (t 2 - ti) + D W j 2 4> v {r)dT 
Again, using Lemma 1, we obtain (11), with D 2 = DjD^ , D3 = -D15, and 



D4 = Diq. This completes the proof of Theorem 2. 



□ 
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CONVERGENCE OF SOLUTIONS 



Proof of Theorem 1. Choose D\ = D 3 D 4 1 in (10). From the estimate (11), if 

<T(T)dT < ZW 1 (i 2 - ii) , 

then the exponential index in (11) remains negative for all £ 2 — t\ > 0. Then, as 
t = t>2 — t\ — > 00, we have S (t) — > 0, and this gives 

x 2 - xi — > 0, J/2 - ?/i — ► 0, z 2 - zi — ► 

as £ — > 00. This completes the proof of Theorem 1. □ 
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Abstract: We establish some new sufficient conditions which guarantee the boundedness 
and the uniform ultimate boundedness of the solutions of a kind of nonlinear differential 
equations of third order. By defining an appropriate Lyapunov function, we prove two new 
theorems on the subject. Our results generalize and are complement some known 
boundedness results in the literature. 

Keywords- Boundedness; nonlinear differential equation; third order. 
AMS (MOS) Subject Classifications- 34C11, 34D20. 

1. INTRODUCTION 

To the best of our knowledge from the literature, in the last five decades, there has been 
much attention paid to the discussion of the qualitative behaviors the solutions of various 
nonlinear ordinary differential equations of third order. For a comprehensive treatment of the 
subject on the boundedness of solutions, we refer the readers to the book of Reissig et al. 
[24] as a survey and the papers of Ademola and Arawomo [1, 2], Ademola et al. [3, 4], 
Afuwape [5], Antiova [7], Chukwu [8], Ezeilo [9-17], Ezeilo and Tejumola [16, 17], Hara 
[18, ] Mehri and Shadman [19], Ogundare [20], Ogundare and Okecha [21], Omeike [22, 23], 
Swick [25-27], Tejumola [28, 29], Tung [30-36], Tung and Ates [37, 38], Tung and Ergoren 
[39], Tung and Tung [40] and the references contained in these sources. 

Besides, by a recent paper published in 2010, Ademola et al. [4] established two theorems 
on the boundedness and the uniform ultimate boundedness of the solutions of nonlinear third 
order differential equation of the form 

x + f(x) + g(x) + h(x) = p(t,x,x,x). (1) 

In this paper, instead of Eq. (1), we consider the nonlinear third order differential 
equation 

x + / (x, x, x) + g(x, x) + h(x) - p(t,x,x,x). (2) 

We write this equation, Eq. (2), in system form as 

x=y, y = z, 

z = -f(x,y,z)~ g(x, y) - h(x) + p(t, x, y, z), (3) 



478 TUNC, AYHAN: NONLINEAR DIFFERENTIAL EQUATIONS I 

in which the dots denote differentiation with respect to t, te Si + , 9? + = [0,oo); the functions 
/, g, h and p are continuous in their respective arguments on '•R 3 , '•R 2 , 3i and 9? + x5R 3 , 

dh 
respectively, and 9? = (-00,00). It is also assumed that the derivative h'(x) = — exists and is 

dx 

continuous. The motivation for this paper comes from the paper of Ademola et al. [4] and 

that mentioned above. Our aim is to generalize the results established in [4] for Eq. (2). 

2. PRELIMINARIES 

We will give some basic information for the general non-autonomous differential system 

X=F(t,X), (4) 

where Xe9?*, F :9t + x5R" — >9T is a continuous function, 9?" is Euclidean n- space. 

Definition 1. The solutions of (4) are uniformly ultimately bounded for bound B, if there 
exists a B > and if corresponding to any a >0, there exist a T(a o )>0 such that 
whenever ||X 1 = ||X (t, t , X )|| < a then 

||X (t, t , X )|| < B for all t > and t > t + T(a o ). 

We now give a lemma which will play an important role in the proof of our results. 

Lemma 1. Suppose that there exists a Lyapunov function V(t,X(t)) defined on 9t + , 
|x| > K, where K may be large, which satisfies the following conditions: 

(i) a(\\X(t)\\)<V(t,X(t))<b(\\X(t)\\), 
where a(r), b(r) are continuous and increasing and a{r) — > 00 as r — » 00, 

(ii) — V w (t,X(t)) = limsup-[V(t + h,X(t) + F(t,X(t)))-V(t,X(t))] 

dt h^o* h 

<-[c-\{t)]V{t,X(t)) +X 2 {t)V p {t,X{t)),(0< /3<l), (5) 

where is constant and X i > (i = 1, 2) are continuous functions satisfying 

1 rt+v 

limsup — A i {s)ds <c (6) 

(t,»M-,-) v h 
and 

sup f/ljO)^ < 00. (7) 

/>o * 

Then the solutions of (4) are uniformly ultimately bounded (see [17, Lemma 2.1]). 

3. MAIN RESULTS 
Theorem 1. Suppose that a, b, b x , c, S and P are positive constants, p = p(t) and that 
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(i) h(0) = , S < -^S (x * 0), h\x) < c for all x, 
x 

(ii) b < S^iA < bi! ( y* 0), g x (x, y) < for all x, y, 

y 

(iii) a < /(x,y,z) , (z * 0), for all x, y, z, 



(iv) J|p(//)^//<P 



< oo. 



Then for any given finite constants x , y , z there exists a positive constant D - 
D(x Q , y , z ), such that any solution (x(t), y(t), z(t)) of the system (3) determined by 
x(0) = x , v(0) = y , z(0) = z for t = 0, satisfies 

|x(0|<A \y(t)\<D, \z(t)\<D (8) 

for all t > 0. 

The proof of Theorem 1 and subsequent results depend on some certain fundamental 
properties of a continuously differentiable Lyapunov function V(t) = V(x(t),y(t),z(t)) 
defined by 

x y 

2V (0 = 2a j" h{g)dZ + 2J g(x, r)dr + 2 yh(x) + abx 2 + (a + a 2 ) y 2 



+ z 2 + 2qkxv + laxz + 2ayz, (9) 

where a a is positive fixed constant satisfying 

0<a<b-ca~\ (10) 

The Lyapunov function in (9) and its time derivatives satisfy some fundamental 
inequalities as will be seen later. 

In what follows, we shall state and prove some results that would be useful in the proof of 
our main results. 

Lemma 2. Under the hypotheses of Theorem 1, there exist positive constants 
D t (i = 0, 1) such that for all (x, y, z) e 5R 3 

D (x 2 (0 + y 2 (t) + z 2 (0) < V(t) < D, (x 2 (0 + y 2 (t) + z 2 (?))• (1 1) 

Proof. We observe that the Lyapunov function in (9) can be rewritten as 

2V(t)=V l +V 2 , 
where 

x y 

V x = 2o[/j(£) d% +2Jg(x,T)dt +2yh(x) 



and 

V 2 = abx 2 + (a + a 2 )y 2 + z 2 + 2aaxy + 2axz + 2ayz. 
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In view of hypothesis (ii) of Theorem 1, we have g(x, y) > by for all y i=- 0. Hence 

y y 

2\g(x,t)dT+2yh(x)> 2\brdT+yh(x) 
o o 

= (by + h(x)) 2 b- 1 -b- l h 2 (x)>-b- l h 2 (x). 
Moreover, hypotheses (i) and (ii) of Theorem 1 imply that 

x x 

2a j h(%)d£ = 2b~ x j" (ab - h\%))h{%)d% + b^h 2 (x) > (ab - c)b~ l S x 2 + b l h 2 (x) . 



Combining the estimates (12) and (13), we obtain 

V i >{ab-c)b' x 8 {) x 2 =k,x 2 , (£, =(ab-c)b- 1 >0) 



(12) 



(13) 



(14) 



for all x. Next, V 2 can be rearranged as 



V 2 =XQ X\ 



where X = (x, y, z), Q 



ab aa a 

2 



V 



cm a + a 
a a 



and det Q a = a 2 (b-a)>0 since b - a > 0, 



(which follows from (10)). Thus, we get 



V 2 >a 2 (x 2 +y 2 + z 2 ) 



(15) 



for all (x, y,z)e S^with a > 0. Combining the estimates (14) and (15), the lower inequality 
in (11) is obtained. Now to obtain the upper inequality in (11), we proceed as follows: Since 
h(0) = 0, hypothesis (i) of Theorem 1 implies that h(x) < ex for all x & 0. It follows from 

hypotheses (i) and (ii) of Theorem 1 and the inequality 2\m\ \n\ <m 2 +n 2 that 



and 



V l < acx 2 +b { y 2 +c 2 x 2 + y 2 =c(a + c)x 2 +(b i +V)y 2 



V 2 <a(b + 2a)x 2 +(a + 3a 2 )y 2 +3z 2 



(16) 



(17) 



In view of the estimates (16) and (17), the upper inequality in (11) can be easily obtained. 
From (9) it is clear that V (0,0,0) = 0, and the lower inequality in the inequalities (11) implies 
that 

V(x, y,z)>0 as x 2 + y 2 + z 2 * 0, 

hence, it follows that 



V(x, y, z) — >°° as x +y + z 2 — >°°- 



(18) 
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Now, the inequality (11) together with (18) establishes condition (i) of Lemma 1. 

Lemma 3. Under the hypotheses of Theorem 1, there are positive constants D t , 
(i = 2, 3, 4, 5) such that if (x(t), y(t), z(t)) is any solution of the system (3), then 



V 



dt 



V(x(t),y(t),z(t))<-(D 2 x 2 +D,y 2 +D 4 z 2 ) + D 5 (x + y + z)p(tt (19) 



Proof. Let (x, y,z)=(x(t),y(t),z(t))be a solution of (3). Along this solution, it follows 
from (9) and (3) that 

V(t) = -axh(x) - {ayg(x, y) - y 2 h\x)}- a{g(x, y) - by}x -(ax + ay + z){f(x, y, z) - az} 



+ y[ g x (x, T)dT + (ax + ay + z)p(t) + aYQ x Y T , 



(20) 



where Y = (y,z) g, 



v l y 



, and detg, =-1. 



In view of hypotheses of Theorem 1, we have 

1 7 1 

V(t)< — aS Q x 2 — (aa + ab-c)y — az 2 -Wj +(ax + ay + z)p(t), (21) 

2 o 2 



( j = 1, 2, 3), where 



W l =a{—S x 2 +(g(x,y)-by)x + ^—(aa + ab-c)y 2 }, 



16a 



W 2 =a{-d x 2 +(f(x,y,z)-az)x + -z 2 }, 



1 a 

W 3 =a{-—(aa + ab-c)y 2 +(f(x,y,z)-az)y + — z 2 }, 
Iba 4a 



(22) 
(23) 
(24) 



Using the estimates (22)-(24) and taking into consideration the following inequalities 



{g(x,y)-by} 2 < 



S (aa + ab-c) 
16a 



y , 



{f(x,y,z)-azV<^z 1 , 

4 



{f(x,y,z)-az} 2 < 



a(a + ab-c) 
16a 2 



-z , 



(25) 
(26) 
(27) 



we arrive at 



W, > 



a 
16 



, , c- i i i Ola + ab — c I, 

2Jd n \x\ - J \y\ 

. a y 



> for all x, y, 



(28) 
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W 2 > 



a 



nr\\ l i 

<a ) 



> for all x, y, z, 



W t > 



16 



aa + ab — c I I _ a, 

\y\ - 2 — \z\ 

a V a 



> for all x, y, z. 



(29) 
(30) 



Making use of the estimates (28)-(30) into (21), we obtain 



7 1 

V(t)<-—aS x 2 — (aay 2 +ab-c)y 2 — az 2 +max(or,a,l)(bc \ + \y \ + \z\)\p(t)\. (31) 



2 



This completes the proof of Lemma 3. 

Proof of Theorem 1. Let (x(t), y(t),z(t)) be any solution of (3), then from (31), it 
follows that 

y(0<^(H + |y| + |z|)|p(0|<^(3+x 2 + j 2 + z 2 )|p(0|, 

where S l = max (a, a, 1). Making use of (1 1), we get 

V(t)-S 2 V(t)\p(t)\<S 2 \ P (t)\, 

where S 2 = max(3<5 1 ,<5 1 D " ). Integrating the above estimate from to ( and using the 
Gronwall-Reid-Bellman inequality, (see Ahmad and Rama Mohana Rao [6]), it follows that 

V(t)<V(0) + S 2 jV(s)\p(s)\ds + S 2 j\p(s)^s<{V(0) + S 2 P Q }&xp(S 2 P )^S 3 (x ,y Q ,z ), 



since V(0) =V(x ,y Q ,z ). In view of (11), we conclude that 

x 2 +y 2 +z 2 <S 4 , 

where S A = S 3 D Q ~ 1 , this verifies the estimates in (8) with D = 8 A . 

The proof of Theorem 1 is completed. 

Our last result is on the ultimate boundedness of solutions of Eq. (2). 

Teorem 2. Suppose that a, b, b x , c, S are positive constants and that 

(i) conditions (i)-(iii) of Theorem 1 hold, 

(ii) for all (x, y, z)e 9^ 3 and te 3i + there are nonnegative continuous functions p t {t) 
and p 2 (t) such that 

\p(t,x,y,z)\< p l (t) + p 2 (t)(\x\ + \y\ + \z\) and |x| + |v| + |z| > p, {p > 0), (32) 

where sup [ p x (ju)dju < °° and there is e > such that < p 2 (?) < e. Then the solution 

t 
(x(t), y(t), z(t)) of (3) is uniformly ultimately bounded. 

Proof of Theorem 2. Consider the equivalent system (3) and the Lyapunov function 
V(t) as defined in (9). If the inequalities in (1 1) hold for V (x, y, z), then it follows that 



V{x, y,z) -> °° as x 2 + y 2 + z 2 -> °°. 



(33) 
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From the inequalities in (11) and the estimate (33), condition (i) of Lemma 1 is established. 
Next, we shall show that condition (ii) of Lemma 1 holds for the system (3). To see this, the 
conclusion of Lemma 3 can be revised as follows 

V(t)<-min(D l ,D 2 ,D i )(x 2 + y 2 + z 2 ) + D 5 (\x\ + \y\ + \z\)\p(t,x,y,z)\ 

< -S 5 (x 2 + y 2 +z 2 ) + D 5 (|x| + \y\ + \z\) 2 p 2 (t) + D 5 (\x\ + \y\ + |z|)pj (t) 

< -S 5 (x 2 + y 2 + z 2 ) + 3D 5 (x 2 + y 2 + z 2 )p 2 {t) + ^D 5 (x 2 + y 2 + z 2 ) 1 ' 2 p x (t), 
provided that be + \y \ + \z\ ^ p ■ Using the inequalities in (11), for all (x,y,z)e 9^ 3 and 

< t e 9i + , we obtain 

V(t) < - [S 5 D 2 l - 3D 2 l D 5 p 2 (t)]V(x, y, z) + D 5 ^3D i ;W(x,y,z) Pl (t). 
Let 



1 7 

p 2 (t) = limsup - p 1 (ju)dju < 3 8 5 D X D 2 D 5 

I. ,.\ J 1 ^) J 



-1 

(*.»H-,-) v - 



Thus, choose c = S 5 D l 1 ,A l (!) = 3D 2 1 D 5 p 2 (t), A 2 (t) = D 5 ^3D ' p x {t) and /? = 1/2 , 
condition (ii) of Lemma 1 is established. This completes the proof of Theorem 2. 
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Abstract 

We mainly investigate the error approximation of stochastic Navier-Stokes equa- 
tions driven by white noise. Herein the discretization about space is studied by 
finite element method, and in time it holds the backward Euler scheme. To ob- 
tain the optimal error estimations, the main error is divided into three parts. The 
proofs of the first two parts are based on the corresponding deterministic case. The 
third part which contains stochastic error is researched by the relevant norms and 
integrals. 

Key words Stochastic Navier-Stokes Equations, discrete scheme, error ap- 
proximation, numerical analysis. 



1 Introduction 

The stochastic differential equations have a wide range of applications in some fields, where 
many fascinating researches with several interesting questions are obtained. Given an overview 
of ideas that are central to some developments, the existence, uniqueness, and properties of the 
equations have been well illustrated by some authors, see E.Hopf [6] and C.Foias [5], etc. Fur- 
thermore the stochastic Navier-Stokes equations are thoroughly used to study the phenomena on 
physical and technical fields. More and more scientists place much emphasis on the properties 
of this kind of equations. 
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Important conclusions with respect to the theories and numerical approximation of the de- 
terministic Navier-stokes equations had be well studied by some authors, see R.Temam [14] 
and H.Breckner [9], etc. W.Grecksch, P.E.Kloeden [7] and I.Gyongy [8] gave the basic proof of 
the relevant evolution equations. Considering stochastic Navier-Stokes equations with stochas- 
tic forcing in our paper, some recent development in the ergodic and other general theories are 
given mainly in Jonathan C. Mattingly's literature [10]. There is no denying that the finite el- 
ement method plays significant roles in numerical analysis of stochastic differential equations. 
The particular results with respect to Galerkin approximation had been investigated in several 
literatures, see A.Bensoussan [1], M.Capinski, N.J.Cutland [3], D.Gatarek [4], A.I.Komech, 
M.I.Vishik [12] and M.Viot [15]. The above-mentioned papers consider weak (statistical) solu- 
tions. Moreover the error estimates for deterministic parabolic problems are described by Yubin 
Yan [16]. It is well known that the approximation of stochastic equation is regarded as one of 
the most fascinating problems. However numerical approximation about complex stochastic 
Navier-Stokes equations has not been studied thoroughly. 

The purpose of our paper is devoted to investigating error estimation of stochastic Navier- 
Stokes equations. Here we take stochastic Navier-Stokes equations in the generalized sense as 
a classic schemes of the fluid mechanics. The stochastic scheme stands for a space-time noise 
white noise defined in the filtered probability space. And generalized random field denotes the 
turbulent part of velocity field. In order to hold the error approximation of stochastic equation, 
we first introduce L 2 space and its norm about the expectation. Furthermore the stochastic inte- 
gral is treated by the way of the isometry property. Furthermore we consider the discretization 
of the main stochastic equations with respect to finite element approximation. In this paper we 
illustrate some related conclusions and the corresponding proofs are also given. By the proper- 
ties of relevant operators, we deduce error estimation of stochastic equations step by step. 

The structure of this paper is as follows. In Section 2 we introduce the main equation and 
corresponding operators including relevant properties. In section 3 the discretization of the main 
equation is considered and we also give some prior results. In Section 4 the error estimation 
of stochastic equation is illustrated carefully, and the main proof is given. Section 5 is our 
conclusion of this paper. 



2 Notations and Preliminaries 

In this paper, we present the following stochastic Navier-Stokes equation which is a classic 
scheme about the fluid mechanics: 

u t - vAu + (u ■ V)w + Vp = a(u)W, xeSl,te[0,T\, (2.1) 

in a Hilbert space H. Herein VL is a connected and bounded subset of M 2 , with a regular enough 
boundary dVL. The undetermined local characteristics u(x,t) denotes the velocity field, and 
v is the viscosity coefficient. p(x, t) shows the pressure which is just a Lagrange multiplier 
enforcing the divergence free constraint. 
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The right hand term W stands for a space-time white noise. The generalized random field 
a(u)W denotes the turbulent part of the velocity field. The mapping a : V — ► H is a nonlinear 
if -valued function which satisfies cr(0) = 0. Moreover we assume that o satisfies the following 
global Lipschitz and growth conditions: 

\\a(u) - a(v)\\ 2 <C\\u-v\\ 2 , for all u,v eV, (2.2) 

lk(w)||<C||u||, for all u e V. (2.3) 

The continuity equation about the randomly forced equation is given as follows. 

divw = 0, xeQ, te [0,7], (2.4) 

Furthermore there are the initial boundary conditions. 

u(x,t) = x e dn, t e [0,T], (2.5) 

and 

u{x, 0) = uo(a:) xefl,t = 0. (2.6) 

Let (fl, T , P) be a complete probability space, and (J-t)t&[o ,t] is a family of right-continuous 
filtrations such that JF contains all jF-null sets. In our paper, (W(t)) t s\o,T] means a family of 
real valued standard jF t -Wiener process. u is a if -valued JF measurable random process such 
that E||m || 4 < °o- 

For the sake of simplicity, we project stochastic Navier-stokes equation (2.1) onto the space 
of divergence free vector fields thereby removing the pressure p(x,t). Hence we introduce 
the orthogonal projection operator P onto the the space of divergence free vector fields, which 
satisfies Au = —PuAu and B(u, v) = P(u ■ V)v. 

Let (V, || • \\v) and (H, || • ||) be separable Hilbert spaces respectively, and the embedding 
operator V ^ H is regarded as compact. Herein space V denotes the divergence free version 
of Hq(£1) and H is the appropriate divergence free version of L 2 {Vt), i.e. 

H = {uo e L 2 (Q) : divuo = 0, uo ■ n = 0} 

where n denotes the normal. 

Let V* be the dual space of V and (V, H, V*) is an evolution tripe. Herein the operator 
A : V — > V* represents a linear, self-adjoint, positive definite operator with compact inverse, 
densely defined in V(A) C H. There exists a positive constant C > such that 

(Au,u)>C\\u\\v, VueV. 

Moreover we have 

(Au,v) = (Av,u), Vu,veV, 
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where (-, •) denotes the dual pairing. 

Meanwhile the operator B : V x V — > V* is a bilinear operator which satisfies 

< B(u, v), v >= 0, Vu, vEV. (2.7) 

And there exists a constant C > such that 

| < B(u,v), w > | 2 < C\\u\\ \\u\\v\\v\\\\v \\v\\w\\y, Wu,v,wEV. (2.8) 

In our paper, we define the stochastic equation in the generalized sense as an evolution 
equation. Using relevant operators, stochastic equation (2.1) and corresponding conditions 
can be expressed equivalently as the following evolution equation. By studying the evolution 
equation, we can consider weak solutions of martingale type or strong solutions. 

du dW 

— + Au + B(u,u) = a(u) — , ueH,te[0,T}, (2.9) 

Now we illustrate a definition of the correlative space and its norm. In order to investigate 
the error estimations, several important properties are also obtained. 
Let E denote the expectation. For any Hilbert space H, we define 

L 2 (tt;H) = lv:E\\v\\ 2 H = f \\v(u)\\ 2 H dP(w) < col , (2.10) 

with norm \\v \\L 2 {n;H) = (J&\\v\\h) > see Yubin Yan [16]. 

Then the representation of stochastic integral L v(s) dW(s) can be defined with v E 
L 2 (fi;-ff). Meanwhile the isometry property holds as follows, more details see Yubin Yan 
[17]. 

2 



E 



v{s) dW(s) 
o 



Ms)\\hn:mte (2-11) 



L 2 (n-,H) 
o 



With the above-mentioned items, a strong solution of stochastic Navier-Stokes equation 
(2.1) is an adapted V- valued process (u(t) t e[o,T]) with E||w(£)|| 2 < oo and E J \\u(t)\\y ds < 
oo. Moreover the strong solution satisfies the following form, see H.Breckner [9] for more 
details. 

(u(t),v)+ / <Au(s),v> ds+ / < B(u(s),u(s) >,v) ds 



o 

t 



= (uo,v)+ / (a(u(s)),v)dW(s) (2.12) 

Jo 

for all v G V, t E [0, T). The stochastic integral is understood in the ITo sense. 

At the same time the evolution equation (2.9) admits a unique mild solution as follow. 

u{t) = E(t)u + / E(t-s)a{u)dW{s)- / E(t - s)B(u, u) ds. (2.13) 

Jo Jo 

where E(t) = e~ tA is the analytic semigroup generated by —A. 
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3 Discretization of the Stochastic Equation 

Let £l h be a polygonal approximation to VL with the boundary dVL h . Then we consider a 
family {T h } h>0 of finite element spaces satisfied VL h = [\ K&T h K, for all h > 0. Herein h K 
denotes the maximum diameter of the element K in T h , and h = max^ eT h h K . It is convenient 
to assume the family {T h }h>o to be shape regular. Herein we consider the finite element space 
£l h . Moreover we assume that {T h } c H^ = {u e L 2 (0), Vw e L 2 (0), u|an = 0}. 

To illustrate the finite element formulation of stochastic equation (2.9), we introduce the 
generalized L 2 -projection operator P h defined by 

(P h a, X )=<a,x>, VxGfi h . 

See K. Chrysafinos and L. S. Hou [1 1], Yubin Yan [16], [17] for more details. Then, we assume 

forVdGi/ 1 ^) 

\\(I-P h )cr\\ <ch l \\a\\i. (3.1) 

By the generalized divergence free version of L 2 projection, the semidiscrete finite element 
approximation corresponding to (2.9) holds: Find Uh(-, t) G Q h such that 

d ^ + A h u h + B h (u h ,u h ) = P h a(u h ) d ^, te[0,T\, (3.2) 

where Ah : Q h —> Q h is the discrete analogue of the operator A, and in the same way we have 
the definition of Bh. 

Furthermore it follows the scheme (2.13) that 

u h (t) = E h (t)u - E h (t- s)B h (u h (s),u h (s))ds 

Jo 

+ / E h (t - s)P h a(u h (s)) dW(s). (3.3) 

Jo 

Let r be a time step and t n = nr with n > 1. Considering the semidiscrete problem, the full 
discrete scheme of the main equation can be shown. We apply a linearized version of backward 
Euler scheme to (2.9): 

'' '" - + A h ul + B h {ul-\ul) 



T 
ft 



= - f " iVKT 1 ) dW(s), n>l,u° = P h u , (3.4) 

T Jt n -i 

which determines a sequence of solutions of finite dimensional evolution equations u^n = 
1,2,...). 

In order to give the proof of our main conclusion, we now introduce some priori estimates. 
First of all we recall a discrete version of the uniform Gronwall lemma which will be useful in 
our discussion, see R.Temam [13]. 



490 DUAN, YANG: STOCHASTIC NAVIER-STOKES EQUATIONS 



Lemma 3.1 Let r, B, and aj, bj, Cj, jj,for integers j > 0, be nonnegative numbers such that 

n n n 

n + t \^ bj < t \^ ^jdj + r \^ Cj + B, for n > 0. 



n n 

(I _, 

3=0 3=0 3=0 

Suppose that rjj < 1 for all j, then 



a n + r 2^ bj < e ZjJ=0 l ~^i (r ^ Cj + B), forn> 0. 

3=0 3=0 

4 The Error Estimate 

From the prior approximation point of view, it is convenient to consider the error approxi- 
mation of stochastic Navier-Stokes equation. 
It follows from equation (2.13) that 



rtn 

u{t n ) = E(t n )u Q - E{t n - s)B{u(s),u(s))ds 

Jo 

+ / E(t n -s)a(u(s))dW(s). (4.1) 



.7 

Meanwhile we define E rh = * A , where / denoting the identity. Moreover E™ h represents 
the n-th power of E T h. Then considering the full discrete scheme (3.4), there exists 



< = E- h u -J2K h J+1 rB h (ul\u{) 

3=1 

n „j . 

+ E/ Kh^P^K' 1 ) dW(a), (4.2) 

3 = 1 Jt i~ x 

where tj denotes the jth time step such that tj = tj, j = 0,1,2, ... ,n. 

Now we can give the definition of the error estimation e n = u^ — u(t n ). For the sake 
of simplicity, it divides into three parts, denoted by \ k , k = 1,2,3 respectively. Generally 
speaking, the Ii and I 2 are treated similarly with respect to the corresponding deterministic 
case. For I 3 containing stochastic error, we will prove it in a different way. 

Herein the main error approximation can be shown as follows. 

e" = [E\-E{t n )\u Q 

'•t ,-, 



Ptn 

+ / E(t n - s)B(u(s),u(s)) ds -J2^h J+1 rB h (u{-\ui) 
Jo j=1 

n r^ ft™ 

+ E / E r~ h 3+1 PM< 1 ) dW(s) - / E(t n - s)a(u(s)) dW(s) 



j=l Jt J 



h + h + h- (4.3) 
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First of all we deal with the second part I 2 of (4.3). The analysis is based on the approxima- 
tion properties of the operators and related norm. Herein the estimation is illustrated by means 
of the derived results step by step. 

Theorem 4.1 Let I 2 be the second part of the main error estimation e n in (4.3). Then there 
exists a constant C = C{T) such that 



3=1 



Proof. We investigate the second part I 2 as follows. 



-1112 + r 2 



E(t n - s)B(u(s),u(s)) ds - J2 K h J+l TB h (u{~ 1 

3=1 

E / E{t n - s)[B(u(s),u(s)) - Biuit^^uitj))} ds 

3=1 Jt ^~ 1 
n 

+E 



X) 



3=1 

n 



E(t 3 -s)ds- Er h J+ r 



B(u(tj),u(tj)) 



+ y £ E rh J+1 r[B(u(t j ),u(t3)) - BMtj-.JMtj))] 



3=1 



X) 



.3=1 3=1 

= 12,1 + 12,2 + 12,3 + 12,4- 

First of all we give the estimation of the first section J 2 ,i- Making use of (2.8), there exists 

\\B(u(s),u(s)) - B(u(tj)Mtj))\\ < C{s-t 3 ). 
Therefore with respect to the L 2 (£l; H) norm, we can hold 



|/wl 



L 2 (Cl;H) 



n „f . 



< 



r l 3 
E / E(t n -s)[B(u(s),u(s))-B(u(t,) 1 u(t J ))}ds 

7 = 1 Jtj-i 

n , tj 

E / E(t n -s)[B(u(s),u(s))-B(u(t j ),u(t j ))]ds 

3=1 Jt ^ 1 

C H {s-tjfdsKCr 2 . 

3=1 A*- 1 



L 2 (Cl;H) 
2 
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For I 2> 2, with the definition of E(t), there holds 



17" II 2 



/t ■ n 

' E{t J -s)As-Y,K h 3+1 
-j-i j=i 

< E\\J2 / J [E(t j -s)-E(t j -t j -i) 
+E{t j - *,-_!) - E?~ j+1 ] dsBiu^Mti)) 



BiuitJMtj)) 



L 2 (n;H) 



< E 



« rt 



+E 
< Ct 2 . 
For J 2i 3, considering \\E Th \\ < 1, there exists 



E / [E{t j -s)-E{t j -t j - 1 )]dsB(u(t j ),u(tj)) 

7 = 1 *'*3-l 

.7 = 1 ■ /t J'- 1 



17" II 2 



E^M^k^-mvox^))] 



i=i 



< E 



L 2 {tt;H) 
2 



i=i 



< Cr 2 . 



Then we deal with the last part I 2) 4. 
Since u° = it (to) = u , 
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I T II 2 
I J 2,4||l 2 (Q ; ^) 



^Kh^rBHt^Uitj)) - £2C J ' +1 ^K _1 X) 



3=1 



3=1 



L 2 (n-,H) 



3=1 



+-Bk(«j_i, Wj) - v3 ft (^ \ it,) + S h (w^ \ Wj) - B h {u 3 h \ u] 



L 2 {n-,H) 



< 



+ 



< C 



Y,r{I - P h )B{u 3 ^ Uj ) 
■-1 

n-l 

J2 rB h(u{~\e, 



3=1 
n-l 



L 2 (n-,H) 



3=1 



l 2 (q-,h) 



3=1 



cr 



L 2 (n-,H) 



fc* + £V#|| e *-l||2 +r 2 



3=1 



The proof is now completed. 

Then we deal with the third part J 3 of (4.3). The analysis is based on the properties with 
respect to the projection operators Ph and the stochastic integral. 

Theorem 4.2 Let J 3 be the third part of the main error estimation e n in (4.3). Then there exists 



,3=1 



Proof. Considering the definitions and relevant properties of E(t) and E£ h , we deal with I 3 
as following. 
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J 3 = E / J ^^P' 
j=l Jtj-i 

n r-t 



\o{y?^) dW(s) - / E{t n - s)a{u{s)) dW(s) 
Jo 

E / Kh J+1 PhH< X ) - *(«fo-i))) dW(s) 

n „t . 

+ E / KP +1 P h H^-i)) - *(«(*))) dw(«) 

n „( . 

+ E / ' (Kh J+X Ph ~ E(t n - t^))a(u(s)) dW(s) 

+ E / ' (E(t n - *,-_!) - £(£ n - s))cr(u(s)) dW(s) 

= 13,1 + 13,2 + 13,3 + 13,4- 
For I31, it follows the isometry property (2.1 1) and Lipschitz conditon (2.2) that 



|Is,i| 



L 2 (tt;H) 



E 



n r t, 



E / Kh ]+1 Ph{°{< 1 ) - ^(ti-i))) dW(«) 
3=1 >/ ^- 1 

< E r ll E [^v' +1 ^(^k _1 ) -^K*i-i)))]ir 

3=1 

n 

< E r II^V +1 ^ii 2E lkK -1 ) -^(«(*i-0)ir 

3=1 

n 

< C^rEH^-riCvOII 3 



3=1 



< C^rEUe^ 1 

3 = 1 



— 1 II 2 



(4.4) 



(4.5) 



10 
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3,2||ia(fi;H) 



For I 3)2 , it is convenient to obtain the following scheme similarly to (4.5). 

Tl + . 

E/ IIMK^V(«fe-i)) - *(«(«)) 

3=1 Jt ^ 1 



L 2 {n-,H) 



d.s 



(4.6) 



In order to estimate I 33 and I 3 4 , we only need to focus on the important operators E and 
E T h. Since for every j = 1, 2, • • • , n, there holds 



E. 



n-j+l 
h 



E(t n — tj-i) 



1 



\n-j+l _ tn-tj-i 

■i + taJ 

{I + TA h )- (n - J+1) - e -rAn-3+l) < C(T,j)T 



Hence 



\h,3\\ L 2 (n-,H) 



n „t . 



E / ^ ( E rh j+1 ~ E(t n ~ t^Muis)) dW(s) 
j=l Jtj-1 

it, p£ 

E / n\{E n Th ]+1 - E{t n -t 3 ^))a{u{s))r As 

3=1 Jt ^ 



3=1 Jt ^ 1 



2 ds = Cr 2 . 



Similarly, we can get the following conclusion 



II 



3A\\l 2 (Q;H) 



E / (E(t n - t^) - E(t n - s))a(u(s)) dW(s) 

3=1 Jt ^ 1 

E / E||J5(*„-s)(/- J B( S -t i _i))cr(«(s))|| 2 d a 

3=1 ^i-l 



< 



CE/ r 2 ds = Cr 2 . 



3=1 " <-j 



(4.7) 



(4.8) 



Together these estimations above, there holds the inequality (4.4). 
Now the proof is complete. 

With the prior estimations, we can arrive at the main error approximation about the stochas- 
tic Navier-Stokes equation. The main results of this paper are given in the following theorem. 



11 
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Theorem 4.3 Let u(t n ) and u^ be the solutions of (2.9) and (3.4) respectively. There exists a 
constant C = C(T) satisfied 

\\e n \\ L2{ n;H)<C(r + h l ). 
Proof. Now we consider the first part I\ of (4.3). Herein I\ can be illustrated as follows. 

l|Il|li3(n;H) = \\[ E rh ~ E (tn)}Uo\\L 2 (n;H) = ^\\[ E rh ~ E(t n )]u \\ 

= E||[(/ + rA)-"-e- nT ^]w || 2 <Cr 2 . (4.9) 

Hence by the conclusions in Theorems (4.1) and (4.2), we can obtain 

II „« II 2 < ||y ||2 , ||y |1 2 , ||y ||2 



4 4 

T 3,fc||L 2 (n;H) 



<" llT l|2 _i \ llT ll^ i \ llT Il2 

S \\l\\\L 2 {Sl;H) + 2_^ \\^M\L 2 (n;H) + /^ H ' 

fc=l fe=l 

< ^(^ 2 + ^ + $>E||el 2 ). 
Then it follows the discrete Gronwall lemma that 

ll e \\L 2 (n;H) <L{r +h ), 

which implies that 

\\e n \\ L2i n;H)<C(T + h l ). 
The proof is now complete. 

5 Conclusion 

In this paper we consider the error estimation of a stochastic equation of Navier-Stokes type. 
At first, we introduce the basic properties of our main equation and some related operators. 
Meanwhile the wild solution is illustrate by the defined operators. The L 2 space and its norm 
are referred in order to study the stochastic part. Then we consider the discretization of the main 
equation with respect to the finite element approximation. Herein the semidiscrete scheme and 
the full discrete scheme are obtained, and the prior estimates are proved. Furthermore we give 
the proof of some preliminary conclusions. In our main theorem, the optimal convergence error 
approximation is shown. 



12 



DUAN, YANG: STOCHASTIC NAVIER-STOKES EQUATIONS 497 



References 

[1] A. Bensoussan, Stochastic Navier-Stokes Equations, Acta Appl. Math. 38:3, (1995), 
pp.267-304. 

[2] A. Bensoussan and R. Temam, Equations Stochastiques du Type Navier-Stokes, Journal of 
Functional Analysis 13, no. 3, (1973), pp. 195-222. 

[3] M. Capinski and N.J. Cutland, Nonstandard Methods for Stochastic Fluid Mechanics, 
World Scientific Publishing Co. (1995). 

[4] M. Capinski and D. Gatarek, Stochastic Equations in Hilbert Space with Application to 
Navier-Stokes Equations in any Dimension, J. Funct. Anal. 126:1, (1994), pp. 26-35. 

[5] C. Foias, Statistical study of Navier-Stokes equations, I. Rend. Sem. Math. Padova 48, 
(1972),pp.219-348. 

[6] E. Hopf, Statistical Hydromechanics and Functional Calculus, J. Rational Mech. and 
Anal. l,(1952),pp.87-123. 

[7] W. Grecksch and PE. Kloeden, Time-discretized Galerkin approximations of stochastic 
parabolic PDEs, Bull. Austral. Math. Soc. 54, (1996), pp.79-85. 

[8] I. Gyongy, On the approximation of stochastic partial differential equations I, II., Stochas- 
tics 25:2 (1988), 53-85, Stochastics 26:3, (1989), pp.129-164. 

[9] H. Breckner, Galerkin Approximation and the Strong Solution of the Navier-Stokes Equa- 
tion, Journal of Applied Mathematics and Stochastic Analysis, 13:3, (2000), pp. 239-259. 

[10] Jonathan C. Mattingly, On Recent Progress for the Stochastic Navier Stokes Equations, 
Journees Equations aux derivees partielles, (Forges-les-Eaux), (2003), Exp. No. XI. 

[11] K. Chrysafinos and L.S. Hou, Error estimates for semidiscrete finite element approxima- 
tions of linear and semilinear parabolic equations under minimal regularity assumptions, 
SIAM J. Numer. Anal., 40, (2002), pp.282-306. 

[12] A.I. Komech and M.I. Vishik, Statistical solutions of the Navier-Stokes and Nuler Equa- 
tions, Adv. in Mechanics 5:1-2, (1982), pp. 65-120. 

[13] R. Temam, Infinite Dimensional Dynamical Systems in Mechanics and Physics, Second 
Edition, New York: Springer- Verlag, (1997). 

[14] R. Temam, Navier-Stokes Equations: Theory and Numerical Analysis, North-Holland, 
Amsterdam, (1979). 

[15] M. Viot, Solution faible d' equation aux derivees partielles stochastiques non lineares, 
These doct. Sci. Math. Paris, (1976). 

13 



498 DUAN, YANG: STOCHASTIC NAVIER-STOKES EQUATIONS 



[16] Yubin Yan, Galerkin Finete Element Methods for Stochastic Parabolic Partial Differential 
Equations, SIAM J. NUMER. ANAL. Vol. 43, No.4, (2005), pp.1363-1384. 

[17] Yubin Yan, Semidiscrete Galerkin Approximation for a Linear Stochastic Parabolic Par- 
tial Differential Equation Driven by an Additive Noise, BIT Numerical Mathematics, 
44,(2004), pp.829-847. 



14 



JOURNAL OF COMPUTATIONAL ANALYSIS AND APPLICATIONS.VOL. 13, NO. 3, 499-51 3, 201 1 , COPYRIGHT 201 1 EUDOXUS PRESS, LLC 



WEIGHTED APPROXIMATION PROPERTIES OF 
GENERALIZED PICARD OPERATORS 

BA§AR YILMAZ, ALI ARAL, AND GULEN BA§CANBAZ-TUNCA 

Abstract. In this work, we continue the study of generalized Picard op- 
erator "P\/3 ([2]) depending on nonisotropic /3-distancc, in the direction of 
weighted approximation process. For this purpose, we first define weighted 
n-dimcnsional L p space by involving weight depending on nonisotropic dis- 
tance. Then we introduce a new weighted /3-Lcbcsguc point depending on 
nonisotropic distance and study pointwise approximation of V\ t p to the unit 
operator at these points. Also, we compare the order of convergence at the 
weighted /3-Lcbcsgue point with the order of convergence of the operators to 
the unit operator. Finally, we show that this type of convergence also occurs 
with respect to nonisotropic weighted norm. 



1. Introduction 

In some recent papers, various results for the q— modification of approximation 
operators have been increasingly studied. For the brief knowledge, it may be useful 
to refer to the work of Anastassiou and Aral [2] and references therein. As it is 
known, one of the central research directions of approximation theory is singular 
integral operators. Among others, we are interested in Picard singular operator in 
multivariate setting defined as 

oo oo 

f\ 1\ D fAW 1 f f f(Xl+tl,...,X n +t n ) 

(1.1) P A (/)(x) = — / ... / r^-j dti...dt„ 

1=1 s=l 

for A = (Ai, ..., A„) > 0, which means that each component Xi (i = 1, ..., n) is pos- 
itive and x = (xi, ■■■■>x n ) € K™. For a general framework related to this operator, 
[3], [4], [5], [12], and [13] may be referred. In [9] and [10], multivariate Picard 
and Gauss- Weierstrass operators with kernels including nonisotropic distance were 
introduced and pointwise convergence results were given. Yet, q— generalization 
of Picard and Gauss- Weierstrass singular integral operators have been stated and 
some approximation properties in weighted space have been discussed, also com- 
plex variants of them have been studied ([6], [7], [8]). Recently, another interesting 
improvement related to the multivariate q— Picard singular operators depending on 
nonisotropic norm, V\,p, has been subsequently stated in [2]. Here, the authors 
have investigated pointwise convergence of the family of V\p (/) to / at the so 
called (3— Lebesgue points depending on nonisotropic /3— distance. Moreover, they 
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have introduced a suitable modulus of continuity, depending on nonisotropic dis- 
tance with supremum norm to measure the rate of convergence. Also they have 
proved the global smoothness preservation property of these operators. 

In this work, for a weight depending on nonisotropic distance, we give analogues 
definitions of n— dimensional nonisotropic weighted— L p space and nonisotropic 
weighted f3— Lebcsgue point at which we obtain a pointwise convergence result 
for the family of V\q (/) to / for / belonging to this weighted space. We also give 
the measure of the rate of this pointwise convergence. Convergence in the norm of 
this space is also discussed. 

Suppose that 1" is the n— dimensional Euclidean space of vectors x = (xi, ..., x n ) 
with real components and let n £ N and /? = (f3 1 ,f3 2 ,-'' ifin) *= ^™ with each 
component is positive, i.e. j5 t > (i = l,...,n) . Using standard notation, we 
denote |/3| = f3 x + f3 2 + ■ ■ ■ + /3„- Recall that the nonisotropic /3-distance between x 
and is defined as 



\0 — I I-' I I ' I" " " " — |-< n \ " I ! X S 



Note that, for t > 0, ||x|L is homogeneous, namely 







f-i 



and has the following properties: 

(1) llxll^ = 0^x = O, 

(2) 11^x^=^11x11^, 

(3) llx + yll^M^llx^ + llyllJ, 

where /3 min = min {/3 l7 /3 2 ,.../3J and Mg = 2( 1+ ^)^ i (see [15]). 

We should note here that when f3 i — \ (i = 1, 2, . . . , n) , the nonisotropic (3- 
distance ||x|L becomes the ordinary Euclidean distance |x| and also that ||.|L does 
not satisfy the triangle inequality. 

For convenience of exposition, we present here some known results concerning q 
numbers. 

Suppose we are given a q > 0, then q— number is 

for all nonnegative A. If A is an integer, i.e. A = n for some n, we write [n] and 
call it (j— integer. The q— extension of exponential function e x is defined as 

OO n(n-l) 

(1.2) E q {x):='£±-^-x» = (-x;q) 00 , 

n=0 W' 1)n 

n oo 

where (a; q) n = T] (l - a Q k ) and (-x; q)^ = Jl i 1 + x Q k ) ■ 

fc=0 fc=0 

Also, we define a q— factorial as 



y ,_{ [n],[n-l],---[l]„, neN 
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For integers < k < n, the q— binomial coefficients are given by 

I 



n 
k 



l»J,- 



[k] q \[n-k] q \ 



^(^^rf 1 -?) 0<q<l 



q 
For more information we refer to [14]. 

Recall from [11] and [1] that the q— extension of Euler integral representation for 
the Gamma function is defined as 

oo 

(1.3) c q ( X )T q ( X ) = ^ q ^ J r 1 *, Rex>0 

o 
for < q < 1, where T q (x) is the q— extension of Gamma function defined by 

(g; g)oo ,-, .a1-z 

and satisfies the analogues property 

(1.4) r g (n + l) = [n] q \ 

for a nonnegative integer n. We know that c q (x) satisfies the following conditions: 

a. C q (x + 1) = C q (x) 

b. c g (n) = 1, n = 0, 1, 2, ... 

c. lim c q (x) = 1. 

g->l- 

Now, we reproduce here the following result and subsequent definition from [2] 
(see Lemma 1 and Definition 1 of [2]): 

Lemma 1. For all X > 0, n <G N and f3 i € (0, oo) (i — 1,2, . . . ,n) with 
\f3\ = [3 1 + f3 2 + ■ ■■ + (3 n , we have 

c(n, (3, q) 



[A] 



l«l 



] -Jvx{l3,t)dt = l, 



wh 



ere 



, (i-9)l|t|L 

[Ml 



and 



n lng 



(1-6) c(n,j3,q) = — -U(i >n -iT q (n) , . 

z \P\ (1 — q)q 2 

with Tq (n) is given as in (1.3) and u)p „_i wiZZ be given by (1-10) below. 

Definition 1. Let f : R n — > R fee a function. For < q < 1, \ > 0, n £ N and 

/3,j e (0, oo) (i = 1, 2, . . . , n) with \j3\ — Pi+ j3 2 + ■ ■ ■ + /3 n . The generalized q-Picard 
singular integral depending on nonisotropic ^-distance, attached to f is defined as 

V x ,p(f;q,y) = V\,p(f;y) 

(1.7) : = C{n ;^ q) [f(x + t)Vx(P,t)dt, 

where V\ (/3, t) and c(n, j3, q) are defined as in (1.5) and (1.6), respectively. 
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The case ii i — \ {% = 1, 2, . . . , n) clearly gives the operators V\ i (/; q, x) intro- 
duced in [7]. Letting q — > 1 imply that V\ i (/; 1, x) will be the classical multivari- 
ate Picard singular integrals (1.1). 

Now, we present the following definition. 

Definition 2. Let p, 1 < p < oo, be fixed. By L v p (W 1 ) we denote the weighted 
space with nonisotropic distance of real valued functions f defined on W 1 for which 
i/m ll is p-absolutely Lebesgue integrable on R n such that the norm 



\\J\\ P ,p ~ 

is finite. 

For the case p = oo, we also have 



1 + 11x11 



dx 



,0 = SU P ■ 



1 + 11x11 



yL = (xi,...,x n ) e 



Lemma 2. Let A > 0, n € N and /^ <G (0, oo) (i = 1, 2, . . . n) with 

\/3\ — (3 1 + /3 2 + • • • + (3 n . Pa.jS (/) * s a linear positive operator from the space 

L Pi/3 (R n ) znto £ P)/3 (R") . TTiai is 

\\V^if)\\ p ^<K{n,[3,q)\\f\\ pfj , 

where 

K (n, /3, q) = max{l, Mg} M + ^Wc(n, /3, g) [A]^ Ufi, n -iT q (n + 1) ^_ g -^^ 

m which Mp is the number appeared in the property 3 of nonisotropic distance. 
Proof. Using generalized Minkowsky inequality we have 

p 

i r r<, . i /'• yi 

P>\Af\*)\\ P ,p 



Vx, f 3 (/; x) 



1+ x 



p 



(1.8) 



< 



c(n, /3, g) 
[<' 

c(n, /3, g) 
[A]f 



1 



1+ x 



/(x + t) 



1+ x 



From the property 3 we have 



l + ||x + t 
1 + llx 



P 






f(x + t)Vx(0,t)dt 



^A(/3,t)dt. 



1/5 



fix 



(1.9) 



< max{l,Mg} 



1/3 

1 + llx 

1+ llx 



PI \} + \\% 
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Taking into account (1.9) and Lemma 1, the inequality (1.8) reduces to 

WPx,fi(f^)\\ p ,0 

p\ p 



< max { l,M,}^^/ / 

^ '1 R» \R™ 

< ||/||^max{l,M /3 }|l+ C(r ;'^ | 9) 
The substitution t = [A]f, x it follows that 



^ X + t ) -dx 



l + ||x + t| l/3 



P A (/3,t) l + ||t|L rft 



Jv x (p,t)\\t\\ dt\ 

R" / 



II^A,^(/;x)|| p0 <||/|| p0 max{l,M^} 1 + c(n, /?, q)[\]f / , " P ^x 



|X| l/3 



Now, we shall use generalized /3-spherical coordinates ([15]) by taking the following 
transformation into account 

X\ — (mcos^i) : 

X2 = (m sin 0i cos ^2) 



x„_i = (wsin^i sin^2 • • • sin0„_2 cos0 n _i) " 1 
x n = (it sin #1 sin #2 ••• sin #„_i) ™, 

where < 61,62,- •• ,6 n -i < tt, < # n _i < 27r, u > 0. The Jacobian of this 
transformation is denoted by J/3 (u, 6\, . . . , 6 n -\) and obtained as 

Jp(u, &!,..., 6^) = u 2 ^- 1 ^ (0) , 
where fi^ (0) = 2 n f3 1 ...P n \[ (cos 0-,) Pi (sin ^) fc= ' • Clearly the integral 

(1.10) W^n-l= / tof,(6)d6 

S n-1 

is finite. Here S n ~ 1 is the unit sphere in R™. Thus we have 

\\-Px,0(f;x)\\ p , 

< ||/|Umax{l,M,} [l + c(n,P, q )[\]l / M , ^d^u 

00 
n % r .,J£i /" u"rfu 



< ll/llp^maxlLM^} 1 + — c(n, /3, g) [A] g « up, n -ij £ rt l _ q \ v \ 

V 

< ll/IUmax{l,M }^l + ^|C(n, A g) [A],» w^,„_ir 9 (n + 1) y^-g *~ 
The lemma is proved. □ 
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2. POINTWISE CONVERGENCE 

This section provides a result related to pointwise convergence. Below, we first 
give the definition of the points at which pointwise convergence will be observed. 

Definition 3. Let f <G L p a (K n ) , 1 < p < oo, and fi i G (0, oo) (i — 1 , ..., n) with 
|/3| = /3-l + /3 2 + ■•• + P n - We say that x SIR™ is weighted (3—Lebesgue point of 
f provided 



1 



//To 1 h m 



/(x + t)-/(x) 



f 



dt 



l|t||J™</> 



Next, we give a pointwise approximation of the generalized Picard operators 
P\j3 (/) to the function / G L p p, at any weighted /3—Lebesgue point of /. 

Theorem 1. Let f <G L p ^ (R n ) , 1 < p < oo, with f3 { € (0, oo) (i — 1, ...,n) and 
|/3| — /3 X + j3 2 + ... + /3 n . Then we have 

lim P x ,0 (/; <7, x) = / (x) 

A — >0 

at any weighted (3—Lebesgue point x of f. 

Proof. Let x be a weighted /3—Lebesgue point of /. Then for any e > 0, there exists 
an rj > such that h <r\ implies that 



/l 2 !/ 3 ! 



/(x + t)-/(x) 



f 



fit 



\\nT<h 



} < e > 



which clearly means that 



/(x + t)-/(x) 



1 



dt<e p h 2 ^. 



\\t\\^<h 



Transforming the last integral into the generalized /3— spherical coordinates, for 
h < i] we get 

f( X +(uOf)-f( X ) P 



\\t\\; m < h 



/(x + t)-/(x) 



1 



la 



fit = 



S"-i 



1+U~ 



ft^u 2 ^- 1 ^^ 



u^^g^duK^h 2 ^, 



where 
(2.1) 



g(u) 



/(*+( 



U0) 



/(*) 



1 i ^ 
f + u n 



% (0) fi0. 
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Meanwhile, from Lemma 1, for all ry > we have 
|P A) ^(/;g,x)-/(x)| <^i / |/(x + t)-/(x)|P A (/3,t)dt 



11/3 

c(n,/3,q) 



t\\! w < v 



+ c -im 1 i i/(x+t)-/( X )|p A (/3,t)rft 



[A] 



\\t\\J™>7, 



c(n,l3,q) r 

,2W 



wi" 



\\t\\e' p '<v 



/(x+t)-/(x) 

i+l|t|L 



P A (/3,t) l + ||t|l )dt 



+ 1a#^ / l/(x + t)-/(x)|P A (/3,t)dt. 



Iltllj^^ 



Applying Holder's inequality to the first integral, then we have 



|Pa i/3 (/;<z,x)-/(x)| <{*$$■ J 



\\t\\J™<T, 



/(x+t)-/(x) 

i+lltlL 



P\(P,t)dt 



c(n,/3,q) 

wr 1 



/ l + ||t||J P A (/3,t)dt 



lltlll""<.J 



+ £ ^§? 1 / |/(x + t)-/(x)|P A (/3,t)dt 



miij^ji 



<( 1 + ,«) ^ j 



lltll 5M <r i 



/(x+t)-/(x) 

1 + 11% 



P\(/3,t)dt 



+ £ S#f i / |/(x + t)-/(x)|P A (/3,t)rft 

lltlll^^ 

= Ji (A) + J 2 (A) . 

Now passing to the generalized /3— spherical coordinates, J\ (A) gives rise to 

(2.2) 

f( X +(uGf)-f( X ) 



Jl(A)=(l + 7?^) 



. 5"" 1 



1 + U" 



fi /3 (0)w 2|/3| - 1 P^(^,u)rf0du> , 



where 

(2.3) 



Px(P,u) 



c(n,0,q) 






Therefore taking into account (2.1) , (2.2) can be expressed as 
J 1 (A)=(l + ^)| f g{u)u™^Vl{P,u) du 
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Integrating by parts two times gives that there exists a constant A±, such that 
Ji(A)< (l+T 1 ^eA 1 (see [2]). 
For J 2 (A) , from (1.9) we get 
c(n,(3,q) 



J 2 (A) 



< 



[A]f 
c(n,f3,q) 



fXl IA 



\m 



+ l^ l/(x)l 



|/(x + t)-/(x)|-p A (/J,t)<it 
V\{P,t)dt 



\\M\; m >v 



\\ L \\ 3 11- 'I 



1 1 L 1 1 /5 1— 'I 



< 



c(n,P,q) 
c(n,(3,q) 

wr 1 



maxaM^l + llx^) J ^jmj {l + \\t\\ p )v x (fl,t)dt 



l|t|||^>r, 



l/(x)| 



Vx(P,t)dt. 



\\t\\^>v 



Further applying Holder's inequality J 2 (A) gives that 



J 2 (A) < 



c(n,/3,q) 



[A] 



l.rfl 



max{l,M^} (1 + ||x 



/(x + t) 
1 + llx + tl 



dt 



l + lltllJ^A^t) 



dt 



c(n,(3,q) . . I, || 

[AJ 9 
c{n,/3,q) 



[A] 



l/*l 



max{l,M4fl + ||x||J||/|| pi/3 



A. 7 7 

c(n,0,q) 



[A] 



1^1 



l + l|t||J^A(/3,t) l + ||t|UP A (/?,t) 



l/(x)|||x^A(/?,t)|| 1 



tit 



where x v is the characteristic function of the set of t such that ||t|| 2 i0l > 77. 
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Taking into account the fact that (1 + || "t || ^ j P\ (/3,t) € £i,/3, then the above 
inequality takes the following form 



J 2 (A) < C{ 2^ q) max {1, M fi } (l + ||x|| fj ) \\f\\ pJ3 



[A] 



x < sup 

c(n,(3,q) 



tllj^^ 



(l + ytllj 7>a (/3,t)p /" x „ | (l + ytllj ^ (/3,t) 



dt 



[A] 



W 



|/(x)||| X ^A03,t)|| 1 



max{l,M4(l + ||x||^||/|| p/3 



c(n,/3,q) 



[A] 



1^1 



sup 

lltlll^^ 



l + lltH^^^t) 



(2.4) 



c(n,/3,g) 

. [A]f 



c(n,f3,q) 



x v (i + iitii J pa gm)| + c y'S gJ 1/ (x)| \\ Xv Px (At))!, 



[A 



The first factor including supremum norm on the right hand side of (2.4) tends 
to zero as A — > 0, indeed 



c(n,/3,q) 

^ \\t\\™>T, 



l + l|t||J^A(/3,t) 



c(n,/3,q) 

ll/3| 



[A]<Z lltll 



sup 



1 + lltll 



>v E, 



(l-9)l|t|U 



9 I JAl 



c(n,(3,q) 1 

- r^ SUp 



[Ah/ ( " +1) [1-q + (!-«) ||t|| 



[A] * 9 iitnr>, n [A]^" + (i-«)« fc iitiu 

fe=0 \ / 



(2.5) <c(n,P,q)[\] q « 



-' ■ 



i + d^M^ + a -?)»?» 

™ / 101 21/31 

n [A]," +(l-q)q k V^ 

fc=o V 



which clearly tends to zero as A — > 0. 
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For the second factor in (2.4) we have 



c (n,_/3, q) 



[A]f 



X,(l + l|t||J^(/3,t) 



< 



c(n, /?, q) 



WW 



u>\ 



(l + l|t||^)^A(/3,t)dt 



|t||; 



>5 



c(n, /?, q) 



Itl 



2|/3| • 



1 

E q ((l-q)\\t\ 



dt 



(2.6) 



+ c(n, (3, q) [A] » 



mi; 



M(i-g)||t| 



fit. 



Since the function — r- — \,, ,, , is intcgrable on [0, oo) the first and last terms of 

(2.6) tend to zero as A — > 0. Finally, from the final proof of Theorem 2 in [2], the 

last term of (2.4) also approaches zero as A — > 0. 

Hence we obtain the assertion of the theorem. □ 



3. Order of pointwise convergence 

Now, we shall discuss the order of pointwise convergence that we have already 
presented above. For this purpose we give the following generalization of the concept 
of weighted /?— Lebesgue point. 

Definition 4. Let f € L p _p (R n ) , 1 < p < oo, and f3, L ,j € (0, oo) (i — 1, ..., n) with 
\/3\ — 0! + j5 2 + ■■■ + /3 n . We say that x €M™ is weighted 7, /?— Lebesgue point of 
f provided 



1 



ifeol W 1 >' '< 



/(x + t)-/(x) 



1 



fit 



WtW^Kh 



0. 



Theorem 2. Lei / e L Pt p (R n ) , 1 < p < oo, wzi/i, /3j e (0, oo) (i = 0, 1, ..., n) and 

\(3\ — f3 1 + (3 2 + ■■■ + P n - Then we have 

|P^(/;g,x)-/(x)|=o([A#) (A - 0) 

at every weighted 7, (3— Lebesgue point x 0/ / /or 7 < min ^ -j^-, p > . 

Proof. Let x be a weighted 7, /?— Lebesgue point of /, then for any e > 0, there 
exists an 77 > such that h < r\ implies that 



(3.1) 



/(x + t)-/(x) 

1 + lltlL 



fit <e p h 2 ^+\ 
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Transforming into the generalized j3— spherical coordinates, if ft, < 77 we get 



/(x + t)-/(x) 



l|t||J CT </ l 



s™- 1 



1+ t 



\0 



(It 



/(x+(«0) p ]-/(x) 



n p {9)u 2 ^- 1 dedu<ePh 2 ^ + \ 



For our future correspondence we can simplify the above expression by setting 



G (77) := / u^^g («) du < eV l/3|+7 , 



(3.2) 



where g (u) is given by (2.1) . 

Now, as in Theorem 1, we need to estimate J\ (A) and Ji (A) similarly. For this 
aim, integrating by parts twice and taking into account of (3.2), then J\ (A) can be 
estimated as 



Ji(A) -' (l + r?^)| J g(u)u 2 ^- l P° x (P,u) du 

P° x (f3,u)dG (u) 



= [l + V 



■m 'i 



< 



(l + ^)|p A (/3, u )G^ u )|^ + |G /3 ( u )d(-P A °(^ u )) 
I 

(l + ry^) Je^ / u^+^P* (p,u) du 



< e 1 + r?^ )(2| / 8|+7)'{AaC8,7)}' 



(3.3) 



where A A (/3, 7) := / u 2|/3|+ 7 -ip0 (^ u ) ^ with p o ^ u ) is given by ( 2 .3) . Note 


that A A (/5, 7) -> as A -*■ 0. Indeed 

A A (/3, 7 ) = j u^+^PiiP.u) du 


= [A]?c(n,A fl ) " ' " " "" 



2I/3IJ £,((l-g)u) 
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2 ji ^\^\2|/3| 



M n ( 1 + 2M 



(1-9)9- 



= C?([A]J) (A-0). 

For J 2 (A) ; from (2.4) we have 



J 2 (A) = max{l, M P } f 1 + ||x|| A ||/|| p>/3 < c(TC 'f fl ', g) sup 



[A] 



l«l 



c(n,/3,q) 

wr 1 



X,(l + l|t||^)^C9,t) 



Plll'^ 



c(n,/3,q) 



/9J^A(/3,t) 



|/(x)| ||x^(i8, t)!,, 

[AJg 



where 

(3-4) m|g| sup 

||2OT 



[Af 



l + l|t||J^A(/3,t)|= ([A]|) (A-0). 



>»/ 



Indeed, from (2.5) we can reach to the following inequality 
c(n,/3,q) 



m 



sup 



A]| [A] g ||t|| spi > n 



l + l|t|U7M/3,t) <c(n,/3,g)[A]g 



! + l^ (W« B +( 1 -<?h 



-'i 'i 



fc=0 



II [A]<f +(l-g)g*»? 



-• ■■ 



which gives that (3.4) holds for 7 < -^. For the last term of J2 (A) we get that 

c(n,/3,q) 



(3.5) 



[A 



|rf| 



|/(x)||| x „Pa(/S, ^=0 ([A]*) (A-0). 



Actually, by taking into account the fact that ||t|| ^ > r\ and making the substitution t = [A]^x, it 

follows that 

c(n,(3,q) ,, N c(n,(3,q) f dt 

— 7 nsr /( x ) X^-P\(/3,t) = ^ — / (x) 

1M 



E , (l-g)l|t||g 
' " Q \ [A], 



l|t|||"">.> "« 



< -^4rl/(x)l 



dt 



E 1 (i-q)l|t||g 

^ [A],» 



lltlll 1 " 1 ^ "« 



' 



V 



l/(x) 



[A]^ ||t||J"" dt 



l|t||^> 



B,((l-g)||t||^ 



tends to zero as A — 0, which indicates that (3.5) is satisfied. Finally for the other 
factor of J2 (A) we get 

c(n,/3,q) 



lim 

A -° [A]!/" 



X v (l + \\t\\ )P x (f3,t) 



= 
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l:i 



as in (2.6) and this completes the proof. 



□ 



4. Norm convergence 
This section we give a convergence result in the norm of L p ^ (W"~) . 

Theorem 3. Let f e L p j 3 (E") , 1 < p < oo, with f5 { e (0, oo) (i = 0, 1, ..., n) and 
\(3\ — /3 1 + /3 2 + ••• + P n - If the following condition 

(4- 1 ) h^ / ll/(x + t)-/(x)|| pi/3 dt = 0, 



lltlll^^ 



is satisfied, then we have 



lim||P A>/3 (/;x)-/(x)|| .=0 



A^O 



Proof. From (4.1) , we have for any e > 0, there exists a 5 > such that h < 
S implies that 

||/(x + t)-/(x)|| pj/3 dt< e /^l. 



I|t||| w <^ 



Transforming the integral in the above inequality into generalized /3-spherical co- 
ordinates, then we get for h < S 



||/(x + t)-/(x)|| pi/ jdt 



ItllJ^fc 



n 

If f (x+ {uOf\ - f (x) n fj (6) u m ~ x dJB du < eh m , 



S»-i 



hence for simplicity using the similar setting as in the proof of Theorem 2 of [2] , 
we denote 

(4.2) k («) = / / (x+ ( U ef) - f (x) % (8) de 

S n-1 



and considering k (u) , we get that 



n 

J \\f( X + t)-f(^\\ pJj dt^ju 2 ^- 1 k(u)du<eh 2 ^. 



\\t\\^<h 
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Using generalized Minkowsky inequality we conclude that 



|7\/9(/;x)-/(x)|| p>j8 



P A ,/?(/;x)-/(x) 



1+ x 



dx 



< 



c(n, f3, q) 

c(n, f3, q) 
' [Af 
c(n, (3, q) 

[A]f 
c(n, j3, q) 



1+ x 



[/(x + t)-/(x)]7> A (/?,t)dt 



dx. 



[/(x + t)-/(x)] 



1+ x 



dx Pa {(3, t) dt 



+ 



c(n, f3, q) 



w; 



iai 



||/(x + t)-/(x)|| p>/3 7> A (/3,t)dt 

||/(x + t)-/(x)|| p/3 PA(/3,t)dt 

||/(x + t)-/(x)|| P;/3 pA(/3,t)dt 

ltlll^>* 



l|t|||^<5 



= Li(A) + L 2 (A). 
Therefore using generalized /3-spherical coordinates, ii (A) can be estimated as 
c(rc, /?, g) 



Li(X) 



[A] 



1^1 



||/(x + t)-/(x)|| P;/3 pA(/3,t)dt 



l|t||J OT <«5 



< k{u)u 2W - 1 V^(0,u)du, 



where k (u) is given by (4.2) . Using two times integration by parts, we easily ob- 
tained that there exists a constant C\, such that L\ (A) < eC\. 
Since 



||/(x + t)-/(x)|U < 



[/(x + t)-/(x)] 



1+ x 



fix 



< 



/(x + t) 



1+ x 



dx 



/(x) 



1+ X 



fix 



< max{l,Mg} (l + ||t 



fi \\J llp,/3 



v3 
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then, from (2.6) L 2 (A) tends to zero as A — > 0. The theorem is proved. □ 
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1 Introduction 

In this paper, we study the following boundary value problems(BVPS): 

' x"(t)=f(t,x(t),x(9(t))) t^t k , teJ=[0,T] 

Ax(t k ) = I k (x(t k )) fc = 1,2, ••• ,777 

Ax'(t k ) = r k (x'(t k )) fe = l,2,...,m (1) 

x(0) + n f x(s)ds — x(T) 

x'(0) + d = x'(T), 

where/ e C(JxRxR,R),0 < 6(t) < t,t E J.O = t Q < h < t 2 < ■ ■ ■ < t m <t m+l =T. 
I k ,I* k eC(R,R).Ax(t k ) =x(t+)-x(t k -),Ax'(t k ) =x\tt)-x\tl) for k = 1,2, • • • ,m. 
fi and d are constants and fj, < 0. 

The theory of impulsive differential equations has become an important aspect 
of differential equations since it is a basic tool to study some problems of biology, 
medicine, engineering, and physics (see [1,2]). As an important branch, boundary value 
problems (BVPS) have drawn much attention. Recently, He,Xie, Chen and Shen in [3] 
discussed the integral BVPS for a class of first-order impulsive functional differential 
equations. As far as we know, there are no dependent references for studying the 
second order impulsive functional differential equations with integral boundary value 
conditions like (1) yet. To fill in this void, we try to find the conditions on f,I k and 
II so that make sure that the (1) exists extremal solution. 

It is well known that the monotone iterative technique offers an approach for obtain- 
ing approximate solutions of nonlinear differential equations, There also exist several 
works devoted to the applications of this technique to boundary value problems of 
impulsive differential equations, In this paper, we consider (1) by using the method of 
upper and lower solutions combined with monotone iterative technique. 

Note that (1) has a very general form, as special instances resulting from (1), when 
H — 0, d — 0, (1) reduces to the periodic boundary value problem of the impulsive 
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differential equation 

' x"(t) = f(t,x(t),x(9(t))) t^t k , teJ=[0,T} 

Ax(tk) = h(x(t k )) k = 1,2, ••• ,m 

Ax'(t k ) = I* k (x'(t k )) fe = l,2,-.. ,m 

x(0) = x(T) 
x'(0) = x'(T) 

There are plenty of results on studying the periodic boundary value problem of im- 
pulsive differential equations (cf. [4]- [12]) and anti-periodic boundary value problems 
(cf.[13]-[15]). 

This paper is organized as follows: In section 2, we establish a comparison principle 
and discuss the existence of the solutions for impulsive functional differential equations. 
In section 3, after introducing the definitions of upper and lower solutions, we obtain 
existence of solution for (1) by using the method of upper and lower solutions and 
monotone iterative technique. 

2 Some lemmas and linear problem 

Let PC (J) = {x : J — ► R; x(t) is continuous everywhere except for some t k at 
which x(t~^) and x(t k ) exist, and x(t k ) = x(t k ), k = 1,2, ••• , m}. PC 1 (J) = {x e 
PC (J) : x'(t) is continuous everywhere except for some t k at which x'(t k ) and x'(t k ) 
exist, and x'(t k ) = x'(t k ), k = 1,2, • • • ,m}. PC 2 (J) = {x e PC^J) : x\ {tk ,t k+1 } e 
C 2 (t k ,t k+ i\, k = 0, 1, • • -m}. PC (J) and PC 1 ^) are Banach spaces with the norms 
II x \\pc = sup{|:r(£)| : t G J} and || x ||pc >1= max{|| x \\pc, \\ x' \\pc}- 

A function x G PC 2 (J) is called a solution of problem(l) if it satisfies (1). 

To obtain our main results,we need the following lemmas. 
Lemma 2.1. (see [1]) Suppose that the following conditions are satisfied 
(Aq) the sequence {t k } satisfies < t < t\ < t 2 < ■ • ■ , with lirn^oo t k = oo 
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(Ai) m G PC 1 (R + , R) and m(t) is left continuous at t k , k = 1, 2 • • • . 
(A 2 ) for k = 1,2- •• ,t>t 

m'(t) < p(t)m(t) + q(t) t ^ t k , teJ 
'mitt) < d k m(t k ) + b k k — 1, 2 • • • m 

where q,p G C(R + ,R), d k > and 6^ are real constants, then: 

m(t) < m(t )( JJ 4)exp(/ p(s)ds) + J^ ( JJ dj)exp( p(s)ds)b k 

t <t k <t ^*° t <t k <t t k <tj<t ^ tk 

+ / ( 1 J d k )exp{ I p(a)da)q(s)ds. 

Jto s<t k <t J s 

Lemma 2.2. If m G PC 2 (J) and 



m"(t) < -Mm(t) - Nm(0(t)) t^t k , t G J = [0, T] 

Am(tji) < -L k m(t k ) fc = 1,2, • • • ,m 

Am'(tfe) <-L* k m'(t k ) k = 1,2,- ■ ■ ,m 
m(0) < ra(T), m'(0) < ra'(T) 

where M > 0, JV > 0, < L fc < 1, < L* k < 1 (A; = 1, 2, • • • m). and they satisfy: 

(m + n)t[H(i - ld(i - n(i - LD)]- 1 / n ( x - l ^ ^ ri( i - ^) 2 ( 2 ) 

fc=l fc=l ^° s<t k <T k=l 

Then m(t) < for all t G J. 

Proof. The main idea of the proof of the lemma comes from that of lemma 2.2 in [9]. 
Suppose, to the contrarythat there exist some t G [0, T] such that m(t) > 0. We will 
consider the following two possible cases. 

Case 1. There exist at 6 J such that m(t~) > and m(t) > for all t G 
[0, T]. Then m"(£) < 0, for t ± t k , which and m'(t+) < (1 - L* k )m'(t k ) imply 
m'(t) < m'(0) rio<t fc <t( 1 - L fe) b y lemma 2.1. Let t = T, we obtain ra'(0) < m'(T) < 
to'(0) nfcLi(l — L k ), hence m'(0) < 0, furthermore m'(t) < 0. Meanwhile m(t k ) < 
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(1 — Lk)m{tk) < m(tk), so m(t) is non-increasing, we can obtain m(T) < m(0), consider 
to m(0) < m(T), we know m(£)=constant> 0. Therefore = m"(t) < —Mm(t) < 0, 
which is a contradiction. 

Case 2. There exist £*, t* E J such that m(£*) < and m(t*) > O.Let m(t*) = 
inf sg j m(s) = —A, A > 0, £* G (tj,t i+ i]. Set £* 7^ £+ (if £* = £+, we can prove in the 
same way).We can get m"(t) < -Mm(t) - Nm(6(t)) < (M + JV)A, t ^ t k . 
We consider the inequalities: 

m"{t) <{M + N)X t^t k , teJ 

m'(t+)<(l-L%)m'(t k ) fc = l,2,...,m 

By lemma 2.1 we have 

m'(t)<m'(0) l[(l-Ll)+f J] (1 - L* k )(M + N)Xds 

0<t k <t ^° s<t k <t 

Let £ = T,we obtain 

m'(0) < m!{T) 

< m'(0) f](l - L* k ) + X(M + N) f J] (1-L* k )ds 

k=l ^° s<t k <T 

m 

< m'(0) JJ(1 - L*) + A(M + N)T 



fc=i 



which implies 



i\0)<\(M + N)T[l-J[(l-Ll)]-\ 



m v _ 

fe=i 
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We conclude that 

m 

ro'(t) < XiM + NWl-Jlil-Ll)]- 1 U(l-Lt) 

fc=l o<t k <t 



-X(M + N) [ H (l-L* k )ds 



S<t k <t 

m 

< X(M + N) Hil-LDiTll-Jlil-Ll)]- 1 

0<t k <t fc=l 

-t 



+ / n ^-^w n ( i - L *)> 

^° s<t k <t 0<t k <t 

< A(M + iV){T[l - IJ(1 - L*)]- 1 + / J] (1 - L*)rf S / IJ(1 - L* k )} 

fc=l ^° s<t k <T fc=l 

m m 

< X(M + N)T{[1 - H(l " LIT 1 + (I[( 1 " ^r 1 } 

fc=i fc=i 

m m 

= a(m + jv)t[JI(i-l;)(i-JI(i-l;))]- 1 

fc=i fc=i 

which and rn(tj.) < (1 — L k )m{tk) imply for £ G [t*,T] 

mm „( 

ro(t) <"»(*.) I] ( 1 - L *)+A(M+JV)T[IJ(l-i*)(l-n( 1 - L *))]" 1 / II C 1 "^)^ 

U<t k <t fc=l fc=l ^** s<t k <t 

If t* > £*, let £ = £*, we have 



"*; 



< m(t*) < -A JJ (1 - L* 



t*<t k <t* 



m m „£* 

+A(M + iV)T[JI(l " L* k )(l - 11(1 - L*))]- 1 / XI (1- L fc )rf S 

fc=l fc=l *'** s<t k <t* 

SO 

m „t /.T _ 

i[(i-L k )/ n (i-L fc )ds < n (i-L k )/ n (i-L k )ds 

fe=l ^° s<t k <T t*<t k <t* J° U<t k <t* 

m m 

< (M + iV)T[JI(l " J*)(l - 11(1 " ^))]' 1 



fe=i fc=i 
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which is a contradiction with (2). 

If t* < U, let U e (ti,t i+1 ], t* e (tj,t j+ i], < j < i. 

In view of lemma 2.1, we have 



m(t*) < m(0) H (1-L fc ) 

o« fe <t* 

+A(M + N)T[]J(1 - L*)(l - H(l " LI))]- 1 / J] (1 - L k )ds 

fc=l fc=l ^° s<t k <t* 

j 

= m(0)JJ(l-L fc ) 

fc=i 

+a(m + jv)r[ij(i - ^)(i - n^ 1 - l ^))] _i / n ( x - L ^ ds 

fc=l fc=l ^° s<t k <t* 



s<t k 

On the other hand 



m(0) < m(T) 

< m(U) Jl (1-L 



U<t k <T 

m 



III, lib It I 

+A(M + N)T[]J(1 - L*)(l - J](l " LI))]' 1 / J] (1 - L k )ds 

k=l fc=l "'** s<t k <T 

m 

-A 11(1 -L fc ) 

fc=i+l 

+a(m + jv)r[ij(i - ^)(i - ri( i - ^))] _i / n ( x - L ^ ds 

fe=l fc=l "'** s<t k <T 
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From the above inequality, we obtain 

m j 

0< m (O < -\Y[(l-L k )Y[(l-L k ) 

k=i+l fc=l 

m m 

+A(M + N)T[]J(1 - L*)(l - J](l " LI))]' 1 
fc=i fc=i 

x fj(l - L k ) j H (1 - L fe )rfs 

fc=l ** s<t k <T 

m m „j* 

+A(M + 7V)T[JI(1 - L* k )(l - IJ(1 - LI))]' 1 / J] (1 - L k )ds 

fc=l fc=l ^° s<t k <t* 

SO 



II (1 - £*) 11(1 - L k ) < (M + JV)T[fi(l - L*)(l - n(l - LI))]' 1 

fc=l 

[/* n a-^)^ 

Jo «w,^» 



k=i+l fc=l fc=l fc=l 

X I ^ 

s<t k <t* 

+ f[(l-L k ) [ J] (1-L fc )cfa] (3) 



s<t k 

by rifelj+il 1 _ ^fe) times (3), we have 

m 

n r^-^B 1 -^) 

m m 

< (M+^rina-L^a-na-Li;))]- 1 
fe=i fc=i 

x [ jj (i - L fc ) / n (i - L fc )^ + ni 1 - ^) / n (* - Lfc )^ 

fe=j+l ^° s<t k <t* fc=l "'** s<t k <T 

m m 

< (M+N'mnii-LDii-nii-Li))]- 1 
fc=i *;=! 



x[/" J] (1-L fc )ds+ / J] (1-L fc )ds] 

^° s<t k <T "* U s<t k <T 

(m + n)t[H(i - L*xi - n(i - ^))] _i / no-- l ^ 

fe=l fc=l ^° s<t k <T 
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SO 



m mm „y 

n(i - L k f < (m + n)t[H(i - ld(i - n(i - LD)]- 1 / n & - l ^ 

fc=l fc=l fc=l ^° s<t k <T 

which is a contradiction with (2), therefore m(t) < 0, t G [0, T]. The proof is complete. 
Let us consider the linear problem of (1): 

x"(t) + Mx(t) + Nx(6(t)) = a(t) 

Ax(t k ) = -L k x(t k ) + a k 

Ax'(t k ) = -L* k x'(t k ) + b k fc = l,2,--- ,m (4) 

x(0) + c = x{T) 

x'(0) + d = x'(T) 
where Ofc, &&, c, d are constants. 

Lemma 2.3 x G PC 2 (J) is a solution of (4) if x G PC l (J) is a solution of the following 
impulsive integral equation and the solution is unique. 



t^t fc , «GJ= [0,71 
fc = 1, 2, • • • ,m 

k = 1, 2, • • • ,m 



a;(i) - / G(t,s)F(s,x)ds+y2[H(t,t k )(-L k x(t k )+a k )+G(t,t k )(-L* k x'(t k )+b k )]+g(t) 
'° fc =i 

(5) 



where F(t, x) = a(t) - (M + M 2 )x{t) - Nx(6(t)), g(t) 

-1 



1 r(d-Mc)e~ 



+ 



G(t,s) 



e M(T-«+«) _|_ gM(t-s) 

2M{e MT -■ 1) | e M(r+t- s ) + e M( s -t) 



2ML l-e- MT 

< s <£ <T 
< t < s <T 



e MT -l 



J7(M) 



1 



.,Af(T-t+s) _ „M(t-s) 



< S < t < T 



2 ( e MT _ x) eM{s _ t) _ eM(T+t _ s) o < t < s < T 



Proof. Suppose that x(t) is a solution of (5), then 



At) 



G t (t, s)[a(s) - (M + M 2 )x(s) - Nx(9(s))]ds 



+ Y^[Ht(t,tk)(-L k x(t k ) + o fc ) + G t (t,t k )(-L* k x'(t k ) + b k )] 



fc=i 



1 (Mc-d)e~ M * (d + McJe^*, 



1-e 



-AfT 



MT 
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As 

-1 j -M{e MiT - t+s ^ - e M ('-*)), < s < t < T 

2M{e MT - 1) | M ^M(T+t-s) _ e M(s-t)^ 0<t<s<T 

= H(t,s) 

1 f _M(e M ( T ^ +s ) + e M ^-^), 0<s<t<T 

2(e MT - 1) J _ M ( e M (s -t) + e M(T +i - s))? < t < s < T 

= M 2 G(t, s) 
Thus 

r-T 


m 



x'{t) = / #(£,s)[a(s)-(M + M 2 ):r(s)-A^(#(y))]cfe 
Jo 

m 

+ ^[M 2 G(£, t k )(-L k x(t k ) + a k ) + H(t,t k )(-L* k x'(t k ) + b k )} 



k=l 

lAMc-d)e~ Mt (d + Mc)e Mt 



' r,i 1 _-MT ' 



2 L l-e~ MT e MT -l J 

It implies that 

x"(i) = [a(t) - (M + M 2 )x(t) - Nx(9(t))] 



+M 2 / G(t, s) [<t(s) - (M + M 2 ):r(s) - JVa;(0(s))]ds 
Jo 

m 

+M 2 J2[H(t,t k )(-L k x(t k ) + o fc ) + G(t,t k )(-L* k x'(t k ) + b k )} 
k=i 
2 1 (rf-Mc)e-^ (d + Mc)e Mf 
t 2M [ l-e" MT e MT -l Jl 

[cr(t) - (M + M 2 )a;(t) - JVs(0(t))] + M 2 x(t) 



Hence 



x"(t) + Mx(t) + Nx(6(t)) = cr(t) 
By direct computation, we get 

m 

A ^ H ( f i tk){-L k x{t k ) + a k ) = -L k x{t k ) + a k 



k =i 

10 
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Aj2G(t,t k )(-L* k x'(t k ) + b k )\ t=tk = 
fe=i 

m 

A J2 Git, t k )(-L k x(t k ) + a k ) = 
k=i 

m 

Aj2H(t,t k ){-L* k x'(t k ) + b k )\ t=tk = -L* k x'(t k ) + b 



k 
fc=l 



then 



Ax(t k ) = Aj2[ H (t,tk)(-L k x(t k ) + a k ) + G(t,t k )(-L* k x'(t k ) + b k 
fe=i 
= -L k x(t k ) + a k 

m 
Ax'(t k ) = Aj2[M 2 G(t,t k )(-L k x(t k ) + a k ) + H{t,t k )(-L* k x'{t k ) + b k )}\ t=tk 



fc=i 

* 1 1 



= -L* k x'(t k ) + b k 

It easy to see G(0,s) = G(T,s), H(0,s) = H(T,s), g(0) + c = g{T), g'(0) + d = 
g'{T), then 

x(0) + c = x(T), x'(0) + d = x'{T) 

Next ,we show that the solution of (4) is unique. Suppose that xi(t), X2(t) G 
PC 2 {J) be two solutions of (4). Let m(t) = Xi(t) — X2(t), then 

m"{i) = x'[{t) — x'^t) 

= [a(t) - Mxi(t) - Nxi(9(t))] - [a(t) - Mx 2 (t) - Nx 2 (6(t))] 

= -M[ Xl (t) - x 2 (t)} - N[ Xl (6(t)) - x 2 {9(t))} 

= -Mm(t) - Nm(9(t)) 

Am(t k ) = Axi(t k ) - Ax 2 (t k ) 

= [-L k xi{t k ) + o fc ] - \-L k x 2 {t k ) + o fc ] 

= -L k [xi{t k ) - x 2 {t k )} 

= -L k m(t k ) 

11 
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Am'(t fc ) = Ax[(t k ) - Ax' 2 (t k ) 

= [-L* k x[(t k ) + b k ] - [-L* k x' 2 (t k ) + b k ] 

= -L* k [x[(t k ) - x' 2 (t k )} 

= -L* k m'{t k ) 

m(0) = xi(0) - x 2 (0) = xi(T) -c- (x 2 (T) - c) = xi(T) - x 2 (T) = ra(T) 

m '(0) = ^(0) - 4(0) = x[(T) -d- (x' 2 (T) -d)= x[(T) - x' 2 (T) = m'(T) 

By lemma 2.2, we have m(t) < 0, that is rci(t) < x 2 {t) on J. Analogously, let m(t) = 

x 2 (t) —Xi(t), we prove that x 2 (t) < xi(t) on J. Therefore X\(t) = x 2 (t) on J. It means 

that (4) has a unique solution in PC 2 (J). The proof is complete. 



3 Monotone iterative technique 

In this section,we use monotone iterative technique to obtain the existence results 
of extremal solutions of (l),we shall need the following definitions. 
Definition 3.1 A function a G PC 2 (J) is called a lower solution of (1) if: 

a"(t)<f(t,a(t),a(9(t))) 
Aa(t fc ) < I k (a(t k )) 

Aa'(t fc ) < I* k (a'(t k )) 
a(0)+/x/ a(s)ds < a(T) 
a'(0) + d< a'(T) 



t^t k , tGJ=[0,T] 
k — 1, 2, • • • ,m 



A; = 1,2, 



,m 



//< 



Analogously, /3 G PC 2 (J) is called an upper solution of (1) if: 

' (3"(t)>f(t,m,mt))) 

A(3(t k ) > 4(/3(t fc )) 
A/3'(4) > W(t fc )) 



P(0)+fiJ^P(s)ds>P(T) 

/3'(0) + d > /5'(T) 



t^t k , teJ = [0,T] 

fc = 1, 2, • • • ,m 
/c = 1, 2, • • • ,m 
[i<0 



12 



526 LIU ET AL: FUNCTIONAL DIFFERENTIAL EQUATIONS 



We also need the following assumptions: 
(HI) a(t), P(t) are lower and upper solutions of (1) such that a(t) < Pit). 
(H2) There exist constants M > and N > 0, such that 

/(*, x, y) - f{t, x, y) > -Mix - x) - N{y - y) 

wherever a(t) < x(t) < x(t) < Pit) a(6(t)) < y(t) < y(t) < P{0(t)) 

(H3) There exist constants < L k < 1, < L£ < 1 for k — 1, 2, • • • to, such that 

Ik{x(t k )) - Ik(y(tk)) > -L k (x(t k ) - y(t k )) 

MAtk)) - r k {y\t k )) > -Li{x'{t k ) - y '{t k )) 

wherever a(t k ) < y(tk) < x{t k ) < P(t k ), k = 1, 2, • • • to. 

Let [ait),Pit)] = {xePC 2 iJ): a(t) < P(t)} for all t G J. 

Now we are in the position to establish the main results of this paper. 
Theorem 3.1 Let (H1),(H2),(H3) and inequality (2) hold. Then there exist monotone 
sequences {a n (t)} , {P n (t)} C PC 2 iJ) with a = a < ot\ < • • • a n < ■ ■ ■ < P n < 
• • • < Pi < Po — P suc h that lin^oo a n = x*(t), linin^oo/^ = x*(t) uniformly 
on J. Moreover, £*(£),£*(£) are minimal and maximal solution of (1) in [a(t),/3(t)], 
respectively. 
Proof. For each r\ G [a(t),/3(t)], we consider (4) with 

ait) = f(t,ri(t)M9(t))) + M V (t) + N V (9(t)) 

ak = h(rj(h)) + L k i]it k ); b k = I* k {r]'{t k )) + L* k r]'{t k )\ c = \x I r](s)ds. 

Jo 

By lemma 2.3, we know that (4) has a unique solution x G PC 2 iJ). 

Now we define an operator A : PC 1 ^) — ► PC 1 ^) as: x = Ar\ then the 
operator A has the following properties: 

(a) a < Aa , Ap < Po 

(b) At) X < Ar]2, if a < r) X < r] 2 < Po 

13 
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To prove (a) ,let a\ = Aa , and m(t) = a (t) — a 1 (i). 

m"(t) = a' Q \t) - a'[{t) 

< f(t, a o (t),a o (0(t))) - [f(t, a (t), a {6(t))) 

+Ma (t) + Nao(9(t)) - M ai (t) - Nai(9(t))] 
- -M(a (t) - ai (t)) - N(a (e(t)) - c*i(0(t))) 
= -Mm(t) - Nm(6(t)) 

Am(t fc ) = Aa (t k ) - Aai(t k ) 

< Ik(a (tk)) - [-L k ai(t k ) + Ik((Xo(tk)) + L k a (t k )] 

= -L k [a {t k ) - ai(tfc)] 

= -L k m(t k ) 

Am'(t k ) = Aa' (t k ) - Aa[(t k ) 

< I* k (a' (t k )) - l-Lla[(t k ) + r k (a' (t k )) + L* k a' (t k )} 

= -L* k [a' (t k )-a[(t k )} 

= -L* k m'(t k ) 

m(0) = a o (0)-ai(0) 

< a (T) — fi / ao(s)ds — (ai(T) — n / ao(s)ds) 

Jo Jo 

= a {T)-a x {T) 

= m{T) 

77i'(0) = a' (0) - a'^O) 

< a'o(T) - d - K(T) - d) 
= a' (T) - ai(T) 

= m'{T) 

14 
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By lemma 2.2, we get m(t) < for t E J, that is, ocq < AaQ. 

Similarly, we can prove that A[3q < (3q. 
To prove (b),let m(t) = Xi(t) — x 2 (t), where X\ = Arji, x 2 = Ar] 2 . 

m"(t) = x'[{t) - x' 2 \t) 

= [f(t,Vi(t),Vi(0(t))) + M Vl (t) + N m (d(t)) - Mxi(t) - N Xl (e(t))\ 

-[f(t,r l2 (t),r l2 (e(t))) + M V2 (t) + N V2 (6(t)) - Mx 2 (t) - Nx 2 (6(t))} 
< -M[ Xl (t) - x 2 (t)} - N[ Xl (9(t)) - x 2 {6{t))} 
= -Mm(t) - Nm(6{t)) 

Am(tfc) = Axi(ifc) - Ax 2 (t k ) 

< [-LfcXi(tfc) + I k (m(tk)) + £fc*7i(*k)] 
-[-L fc x 2 (tfc) + himih)) + L k i] 2 (t k )] 

< -L k [xi(t k )- x 2 (t k )} 
= -L k m(t k ) 

Am'(t fc ) = Ax'^ife) - Ax' 2 (t fc ) 

= [-Lj&fto + i*M{h)) + l*Vi(40] 

-[-L*4(t fc ) + 4*(%(t fe )) + L* k r]' 2 (t k )} 
< -L* k [x[(t k ) - x' 2 (t k )} 
= -L* k m'(t k ) 



m(0) = xi(0)-x 2 (0) 

= (xi(T)-/i/ r7i(s)ds) - (ar 2 (T) - /i / i]2{s)ds) 
Jo Jo 

= x 1 (T) - x 2 (T) +/i / (r) 2 (s)ds - 771 (s))ds 
< m(T) 



15 
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m '(0) = x[(0)-x 2 (0) 

= x[(T) - d - (x' 2 (T) - d) 

= x[(T)-x' 2 (T) 

= m'(T) 

By lemma 2.2, we get m(t) < for t E J, that is A??i < Ai] 2 . Then (b) is proved. 
Let a n = A«„_i and j3 n = A(3 n _ 1 for k — 1, 2, • • • we get 

a = a < «i < • • • ol u < ■ ■ ■ < f3 n < ■ ■ ■ < fa < f3 = (3 

Obviously, each «j, /% (i — 1, 2 • • • ) satisfies: 

' <(*) + Man(t) + Noi(8(t)) = f(t, Oi_i(t), c*i-i(0(t))) + Ma„i(t) + JV ai _i(0(t)) 
Aai(tfc) = -L k OLi(t k ) +ifc(ai_i(t fc )) + L fe a i _ 1 (t fe ) fc = 1,2,- •• ,m 

AaJ(t fc ) = -LJ^fo) + /j^aUfa)) + I^aUfo) fc = 1,2, • • • ,m 

ai(0) +/i/ ai_i(s)ds = «j(T) /i < 

^ aJ(0) + d = a / i (T) 

and 

' P'{{t) + MPi(t) + NPi(9(t)) = f(t, A-i(t), Pi-i(9(t))) + Mft-i(t) + NPi-tfit)) 
AA(tfc) = -L k Pi{t k ) + I k (Pi-i(t k )) + L fc A-i(4) fc = 1, 2, • • • , m 

Aflfa) = -!£#(**) + JJOqUftO) + W-i(*fc) fc = 1, 2, • • • , m 

Pi(0) + » fo Pi-i(s)ds = p t (T) /i<0 

^ P'(0) + d = P' l (T) 

Therefore there exist x* and x* such that 

lim a n = x*(t), lim /3 n = x*(t) 
uniformly on J. Moreover, x*(t), x*(t) are solutions of (1) in [a(t),P(t)]. 



16 
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To prove that x*(t), x*(t) are extremal solutions of (l),let x(t) G [a(t),/3(t)] be 
any solution of (l),that is: 

f x"(t) = f{t,x(t),x(6(t))) t^t k , teJ= [0,T] 

Ax(t k ) = I k (x(t k )) k = l,2, ■■■ ,m 

Ax'{t k ) = r k {x'{t k )) fc = l,2,...,m 

x(0) + \x f x(s)ds = x(T) 
x'(0) + d = x'(T) 

Suppose that there exists a positive integer n such that a n (t) < x < f3 n (t) on J. 
Similarly, by lemma 2.2 we easily obtain a n+ i(t) < x(t) < f3 n+ i(t) on J. Since a^ < 
x(t) < Po on J, by induction we get a n (t) < x < f3 n (t) on J for every n. Therefore, 
x*(t) < x(t) < x*(t) on J by taking n — ► oo. The proof is complete. 
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Abstract 

In 2005, B.Singh and S. Jain [ A fixed point theorem in Menger space through weak compatibility, 
J. Math. Anal. Appl. 301 (2005), 439-448] proved a fixed point theorem for six self-mappings using 
the concept of weak compatibility and compatibility of pair of self- mappings. The purpose of the 
present paper is to establish this fixed point theorem by using generalized (ip, ip) — weak contractive 
condition which is defined for two mappings. This concept introduced D. Doric [Common fixed point 
for generalized (lp, if)— weak contractions, Applied Mathematics Letters 22 (2009), 1896-1900 ]. Our 
result generalizes an existing result in metrical fixed point theory. 

Keywords: Common fixed point, Complete metric space, Weak contraction, Occasionally weakly 
compatible. 



1. Introduction and preliminaries 

It is well known that the Banach contraction principle has been generalized in different 
direction in different spaces by mathematicians over the years. Also, in contemporary 
research, it remains a heavily investigated branch. The papers noted in [5]- [13] are 
some examples from this line of research. 

In [4] Alber and Guerre-Delabriere introduced the concept of weak contraction in 
Hilbert spaces. Rhoades [5] has shown that the result which Alber et al. had proved 
in [4] is also valid in complete metric spaces. We state the result of Rhoades in the 
following: 

A mapping f : X —* X, where (X, d) is a metric space, is said to be weakly 
contractive if 

d(fxjy) <d{x,y)-tp{d(x,y)), (1.1) 

where x,y £ X and ip : [0, oo) — ► [0, oo) is continuous and nondecreasing function 
such that <p (t) = if and only if t = 0. 

If one takes <p (t) = kt where < k < 1, then (1.1) reduces to contraction mapping 

d(fx,fy)<kd(x,y). (1.2) 
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Theorem 1.1. [5]. Let (X,d) be a complete metric space, f a weakly contractive 
mapping. Then f has a unique fixed point p in X. 

Weak inequalities of the above type have been used to establish fixed point results 
in a number of subsequent works, some of which are noted in [5] -[7]. 

Introducing a new generalization of contraction principle, Dutta and Choudhury 
[6] proved the following theorem. 

Theorem 1.2. [6] Let (X, d) be a complete metric space and let f : X — > X be a 
self-mapping satisfying the inequality 

ip (d (fx, fy)) <i>{d (x, y)) -<p(d (x, y)) , (1.3) 

where ip,<p : [0, +oo) — > [0, +oo) are both continuous and monotone nondecreasing 
functions with ip(t) =0 = <p (t) if and only if t = 0. Then f has a unique fixed point. 

In generalizing a theorem of Dutta and Choudhury, I. Beg, M. Abbas [7] proved 
the following result: 

Theorem 1.3. [7] Let (X,d) be a metric space and let f be a weakly contractive 
mapping with respect to g, that is., 

i> (d (fx, fy))<i> (d (gx, gy)) -<p(d (gx, gy)) . (1.4) 

If the range of g contains the range of f and gX is a complete subspace of X, then 
f and g have coincidence point in X. 

Further, Zhang and Song [8] used generalized <p— weak contraction which is defined 
for two mappings and gave conditions for existence of a common fixed point. 

Theorem 1.4. [8] Let (X, d) be a complete metric space, and f,g : X — > X two 
mappings such that for all x, y £ X 

d(fx,gy)<M(x,y)-ip(M(x,y)), (1.5) 

where ip : [0, +oo) — > [0, +oo) is a lower semi- continuous function with <p(t) > for 
t e (0, +oo), ip (0) = 0, and 

M (x, y) = max ld(x,y),d (fx, x) , d (gy, y),-(d (y, fx) + d (x, gy))\ . (1.6) 

Then there exists the unique point u € X such that u = fu = gu. 

Recently Dragan Doric [9] extended the result of Zhang and Song to a pair of weak 
contractive mappings. Doric [9] proved the following theorem. 

Theorem 1.5. [9] Let (X,d) be a complete metric space, and let f,g : X — > X 
be two self-mappings such that for all x, y G X 

1> (d (fx, gy))<i> (M Or, y)) -<p(M (x, y)) , (1.7) 

where 

(a) ip : [0, +oo) — ► [0, +oo) is continuous monotone nondecreasing function with 
ip (t) = if and only if t = 0, 

(b) (p : [0, +oo) — * [0, +oo) is lower semi-continuous function with ip (t) = if and 
only if t = 0, 
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(c) M is defined by (1.6). 

Then there exists the unique point u G X such that u = fu = gu. 

The existence of coincidence point and common fixed point for three mappings 
satisfying generalized (ipif) ~ contractive condition is given in ([10], Theorem 2.1.). 
Beg, Radenovic [10] proved the following theorem. 

Theorem 1.6. [10] Let (X,d) be a complete metric space, and f,g,h : X — > X 
three mappings such that for all x, y <G X 

1> (d (fx, gy))<iP (M (x, y)) - V {M (x, y)) , (1.8) 

where 

(a) ip : [0, +oo) — » [0, +oo) is continuous nondecreasing function with ip (t) = if 
and only if t = 0, 

(b) ip : [0, +oo) — ► [0, +oo) is lower semi- continuous function with ip (t) = if and 
only if t = 0, 

(c) 

M (x, y) = max I d [hx, hy) , d {fx, hx) , d {gy, hy) , - {d (fx, hy) + d (gy, hx)) 

' (1-9) 

// fXUgX c hX and hX is a complete subspace of X, then f,g and h have a unique 
point of coincidence. Moreover, if (f, h) and (g, h) are weakly compatible, then f, g 
and h have a unique common fixed point. 

Recently Singh and Jain [3] proved a common fixed point theorem for commuting 
self-mappings satisfying generalized Ciric type contraction [1]. 

Theorem 1.7. ([3], Theorem 3.3). Let A,B,S,T,L and R be six self-mappings 
of a complete metric space (X, d) , satisfying the conditions: 

(1) L (X) C ST (X) ,R(X)C AB (X) ; 

(2) AB = BA, ST = TS, LB = BL, RT = TR; 

(3) there exists k £ [0, 1) such that for all x, y € X 

d(Lx,Ry) < kma,x{d(Lx,ABx),d(Ry,STy),d(ABx,STy), 
\(d{Lx,STy) + d{Ry,ABx)) 

(4) the pair (L, AB) is compatible and the pair (R, ST) is weakly compatible; 

(5) either AB or L is continuous. 

Then A, B, S, T, L and R have a unique common fixed point in X. 
For the sake of convenience we mention the following definition. 
Definition 1.8. [14], [15] Let / and g be self mappings of a set X and 

C(f,g) := {x e X : fx = gx} . 

The pair (/, g) is called: 

(i) weakly compatible [14] if fgx = gfx for all x G C (/, g) , and 

(ii) occasionally weakly compatible (in brief OWC) [15] if fgx = gfx for some 

x€C(f,g). 
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The following example shows that the weakly compatible maps form a proper 
subclass of the occasionally weakly compatible maps. 

Example 1.9. [16] Let X := [0,oo) with usual metric. Define /, g : X — » X 
by fx = 2x and gx = x 2 for all x € X. Then C(f,g) = {0,2}, fgO = gfO, and 
fg2 ^ gf2. Thus (/, g) is occasionally weakly compatible (in brief OWC) pair but 
not weakly compatible. 

Definition 1.10. [14] Let / and g be self mappings of a set X. If w = fx = gx 
for some x in X, then x is called a coincidence point of / and g, and w is called a 
point of coincidence of / and g. 

Lemma 1.11. [15] Let / and g be occasionally weakly compatible self maps of a 
set X. If / and g have a unique point of coincidence w = fx = gx, then w is a the 
unique common fixed point of / and g. 

Recall that self-mappings / and g on a metric space (X, d) are said to be compati- 
ble if d (fgx n ,gfx n ) — ► 0, whenever {x n } is a sequence in X such that fx n , gx n — ► x, 
for some x G X, as n — > oo. 

2. Main results 

The purpose of this paper is to prove a fixed point theorem which generalized Theorem 
1.7. The idea is in line with results from [5]- [10]. 

Theorem 2.1. Let A,B, S,T,L and R be self-mappings of a complete metric 
space (X, d) , satisfying the conditions: 

(I) L (X) C ST (X) ,R(X)C AB (X) ; 

(II) AB = BA, ST = TS, LB = BL, RT = TR; 

(III) there exist ip, <p : [0, +oo) — > [0, +oo) both continuous and nondecreasing 
functions with if) (t) = = <p (t) if and only if t = 0, such that for all x, y € X 

ip (d (Lx, Ry)) <ip(M (x, y)) -<p(M (x, y)) , where 

M{x,y) = m&x{d(Lx,ABx) ,d(Ry,STy) ,d(ABx,STy) , 
±(d(Lx,STy) + d(Ry,ABx))\; 

(IV) the pair (L 7 AB) is compatible and the pair (R,ST) is OWC; 

(V) either AB or L is continuous. 

Then A, B, S, T, L and R have a unique common fixed point in X. 

Proof. Let Xq G X be arbitrary. From the condition (I) there exists £1,2:2 S X 
such that Lxo = STx\ = j/o and Rx\ = ABx^ = y±. Inductively we can construct 
sequences {x n } and {y n } in X : 

Lx 2n = STx 2n +l = Vln and Rx 2n +\ = ABx 2n +2 = 2/2n+l, 

for n = 0, 1,2, .... 

We first prove that 

d(y n+ i,y n )<d(y n ,y n -i) for n = 1,2, 3, ... (2.1) 
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Indeed, putting x = x 2n+2 ,y = x 2n+i in condition (III), we have 

$ (d (l/2n+l, V2n+2)) = 1p [d {Rx 2n+1 , Lx 2n+ 2)) = 1p (d {Lx 2n+2 , Rx 2n+1 )) 

< ip(M {x 2n+2 , x 2n+ i)) -<p(M (x 2n+2 , x 2n +i)) 

< ip(M(x 2n+2 ,x 2n+ i)), 

from which it follows d(y 2n + 2 ,y 2n +i) < M {x 2n + 2 ,x 2n +i) ■ Further, we have 

M (x 2n+2 ,x 2n+ i) 
= max {d (Lx 2n+2 , ABx 2n+2 ) , d (Rx 2n+1 , STx 2n+1 ) , d (ABx 2n+2 , STx 2n+1 ) 

- (d (Lx 2n+2 , STx 2n+1 ) + d (Rx 2n+1 ,ABx 2n+2 )) 

= max I d (y 2n+2 , y 2n +i) , d (y 2n +i,y2n) , ~jd {y 2n+2 , y 2n ) 

< max{d(y 2 n+2,J/2n+i) ,d(y 2n+ i,y 2n )} . 

If d (y 2n +2, y2n+i) > d {y 2n +i, y 2n ) , then M {x 2n+2 , x 2n+1 ) = d {y 2n+2 , y 2n +i) ■ It fur- 
thermore implies that 

V> (d (y2n+2, V2n+l)) < Ip (d (y2n+2, J/2n+l)) - <P ( d (2/2n+2, 2/2n+l)) , 

i.e., d(y 2n + 2 ,y 2n +i) = 0. A contradiction. Hence, we get 

d (y2n+2, J/2n+l) < M (x 2n+2 , X 2n+ \) < d (j/2n+l, J/2n) • 

Similarly it can be shown that, 

d (y2n+3, V2n+2) < M (x 2n+3 , X 2n+2 ) < d (j/2n+2, J/2n+l) • 

Hence, for all n, 

d (j/n+l-2/n) < M (^n+l, ^n) < d (j/ n , J/„_l) . (2.2) 

Therefore, the sequence {d(j/ n +i,j/ n )} is noncreasing and bounde from below. So, 
lim d(y n+1 ,y n )= lim M (a;„+i,a;„) = r > 0. 

n — >oc n — >oo 

Letting n — > oo in inequality 

V> (d (j/n+l, 2/n)) <<p{M (x n+1 , x n )) -<p(M (x n+1 ,x n )) 
we obtain ip (r) < ij) (r) — ip (r) which is contradiction unless r = 0. Hence, lim 

n — >oo 

d(y n +i,y n ) = 0. 

We next prove that {y n } is a Cauchy sequence. Since, lim d(y n +i,y n ) = it 

n — >oo 

is sufficient to show that the subsequence {y2n} is a Cauchy sequence. If possible, 
let {y2n} be not a Cauchy sequence. Then there exists e > for which we can find 
subsequences {y 2m (k)} and {y 2n (k)} of {2/2™} with n{k) > m (k) > k such that 

d(y 2m {k),y2n(k)) > £■ (2-3) 
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Further, corresponding to rn (k) , we can choose n (k) in such a way that it is the 
smallest integer with n{k) > m(k) and satisfying (2.3). This means that 

d(y2m(k),y2n(k)-2) <£■ (2-4) 

Then we have 

£ < d(y2m(k),y2n(k)) < d[y2 m (k),y2n(k)-2) 

+d (j/2n(fe)-2, 2/2n(k)-l) + ^ (2/2m(fe)) 2/2n(fc)-l) 
< £ + d(y2n(fe)-2)J/2n(fe)-l) +d(j/2m(fe))J/2n(fe)-l) _( 2 -5) 

Letting k —* oo and using lim <i (y n +i,yn) = 0, we obtain 

n — >oo 

d(y2m(k),y2n(k)) = £■ (2-6) 

Again, we have that 

|d(2/2n(fe)+l)J/2m(fe)) - d(j/2n(fe))2/2m(fe))| < ^ (j/ 2 «(fc) , 2/2n(fc) + l) 
and |d(j/2n(fe))J/2m(fe)-l) - rf(j/2m(fe))2/2n(fe))| < ^ (j/2m(fe)) 2/2m(fc)-l) ■ 

Letting fc — * oo in the above two inequalities and using lim d(y n +i,y n ) = and 

n — >oo 

(2.6), we get 

lim d(y 2n (k)+i,y2 m (k)) = lim d(y 2n (k),y2m(k)-i) = £■ (2.7) 

Further, from 

|^(j/2n(fc)+l)2/2m(A;)-l) _ d {y 2n (k)i 2/2m(fc)-l) | < ^ (l/2n(fe) + l, 2/2n(fe)) 

using lim d(y n +i,y n ) = and (2.6) we get 

n — >oo 

lim d(j/2n(fc)+l)J/2m(fc)-l) = £■ (2-8) 

Now, from the definition of M and from (2.2) and (2.6)-(2.8) we have 

lim M (x 2m (k),%2n(k)+i) =£■ (2-9) 

Indeed, 

M (x 2m (k)> x 2n(k)+l) 
= max {d (Lx 2m (k), ABx 2 m(k)) , d (Rx 2n (k)+i, STx 2n {k)+i) ,d(ABx 2rn ( k) ,STx 2n (k)+i) , 

- (d (Lx 2m (k), STx2n(k)+i) + d {Rx 2n (k)+i, ABx 2m (k))) 

= max{d(y 2 m(fe),2/2™(fc)-l) )d(2/2n(fc)+l>2/2n(fc)) )d(2/2m(fe)-l)J/2n(fe)) ! 
2 (d (y2m(k) , y2n(k)) + d (j/2n(fc)+l, 2/2m(fc)-l) ) 

— ► max <! 0, 0, e, - (e + e) > = e. 
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Setting x = x 2m(k) ,y = x 2n (k)+i in (HI) we have 

1p (d (y2m(k),y2n(k) + l)) = 4> (d (Lx 2m (k), RX2n(k) + l)) 
<1p(M (x 2m {k),X2n(k) + l)) -<f(M (x2m(k),X2n(k) + l)) ■ 

Letting k — ► oo, utilizing (2.7) and (2.9), we get 

1>(e)<1>(e)-<p(e), (2.10) 

which is a contradiction if e > 0. 

This shows that {y 2n } is a Cauchy sequence and hence {y n } is a Cauchy sequence. 

Since (X, d) is complete metric space, there exists z <G X such that y n —> z. Also, 
for its subsequences we have 

Rx2n+i —* z and STx2 n +i —> z, 
Lx2n —* z and ABx 2n —* z. 

Case 1. AB is continuous. 

Since AB is continuous, ABABx 2n — ► AB2; and ABLx 2n —* ABz. Also, as 
(L, A_B) is compatible, this implies that LABx 2n — > A_B^. 

(a) We shall first show that ABz = z. Putting x = ABx 2n , y = x 2n+ \ in condition 
(III), we have 

il) (d (LABx 2n , Rx 2n+1 )) <^{M (ABx 2n , x 2n+1 )) -<p{M (ABx 2n , x 2n+1 )) . (2.11) 

Since, 

M(ABx 2n ,x 2n+ i) 
= max{d(LABx 2n , ABABx 2n ) , d (Rx 2n+1 , STx 2n+1 ) ,d(ABABx 2n ,STx 2n+ i) , 

- (d (LABx 2n ,STx2n+i) + d (Rx 2n+1 ,ABABx 2n )) 
— ♦ d(ABz, z) , as n — > 00, 
letting n — > 00 in (2.11), we get 

V> (d (AB«, 2)) < V (d (ABz, z)) -<p(d {ABz, z)) , 

from which it follows that if (d (ABz, z)) = 0, i.e., ABz = z. 

(b) For the proof of the equality Lz = z, putting x = z,y = x 2n+ \ in condition 
(III), we have 



where 



V> (d {Lz, Rx 2n+1 )) < if, (M (z, x 2n+1 )) -cp(M [z, x 2n +i)) , (2.12) 

M(z,x 2n+1 ) 

max {d (Lz, ABz) , d (Rx 2n+ i, STx 2n+ i) , d (ABz, STx 2n+ \) , 

- (d (Lz, STx 2n+ i) + d (Rx 2n+ i,ABz)) 

d(Lz,z) , as n — > 00. 
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Letting n — » oo in (2.12), we get 

ip (d (Lz, z)) <ip(d (z, z)) -ip(d (z, z)) = 0, 

from which it follows that Lz = z. 

(c) Putting x = Bz,y = £2n+i in condition (III), we get 

%l> (d (LBz, Rx 2n +i)) < V> (M (Bz, x 2n +i)) - <p (M (Bz, x 2n+1 )) . (2.13) 

Since 

M(Bz,x 2n +i) 
= ma,x{d(LBz,ABx2n+i) ,d(Rx2 n +i, STx2 n +i) ,d(ABBz,STx2 n +i) , 

^ (d (LBz, STx 2n+ i) + d (Rx 2n+ i,ABBz)) 

— ► d(Bz,z), as n — > oo, 

and using the condition AB = BA and LB = BL in condition (II), letting n — > oo 
in (2.13), we get 

V> (d (Bz, 2)) < V (d (52, 2)) - y (d (Bz, z)) . 

Hence it follows that ip(d(Bz,z)) = 0, i.e., Bz = z. Now, according to (a) we have 
that Az = z. 

(d) As L (X) C ST (X) , there exists v £ X such that z = Lz = STv. Putting 
x = X2n, V = v,in condition (III), we have 

i> (d (Lx 2n , Rv)) < V (M (x 2n , v)) - p (M (x 2 „, v)) , (2.14) 

where 

M(x 2 „,w) = max{d(La:2„, AB:E2«) ,d(Rv,STv) ,d(ABx 2n ,STv) , 

- (d (Lx 2 „, STv) + d (flu, ABx 2n )) 

— * d (i?v, z) , as n — > oo. 

Letting n — > oo in (2.14), we get 

V> (d (-Rv, z)) < V (d (Rv, z)) - <y? (d (i?v, z)) = 0, 

from which it follows that Rv = z. Hence, STv = Rv = z. As (R,AB) is OWC, we 
have ABRv = RABv. Thus STz = Rz. 

(e) Putting x = X2 n ,y = z, in condition (III), we have 

1> (d (Lx 2n , Rz)) < V (M (x 2n , z)) - ip (M (x 2n , z)) , (2.15) 
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where 

M(x 2n ,z) = max{d(Lx 2n ,ABx 2n ) ,d(Rz,STz) ,d(ABx 2n ,STz) , 

1 {d {Lx 2ni STz) + d (Rz, ABx 2n )) 

— * d (Rz, STz) = 0, as n — > oo. 

Letting n — > oo in (2.15), we get 

if> (d (z, Rz)) < V (d (z, STz)) -<p(d {z, STz)) , 

that is., according to (d) 

ip (d (z, Rz)) <tp(d (z, Rz)) -<p(d (z, Rz)) , 

from which it follows that Rz = z. Hence, STz = Rz = z. 
(f) Putting x = x 2n ,y = Tz,in condition (III), we have 



where 



i/> (d {Lx 2n , RTz)) < i) (M (x 2n , Tz)) -<p(M {x 2n , Tz)) (1.16) 

M{x 2ni Tz) 
= max {d {Lx 2n , ABx 2n ) , d {RTz, STTz) , d {ABx 2n , STTz) , 

- {d (Lx 2n ,STTz) + d (RTz, ABx 2n )) 

— > d(z,Tz), as n — > oo. 

Letting n —* oo and using the condition ST = TS and RT = TR in condition (II), 
we get 

%l> (d (z, Tz)) <iP(d (z, Tz)) -<p(d (z, Tz)) , 

i.e., Tz = z. From (e) we have and Sz = z. Hence, if AB is continuous it follows 

Lz = Rz = Az = Bz = Sz = Tz = z. 

Case 2. L is continuous. 

Since L is continuous, L 2 x 2n —* Lz. As (L, AB) is compatible, we have ABLx 2n — * 
Lz. 

(g) Putting x = Lx 2n ,y = iL'2„+i,in condition (III), we have 

ip (d (L 2 x 2n , Rx 2n+ i)) <ip(M (Lx 2n ,x 2n+1 )) -<p(M (Lx 2n , x 2n+1 )) (1.17) 

where 

M(Lx 2n ,x 2n+ i) 
= max{d(L 2 x 2n , ABLx 2n ) , d (Rx 2n+1 , STx 2n+1 ) , d (ABLx 2n , STx 2n+1 ) , 



- (d(L 2 x 2n ,STx 2n+ i) +d(Rx 2n+ i,ABLx 2n )) I 



2 
d (Lz, z) , as n — > oo. 
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Now, letting n —* oo in (1.17) we obtain 

ip (d (Lz, z)) <ip(d (Lz, z)) -if(d {Lz, z)) , 
i.e., Lz = z. Now, using step (d), (e) and (f) and continuing step (f) gives us 

Rz = Sz = Tz = z 

(h) As R (X) C AB (X) there exists uj g X such that z = Rz = ABlu. Putting 
x = u,y = 3:2,1+1, in condition (III), we have: 

1> (d (Lu, Rx 2n +i)) <<p(M (w, X2n+l)) - <P (M (w, x 2n +i)) (2.18) 

where 

M (ui,X2n+i) = raax{d(Lu!,ABco) ,d(Rx 2 n+i,STx2n+i) ,d(ABoj,STx2n+i) , 

- {d {Lu, STx 2n +i) + d {Rx 2n +i, ABoj)) 

—* d (Lu), z) , asm 00. 

Now, letting n —* 00 in (2.18) we get 

ip (d (Lui, z)) <ip{d (Lu), z)) — <f(d (Lu>, z)) , 

from which it follows Lu> = z. Therefore Luj = z = ABlu. As (L, AB) is OWC, we 
have 

Lz = ABz = z. 

Similarly to in step (c) it can be shown that Az = Bz = Lz = z. Thus we have proved 
that 

Lz = Rz = Az = Bz = Sz = Tz = z. 

Proof of uniqueness. Let Z\ be another common fixed point of the aforementioned 
mappings; then Lz\ = Rz\ = Sz\ = Tz\ = Az\ = Bz\ = z\. Putting x = z 7 y = z\, in 
condition (III), we have 

i) (d (Lz, Rzi)) <ip(M [z, zi))-ip (M (z, z{)) (2.19) 

where 

M(z,zi) = max{d(Lz,ABz),d(Rzi,STzi),d(ABz,STzi), 
1 



(d (Lz, STzi) + d (Rzi,ABz)) > =d(z, zi) . 

This means that 

ip (d (z, zi)) <ip(d (z, zi)) -<p(d (z, zi)) 

that is., d (z, Z\) = 0. Thus z = Z\ and this shows that z is a unique fixed point of the 
mappings L, R, S, T, A and B. 



10 
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We now list some corollaries of Theorem 2.1. 

In Theorem 2.1. put B — T — Ix, the identity mapping on X, to obtain the 
following result: 

Theorem 2.2. Let A, S, L and R be self-mappings of a complete metric space 
(X, d) , satisfying the conditions: 

(I) L (X) CS(X),R(X)CA (X) ; 

(II) there exist ip,ip : [0, +oo) — > [0, +oo) both continuous and nondecreasing 
functions with ij) (t) = = <p (t) if and only if t = 0, such that for all x, y £ X 

ip (d (Lx, Ry)) <tp(M (x, y)) -<p(M (x, y)) , where 

M(x,y) = max {d (Lx, Ax) ,d(Ry,Sy) ,d (Ax, Sy) , 
1 



2 (d(Lx,Sy) + d(Ry,Ax)) 

(IV) the pair (L,A) is compatible and the pair (R,S) is OWC; 

(V) either A or L is continuous. 

Then A, S, L and R have a unique common fixed point in X . 

Corollary 2.3. In Theorem 2.1. by setting ip(t) = t,ip(t) = (1 — k)t we obtain 
Theorem 3.3. of [3]. 

Corollary 2.4. When in Theorem 2.1. we set AB = ST = Ix, the identity 
mapping of X, we obtain Theorem 2.1. of [9]. 

Corollary 2.5. When in Theorem 2.1. we set AB = ST = hj^ Ix, the identity 
mapping of X, we obtain Theorem 2.1. of [10]. 

We conclude that for an even number of mappings (say, 2 + 2n) it is possible 
to formulate and prove the appropriate theorem in the frame of the metric spaces, 
analogous to [3] for Menger spaces, and to [1] for complete metric spaces. Our The- 
orem 2.1. would be then its special case for n = 2. The proof would be completely 
analogous, but technicaly cumbersome. 
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SOME RESULTS IN HYPER /3-FUZZY SPACES 



YEOL JE CHO AND REZA SAADATI 



Abstract. In this paper, we consider complete Hyper Menger £-Fuzzy metric 
space and prove some fixed point theorems in this space. 

1. Introduction and Preliminaries 

The notion of fuzzy sets was introduced by Zadch [14] . Various concepts of fuzzy 
metric spaces were considered in [4, 13]. Many authors have studied fixed theory 
in fuzzy metric spaces (see [3, 5, 6, 8, 9, 10, 11]). 

In the sequel, we shall adopt the usual terminology, notation and conventions of 
£-fuzzy metric spaces introduced by Saadati et al. [12]. 

Definition 1.1. ([5]) Let L — (L, <jj be a complete lattice (i.e., a totally ordered 
set in which every nonempty subset admits supremum and infimum) and U a non- 
empty set called universe. An C-fuzzy set A on U is defined as a mapping A : 
U — ► L. For each u in U, A{u) represents the degree (in L) to which u satisfies A. 

Classically, a triangular norm T on ([0, 1], <) is defined as an increasing, commu- 
tative, associative mapping T : [0, l] 2 — > [0, 1] satisfying T(l, x) = x for all x € [0, 1]. 
These definitions can be straightforwardly extended to any lattice C — (L, <l). De- 
fine first Qc — inf L and lc — supi. 

A triangular norm (or t-norm) on £ is a mapping T : L 2 — > L satisfying the 
following conditions: 

(i) (Vie G L){T{x 1 lc) = x) (: boundary condition); 

(ii) (V(ie, y) G L 2 ){T(x,y) — T{y,x)) (: commutativity) ; 
(iii) (V{x,y,z) e L 3 )(T(x,T(y,z)) =T(T{x,y),z)) (: associativity) 
(iv) (V(x,x',y,y') G L 4 )(x < L x' and y < L y> => T(x,y) < L T(x',y')) (: 

monotonicity) . 
A £-norm T on C is said to be continuous if, for any x,y € C and any sequences 
{x n } and {y n } which converge to x and y, respectively, 

lim T(x n ,y n ) = T(x,y). 
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2 YEOL JE CHO AND SAADATI 

For example, T(x, y) — min(x, y) and T(x, y) = xy are two continuous i-norms 
on [0,1]. 

Put r 1 =r and 

T n (xi,- ■■ ,x„+i) = T(T" _1 (xi,- •• ,x„),x„+i) 
for each n > 2 and Xj G £. 

A triangular conorm (or s-norm) on £ is a mapping S : L 2 — > L satisfying the 
following conditions: 

(i) (Vx G X)(5(x, 0,c) = x); (: boundary condition); 

(ii) (V(x, y) G L 2 )(S(x,y) = S(y,x)) (: commutativity); 
(iii) (V(x,y,z) G L 3 )(S(x 7 S(y,z)) — S(S(x,y),z)) (: associativity); 
(iv) (V(x,x',y,</) G L 4 )(x < L x' and y < L y' =► 5(x,y) < L 5(x',y')) (: 
monotonicity) . 

From (i) and (iv), we have S(x,y) >l x and S(x,y) >l y and so S(x,y) >l 
A(x, y), where 

2/, if a; < L y, 



A(x,y) — i 

X, if y < L X. 

A s-norm S on £ is said to be continuous if, for any x, y G £ and any sequences 
{x„} and {y„} which converge to x and y, respectively, 

lim S{x n ,y n ) = S{x,y). 

n — >oo 

Two typical examples of continuous s-norm on [0, 1] are S(a, b) — min(a + b, 1) 
and <S(a, b) — max(o, b). 

A negation on £ is any decreasing mapping N : L —* L satisfying Af(0c) = 1/: 
and A/"(l,c) = 0£ . If Af(Af(x)) = x for all x G L, then A/" is called an involutive 
negation. 

The negation N s on ([0, 1], <) defined as N s (x) = 1 — x , for all x G [0, 1] is called 
the standard negation on ([0, 1], <). In this paper, the negation Af : L — ► L is fixed. 

Definition 1.2. The triple (A, A4, T) is said to be an C-fuzzy metric space if A is 
an arbitrary (non-empty) set, T is a continuous t-norm on C and M. is an C- fuzzy 
set on A 2 x ]0,+oo[ satisfying the following conditions: for every x,y,z in A and 

i, s in (0, +oo), 

(a) M(x,y,t) > L C ; 

(b) A4(x, y, t) = l£ for all i > if and only if x = y; 

(c) M(x,y,i) = A4(y,x,i); 

(d) T(M(x, y, £), M(y, z, *)) <l M(x, z,t + s); 

(e) A4(x, y, •) : ]0, +oo[ — > L is continuous. 

In this case A4 is called an C-fuzzy metric. If the C- fuzzy metric space (A, A4 , T) 
satisfies the condition: 

lim M{x,y,t) = l jC , (ft) 

t — >oo 

then (A, M, T) is said to be Menger C-fuzzy metric space or, for short, a NLC-fuzzy 
metric space. 



546 



SOME RESULTS IN HYPER £-FUZZY SPACES 3 

If the inequality (d) is replaced by the following inequality: 

(H) M(x,y,r + t + s) >l T 2 (M(x,z,r),M(z,w,t),M(w,y,s)) for all x,y G X 
and z, w G X (z =/= w), which are different from x, y, and r,t, s > 0, 

then the triple (X,Ai,T) is called a Hyper C-fuzzy metric space (briefly, HC- 
fuzzy metric space). 

Clearly, every C- fuzzy metric space is an H C-fuzzy metric space. But, in the 
next example, we give an HC-iuzzy metric space which is not a £-fuzzy metric 
space. 

Example 1.3. Let X be the set {a, b, c, e}. Denote T(x,y) — min(x, y) for all 

x, y G [0, 1]. For each t G]0, oo[, define 

M(a,b,t) = -, M(a,c,t)=M(b,c,i) 



£ + 3' l V*"""> 'V>->-V t+1 : 

M(a,e,t) = M(b,e,t) = M(c,e,t) = 



t + 2' 

M{k,k,t) = 1, VfcgX. 
Clearly, (X, A^T) is an HC-iuzzy metric space, but it is not an £-fuzzy metric 
space because it lacks the triangular property: for all a, b, c G X, 

.M(a, 6, 2£) < min(.M(a, c, i), 7W(6, c, i)). 

Let (X, M., T) be an HC-iuzzy metric space. For any t € ]0, +oo[, we define the 
open &a// -B(x, r, i) with center x € X and radius r G L \ {0£, 1^} as follows: 

B(x, r,t) = {yeX: M{x, y, t) > L N{r)}. 

A subset A C I is called open if, for each x G A, there exist £ > and 
r G L \ {0,c, 1/;} such that B(x,r,t) C A. Let 7» denote the family of all open 
subsets of X. Then tm is called the topology induced by the HC-iuzzy metric M. 

Lemma 1.4. ([4]) Let (X,Ai,T) be an HC-fuzzy metric space. Then M.(x,y,i) 
is nondecreasing with respect to t for all x,y in X. 

Definition 1.5. (1) A sequence {x n } in an HC-iuzzy metric space (X,A4,T) is 
called a Cauchy sequenceii, for each e G L \ {0c} and t > 0, there exists no G N 
such that 

M{x mi x n ,t) > L Af{s) 

for all m, > n > no (n > to > no). 

(2) The sequence {i„} n gN is said to be convergent to a point x in the HC-iuzzy 

metric space (X, M. , T) (denoted by x n — ► x) if 

M(x n , x, t) = M(x, x n , t) — > l£ 

whenever n — + +oo for every t > 0. 

(3) An HC-iuzzy metric space is said to be complete if and only if every Cauchy 
sequence is convergent. 

Let T be a continuous £-norm on the lattice C such that, for all /i G L\ {0c, ^c}, 
there is a A G L \ {Qc, ic} (which may depend on n) such that 

(1.1) T"- 1 (AA(A),...,AA(A))> L AA( M ) 

for each n G {1, 2, • • • }. 

For more information, see [12]. Throughout this paper, we assume (1.1) holds. 
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Lemma 1.6. Let (X, M.,T) be a Menger HC-fuzzy metric space (briefly, NLHC- 
fuzzy metric space). Define a mapping E\^m : X 2 — > R + U {0} by 

E XM (x,y) = ini{t > : M{x,y,t) > L Af(X)} 

for all X € L\ {0c, l,c} an d x,y E X . Then we have the following: 

(1) For any /i G L\ {0,c, ljc}, there exists X G L \ {0c, ^c} such that 

E^.m (x,y) < E\. M (x, z) + E x ,m (z,w) + E\, M (w, y) 
for all x, y G X and z,w G X (z =/= w), which are different from x and y. 

(2) The sequence {x n } is convergent with respect to NLHC-fuzzy metric M. if 
and only if E\ y j^[(x n ,x) — > 0. Also, the sequence {x n } is a Cauchy sequence with 
respect to NLHC-fuzzy metric M. if and only if it is a Cauchy sequence with respect 
t° E\,M ■ 

Proof. The proofs are same as in C-iuzzy metric spaces [1]. □ 

Definition 1.7. ([3]) Let (X, M., T) be an H C-iuzzy metric space and A : X — > X 
be a mapping. For each x G X, let 

0(x, oo) = {x, Ax, A 2 x, A 3 x, ■■ ■}. 

The space X is said to be A-orbitally complete if and only if every Cauchy sequence 
which is contained in O(a;,co) for some x € X converges in X. 

Finally, we remark here that some of the ideas in Sections 2 and 3 were motivated 
from the papers of Branciari [2] and Das [7]. 

2. Banach's Fixed Point Theorem 

Now, we prove Banach's fixed point theorem in M.H C-hizzy metric spaces. 

Theorem 2.1. Let (X,A4,T) be an 'M.HC-fuzzy metric space and let a G]0, 1]. 
Let B : X > X be a mapping satisfying the following condition: 

(2.1) M(Bx,By,t) >l M(x,y, -) 

a 

for every t > 0. Also, assume there exists x G X such that 

(2.2) E x < oo, 

where 

E x = ma,x{E B (x),E B 2 (x} }, 

E B (x) = sup{E XM (x,Bx) : X G L \ {0 £ , l c }}, 

E B 2(x) = sup{E XM (x,B 2 (x)) :XeL\ {0 c , l C }}- 

Then we have the following: 

(1) There exists a point a G X such that linin^oo B n x = a. 

(2) Ba = a and, for each e£l such that Be = e, one has e — a. 

Proof. Fix x G X so that (2.2) holds and consider the sequence {B n x}. We can 
suppose that x is not a periodic point. In fact, if B v x = x for some v G N, then we 
have that, for each A G L \ {0c, l,c}, 

E XM (x,Bx) = E XM (B v x,B v+1 x) < a v E^ M (x,Bx) 

and so E\_m(x 1 Bx) — 0, which implies that Ai(x,Bx,t) = lc for all £ > (to 
see this, notice that, if we fix t > 0, then we have M(x,Bx, t) >l A/"(A) for 
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each A <G L \ {0£,l£} since M. is nondecreasing. Thus, letting A — > 0£ gives 
A4(x, Bx, t) >l I/: and so we have this for all t > 0), i.e., x = Bx. 

On the other hand, in the remainder of the proof, we can suppose that B n x =/= 
B m x for all distinct m,n £ NU {0}. Now, we prove that, for every \i £ L\ {0£, l,c}, 
there exists Aj £ L\ {0c, l,c} for each i £ {0, • • • , 2fc — 2} and Si £ L\ {0c, lc} for 
each i € {0, • • • , 2fc} such that 

2fc-3 

(2.3) ^.^(x, S 2fe a;) < ^ oTE^^x, Bs) + a 2fe - 2 -E A2fc _ 2 ,A"f (*, B 2 x) 

i=0 

for each fc = 2, 3, 4, • • • and 

2fe 

(2.4) E^ M (x,B 2k+1 x) <Y, alE s,M^:Bx) 

i=0 

for each k — 0, 1,2, • • • . 

We first prove (2.3) for k = 2. Fix fi £ L\ {0^, lc}- Then, from Lemma 1.6, 
there exists a A € L \ {0£, lc} such that 

E^ M (x,B 4 x) < E KM {x,Bx)+E XM {Bx 1 B 2 x)+E XM {B 2 x,B i x) 

< ^A,X (#i -Ba;) + aExM {x, Bx) + a 2 E XiM {x, B 2 x) 

and so (2.3) holds for k = 2. 

Next, we show (2.3) for k — 3. Fix fi £ L\ {0c, l,c}. Then, from Lemma 1.6, 
there exist a A £ i \ {0£, l£} and a S £ i \ {0£, !.£} such that 

E^ M (x,B 6 x) < E XM {x,Bx) + E KM {Bx,B 2 x)+E KM {B 2 x,B Q x) 

< E x ,m(x,Bx) + otE XtM (x, Bx) 

+E SiM (B 2 x, B 3 x) + E s . M (B 3 x, B 4 x) + E SM (B 4 x, B 6 x) 

< E x ,m ( x > Bx) + aE x ^ M (x, Bx) + a 2 Es.M {x, Bx) 
+a 3 Eg,M (x, Bx) + a Es t M (x, B 2 x) 

and so (2.3) holds for k = 3. 

Continuing this process, we can obtain (2.3). A similar argument establishes 
(2.4). Thus, from (2.3) and (2.4) for all n, k e N (k is allowed to be in Z+ in the 
second formula below) , one has 

E^ M (B n x,B n+2k x) < a n E„ M {x,B 2k x) 

2k-2 



< a n ^ a'max{B B ( I . ) ,B i i2 (l) } 



and 



i=0 

a n 
< t^E x 
1 — a 



E^ M (B n x,B n+2k+1 x) < a n E^ M (x,B 2k+1 x) 

2k 

< a n ^2a l max{E B{x) ,E B 2 (x} } 

j=0 

< z E x . 

1 — a 
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That is, for all n, m G N, one has 



a" 



(2.5) E^ M {B n x,B n+m x) < - E x , 

1 — a 

which implies that {B n x} n is a Cauchy sequence in (X,M.,T) which is a com- 
plete MiJ£-fuzzy metric space, so that there exists a point a G X such that 
a = linin^oo B n x. Also, a is a fixed point of B since we have 

Ex.m (B n+1 x, Ba) < aE x , M (B n x, a) -> (n -► oo) 

for each AG (0,1) and so 

a = lim B n x = Ba. 

n — >oo 

If further one has Be = e, then we have 

E\,M (a, e) = E Xi m ( Ba > Be ) < ^ E \,M (a, e) 

for each A £ L \ {Oci ^c} & n d so E\^(a, e) = 0, which implies a = e. Therefore, 
(1) and (2) follow. This completes the proof. 

Remark 2.2. One can replace the condition (2.2) with others to guarantee the 
existence of fixed point in Theorem 2.1. For example, suppose that there exists 
x £ X such that 

Ex.b(x) = sup{Ex, M (x,B p x),pe N} < oo 

for every A e L \ {0^, 1^}. Then the sequence {B n x} is a left Cauchy sequence 
since we have, for every A £ L \ {0c, lc}, 

E XM {B n+m x,B n x) < a n E XM (B m x,x) < a n E XtB {x) 

for each n,m £N. 

3. Kannan's Fixed Point Theorem 

Next, we give a fuzzy version of Kannan's fixed point theorem in metric spaces. 

Theorem 3.1. Let (X,M,T) be an NLHC-fuzzy metric space and let S be a s- 
norm. Let A : X — ► X be a mapping satisfying the following condition: 

(3.1) M{Ax, Ay, t) > L S(M(x, Ax, ^),M{y, Ay, U) 

for all x, y G X, where < (3 < ^ ■ Also, assume that there exists x G X such that 
E A (x) = sup{E x , M (x, Ax) : A G L\ {0 £ , 1 £ }} < oo. 

In addition, assume that 

(i) Ea{u) < oo for any u G X with A n x =/= u and A n x ^ Au for all n G N; 

(ii) Ea(u) < oo for any u G X with A n u =/= u for each n G N, A p u ^ A r u for 
each p, r G N with p =/= r. 

If X is A-orbitally complete, then A has a unique fixed point in X. 
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Proof. Let x £ X. By (3.1), we have 

E x<M {Ax,Ay) 
= mi{t>0:M(Ax,Ay,t)> L Af(\)} 

< inf {t > : S(M(x, Ax, ^),M(y, Ay, |)) > L Af(X)} 

< inf{t > : A(M(x,Ax, ^),M(y,Ay, |)) > L A^(A)} 

< inf{t > : M(x, Ax, - ) > L AA(A)} + inf{i > : Mfo, Ay, * ) > L M(X)} 

Now, we have 

E x . M {Ax,A 2 x) < f3[E XiM (x,Ax) + E XM (Ax,A 2 x)}, 
which implies that 

E XM (Ax,A 2 x) < -^—-E x . M (x,Ax). 

Again, we have 

E XM {A 2 x,A i x) < P[E x . M (Ax,A 2 x) + E x . M (A 2 x,A 3 x)}, 
which implies that 

|2„ a3„\ s P TP. . .{ A~ /|2„-\ ^ t P 



E XM {A 2 x,A A x) < ^—E XM (Ax,A z x) < I ^-- J S a ^(x,At). 
Thus, in general, for each n £ N, we have 

(3.2) S AiM (A"ar,A" +1 x) < (j^j) E XM {x,Ax) = ^^(^Ai), 

where r = j^. Since < j3 < \, it follows that < r < 1. 

Fix iGlso that Ea(x) < oo. We divide the proof into two cases. 
Case I. First, assume that 

(3.3) A m x j- A n x 
for each m, n € N with m =/= n. By (3.2), we have 

(3.4) E XM {A n x,A n+1 x) < r n E x , M {x,Ax) < - E XM {x,Ax). 

1 — r 

Also, since 

M(A n x, A n+2 x, t) > L S{M{A n ~ 1 x, A n x, U, M{A n+1 x, A n+2 x, U), 

P P 

we have 

E x . M (A n x,A n+2 x) < P[E KM (A n - 1 x,A n x) + E XM (A n+1 x,A n+2 x)] 

< P[( Y ^) n - 1 E x , M (x,Ax) + (- [ ^Y+ l E XM (x,Ax)] 

- [( T ^r + ( r ^r +2 ]^A^(x,A 2 ;), 
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which implies that 

(3.5) E XM {A n x,A n+2 x) < - E XM {x,Ax). 

1 — r 

Now, if 77i > 2 is odd, then, writing m = 2fc + 1, fc > 1, and using Lemma 1.6 
and (3.4), it follows that, for any \x G L\ {Oc, 1/;}, there exists A, G L\ {Oc, 1/:} 
(ie {l,--- ,2fc+l}) such that 

^, A4 (yl"x, J 4"+ m a ;) < E XlM (A n x,A n+1 x) + E X2M (A n+1 x,A n+2 x) 

+ ■■■ + E X2k+1 , M {A n+2k x, A n+2k+1 x) 

< Ea{x) | ^ ra+1 | |_ r n+2fe\ 

— 1 — r 

< J^^x). 

Again, if m > 2 is even, then, writing ?ti = 2fc, fc > 1, and using Lemma 1.6, (3.4) 
and (3.5), it follows that, for any \x G L \ {Oc, l,c}, there exists A^ G L \ {Oc, lc} 
(i G {l,...,2fc- 1}) such that 

E^ M (A n x,A n+m x) < E x ^ M (A n x,A n + 2 x) + E x ^ M (A n + 2 x,A n + 3 x) 

+ ■■■ + E x ^_ iiM {A n+ * k - 1 x, A n+2k x) 

< E a(x) , n ! r »+l ! |_ r n+2fe-l\ 

— 1 — r 

^ (1 _ r )2 ^( X )' 

Thus, combining all the cases, we have 

(3.6) ^,A4(A"x,A"+ m x)<- ^E A (x). 

(1 — r)^ 

Since < r < 1, r n — »0 as n - >oo and so the sequence {A™a;} is a left Cauchy 
sequence. Since X is ^4-orbitally left complete, it follows that 

(3.7) lim A n x = u 

n — >oo 

for some ii£l. 

We shall now show that Au — u. We divide this proof into two parts. First, 
assume that A n x ^ u,Au for each n G N. Then, for any A G L \ {OcAc}, it 
follows from Lemma 1.6 that there exists a /i G L\ {Oc, l,c} such that (see also the 
beginning of the proof of Theorem 3.1 and (3.6)) 

E XiM (u,Au) 

< E llM (u, A n x) + E„ M (A n x, A n+1 x) + E^ M (A n+1 x, Au) 

< E^ M («, A n x) + E„ M (A n x, A n+1 x) + /3[E^ M (u, Au) + E„ M (A n x, A n+1 x)] 

(1 + 0)r n 

< Ep M (u,A n x)+ y 1 _' E A {x) + f3E^ M (u, Au) . 

Let n — > oo in the above inequalities, we obtain (see (3.7)) 

E x<M (u,Au) < j3E^ M (u,Au) < (iE A {u). 



552 



SOME RESULTS IN HYPER £-FUZZY SPACES 9 

Thus E\_ M (u,Au) < (3E A (u) for any A <G L \ {Q c , l c } and so E A (u) < (3E A (u). 
Consequently, we have E A {u) — and so Es,m( u , Au) = for any 8 E L\ {Oc}- 
Thus, as a result, it follows that u = Au. 

Next, assume that A k x = u or A k x = Au for some k in N. Now, one may easily 
verify that {A n u} is a sequence with the following properties: 

(a) lim^oo A n u = u; 

(b) A n u 7^ u for each n e N; 

(c) A v u 7^ A r u for each p,r £ N with p ^ r. 

Note that (a) follows. In fact, by (3.7), linin^oo A n u = lim n ^ 00 A n+k x = u if 
A k x = u and lim n ^oo A n u = linin^oo A(' n ~^ +k x = u if yl fe a; = ^4u. Also, (b) and 
(c) follow from (3.3). 

Essentially, the same reasoning as above (with x replaced by u and note that 
(3.6) holds with x replaced by u) using the properties (a)-(c) yields u = Au. 

Case II. Let 



(3.8) 



A m x = A n x 



for each m, n € N with m ^ n. Fix m and n and, without loss of generality, assume 
m > n. Then A m ~ n (A n x) = A n x, i.e., A k y = y, where k = m — n, and A n x = y. 
Now, for any A £ (0, 1), it follows from (3.2) that 

ExMv^v) - E XM (A k y,A k+1 y) < (r^j) E \M(y,Ay), 

which implie that E\ y ^[(y, Ay) — and so y = Ay. 

The uniqueness of the fixed point of A follows easily from (3.1). This completes 
the proof. 
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Asymptotic stability of linear continuous 
time- varying systems with state delays in Hilbert 

spaces * 

Kreangkri Ratchagit 

Abstract 

This paper studies the stabilization of the infinite-dimensional linear 
time- varying system with state delays 

x = A(t)x + Ai(t)x(t - h) +B(t)u. 

The operator A(t) is assumed to be the generator of a strong evolution 
operator. In contrast to the previous results, the stabilizability conditions 
are obtained via solving a Riccati differential equation and do not involve 
any stability property of the evolution operator. Our conditions are easy 
to construct and to verify. We provide a step-by-step procedure for finding 
feedback controllers and state stability conditions for some linear delay 
control systems with nonlinear perturbations. 

1 Introduction 

Consider a linear control system with state delays 



x(t) = A(t)x(t) + Ai(t)x(< -h) + B(t)u(t), t > t , 

x(t) = <f>(t), te[-Me>], 



(i.i) 



where x € X is the state, u € U is the control, h > 0. The stabilizability 
question consists on finding a feedback control u(t) = K(t)x(t) for keeping the 
closed-loop system 

x(t) = [A(t) + B(t)K{t)]x{t) + Attyxit - h) 

asymptotically stable in the Lyapunov sense. In the qualitative theory of dy- 
namical systems, the stabilizability is one of the most important properties of 
the systems and has attracted the attention of many researchers; see for ex- 
ample [1, 7, 10, 16, 17, 21] and references therein. It is well known that the 
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main technique for solving stabilizability for control systems is the Lyapunov 
function method, but finding Lyapunov functions is still a difficult task (see, 
e.g. [3, 13, 15, 19, 20, 22]). However, for linear control system (1.1), the system 
can be made exponentially stabilizablc if the underlying system x(t) — A(t)x(t) 
is asymptotically stable. In other words, if the evolution operator E{t, s) gen- 
erated by A(i) is stable, then the delay control system (1.1) is asymptotically 
stabilizable under appropriate conditions on A\(t) (see [1, 17, 22]). For infinite- 
dimensional control systems, the investigation of stabilizability is more compli- 
cated and requires sophisticated techniques from semigroup theory. The difficul- 
ties increase to the same extent as passing from time-invariant to time-varying 
systems. Some results have been given in [2, 4, 9, 17] for time-invariant systems 
in Hilbert spaces. 

This paper considers linear abstract control systems with both time- varying 
and time-delayed states and the object is to find stabilizability conditions based 
on the global controllability of undelayed control system [A(t) , B(i)] . In contrast 
to [1, 17, 19], the stabilizability conditions obtained in this paper are derived by 
solving Riccati differential equations and do not involve any stability assumption 
on the evolution operator E(t, s). New sufficient conditions for the stabilizability 
of a class of linear systems with nonlinear delay perturbations in Hilbert spaces 
are also established. The main results of the paper are further generalizations 
to infinite-dimensional case and can be regarded as extensions of the results of 
[7,12,14,21]. 

The paper is organized as follows. In Section 2 we give the notation, and 
definitions to be used in this paper. Auxiliary propositions are given in Section 
3. Sufficient conditions for the stabilizability are presented in Section 4. 

2 Notation and definitions 

We will use the following notation: M + denotes the set of all non-negative real 
numbers. X denotes a Hilbert space with the norm ||.||jc and the inner product 
(., .)x, etc. L(X) (respectively, L(X, Y)) denotes the Banach space of all linear 
bounded operators S mapping X into X (respectively, X into Y) endowed with 
the norm 

HSU =sup{||Sx|| :xeX,||a;|| < 1}. 

L2([t,s],X) denotes the set of all strongly measurable square integrable X- 
valued functions on [t,s]. D(A), Im(A), A* and A^ 1 denote the domain, the 
image, the adjoint and the inverse of the operator A, respectively. If A is 
a matrix, then A T denotes the conjugate transpose of A. B\ = {x e X : 
\\x\\ = 1}. clM denotes the closure of a set M; I denotes the identity operator. 
C[t, s \,x denotes the set of all X- valued continuous functions on [t, s]. Let X, U 
be Hilbert spaces. Consider a linear time-varying control undelayed system 
[A(t),B(t)] given by 

x(t)=A(t)x(t) + B(t)u(i), t>t , 
x(t ) = x Q , 
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where x(t) G X, u{t) G U; A(t) : X -► A; B(t) G L(U,X). 

In the sequel, we say that control u(t) is admissible if u(t) G £2(^0, 00), U). 
We make the following assumptions on the system (2.1): 

(i) B(t) e L(U,X) and B(.)u € C [t0iOo)iX for all u € U. 

(ii) The operator A(t) : D(A(t)) C X -> X, cl£>(A(£)) = X is a bounded 
function in £ G [to, 00) and generates a strong evolution operator E(t,r) : 
{(*, t) : t > t > t } -» L(A) (see, e.g. [5, 6]): 

E(t,t) = I, t>t , E(t,r)E(T,r) = E(t,r), Vt > r > r > i , 

2?(t, r) is continuous in i and r, S(i, io)^ = x + J. E(t, t)A(t)x(It, for all 
x G D(A(t)), so that the system (2.1), for every admissible control u(t) 
has a unique solution given by 

x(t)=E(t,to)x + / E(t,T)B(T)u(T)dT. 



Definition The system [A(i), B(t)] is called globally null-controllable in time 
T > 0, if every state can be transferred to in time T by some admissible 
control u(t), i.e., 

ImU{T,t ) C L T {L 2 {[t ,T),U), 

where L T = jf S(T, s)B(s)ds. 

Definition The system [A(t), B(t)] is called stabilizable if there exists an op- 
erator function K (t) G L(X, U) such that the zero solution of the closed loop 
system x = \A(t) + B(t)K(t))x is asymptotically stable in the Lyapunov sense. 

Following the setting in [2], we give a concept of the Riccati differential 
equation in a Hilbert space. Consider a differential operator equation 

P(t) + A*{t)P(t) + P(t)A(t) - PtyBWR^B'tyPit) + Q(t) = 0, (2.1) 

where P(t), Q(t) G L(X) and R > is a constant operator. 

Definition An operator P(t) G L(X) is said to be a solution of the Riccati 
differential equation (2.2) if for all t > to and all x G D(A(i)), 

(Px, x) + (PAx, x) + (Px, Ax) - (PBR~ 1 B*Px, x) + (Qx, x) = . 

An operator Q G L(X) is said to be non-negative definite , denote by Q > 0, if 
(Qx, x) > 0, for all x G X. If for some c > 0, (Qx, x) > c||x|| 2 for all x G A, 
then Q is called positive definite and is denote by Q > 0. Operator Q G L(X) 
is called self-adjoint if Q = Q*. The self-adjoint operator is characterized by 
the fact that its inner product (Qx, x) takes only real values and its spectrum 
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is a bounded closed set on the real axis. The least segment that contains the 
spectrum is [A mi „(Q), A max (Q)], where 

A m in(Q) = inf{(Qx,x) : x G Bi}, 
Amax(Q) = sup{(Qx,x) : x G Si} = ||<2||. 

We denote by BC([t, oo],X + ) the set of all linear bounded self-adjoint non- 
negative definite operators in L(X) that are continuous and bounded on [t, oo). 

3 Auxiliary propositions 

To prove the main results we need the following propositions. 

Proposition 3.1 ([5]) If Q G L{X) is a self-adjoint positive definite operator, 
then A m i n (<5) > and 

A m in(Q)|W| 2 < (Qx,x) < A max (Q)||x|| 2 , Vx G X. 

Proposition 3.2 ([2, 5]) The system [A(t), B(t)] is globally null- controllable 
in time T > if and only if one of the following conditions hold: 

(i) There is a number c > such that 

i-T 

\\B*(s)E*(T,s)x\\ 2 ds > c\\E*(T,t )x\\ 2 , Vx G X. 

(ii) The operator J. E{T, s)B(s)B* (s)E* (T, s)ds is positive definite. 

Associated with control system [A(t), B(t)] we consider the cost functional 

r°° 
J{u)= [(Ru{t),u{t)) + (Q{t)x{t),x{t))]dt, (3.1) 

Jo 

where R > 0, Q(t) G BC([to,oo),X + ). The following proposition solves the 
optimal quadratic problem (2.1)-(3.1). 

Proposition 3.3 ([18]) Assume that the optimal quadratic problem (2.1)-(3.1) 
is solved in the sense that for every initial state xo there is an admissible control 
u(t) such that the cost functional (3.1) exists and is finite. Then the Riccati 
differential equation (2.2) has a solution P(t) G BC([to, oo), X + ). Moreover, 
the control u(t) is given in the feedback form 

u{t) = -R~ 1 B*(t)P(t)x(t), t>t (3.2) 

minimizes functional (3.1). 
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For the finite-dimensional case, it is well known [12, 14] that if system [A, B] 
is globally null- controllable then the control 

u{t) = -B T p- l (T)x{t), T>t , 

where P(T) > is the solution of the Riccati equation 

P(t) + AP(t) + P(t)A T + P(t)QP(t) + BEr Y B T , P(t ) = 0, 

for a matrix Q > 0, minimizes the cost functional (3.1). In the proposition 
below, we extend this assertion to the infinite-dimensional case based on solving 
an optimal quadratic control problem. 

Proposition 3.4 // control system [A(t), B(t)] is globally null- controllable in 
finite time, then for every operator Q(t) G BC([to, oo), X + ), Riccati differential 
equation (2.2) has a solution P(t) G BC([to, oo), X + ) and the feedback control 
(3.2) minimizes the cost functional (3.1). 

Proof. Assume that the system is globally null-controllable in some T > to- 
Let us take operators R > 0,Q(t) G BC([to, oo), X + ) and consider a linear 
optimal quadratic control problem for the system [A(t),B(t)] with the cost 
functional (3.1). Due to the global null-controllability, for every initial state 
xq G X there is an admissible control u{f) G £2(^0, T], U) such that the solution 
x(t) of the system, according to the control u{t), satisfies 

x(t )=x , x(T) = 0. 

Let u x (t) denote an admissible control according to the solution x{t) of the 
system. Define 

«(t) = ux(t),te [to, II, 

u(t) = 0, t>T. 

If x(.) is the solution corresponding to Ux(-), then x(t) = for all t > T. 
Therefore, for every initial state xo, we have 

/•OO 

J( u )= / [(Q{s)x(s),x(s)) + (Rv,x{s),Ux{s)]ds < +00. 

The assumption of Proposition 3.3 for the optimal quadratic problem (2.1), (3.1) 
is satisfied and hence there is an operator function P(t) G BC([to, 00), X + ), 
which is a solution of the Riccati equation (2.2) and the control (3.2) minimizes 
the cost functional (3.1). Proposition is proved. ^> 

We conclude this section with a Lyapunov stability result on functional dif- 
ferential equations. Consider a general functional differential equation of the 
form 

x(t) = f{t,x t ), t>t , 

z(t) = <Kt), iG[-Mo], 
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where 4>(t) G C[_h,t i,X) x t{s) = x(t + s), —h < s < to- Define 

||x t || = sup ||a;(* + s)||. 

s£[-h,t a ] 

Proposition 3.5 ([11]) Assume that there exist a function V(t,x t ) : R + x 
C([to, —h]) — ► R + and numbers c\ > 0, C2 > 0, C3 > such that 

(i) Ci||a;(i)|| 2 < V(t,Xt) < c 2 \\x t \\ 2 , for all t > t . 

(11) f t V(t,x t ) < -c 3 \\x(t)\\ 2 , for all t > t . 
Then the system (3.3) is asymptotically stable. 

4 Stabilizability conditions 

Consider the linear control delay system (1.1), where x(i) £ X, u{t) £ U; X,U 
are infinite-dimensional Hilbert spaces; Ai(t) : X — > X and A(t),B(t) satisfy 
the assumptions stated in Section 2 so that the control system (1.1) has a unique 
solution for every initial condition <j>(t) G CtQ t00 yx an d admissible control u(t). 
Let 

p= sup ||P(t)||. 
te[to,°°) 

Theorem 4.1 Assume that for some self-adjoint constant positive definite op- 
erator Q G L{X), the Riccati differential equation (2.2), where R = I has a 
solution P(t) G BC([to, 00), X + ) such that 



II A /-All ^ V ^min(W) /, ,i 

01 := sup Pi(i)|| < . (4.1) 

te[t ,oo) Z P 

T/ien the control delay system (1.1) is stabilizable. 

Proof. For simplicity of expression, let to = 0. Let < Q G L(X), P(t) G 
BC([0,oo),X + ) satisfy the Riccati equation (2.2), where R — I. Let 

u(t)=K(t)x(t), (4.2) 

where K(t) = -\B*{t)P{t), t > 0. 

For some number a G (0,1) to be chosen later, we consider a Lyapunov 
function, for the delay system (1.1), 

V(t, x t ) = (P(t)x(t),x(t)} +a (Qx(s),x(s))ds. 

Jt-h 

Since Q > and P(t) G BC([0,oo),X + ), it is easy to verify that 

ci\\x{t)\\ 2 <V{t,x t ) <c 2 ||a; t || 2 , 
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for some positive constants ci,C2- On the other hand, taking the derivative of 
V(t,xt) along the solution x(t) of the system, we have 



(4.3) 



V(t,x t ) = (P(t)x(t),x(t))+2(P(t)x(t),x(t)) 

+ a[(Qx(t),x(i)) - (Qx{t-h),x{t-h))]. 

Substituting the control (4.2) into (4.3) gives 

V(t,x t ) = -(l-a)(Qx(t),x(t))+2(P(t)A 1 (t)x(t-h),x(t)} 
—a(Qx(t — h), x(t — h)). 

From Proposition 3.1 it follows that 

A min (Q)IW| 2 < (Qx,x) < A max (Q)||x|| 2 , x e X, 

where A m i n (Q) > 0. Therefore, 

V(t,x t )<-X min (Q)(l-a)\\x\\ 2 + 2pa 1 \\x(t-h)\\\\x(t)\\^X min (Q)a\\x(t-h)\\ 2 . 
By completing the square, we obtain 
2p ai \\x(t - h)\\\\x(t)\\ - \ min (Q)a\\x(t - h)\\ 2 



■pa x 



\/aX~iQ)\\x(t -h)\\- ^=^=||x(t)|| + , U Mt)\ 



\/aA m in(Q) 



V 2 a\ 



a\min(Q) 



Therefore, 



V(t,x t ) < -A min (Q)(l- Q )||x(t)|| 2 + f a2 ' Mt)\\ 

aA m in(y) 



1 



|2 



Amin(Q)(l -a) j—rp a x \\x(t)\ 

Since the maximum value of a(l —a) in (0, 1) is attained at a = 1/2, from (4.1) 
it follows that for some C3 > 0, 

V(t,x t )<-c 3 \\x(t)\\ 2 , Vt>t . 

The the present proof is complete by using Proposition 3.5. <) 

The following theorem shows that if the system [A(t), B(t)] is globally null- 
controllable then the delay system (1.1) is stabilizablc under an appropriate 
condition on A\(t). 

Theorem 4.2 Assume that [A(t),B(t)] is globally null- controllable in finite 
time. Then the delay system (1.1) is stablizable if (4-1) holds, where Q(t) = I, 
and P(t) satisfies the Riccati equation (2.2). Moreover, the feedback control is 
given by 

u{t) = — B*(t)P(t)x(t), t>0. 
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Proof. By assumption, the system [A(t), B(t)] is globally null-controllable in 
some T > time. This means that for every initial state xq £ X there is an 
admissible control u(i) £ L2QO, T], U) such that the solution x(i) of the system 
according to the control u(i) satisfies 

x(0) = xq, x(T) = 0. 

Define an admissible control u(t), t > by 

u{t)=u{t), t£[0,T], 
u(t) = 0, t>T. 

Denoting by x(t) the solution under to the control u(t), we have 





T 



■/('') = / [\\m\ 2 + \\m\ 2 }dt 

[\\u(t)\\ 2 + \\x(t)\\ 2 }dt< 



/o 

Therefore, by Proposition 3.4, there is P(t) £ BC([0,oo),X + ) satisfying the 
Riccati differential equation (2.2), where Q = R = I. Based on the condition 
(4.1) the proof is completed by the same arguments used in the proof of Theorem 
4.1, where we use the same feedback control operator K(i) and the Lyapunov 
function V(t,Xt). 

Remark Note that when Q = I, then the condition (4.1) is replaced by the 
condition 

sup PiWH < 1. (4.4) 

*e[o,oo) L V 

Therefore, when the controllability problem of the linear control system is solv- 
able, the following step-by-step procedure can be used to find the feedback 
controller for system (1.1). 

Step 1: Verify the controllability conditions by Proposition 3.1. 
Step 2: Find a solution P(i) £ BC([to, °°)i X + ) to the Riccati differential equa- 
tion 

P(t) + A*(t)P(t) + P(t)A(t) - P{t)B{t)B*{t)P{t) +1 = (4.5) 

Step 3: Compute 01 = sup te[0oo) {||yl(t)||} and p = sup te[0iOo) {||P(i)||}. 

Step 4- Verify the condition (4.4) 

Step 5: The stabilizing controller is then defined by (4.2). 

In the same way, Theorem 4.2 can be extended to the system with multiple 

delays 

r 

x(t) = A(t)x(i) + V Ai(t)x(t - hi) + B(t)u(i), t > t , 

i=i ( 4 - 6 ) 

x(t) = (/>{t), t£[-h r ,t ], 
where Ai(t) £ L(X), < hi < ■ ■ ■ < h r , r > 1. 
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Theorem 4.3 Let the control system [A(t), B(t)] be globally null-controllable in 
some finite time. Assume that 



r 2 

J2 sup ||^(t)|| 2 < 



i=1 te[t ,oo) ' 4p 

Then the control delay system (4-6) is stabilizable. 

The proof is similar to the proof of Theorem 4.2, with Q = I and 

V(t,x t ) = (P(t)x(t),x(t)) + \izl M s )W 2ds - 

Remark It is worth noting that although the Lyapunov function method is 
not used, the results obtained in [8, 9] give us explicit stabilizability conditions 
under a dissipative assumption on the operator W(t) = A(t) + A\(t — h) + 
B(t)K(t). In contrast to these conditions, our conditions are obtained via the 
controllability assumption and the solution of Riccati differential equation (4.5) 
and do not involve the stability of evolution operator E(t, s) or the dissipa- 
tive property of the operator W(t), therefore they can be easily verified and 
constructed. 

As an application, we consider the stabilization of the nonlinear control 
system in Hilbert spaces 

x(t) = A(t)x(t) +Ai(t)x(t- h) + B(t)u(t) + f(t,x(t),x(t - h),u(i)), 

t > 0, (4.7) 

x{t) = (f>{t), te[-h,o], 

where x G X, u e U and f(t,x,y,u) : [0, oo) xlxlxt/^lisa given 
nonlinear function. We recall that nonlinear control system (4.7) is stabilizable 
by a feedback control u(t) = K(t)x(t), where K(t) G L(X, U), if the closed-loop 
system 

x = [A(t)x + K(t)B(t)]x + Ax(t)x(t -h) + f(t, x, x(t - h),K(t)x), 

is asymptotically stable. Stabilizability of nonlinear control systems has been 
considered in [1, 14, 21] under the stability assumption on the evolution operator 
E(t, s) and on the perturbation function /(£, .) that for all (t, x, y, u) G [0, oo) x 
X x X xU, 

||/(t,»,I/,«)||<o||»|| + %|| + c||«|| (4.8) 

for some positive numbers a, b, c. In the following, in contrast to the mentioned 
above results, we give stabilizability conditions for nonlinear control system (4.7) 
via the global null-controllability of linear control system (2.1). Let 

(3= sup ||B(t)||, 01= sup pi(t)||, p= sup ||P(t)||. 
te[o,+oo) *e[o,+oo) ie[o,+oo) 
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ON SOME GEOMETRIC PROPERTIES OF 
SEQUENCE SPACE DEFINED BY 
DE LA VALLEE-POUSSIN MEAN 

NECIP §iM§EK 

Abstract. In this work, we investigate fc— nearly uniform convex (fc — NUC) 
and the uniform Opial properties of the sequence space defined by dc la Vallcc- 
Poussin mean. Also we give some corollaries concerning the geometrical prop- 
erties of this space. 



1. Introduction 

In summability theory, de la Vallee-Poussin's mean is first used to define the 
(V, A)-summability by Lcindlcr [13]. Malkowsky and Sava§ [16] introduced and 
studied some sequence spaces which arise from the notion of generalized de la 
Vallec-Poussin mean. Also the (V, A)-summable sequence spaces have been studied 
by many authors including [7] and [23]. 

In literature, there have been many papers on the geometrical properties of 
Banach spaces. Some of them are as follows: In [20], Opial defined the Opial 
property with his name mentioned and he proved that £ p (l < p < oo) satisfies this 
property but the spaces Lp[0, 2ir) (p ^ 2, 1 < p < oo) do not. Franchctti [9] has 
shown that any infinite dimensional Banach space has an equivalent norm satisfying 
the Opial property. Later, Prus [21] has introduced and investigated uniform Opial 
property for Banach spaces. In [10], the notion of nearly uniform convexity for 
Banach spaces was introduced by Huff. It is an infinite dimensional counterpart of 
the classical uniform convexity. Also Huff [10] proved that every nearly uniformly 
convex Banach space is reflexive and it has the uniformly Kadec-Klee property. 
However, Kutzarova [12] defined and studied k-nearly uniformly convex Banach 
spaces. 

Recently, there has been a lot of interest in investigating geometric properties of 
sequence spaces. Some of the recent work on sequence spaces and their geometrical 
properties is given in the sequel: Shuc [24] first defined the Cesaro sequence spaces 
with a norm. In [5], it is shown that the Cesaro sequence spaces ces p (1 < p < oo) 
have k— nearly uniform convex and uniform Opial properties. §imsek and Karakaya 

2000 Mathematics Subject Classification. 46A45, 46B20, 46B45. 

Key words and phrases, de la Vallee-Poussin, Cesaro sequence spaces, H-property, uniform 
Opial property, k-NUC property, geometrical properties. 
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[25] studied the uniform Opial property and some other geometric properties of 
generalized modular spaces of Cesaro type defined by weighted means. In addition, 
some related papers on this topic can be found in [1], [3], [11], [14], [17], [18], [19] and 
[22]. 

Quite recently, §imsck et al [26] introduced a new sequence space defined by de 
la Vallec-Poussin's mean and investigated some geometric properties as Kadec-Klee 
and Banach-Saks of type p. Moreover, the sequence space involving dc la Vallee- 
Poussin's mean is more general than Cesoro sequence space defined by Shue [24] 
and investigated by Cui and Hudzik [4]. 

The main purpose of this paper is to investigate uniform Opial property and k- 
nearly uniformly convex property of the sequence space defined in [26] . In addition 
it will be given some corollaries concerning this space. 

2. Preliminaries and Notation 

Let (X, || • ||) (for the brevity X = (X, || • ||) ) be a normed linear space and let 
B(X) (resp. S(X) ) be the closed unit ball (rcsp. unit sphere) of X. The space 
of all real sequences is denoted by £°. For any sequence {x n } in X, we denote by 
conv({x n }) the convex hull of the elements of {x n } (see [2]). 

A Banach space X is called uniformly convex (UC) if for each e > 0, there is 
S > such that for x,y € S(X), the inequality ||a; — y|| > e implies that 



2<> + y) 



<l-5. 



Recall that for a number e > a sequence {x n } is said to be an e — seperated 
sequence if 

sep {{x n }) = inf{||a;„ - x m \\ , n ^ m} > e. 

A Banach space X is said to have the Kadec — Klee property (H property) if 
every weakly convergent sequence on the unit sphere is convergent in norm. 

A Banach space X is said to have the uniform Kadec— Klee property (UKK) 
if for every e > there exists S > such that if x is the weak limit of a normalized 
e-separated sequence, then ||a;|| < 1 — S (see [10]). We have that every (UKK) 
Banach space have the Kadec-Klee property. 

A Banach space X is said to be the nearly uniformly convex (NUC) if for 
every e > there exists S > such that for every sequence {x n } C B(X) with 
sep ({x n }) > e, we have 

conv({x n }) n (1 - 5)B(X) ^ 0. 

Let k > 2 be an integer. A Banach space X is said to be k — nearly uniformly 
convex (k — NUC) if for any e > there exists 6 > such that for every sequence 
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{x n } C B(X) with sep({x n }) > e, there are ni,ri2, ■ ■■,n k G N such that 



X'm i x n 2 i ••• \ x Tl 



< 1 



k 

Of course a Banach space X is (NUC) whenever it is (k — NUC) for some integer 
k > 2. Clearly, (k — NUC) Banach spaces are (NUC) but the opposite implication 
does not hold in general (see [12]). 

A Banach space X is said to have the Opial property if every sequence {x n } 
weakly convergent to x satisfies 

liminf ||a; n || < liminf \\x n + x\\ 

n— >oo n— >oo 

for every x G X (see [20]). 

A Banach space X is said to have the uniform Opial property if every e > 
there exists S > such that for each weakly null sequence {x n } C S(X) and x G X 
with ||x|| > s, we have (see [21]) 

1 + r < liminf \\x n + a;|| . 

71— >00 

A point x G S(X) is called an extreme point if for any y, z G B(A) the equality 
2.x = y + z implies y = z. 

A Banach space A is said to be rotund (abbreviated as (abbreviated as (R)) if 
every point of S(X) is an extreme point. 

A Banach space X is said to be fully k — rotund (write kR) (see [8] ) if for every 
sequence {x n } G B(X), 

\\x ni +%n 2 + ••• + x n k \\ ->• k as ni,n 2 ,...,n k ->■ oo 

implies that {x„} is convergent. 

It is well known that (UC) implies (kR) and (kR) implies ((k + 1)R), and (kR) 
spaces are reflexive and rotund, and it is easy to see that (k — NUC) implies (kR). 

In this paper, we will need the following inequalities in the sequel; 

\a k + b k \ p <2P- 1 (\a k \ p + \b k \ p ), 

for p > 1. 

Let A = (Afe) be a nondecrcasing sequence of positive real numbers tending to 
infinity and let Ai = 1 and Afe+i < Afe + 1. 

The generalized de la Vallce-Poussin means of a sequence x = {x k } are defined 
as follows: 

t k (x) = —— > x k where I k = [k — X k + 1, k] for k = 1, 2, ... 



Afe . , 



We write 



[y,A] o -J.TG£°: fe hm^-^|^|=0 
[V, X] = {xe£° :x-lee [V, A] , for some / G C} 
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i x € f : sup^ Y 



for the sequence spaces that are strongly summable to zero, strongly summable and 
strongly bounded by the de la Vallee-Poussin method, resp.(see [13]). In the special 
case where Xk = k for k = 1, 2, ... the spaces [V, A]o, [V", A] and [V, X}^ reduce to the 
spaces Wo, w and »«, introduced by Maddox [15]. 

The following new paranormed sequence space defined in [26] . 



V(X;p) = 



i^i^e^-.ylj-yixA 



< OO 



If we take Pk = P for all k; the space V(X;p) reduced to normed space V P (X) defined 

by 



^E^EwY 

fc=i \ K je/fe / 



< CO 



v p (X) = tx = (x j )e 

The details of the sequence spaces mentioned above can be found in [26] 



3. Main Results 

In this section we show that the space V P (X) is (k — NUC) and have uniform 
Opial property. Firstly we need an important lemma. 

Lemma 3.1. Let X C V P (X). For any e > and L > 0, there exists S > such 
that for all x, y € X , 






<e, 



whenever 



E ( y E i^)i ) <L ^ E ( X- E i^wi ) ^- 

n=l \ n iel„ / n=l \ " ie/„ / 

Proof. (See [5]) Let |.| denote the norm in V^(A). Then ||y|| p < 6 implies 

I \\x + y\\ - \\x\\ | < ||(x + y)-a;|| = ||y|| < S' . 

Since the function g(t) = t p is uniformly continuous on the interval 0, L? + 1 
we get the assertion of the lemma. | 



Theorem 3.2. The space V P (X) is (k — NUC) for any integer k > 2 where (1 < 
p < oo). 
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Proof. Let e > and (x n ) C B(V P {\)) with sep ({x n }) > £■ Let x™ — (0,0, ...,x n (m), 
x n (m+l), ...) for each m € N. Since for each ieN, {^n(^)}^i is bounded therefore 
using the diagonal method one can find a subsequence {x nk } of {x n } such that the 
sequence {x nk (i)} converges for each ieN. 

Therefore, there exists an increasing sequence of positive integer (k m ) such that 
sep({x™ }k>k m ) > £• Hence there is a sequence of positive integers (n m )£?=i with 
rti < ri2 < ri3 < ... such that 



(3.1) 



> 



for all m € N. 

Write lp(a;) = Y^ ^- V^ |#(*)| and put £i = 2 fcp(fc-i) (|) P - Then by Lemma 
n=l \ »ei n / 

3.1, there exists S > such that 



(3.2) 



l-fp(z + 2/) -I p {x)\ < £i 



whenever i p (a;) < 1 and / p (y) < 5 (see[6]). 

There exists mi € N such that I p (x r [ l1 ) < 5. Next there exists ni2 > mi such 
that I p (x™ 2 ) < 5. In such a way, there exists m.2 < ms < ... < mfc_i such that 
I p (x™ 3 ) < 5 for all j = 1, 2, ..., k — 1. Define mj. = m^_i + 1. By condition (3.1), 
there exists n fc e N such that I p (x™*) > (|) p . Put n» = i for 1 < i < k - 1. Then 
in virtue of (3.1), (3.2) and convexity of the function f(u) — \u\ p , we get 



I P ( 



u n\ r ^712 



1711 / 1 



!£/„ 



x ni (i) + x n2 (i) + ... + x„ fc (i) 
k 



E fE 

n=mi + l \ ™ j£j„ 



a; ni (i) + x„ 2 (i) + ... + x rik (i) 



< 



EfcEfrEK(ol) 

n=l j=l \ ™ ie/„ 

+ E f^E 



n— mi + 1 



ie/„ 



A: 



x„ 2 (i) +x n3 (i) + ... +x nk {i) 



•£l 



mi i fe / i \ p "i2 / -, 

- ElEiEkffl + E +i (££ 

n— 1 j — 1 \ iGin / n— mi+1 \ i^l n 



x n2 (i) + x n3 (i) + ... + x nk (i) 
k 



E rE 



n— rn.2 + 1 



ie/„ 



*^n2 VV "i~ *n3 v^J ~r ••• i '^•rifc-i ^J i ^rifc \t) 



■El 



+ 
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< 



mi , t / | \ p rn 2 -. k / 

E£pM + E Epi-. 

n=l j = l \ n i6/„ / n=mi+l j=2 \ ™ i£/ n 



(i)| 



DO 



< 



E f E 






ar„ 3 (i) +x n Ji) + ...+x nk _ 1 (i) +x nk (i) 



•2ei 



mfe-i / \ P 

n=l \ ™ i£/ n / 



e Me 



< 



fc-i l 



Vie/„ 



+ (fc-l)ei 



l*n»(*)l +(*-l)ei 



= 1 



ff(iEi^>i)*^ E (iE 
i('- E (£Ei-.»i) P ) + ^ £ (^Ei-.(. 

y n=m k -i+l \ iel n / / n=m fc _i + l \ i£/„ 

£ (ix>,<.>i)* 

-mk-i + l \ tel n / 



+ (fc-l)ei 



< 1 + (ft -l)ei- 



< l + (fc-l) £l - 



kP- 1 - 1 
kP 

kP- 1 -1\ /e 



fcp 



= 1 - 



1 A?- 1 - 1\ /e\p 



k>< 



Under the condition (3.1), V p (X) is (k — NUC) for any integer k > 2. | 

Theorem 3.3. For any (1 < p < oo), i/ie space V P (X) has the uniform Opial 
property. 

Proof. Let e > and £o € (0,e). Also let x € X and ||x|| > e. There exists n\ € N 
such that 






< 



£o\ p 



Hence we have 



=ni+l 



x(i)ei 



< 



£o 
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i th 



where e^ = (0, 0, ..., 1 , 0, 0, ...). Furthermore, we have 



e 1 ' - 



£o\ p 



t(r Ewoi)' + £ (j-T. 

n=l \ ™ ie/„ / n=ni+l \ n i£l n 

< £(£s>oi)' + (?)' 

„=i \ ™ j £ /„ / 

< zff £i*(oiY 

E(f Ei*«iY- 

n=l \ An iei n ) 



x(i)\ 



*-i e J>Y< 



whence 



Since x m (i) — > for i = 1, 2, ... , we choose any weakly null sequences {a; m } such 
that liminf ||x m || > 1. Then there exists to G N such that 



y^x m (z)e 



i=i 



< 



£"o 



when to > too- Therefore, 



> 



> 



ni oo 

^2(x m (i) +x(i))ei + ^ ( x m(i) + x(i)) 

2—1 z= ni+1 


e. 




ni oo 
2—1 i— rti + 1 


- 


"1 

/ Xmyl)€i 


- 


OO 

E x W e * 

2=m + l 


ni oo 
2—1 2— ni+1 




Jo 
2 







Moreover; 



^a;(z)ei+ ^ x m (i)e t 



i—rii-\-l 



- £(f £iWf+ E (f E 

n=l \ ™ i£/„ / n=ni+l \ ™ »el n 

> 1 + ^-2(2)'. 



*^m Vv | 



Since(2(f) p - l + (l + e ) P ) P > £o fori < p < oo, we can choose e > (2 (f ) p - 1 + (1 + e Q ] 
and wc have 



p\p 



^x(i)ei+ ^2 x m {i)t 



i—ni +1 



e \p\p 



>- ('-'-(?)) 

> l + so 
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Therefore, combining this result with the previous inequality, we get 



> 



z— 1 i=m + l 



£o 
2 



This means that V^(A) has the uniform Opial property. | 

From the Theorem 3.2, we get that V p (X) is (k - NUC). Clearly (k - NUC) 
Banach spaces are (NUC), and (NUC) implies property (H) and reflexivity holds, 
[10]. Also, Huff proved that X is (NUC) if and only if X is reflexive and (UKK) 
(see in [10]). 

On the other hand, it is well known that 

{UC)=> (kR)=> (k + l)R, 

and (kR) spaces are reflexive and rotund, and it is easy to see that 

(k - NUC) => (kR). 

By the facts presented in the introduction and the just above; we get the following 
corollaries: 

Corollary 3.4. The space V P (X) (1 < p < oo) is (NUC) and then is reflexive. 

Corollary 3.5. The space V P (X) (1 < p < oo) is (UKK). 

Corollary 3.6. The space V P (X) (1 < p < oo) is (kR). 

Corollary 3.7. The space V P (X) (1 < p < oo) is rotund. 
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Abstract 

In this paper we define the right fractional sum and difference follow- 
ing the delta time scale calculus and obtain results on them analogous 
to those obtained for the left ones studied in [6], [7], [8]. In addition of 
that a formula for the integration by parts was obtained. The obtained 
formula is used to obtain a discrete Euler-Lagrange equation in fractional 
calculus. 

Key Words: left fractional sum, right fractional sum, left and right 
fractional differences, integration by parts, Euler-Lagrange equation . 

1 Introduction 

The fractional calculus, which is the calculus of derivative and integrals of 
arbitrary orders, gained importance during the last decade [1, 2, 3]. The idea 
of using the left and the right fractional derivatives gained importance among 
scientists (sec for example Refs. [4, 5] and the references therein). 

In [8] the authors, starting with a linear difference equation, were able to 
define the left fractional sums and differences and obtained the Leibniz rule 
and the law of exponents. Also the fractional differences of certain special 
functions were computed there. Then the authors in [6] continued on studying 
those discrete fractional operators and developed a transform of solution. Then, 
very recently, the same authors in [7] carefully developed the commutativity 
properties of the fractional sum and the fractional difference operators, where 
they also solved a nonlinear problem with an initial condition. 

In this article, we define the right fractional sum and difference operators 
and obtained many of their properties similar to that obtained for the forward 

*On leave of absence from Institute of Space Sciences, P.O.BOX, MAG- 
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operators studied in [6], [7], [8]. Then by using those properties we obtain a 
by-part formula analogous to that in usual fractional calculus. 
For a natural number n, the factorial polynomial is defined by, 

t (n) = TT(* - ?') = r(t+1) ; (1) 

111 ■" r(t + l-n) y ' 

j=0 ' 

where T denotes the special gamma function and the product is zero when 
t + 1 — j = for some j. More generally, for arbitrary a, define 

where the convention v a > = when we divide over a pole. Given that the 
forward and backward difference operators are defined by 

Af(t) = f{t + 1) - f{t) , V/(t) - fit) - fit - 1) (3) 

respectively, we define iteratively the operators A m = A(A" l_1 ) and V m = 
V(V m " ), where mis a natural number. 

Here are some the properties of the above factorial function 

Lemma 1. ([6]) Assume the following factorial functions are well defined. 

(i) At< Q ) = erf^- 1 ' 

(ii) it - n)t^ = t^ +1 \ where /ieR. 

(iii)^=Tin + l). 

(iv) Ift<r, then t^ < t^ for any a > r 

(v) If < a < 1, then t^^ > i^) a . 

(yijtiot+P) = ( t _ J 9)(c) t (« 

Also, for our purposes we list down the following two identities, which can 
be easily proved 

V S ( S - i)^" 1 ) = ia- l)ipis) - t)(«- 2 ) (4) 

V t (p(«) - i) (a - 1} = -(a - l)(p( S ) - t)<«- 2 ) (5) 

For two real numbers a and 6, we write N a = {a, a + l,a+ 2,...} and 
6 JV = {6,6-1,6-2,...}. 

If a > and er(s) = s + 1. Then, the a — th left fractional sum of / is 
defined (as done in [8] and used in [6] and [7]) by 

_. t—ot 

A-°7(*) " ^^ E( f " ^)) (a-1) /(*) ( 6 ) 

1 (a) A — ' 
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Note that A~ a maps functions defined on N a to functions defined on N a+a . 
Also to be noted that 

(i) u(t) = A~ n f(t), n e N, satisfies the initial value problem 

A n u(t) = f(t), teN a , u(a + j-l) = 0, j = l,2,...,n (7) 

(ii) the Cauchy function - — Z __\y vanishes at s — t — (n — 1 ),...,£ — 1. 

If a > and p(s) = s — 1. Then, we define the a — th right fractional sum 
of / by 

V" Q /(i) = ^ E M*) - *) (a_1) /W (8) 

1 (a) z — ' 

Note that V~" maps functions defined on ^N to functions defined on f,_ a N. 
Also to be noted that 

(i) u(i) = V _n /(t), n E N, satisfies the initial value problem 

V n «(t) = (-l) n /(t), t€ 6 iV, «(6-i + l) = 0, j = l,2,...,n (9) 

(ii) the Cauchy function (~J[y — vanishes at s = t + 1, t + 2, ..., t + (n — 1). 
As used to be done in usual fractional calculus, the Riemann left and the 
right fractional differences are to be, respectively, defined by 

A a f(t) 4 A n A-< n - a >/(«) a«d V a /(i) = (-l)"V"V- (n - a) /(s) (10) 

where n = [a] + 1. It is clear that, the fractional left difference operator A" 
maps functions defined on N a to functions defined on N a+n ^ a , while the frac- 
tional right difference operator V Q maps functions defined on {,7V to functions 
defined on f,_( n _ a ) TV. We used the nabla symbols to define the right fractional 
sums and differences just to simplify the notation and it does not mean a nabla 
time scale analysis. 

Throughout this article, for simplicity we write A" and V" in place of A" 
and V™, respectively, where a G M. Otherwise, we point to the end points up 
to which we take the fractional sum or difference. However, one has to note 
that if a = n e N, then 

A2f(t) = A n f(t) and V?/(t) = (-l) n V"/(t). (11) 

The v — ih left fractional sum behaves well in composition. In fact, Theorem 
2.2 in [6] states 

Lemma 2. Let f be a real-valued function, and let /J,, v > 0. Then, for 
all t such t = a + /i + v, mod(l) ,we have 

A-"[A-"/(t)] = A-(" + "V(*) = A-"[A-'/(*)]. (12) 
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Theorem 2.1 and Remark 2.2 in [7] are to be summarized in the following 
lemma: 

Lemma 3. For any v <G R, we have 

A""A/(t) = AA""/(t) - ^'f^ /W (13) 

where / is defined on N a 

Following inductively, Theorem 2.2 in [7] states 

Lemma 4. For any a G M. and any positive integer p, the following equality 
holds: 

£Z3 (f _ n \(a-p+k\ 

A" a A7(t) = A"A-"/(t) - J] r L ■ jL_ rr TT Afc /(a) (14) 



Via + fc - p + 1) 



where / is defined on N a 



Lemma 5. For any a > 0, the following equality holds: 

V-«V b /(t) = V fc V-/(t) - ^"f^ /ffl (15) 

r(a) 

where f is dehned on f,N. 

Proof. First, by the help of (4) and the difference calculus, the following 
by-parts version is valid: 

V s ((s - tr-\f(s)) = (p(s) t) a_1 V./(«) + (a - l)(p(«) - t) ( - 2) /( 5 ) (16) 
Using (16) and that Vj,/(s) = — V/(s) we obtain 

v- Q v 6 ./(t) = 

J_[(a-l)^(p( s )-t)(«- 2 )/( s ) + (a-l)(«- 1 )/(i + a-l)-(6-i)(«- 1 )/(6)] 

(17) 
Then, (iii) of Lemma 1 leads to 

V-V fc /(t) ^ ^ E (Pis) - ,)<-»>/(,) - ( m^/W (18) 

v ; t+a-1 v ' 

By (5) and that (a - 2) (a ~ 1) = 0, we sec that 

V 6 V- a /(t) - —^ E (p(«) - t) ( - 2) /W (19) 

which completes the proof. □ 
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Remark 6. Let a > and n = [a] + 1. Then, by the help of Lemma 5 we 
can have 

V 6 V«.f(t) = V 6 V£(V-("- Q >/(i)) - V?(V 6 V-< n - Q >/(*)) (20) 



or 



\(n— a— 1) 



V 6 V«/(t) = V?[V-<"-°0V6/(t) + <*-? — /(ft)] (21) 

1 (n — a) 

Then, using the identity 

(b-f)("-°-D _ (b-t)^- 1 ) 
Vb r(n-a) " r(-a) ( ' 

we infer that (15) is valid for any real a. 

Using Lemma 5 and Remark 6 we reach the following result 

Theorem 7. For any real number a and any positive integer p, the 
following equality holds: 

^A (b-t) ia -v +k ^ 
V-V?/(t) = V?V-/(*) - £ T (a + k-v + l) Wbm (23) 

where f is dehned on i,N and we remind that Vjj/(£) = (— 1) V /(£). 



Proof. Proceeding as in the proof of Theorem 2.2 in ([7]), we can inductively 
obtain the result, by the help of (5) and Lemma 5. □ 

In order to prove the commutative property for the right fractional sums, 
we need the following power rule: 

Lemma 8. Let a > 0, p, > 0. Then, 

V~" (b - t)M = r ^ ±iJ (ft - f)(M+°0 (24) 

Proof. The proof can be achieved by checking that both sides of the identity 
(24) verify the difference equation 

{{b -(p + a))-t+ 1)V 6 $(*) = (m + «)<?(*) . ff(6 - (/* + «)) = r(/i + 1) (25) 

Through the verification we use (ii) and (iii) of Lemma 1 and modify the steps 
followed in the proof of Lemma 2.3 in [6]. □ 

Actually, formula (24) is the analogous of 

KUt - «) (M) = , r(M + 1) A t - o)<" +01 > 
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Theorem 9. Let a > 0, [x > 0. Then, for all t such that t = b — (fi + 
a) (mod 1), we have 

V- a [V-"/(i)] = v _ (M+a) ^ = v -M[y- a /(t)] (26) 

where / is defined on t,N. 

Proof. By direct substitution we have 

1 b— a b 

V-"[V-°/(*) = r(Q)r( } E E (pW-^^-^WO-^^-'VW (27) 

\ / VrV s— i+/j, r—s-\-a 

Interchange the order of sums to get 

1 b _. r— a 

s7-»iv-<* m = — e [fM E (^)-*) (m " 1) (pW-«) (q " 1) ]/w 

(28) 
rewrite p(r) — s = (b — (s — p(r) + 6)) and make the change of variable x = 
s — p(r) + b to conclude that 

1 b 

V-"[V- Q /(i) = — E Vr^^-u)^- 1 )^^)/^) (29) 

Then, the result follows by the help of Lemma 8. 

□ 

As a consequence of Lemma 4, Lemma 2, (7) and that A~( n ~ a \f(a + n — 
a — 1) = ( the convention that X)°=a d( s ) = is made), we state 

Proposition 10. For a > 0, and f defined in a suitable domain N a , we 
have for t E N a+n C N a 

K +a A- a f(t) = /(*), (30) 

and 

A-^ n _ a _ 1 A a f(t) = f(t), when a g N, (31) 

A- Q A a /(i) = /(t) - E - , A fc /(a) , wien a = n G N (32) 

fe=0 

Similarly, by the help of Lemma 5, Theorem 9, (9) and that V~^ n ~ a 'f(b — 
(n — a) + 1) = 0, we can, for the right sums and differences, obtain 
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Proposition 11. For a > 0, and f defined in a suitable domain N a , we 
have for t € b-n,N C bN 

V£_ a V- a /(i) - fit), (33) 

and 

V M n - Q)+ i va /W = /W' whena t^ ( 34 ) 

71—1 /* J.\(fe) 

V- Q V?/(t) - /(t) - £ l ~ J V*/(6) , when a = n G N. (35) 

fe=0 

2 Integration by Parts for Fractional Differences 

After the left and right fractional sums are defined above, it becomes ready to 
obtain a by-part formula for them. Namely 

Proposition 12. Let a > 0, a, b G M such that a < 6 and 6 = a + 
a (mod 1). If/ is defined on N a and g is defined on t,N , then we have 

b b—a 



]T (A- a f)( S )g( S ) = J^ f( s )V- a 9(s) (36) 



s=a-\-ot s—a 

Proof. By direct substitution we have 

6 1 b s—a 

J2 (A- a f)(s)g(s) = — J2 (E( s - *(*)) (a-1) /(*)) 9(s) (37) 

s— a+a ^ ' s—a-\-a t — a 

Then, the result follows by interchanging the order of summation in (37) and 
noting that (s — a(t)) = (p(s) — t). □ 

Obeying the above by- parts formula for fractional sums, we can obtain a 
by-parts formula also for fractional differences. 

Proposition 13. Let a > be non-integer and assume that b = a+(n — 
a) (mod 1). If f is deGncd on t,N and g is defined on N a , then 

b—n+l b—(n—a)+l 

J2 f(s)A a g(s)= Yl 9(*)V a m (38) 

s=a+(n— a) — 1 s=a+n— 1 

Proof. By the help of equation (34) of Proposition 1 1 we can write 

6-n+l b-n+l 

J2 f(s)A a g( S )= J2 V-_V Q)+1 (K/( S ))A« 5 (s) (39) 

s — a-\-(n— a) — 1 s— a-y-(n — a) — 1 
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and by Proposition 12 we have 

b-n+l 6-(n-a)+l 

J2 f(s)A<*g(s) = Yl ^ a f( s ) A :+ { n- a) -A a 9( S ) (40) 

s=a+(n— a) — 1 s=a+n — 1 

But then the result follows by equation (31) of Proposition 10. □ 

When a is an integer it is possible to obtain, by the help of equation (35) of 
Proposition 11 and equation (32) of Proposition 10, the usual by-parts formula 
in difference calculus. For example, if a = 1 we obtain 

6-1 6 6-1 

J2f(s)Ag( s ) = f( s )g(s)\ h a - £ g(s)Vf(s) = f(s)g(s)\ b a -£>(*+l)A/(«) 

(41) 

3 Application 

The obtained by-parts formula in the previous section is very useful in discrete 
fractional calculus. Here, for example, we show how it is used to obtain Eulcr- 
Lagrange equations for a discrete variational problem in fractional calculus. 
We consider the functional J : S — > R, 

b 

J(y) = Yl Hs,y(s),A a y(s)) (42) 

s—a—a 

where 

a,kl, < a < 1 

L : (N a - a n b+a N) x (R™) 2 -> R, 6 = a + a (mod 1) 
S = {y- N a _ a n 6+ «iV -» R n : y(a) = y and y(b + a) = Vl } 



and 



Moreover, we assume that the function y fits the discrete time scales N a and 
N a +n-a- That is, j/(s) = y(s + n — a) for all s e iV a . 
We shall shortly write : 

L(s) = L( S ,y(s),A a y( S )) 

We calculate the first variation of the functional J on the linear manifold 
S: Let r/ e H = {h :-► R" : fr(a) = /i(6 + a) = 0}, then 

SJ{y{x),v{x)) = -j-^J(y(x) + e?7(x))| e= o 
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E 



dL(s).. , dL(s) AQ 



-T)(S 



A Q r,( S )]. 



dy v ; dA a y 
Then we apply Proposition with < a < 1 and n = 1 to get 



b+a 



6JMx)M*)) - El^r + va 3^) = °. 



cty 



dA a y' 



(43) 



(44) 



and by applying a suitable discrete fundamental lemma in calculus of variations 
we obtain the Euler-Lagrange equation: 

dL(s) , ^dLjs) =Q 



#,y 



dA a y 
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Abstract 

In 1994, Matthews introduced the notion of a partial metric space. Later on, O'Neill 
generalized Matthews' notion of partial metric, in order to establish connections between 
these structures and the topological aspects of domain theory The aim of this paper is to 
present coincidence point result for two mappings in complete partial metric spaces in the 
sense of O'Neill which satisfy new contractive conditions. Our result generalizes Banach's 
fixed point theorem for dualistic partial metric spaces. 

Keywords: Dualistic partial metric; Partial metric; Common fixed point; Domain theory 
AMS(2000) Subject Classification : 47H10; 54H25; 68Q55 

1 Introduction 

In recent years many works on domain theory have been made in order to equip semantics 
domain with a notion of distance. In particular, Matthews ([5]) introduced the notion of a 
partial metric space as a part of the study of denotational semantics of dataflow networks. They 
generalize the concept of a metric space in the sense that the self-distance from a point to itself 
need not be equal to zero. They are useful in modeling partially defined information, which often 
appears in computer science. Further applications of partial metrics to problems in Theoretical 
Computer Science were discussed in [1-2, 8-11]. 

Recently, an extension of the Banach contraction mapping theorem have been proved in the 
dualistic partial metric context (see [6]) in such a way that the Matthews contraction mapping 
theorem can be deduced as a special case of such a result. In this paper, we present coincidence 
point result for two mappings in complete partial metric spaces in the sense of O'Neill which 
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satisfy new contractive conditions. Our result generalizes some known results in partial metric 
spaces. 

2 Preliminaries 

Throughout this paper the letters R, R + , N will denote the set of real numbers, of nonnegative 
real numbers and natural numbers, respectively. Consistent with Mattews [3], the following 
definitions and results will be needed in the sequel. 

Definition 2.1 A function p : X x X — ► R + is called a partial metric if and only if for all 
x,y,z £ X such that 

(Pi) x = y 44> p(x, x) = p(x, y) = p(y, y); 

(p 2 ) p(x,x) <p(x,y); 

(p 3 ) p(x,y) =p(y,x); 

(p 4 ) p(x, z) < p(x, y) + p(y, z) - p(y, y). 

A partial metric space is a pair (X, p) such that X is a nonempty set and p is a partial metric 
onX. 

In [7], O'Neill proposed one significant change to Matthews' definition of the partial metric, 
and that was extend their range from R + to R. According to [6], the partial metrics in the 
O'Neill sense will be called dualistic partial metric and a pair (X,p) such that A is a nonempty 
set and p is a dualistic partial metric on X will be called a dualistic partial metric space. In this 
way, O'Neill developed several connections between partial metrics and the topological aspects 
of domain theory. Moreover, the pair (R,p), where p(x,y) = x V y for all x,y G R, provides a 
paradigmatic example of a dualistic partial metric space that is not a partial metric space. 

Each dualistic partial metric p on X generates a To topology T{p) on X which has as a base 
the family of open p-balls {B p (x,e) : x £ X;e > 0}, where {B p (x,e) = {y £ X : p(x,y) < 
p(x, x) + e} for all x G X and e > 0. 

From this fact it immediately follows that a sequence {x n } n in a dualistic partial metric 
space (X,p) converges to a point x G X if and only if p(x,x) = lim p{x,x n ). Following [7] 

n— »oo 

(compare [5]), a sequence {x n } n in a dualistic partial metric space (X,p) is called a Cauchy 
sequence if there exists lim p(x n ,x m ). A dualistic partial metric space (X,p) is said to be 

n,m— >oo 

complete if every Cauchy sequence {x n } n in X converges, with respect to T(p), to a point x £ X 
such that p(x, x) = lim p(x n ,x m ). 

n,m— »oo 

Definition 2.2 I 3 ~ 4 1 A function d : X x X —> R + is called a quasi-metric if and only if for 
all x, y, z G X such that 

(di) d(x, y) = d(y, x) = 44> x = y; 
(d 2 ) d(x, y) < d(x, z) + d(z, y). 
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A quasi-metric space is a pair (X, d) such that X is a nonempty set and d is a quasi-metric 
onX. 

Each quasi-metric don J generates a 7o topology T(d) on X which has as a base the family 
of open d-balls {Bd(x, e) : x € X; e > 0}, where {Bd(x, e) = {y G X : d(x, y) < e} for all x € X 
and £ > 0. 

If d is a quasi-metric on X, then the function d s defined on XxX by d s (x,y) = max{d(x , y) , d(y , x)} , 
is a metric on X. 

The proof of the following auxiliary results can be found in [6] (compare [5] and [7]). 

Lemma 2.3 If (X,p) is a dualistic partial metric space, then the function rf p :IxI-> R + 
defined by d p (x, y) = p(x, y) — p(x, x) is a quasi-metric on X such that T{p) = T{d p ). 

As a consequence of Lemma 2.1 a mapping between dualistic partial metric spaces (X, p) 
and (Y, q) is continuous if it is continuous between the associated quasi-metric spaces. 

Lemma 2.4 Let (X, p) be a dualistic partial metric space. Then the following assertions 
are equivalent: 

(1) (X, p) is complete; 

(2) The induced metric space (X, df.) is complete. Furthermore lim cE(a, x n ) = if and 
only if p(a, a) = lim p(a, x n ) = lim p(x n ,x m ). 



n,m— »oo 



3 Main result 

We now state and prove our main result. 

Theorem 3.1 Let (X, p) be a complete dualistic partial metric space. Suppose that the 
commuting mappings f,g : X — ► X are such that for some constant k S (0,1) and for all 

x,y e X, 

\p(fx,fy)\ < k\p(gx,gy)\. (3.1) 

If the range of g contains the range of / and g is continuous, then / and g have a unique common 
fixed point. 

Proof Let xo £ X be arbitrary and let x± £ X be chosen such that yo = f( x o) = d( x i )• 
This can be done, since f{X) C g{X). Let X2 £ X be chosen such that y\ = f{x\) = g{x2)- 
Continuing this process, having chosen x n £ X such that y n = f{x n ) = g{x n +\). Then it is 
clear that for each n £ N we have 

\p(y n ,y n )\ = \p(f(xn),f(x n ))\ < k n \p(y ,yo)\, 

and 

\p(y n ,y n +i)\ = \p(f(x n ),f(x n+1 ))\ < k n \p(y ,yi)\- 

Since, by Lemma 2.3, 

d p (y n ,y n +i) +p(y n ,y n ) =p(yn,y n +i), 
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we deduce that 



Hence 



dp(y n ,y n +i) +p(yn,y n ) < k n \p(y ,yi)\. 



dp(y n ,y n +i) < k n \p(y Q ,yi)\ -p(y n ,y n ) 
< k n \p(y ,yi)\ + \p(y n ,y n )\ 
<k n (\ P (yo,yi)\ + \p(yo,yo)\)- 

Now let n,l £ N. Then 

d p (y n , y n +i) < d p (y n , y n +i) H \- dp(y n +i-i,yn+i) 

<(*:" + ••■ + fc^-^d^yo,^)! + |p(yo,yo)l) 
- f3^(l^(yo,yi)l + |p(yo,2/o)D- 

Similarly, we obtain that 

d P (y n +i,yn) < j3T(b(yo,yi)l + |p(yo,yo)|)- 

Consequently {y n } ra is a Cauchy sequence in the metric space (X, d£), which is complete by 
Lemma 2.4. So there is a € X such that 

lim (£(o,j/„) = 0. (3.2) 

Now, we show that a is the unique common fixed point of / and g. First note that, by 
Lemma 2.4, we have 



p(a,a)= lim p(a,y n ) = lim p(y n ,y m )- (3.3) 

n— >oo n,m—^oo 

Moreover, since 

lim d p (y n ,y m ) = lim p(y n ,y n ) = 0, 

n,m—>oo n—>oo 

we deduce, from Lemma 2.3, that 

lim p(y„,y m ) = 0- 

n,m—>oo 

Therefore, p(a,a) = lim p(a, f(x n )) = 0. 

n^oo 

Since g is continuous, from (3.3) we get 

P(ga,ga) = lim p(ga,gf(x n )) = lim p{gf{x n ),gf(x m )). 

n—*oo n,m— >oo 

Since / and g commute (i.e. g ° f = f ° g), from (3.1) we have 

|p(s/(s»i),5/(#n))| = \p(fg(xn),fg(x n ))\ < k\p(gg(x n ), gg(x n ))\ 
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= k\p(gf(x n -i),gf(x n -i))\ = k\p(fg(x n -i),fg(x n -i))\ 
< k 2 \p{gg{x n -i),gg{x n -]))\ <■■■< k n \p{gg{x{),gg{x\))\. 



Thus, 



lim p(gf(x n ),gf(x n )) = 0. 

i— »oo 

lim dp{gf{x n ),gf(x m )) = 0, 



n,m— >oo 



Moreover, Since 

we deduce, from Lemma 2.3, that 

lim p(gf(x n ),gf(x m )) = 0. 

n,m— >oo 

Therefore, p(ga,ga) = lim p(ga,gf(x n )) = 0. Now, since 

n— »oo 

|p(/°);/«)l < ^b^a^o)!, 

as < fc < 1 it follows that p(fa, fa) = p(ga, go) = 0. 
On the other hand, from (3.2), we have 

lim f(x n ) = lim g(x n+1 ) = a. 

Since g is continuous and / and g commute we get 



ga = g{ lim g{x n )) = lim g 2 (x n ), 

n—>oo n—>oo 



ga = g( lim f(x n )) = lim gf(x n ) = lim fg(x n ). 



From (3.1) we get 



\p(fg(xn),fa)\ < k\p(g 2 (x n ),ga)\. 
Taking the limit as n -> oo we obtain 

\p(ga,fa)\ < k\p(ga,ga)\. 

Hence, as < k < 1 and p(ga, ga) = 0, we have p(ga, fa) = 0. Thus, p(fa, fa) 
p(ga, fa) = 0, that is fa = ga. Again from (3.1) it follows that 

\p(fx n ,fa)\ < k\p(g(x n ),ga)\. 

Taking the limit as n — > oo we obtain 



p(ga,ga) 



(a,fa)\ < k\p(a,ga)\ = k\p{a, fa)\. 
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Hence, p(fa, a) = p(a, a) = p(fa, fa) = 0, that is fa = a. Thus, we proved that fa = ga = a. 
The uniqueness of the common fixed point a follows from (3.1). Indeed, let b be another common 
fixed point of / and g. Then 

\p(a, b) | = \p(fa, fb) | < k\p(ga, gb) \ = k\p(a, b) \ . 

As < k < 1 it follows that p(a, b) = 0, i.e. a = b. This concludes the proof. 

Corollary 3.2 Let (X,p) be a complete partial metric space. Suppose that the commuting 
mappings f,g:X^X are such that for some constant k G (0, 1) and for all x, y G X, 

p(fx,fy) <kp(gx,gy). (3.4) 

If the range of g contains the range of / and g is continuous, then / and g have a unique common 
fixed point. 

Remark 3.3 In the light of the preceding corollary one can ask if the contractive condition 
(3.1) in the statement of our theorem can be replaced by the corresponding contraction condition 
(3.4) above. The following easy example shows that it is not the case. 

Example 3.4 Let X = (— oo,2], and let p be the dualistic partial metric on X given by 
p(x,y) = x V y for all x,y £ X. Since (X, dp) is a complete metric space, (X,p) is a complete 
dualistic partial metric space. 

Let f,g be the mappings from X into itself defined by f{x) = x — 1 and g(x) = x — ^ for 
all x G (—oo,2], respectively. It can be easily seen that g is continuous, g(X) D f(X) and 
p(fx, fy) < ^p(gx,gy), for all x, y G X. However, / and g have no any common fixed point. 

Remark 3.5 Let Ix be the identity mapping on X. Setting g = Ix in Theorem 3.1 and 
Corollary 3.2, we obtain the following results: 

Corollary 3.6 (Oltra and Valero) Let / be a mapping of a complete dualistic partial metric 
space (X, p) into itself such that there is a real number k with < k < 1 , such that 

\p(f(x),f(y))\ < k\p(x,y)\, 

for all x, y G X. Then / has a unique fixed point. 

Corollary 3.7 (Matthews) Let / be a mapping of a complete partial metric space (X, p) 
into itself such that there is a real number k with < k < 1, such that 

P(f(x),f(y)) < kp(x,y), 

for all x, y G X. Then / has a unique fixed point. 
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A NOTE ON CARLITZ'S g-BERNOULLI MEASURE 

TAEKYUN KIM, YOUNG-HEE KIM*, AND BYUNGJE LEE 



Abstract In this paper, we consider the g-extension of Nasybuhin's lemma for 
studying the p-adic Carlitz's (/-Bernoulli measure. 



1. Introduction 

Let p be a fixed prime number. Throughout this paper, the symbol Z, Q, Z p , 
Q p , and C p will denote the ring of rational integers, the field of rational numbers, 
the ring of p-adic rational integers, the field of p-adic rational numbers, and the 
completion of algebraic closure of Q p , respectively. Let N be the set of natural 
numbers and Z + = N U {0}. Let v v be the normalized exponential valuation of 
C p such that \p\ v — p~"p(p) = -. When one talks of q-extension, q is variously 
considered as an indeterminate, a complex number q G C or a p-adic number 
q € Cp. In this paper, we assume that q € C p with |1 — q\ p < 1, and we use the 
notation [x] q = ^=^ (see [5, 6, 22-27]). 

The usual Bernoulli numbers B n are defined as 

00 4-n j- 

^ R t - 



/ ^ n I t -i ' 

z — ' n\ e 1 — 1 

n=0 




which can be written symbolically as e Bt — -rzr , interpreted to mean that B k must 
be replaced by Bk when we expand on the left (see [2-4, 7]). This relation can also 
be written g( s+1 )* — e Bt = t, or if we equate powers of t, 

B = l, (B+l) k -B k = 

where we first expand and then replace B l by Bi (see [7-9]). The Bernoulli poly- 
nomials are defined by 

B n (x) = (B + x) n = J2 (t) BkXn ~ k = E (t) Bn - kxk > (see [12_19]) - 

fc=0 ^ ' k=0 ^ ' 

In the complex case, the Carlitz's g-Bcrnoulli numbers (3k. q c & n be determined 
inductively by 

/3 , g = l, q(q!3 + l) k -[3 k = 
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2 

with the usual convention of replacing f3 k by (3k, q (see [1], [7], [21]). Thus we have 

^-^gC)'- 1 ^- 

Note that lim^i (3k. q = Bk- The Carlitz's (/-Bernoulli polynomials are given as 
(q x (3+[x] q ) k , that is, 

&,«(*) = E (*)^N5"'> ( scc W- M. P]. [ 21 D- 

For / G N, let / be the least common multiple of / and p. We set 
X 7 = UmZ/Jp N Z, Xi=Z p , 
^7 = U_ (a + 7pZ p ), 

J 0<a</p 

(a,p) = l 

a + Jp n Z p = {xeXj\x = a (mod Jp n )}, 

where a <G Z lies in < a < /p™. 

We call a function /x C p - valued measure on X-i if /x is a finitely additive function 
defined on open-closed subsets in Xj, whose values are in the field Q p . Any open- 
closed subset in X^ is disjoint union of some finite intervals a + f p n Z p in X^ , 

where a G Z prime to /, and therefore a C p -valued measure \x is determined by 
its values on all intervals in Xj . Assume that Q^> denotes the set of all rational 

numbers, whose denominator is a divisor of fp n for some n > 0. The purpose of 
this paper is to construct the g-extcnsion of Nasybullin's lemma, which is useful to 
study the p-adic Carlitz's (/-Bernoulli measure. 



2. On the Carlitz's ^-Bernoulli measures on Z p 

First, we consider the q-extension of Nasybullin's lemma, which is useful to study 
Carlitz's g-bernoulli measure on Z p . 

Let R q be a C p -valued function defined on Qw which are satisfying the following 
properties : 
there exist two constants A,B E C p such that 

(i) EVM^W ^ AR q ([x] q )+BR q ([p% 1/p ), 

fe=0 

(H)qR q ([x+l] q ) = R q ([x] g ), 

for any number x € Q^' . Assume that a is a root of the elliptic equation y 2 = 
Ay + Bp. 

Now we define C p (a)-valued function on X^ as follows : 

Mo + Jp n Z p ) = a- n q a R q {[j^} qlpn ) + £«"("+ V^a^TT^-0- (1) 
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Thus, wc note that 



P-i 

J2^a + Jp n k + Jp n+1 Z p ) 

fe=0 

p-i , -f nh 

-<* ^ q K 1^ J p n+1 \qf^ +1 > 



• feD ,,a + fp n k. 



k=0 

fc=0 p 

= a-< n+ V^([^],7P») + a- (n+ VBM^] g 7p»-0 

+Ba-^ q a pR q (l^} q j P -) 
= a-^ + ^q a (aA + pB)R q ([^} qlpn ) + a-^ +1 h a BR q ({j^- I } g7pn - 1 ) 

= «-VH 9 ([^]^) + Ba-(-+ 1 Vii (I ([^ =r ]^-0 

= M (o + lp n 1 P ). 

That is, 

M (a + 7p"z p ) = E ^( a + /p" 6 + 7p" +1z p)- 

6 (mod7p« + l) 
b = a (mod /p») 

Therefore, we obtain the following theorem. 

Theorem 1. (q-Nasybullin's lemma) Let R q be a C p -valued function defined on 
Q"', which are satisfying the following properties : 
there exist two constants A, B £ C p such that 

p-i , 

E<7%([^— W - AR q ([x] q ) + BR q (\p*] ql/p ), 

k=0 P 

qR q ([x + l] q ) = R q ([x] q ), 

for any number x E Q^> . Assume that a is a root of the elliptic curve y 2 = Ay+Bp. 
Then there exists a C p (a) -valued measures ji on Xj such that 

/x(a + J P n Z P ) = a- n q a R q {[j^] qlpn ) + B a -< n+ Vfl,([^=l] g 7p»-0- (2) 

Let fl m .q(x) be the m-th Carlitz g-Bcrnoulli polynomial and let P m ([x\ q ) be the 
m-th Carlitz's ^-Bernoulli function, which is defined by 

P m ([x]q) = 0m,q(x) for < X < 1. 
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For any x, we have P m ([x + l] q ) = P m ([x] q ). Note that limP m ([x] g ) = P m (x), 

where P m (x) are Bernoulli functions with P m (x) — B m (x) for < x < 1. The 
(/-Bernoulli polynomials satisfy the following generalized distribution relation : 



m — 1 

,X + I. 



1 Z ^ irn 



/=() 



for m,k € Z + (see [7]). Thus, we have 

t=0 ^ 

and the function P m ([x] 9 ) satisfies the properties of g-Nasybullin's lemma with 

A = \p}\- m , B = 0. 

If a 7^ is equal to [p]i~ m , then we have a 2 = [p])r m a. Therefore, we obtain the 
following theorem. 

Theorem 2. For m G Z + , let the function /i m;g be defined on a + fp nr L v by 

^ q (* + 7p n % P ) = ifp n }?- 1( i ap ™(l^} q 7^)- 

Then /x m;(? is a C p -valued measure on X^. 

Let x be a primitive Dirichlet character modulo /. Then the generalized Carlitz's 
(/-Bernoulli numbers are given by 

Pk, x ,q = / X{x)[x] k q dn q {x) 

a=0 J 

Let 



L{Hm,X) = f x(x)dp m;q (x) (3) 

JX 7 
lim V x(a)l^m;q(Ia,p), 



p — >oo 

a (modpP/) 
a£Z, (a, /) = 1 



where I ap = a + p p fXj in JQ. From (3), we have 

L(Vm,x) = E x( ffl )fe,(4 ; o) 

a (mod /) 

E x(a)[7]rv^([j] g7 ) 

a (mod /) 
= Pm,x,q ~ X(-P)b](j f3 m ,x,q p i 

where (3 m _ x „ denote the m-th Carlitz's (/-Bernoulli numbers containing \- 
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A Common Fixed Point Theorem of a Gregus Type 
on Convex Cone Metric Spaces 

Thabet Abdeljawad and Erdal Karapmar 

Abstract 

The result of Ciric [1] on a common fixed point theorem of Gregus- 
type on metric spaces is extended to the class of cone metric spaces. 
Namely, a common fixed point theorem is proved in s-convex cone 
metric spaces under the normality of the cone and another common 
fixed point theorem is proved in convex cone metric spaces under the 
assumption that the cone is strongly minihedral. 

Key Words and Phrases: cone metric, strongly minihedral, normal 
cone, cone Banach, convex, s-convex, common fixed point. 

1 Introduction and Preliminaries 

In 1987, Shy-Der Lin [2] introduced the notion A"-metric spaces by replacing 
real numbers with cone K in the metric function, that is, d : X x X — ► K. In 
that manuscript, some results of Khan and Imdad [3] on fixed point theorems 
were considered for .RT-metric spaces. Later, without mentioning the paper 
of Shy-Der Lin, in 2007, Huang and Zhang [4] announced the notion of cone 
metric spaces (CMS) by replacing real numbers with an ordering Banach 
space. In that paper, they also discussed some properties of convergence of 
sequences and proved the fixed point theorems of contractive mapping for 
cone metric spaces: Any mapping T of a complete cone metric space X into 
itself that satisfies, for some < k < 1, the inequality 

d{Tx,Ty)<kd{x,y) (1) 

for all x, y £ X, has a unique point. 

Recently, many results on fixed point theorems have been extended to 
cone metric spaces (see e.g. [4], [5], [6], [7], [8], [9], [10], [11], [12]), [13]). 
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In this manuscript, it is proved that for compatible self-mappings S,T 
have a unique fixed point on a closed subset Y of complete s-convex cone 
metric spaces if they satisfy the condition: 

Kd s (Tx, Ty) < ad s (Sx, Sy) + (1 — a) max.{d s (Sx, Tx) + d s (Sy, Ty)} 

holds for all x, y £ Y and < a < 1 with co(T(Y)) C S(Y). Where K is the 
normal constant of the cone and co(T(Y)) is given in Definition 21. Another 
theorem is proved in complete convex cone metric spaces if the mappings 
S, T satisfy the condition 

d(Tx, Ty) < ad s (Sx, Sy) + (1 - a){d(Sx, Tx) V d(Sy, Ty)} 

holds for all x,y £ Y and < a < 1 with co(T(Y)) C S(Y). Where the 
notion " V " means "or". 

Throughout this paper E := (E, \\ ■ ||) stands for a real Banach space. 
Let P := Pe always be a closed non-empty subset of E. P is called cone 
if ax + by G P for all x, y £ P and non-negative real numbers a, b where 
Pn(-P) ={0} andP/{0}. 

For a given cone P, one can define a partial ordering (denoted by < or 
<p) with respect to P by x < y if and only if y — x G P. The notation x < y 
indicates that x < y and x ^ y while x « y will show y — x £ intP, where 
intP denotes the interior of P. From now on, it is assumed that intP 7^ 0. 

The cone P is called 

(iV) normal if there is a number K > 1 such that for all x,y £ E: 

< x < y ^ \\x\\ < K\\y\\. (2) 

(i?) regular if every increasing sequence which is bounded from above is 
convergent. That is, if {x ri } n >\ is a sequence such that x\ < X2 < ... < 
y for some y £ E, then there is x £ E such that limn^oo \\x n — x\\ =0. 

In (iV), the least positive integer K, satisfying the equation (2), is called the 
normal constant of P. 

Lemma 1. (i) Every regular cone is normal. 

(ii) For each k > 1, there is a normal cone with normal constant K > k. 

(Hi) The cone P is regular if every decreasing sequence which is bounded 
from below is convergent. 
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Proof of (i) and (ii) are given in [5] and the last one follows from defini- 
tion. 

Definition 2. Let X be a non-empty set. Suppose the mapping d:lxI-> 
E satisfies: 

(Ml) < d(x, y) for all x, y £ X, 

(M2) d(x, y) = if and only if x = y, 

(M3) d(x, y) < d(x, z) + d(z, y), for all x, y £ X. 

(M4) d(x, y) = d(y, x) for all x, y £ X 

then d is called cone metric on X , and the pair (X, d) is called a cone 
metric space (CMS). 

Example 3. Let E = R 3 and P = {(x, y, z) £ E : x, y, z > 0} and X = R. 
Define d : X x X — > E by d(x,x) = (a\x — x\,j3\x — x\,^\x — x\), where 
a, (3, 7 are positive constants. Then (X, d) is a CMS. Note that the cone P 
is normal with the normal constant K = 1. 

It is quite natural to consider Cone Normed Spaces (CNS): 

Definition 4. ([14], [15]) Let X be a vector space over M. Suppose the 
mapping || ■ \\p : X — ► E satisfies: 

(Nl) \\x\\ P > for allx g X, 

(N2) \\x\\p = if and only ifx = 0, 

(N3) \\x + y\\p < \\x\\p + \\y\\p, for all x,y £ X. 

(NA) \\kx\\ P = \k\\\x\\ P for all k € R, 

then || • \\p is called cone norm on X, and the pair (X, \\ ■ \\p) is called a cone 
normed space (CNS). 

Note that each CNS is CMS. Indeed, d(x,y) = \\x — y\\p. 

Definition 5. Let (X,d) be a CMS, x £ X and {x n } n >i a sequence in X. 
Then 

(i) {xn}n>\ converges to x whenever for every c£ E with << c there 
is a natural number N, such that d(x n ,x) « c for all n > N. It is 
denoted by lim n _>oo x n = x or x n — > x. 
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(ii) {x„}„>i is a Cauchy sequence whenever for every c £ E with << c 
there is a natural number N , such that d(x n , x m ) « c for all n,m > 

N. 

(Hi) (X, d) is a complete cone metric space if every Cauchy sequence is 
convergent. 

Lemma 6. (See [4]) Let (X, d) be a CMS, P be a normal cone with normal 
constant K, and {x n } be a sequence in X. Then, 

(i) the sequence {x n } converges to x if and only ifd(x n ,x) — ► (or equiv- 
alent^ \\d(x n ,x)\\ — ► 0), 

(ii) the sequence {x n } Cauchy if and only ifd(x n , x m ) — ► (or equivalently 
\\d(x n ,x m )\\ — > as m,n^ ooj. 

(Hi) the sequence {x n } converges to x and the sequence {y n } converges to 
y then d(x n ,y n ) -»■ d(x,y). 

Lemma 7. ([6]) Let (X, d) be a CMS over a cone P in E. Then 

(1) Int(P) + Int(P) C Int(P) and XLnt(P) C Int(P), A > 0. 

(2) If c » then there exists 5 > such that \\b\\ < 5 implies b « c. 

(3) For any given c >> and cq » there exists no G N such that 
^ << c. 

n 

(4) If a n , b n are sequences in E such that a n — > a, b n — > 6 and a n < 
6 n , Vn i/jen a <b. 

Definition 8. ([16]) P is called minihedral cone ifsup{x,y} exists for all 
x, y £ E; and strongly minihedral if every subset of E which is bounded from 
above has a supremum. Equivalently, if every subset of E which is bounded 
from below has an infimum. 

Lemma 9. (i) Every strongly minihedral normal (not necessarily closed) 
cone is regular. 

(ii) Every strongly minihedral (closed) cone is normal. 

The proof of (i) is straightforward and for (ii) see [17]. 

Example 10. Let E = C[0, 1] with the supremum norm and P = {/ G 
E : / > 0}. Then P is a cone with normal constant M = 1 which is not 
regular. This is clear, since the sequence x n is monotonically decreasing, 
but not uniformly convergent to 0. This cone, by Lemma 9, is not strongly 
minihedral. However, it is easy to see that the cone mentioned in Example 
3 is strongly minihedral. 
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Definition 11. (See [4]) Let (X, d) be a CMS and A C X . A is said to be 
sequentially compact if for any sequence {x n } in A; there is a subsequence 
{x nk } of {x n } such that {x nk } is convergent in A. 

Lemma 12. ( [6], [18]) Every cone metric space (X,d) is topological space 
which is denoted by (X,t c ). Moreover, a subset A C X is sequentially 
compact if and only if it is compact. 

Lemma 13. [6] Let (X,d) be a CMS. The ball B(x,c) := {y £ X : 
d s (x,y) < c} is sequentially closed where c£ E and c » 0. 

Definition 14. (See [6]) Let (X, d) be a CMS and A C X . A is said to 
be bounded above if there exists c £ E with c >> such that d(x,y) < c 
for all x,y £ A, and it is called bounded if 5(A) = diam(A) = sup{d(x, y) : 
x, y £ A} exists in E. In this case, 5(A) is called the diameter of A. If the 
supremum does not exist, A is called unbounded. 

Lemma 15. [6] Let (X,d) be a CMS. Then T : (X,d) —> (X,d) is continu- 
ous if and only if T is sequentially continuous. 

Definition 16. Let (X, d) be a CMS. The scalar weight of the cone metric 
d is defined by d s (x,y) := \\d(x,y)\\. 

Notice that for normal P with K = 1, the scalar weight of the cone 
metric d s behaves as a metric on X. 

Definition 17. Self-Maps S,T on a CMS (X,d) are said to be compatible 
if lim n ^oo d(TSx n , STx n ) = when {x n } is a sequence in X such that 
lim n ^ 00 Sx n = linin^oo Tx n = z for some z £ X. 

Notice that commuting maps are weakly commuting and weakly com- 
muting maps are compatible. Where T and S are called weakly commuting 
if d(TSx, STx) < d(Sx, Tx) for all x £ X. 

Lemma 18. [6] Let P be a strongly minihedral cone with normal constant 
K and A C X. Then, A is bounded if and only if 5 S (A) = swp{d s (x,y) : 
x, y £ A} < oo. 

Lemma 19. [6] Let (X, d) be a cone metric space over a strongly minihedral 
cone P and let A C X be bounded. Then 5(A) = 5(A). 

Note that Lemma 19 is still valid if 5(A) is replaced by 5 S (A). 
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Lemma 20. Let (X,d) be a complete cone metric space over a cone P and 
let {A n } be a sequence of closed, nonempty subsets of X such that A n+ \ C A n 
for each n and lim„_ >00 5{A n ) = 0. Then D'^ D =1 A n consists precisely of one 
element. 

Proof. If x, y £ n'^' =1 A n , then x, y £ A n for each n; hence, d(x, y) < 5(A) for 
each n. Since P is a closed cone and linin^oo 5(A n ) = 0, then d(x, y) = 0, so 
that x = y. This shows that H^ =l A n contains at most one element. To show 
that n^? =1J 4 n t^ <fi, proceed as follows. For each n, choose x n £ A n . Then it 
is easy to see that d(x n + p , x n ) < 5(A n ) holds for each n and p, and from this 
it follows that {x n } is a Cauchy sequence in X. Thus there exists x G X 
such that linin^oo x n = x, and we claim that x G n^ =1 ^4 n . Indeed, since 
x m £ A n for m > n, we get x £ A n = A n for each n and we are done. □ 

Note that Lemma 20 is still valid even if 5(A n ) is replaced by 5 s (A n ). 

2 A fixed point theorem in s-convex cone metric 
spaces 

Our main result in this section will be in s-convex cone metric spaces. First, 
we define s-convex cone metric spaces. 

Definition 21. Let (X, d) be a CMS and L = [0, 1] be the closed unit inter- 
val. A continuous mapping W : X x X x I :— ► X is said to be an s-convex 
structure on X if for all x,y £ X and X £ L 

d s (u,W(x,y,X)) < Xd s (u,x) + (1 - X)d s (u,y) 

holds for all u £ X. A CMS (X,d) together with an s-convex structure is 
said to be s-convex CMS. A subset Y C X is s-convex, if W(x, y, X) £ Y 
holds for all x,y £ X and X £ I. If A is a subset of X then we define 

co{A) = {W(x, y,X):x,y£X, X£ [0, 1]}. 



Theorem 22. Let Y be closed subset of a complete s-convex CMS (X,d), 
P be a normal cone with the normal constant K and S, T be compatible 
self-maps on X such that 

(C) 

Kd s (Tx,Ty) < ad s (Sx, Sy) + (1 — a) m&x{d s (Sx,Tx), d s (Sy,Ty)} 
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holds for all x,y £ Y , where < a < 1. If co[T(Y)] C S'(Y) a^c/ S (or T) 
is continuous in Y , then S and T have a unique common fixed point in Y . 

Proof. Let x £ Y be an arbitrary point, yo = Sx and y± = Tx. Since T(Y) 
is contained in S(Y) then, one can choose points xi,x 2 ,x 3 6 V in a way 
that 

Sxi = Tx; Sx2 = Txi ; Sx% = Txi- 

Setting yi = Sx2 = Tx\ and yj, = S*X3 = T^2 and regarding (C) one can 
obtain 

d s (Tx,Txi) < ad s (Sx, Sxi) + (1 — a) max{d s (Sx,Tx), d s (Sxi, Tx±)} 

which is equivalent to 

ds(yi,V2) < ad s (y ,yi) + (1 - a)m&x{d s (y ,y 1 ),d s (y 1 ,y 2 )} (3) 

Since < a < 1 then (3) yields that d s {y\,y2) < d s (yo,yi)- Analogously, 
one can get 

d s {y2,yz) < d s {yi,y 2 ) < d s (y ,yi). (4) 

By using (4), (C) and by simple calculations imply that 

d s (y 1 ,y 3 ) < Kd s (yi,y 2 ) + Kd s (y 2 ,y3) < 0- + a)d s (y o ,y 1 ). (5) 

Let z = W(y 2 ,yz, \). Since co[T(Y")] C S(Y), then one can choose u £ Y 
such that z = Su. Taking into account convexity of Y 

d 8 (yi,z) = d s (yi,W(y 2 ,y 3 ,-)) < -[d s (yi,y 2 ) + d s (y 1 ,y 3 )}, 



and (4), (5) imply that 



d s (yi, z) < (1 + -)d s {y ,yi). (6) 



Analogously, one can get 



d s (y 2 ,z) < -d s (y 2 ,y 3 ) < -d s (y Q ,yi). (7) 

Set Tu = v. Then 

d s (v,z) = d s (v,W(y 2 ,y 3 ,-)) < -[d s (y 2 , v) + d s (y 3 ,v)]. (8) 

To find an upper bound for the left hand side of (8), one can estimate right 
hand side of (8) from above as follow: By (C) and that if > 1 we have 
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ds(V2-,v) = d s (Txi,Tu) < ad s (Sxi, Su)+(l—a) m&x{d s (Sxi,Txi), d s (Su,Tu)} 
which is equivalent to 

d s (y2,v) < ad s (yi,z) + (1 - a)max{d s (y 1 ,y 2 ),d s (z,v)}. 
and by (4) and (6), 

ds(V2,v) < a(l + -)d s (y ,yi) + (1 - a)max{d s (y ,y 1 ),d s (z,v)}. 
Analogously, by using (C), (4) and (7) one can observe 

ds(V3,v) < -d s (y ,yi) + (1 - a)max{d s (y ,yi),d s (z,v)}. 
Thus, (8) turns into 

d s (v,z) < j(3 + a)d s (y ,yi) + (1 - a)max{d s (y ,y 1 ),d s (z,v)}. 
which yields that 

d s (v,z) < maxj -(a 2 -o + 4),-(3 + o) \d s (y ,yi). (9) 



Regarding z = Su; v = Tu; yo = Sx; y\ = Tx, the inequality (9) implies 
that d s (Su,Tu) < cd(Sx,Tx) with < c = \{a 2 — a + 4) < 1. Thus, one 
can conclude that 

mi{d s {Sx, Tx):xe Y)} = 0. (10) 

To conclude proof, one have to show that the infimum is attained. For this, 
set 

F n :={xeY:d s (Sx,Tx)< -}, (n = l,2,...). 

n 



For n = 1, 2, ... the set F n / because of (10). Thus TF„ / and TF 1 D 
TFhD ... DTK^ .- 

We claim that F is singleton . Let x',y' € TF n . Then there exists 
x,y £ F n such that x' = Tx, y' = Ty. Thus, 

d s (x',y') = d s (Tx,Ty) < ad s (Sx,Sy) + (1 - a) m&x{d s (Sx,Tx), d s (Sy,Ty)} 

< a[d s (Sx, Tx) + d s (Sx, Tx) + d s (Sy, Ty)} + ^^ 
<ad s (x',y') + ^ + ^. 
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Thus, d s (x',y') < \yzt) which implies, by Lemma 19, that S(TF n ) = 
5{TF n ) — > as n — > oo. Then by Lemma 20 we conclude that F = {u}, for 
some u £ Y. 

Since u £ TF n , (n = 1, 2, ...), it follows that for each n there is x' n £ TF n 
with d s (u, x' n ) < ^. Let x n G F n be such that x^ = Tx n . Thus, d s (u, Tx n ) < 
\ and d s (u,Sx n ) < Kd s (u,Tx n ) + Kd s (Sx n ,Tx n ) < ^f. Hence, 

lim Sx n = lim Tx n = n. (11) 

By continuity of S 1 , 

lim»STx ra = lim SSx n = Su. (12) 

Since S and T are compatible, (11) implies that 

limd s (STx n , TSx n ) = 0. Thus, by the help of Lemma 6 (iii), one can get 

n 

limd s (Su,TSx n ) < Klimd s (Su,STx n )+Klimd s (STx n ,TSx n ) = 0. (13) 

n n n 

by triangle inequality and (12). By (C), 

d s (STx n ,Tu) < ad s (SSx n ,Su) + (l — a)max{d s (SSx n ,TSx n ),d s (Su,Tu)}. 

Letting n — ► oo, and making use of Lemma 6 (iii), one can get d s (Su, Tu) < 
(1 — a)d s (Su,Tu). Since a > 0, d s (Su,Tu) = which is equivalent to say 
Su = Tu. Hence by (C), one can obtain 

d s (Tx n ,Tu) < ad s (Sx n , Su) + (1 — a)m.ax{d s (Sx n ,Tx n ),d s (Su,Tu)}. 

On account of (11), letting n — > oo, and making use of Lemma 6 (iii), one 
can get d s (u,Tu) < ad s (u, Su) = ad s (u,Tu). Since a < 1, then d s (u,Tu) = 
0. As a result, Tu = Su = u. The uniqueness of u is followed by (C). □ 

Corollary 23. Let Y be closed subset of a complete convex CMS (X,d), 
and P be a normal cone with the normal constant K and T be self-map on 
Y such that 

(C) 

Kd s (Tx,Ty) < ad s (x,y) + (1 - a) max{d s (x,Tx) + d s (y,Ty)} 

holds for all x,y £Y , where < a < 1. Then T has a unique common fixed 
point in Y . 
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Since a cone Banach space is a convex cone metric space then, it is clear 
that Corollary 29 is an extension to the following Gregus's theorem [19]. 

Theorem 24. Let C be a closed convex subset of a Banach space X and 
T : C — ► C be a mapping satisfying the inequality 

\\Tx — Ty\\ < a\\x — y\\ + b\\Tx — x\\ + c\\Ty — y\\, 

for all x,y G C, where < a < 1, b > 0, c > and a + b + c = 1. Then T 
has a unique fixed point. 

Corollary 25. Let Y be closed subset of a complete convex CMS (X,d), 
and P be a normal cone with the normal constant K and S be continuous 
self-map on Y such that 

(d) 

Kd s (x, y) < ad s (Sx, Sy) + (1 - a) max{d s (Sx, x) + d s (Sy, y)} 

holds for all x,y £Y, where < a < l.Then S has a unique common fixed 
point in Y. 

Corollary 26. Let Y be closed subset of a convex cone Banach space (X, d), 
and P be a normal cone with the normal constant K and S, T be self-maps 
on Y as in Theorem 22. Then S and T have a unique common fixed point 
in Y . 

3 A fixed point theorem in convex cone metric 
spaces 

Our main result in this section will be in convex cone metric spaces under 
the strong minihedrality of the cone P. Thus, we first define convex cone 
metric spaces. 

Definition 27. Let (X, d) be a CMS and L = [0, 1] be the closed unit in- 
terval. A continuous mapping W : X x X x L :— ► X is said to be a convex 
structure on X if for all x,y £ X and A G I 

d(u, W(x, y, A)) < Xd(u, x) + (1 - X)d(u, y) 

holds for all u £ X . A CMS (X, d) together with a convex structure is said 
to be convex CMS. A subset Y C X is convex, if W(x, y, A) £ Y holds for 
all x, y G X and X £ L. 

10 
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Theorem 28. Let Y be closed subset of a complete convex CMS (X, d), and 
P be a strongly minihedral cone and S, T be compatible self-maps on X such 
that 

(C) 

d(Tx, Ty) < ad(Sx, Sy) + (1 - a){d(Sx, Tx) V d(Sy, Ty)} (14) 

holds for all x,y G Y , where < a < 1. If co[T(Y)] C S(Y) and S (or T) 
is continuous in Y , then S and T have a unique common fixed point in Y. 

Proof. The proof can be achieved by following as in the proof of Theorem 
22. However, the existence of the infimum in (10) is guaranteed by strong 
minihedrality and define F n := {x £ Y : d(Ex,Tx) < ^}, (n = 1,2,...), 
for some cq >> 0. Also we make use of Lemma 20 and Lemma 19. □ 

The condition (14) in Theorem 28 means 

d(Tx, Ty) < ad(Sx, Sy) + (1 — a)u for some u £ {d(Sx, Tx), d(Sy, Ty)} 

(15) 
The following are consequences of Theorem 28. 

Corollary 29. Let Y be closed subset of a complete convex CMS (X,d), P 
be a strongly minihedral cone and T be self-map on Y such that 

(CO) 

d(Tx, Ty) < ad(x, y) + (1 - a){d(x, Tx) V d(y, Ty)} 

holds for all x,y £Y , where < a < 1. Then T has a unique common fixed 
point in Y. 

Corollary 30. Let Y be closed subset of a complete convex CMS (X, d), P 
be a strongly minihedral cone and S be continuous self-map on Y such that 

d(x, y) < ad(Sx, Sy) + (1 — a){d(Sx, x) V d(Sy, y)} 

holds for all x,y €Y, where < a < l.Then S has a unique common fixed 
point in Y . 



11 
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Abstract 

The main purpose of this paper is to obtain a common fixed point theorem for a pair of 
set- valued mappings of Gregus type condition in cone metric spaces, so that the main result 
obtained in [13] will be generalized to cone metric spaces. The cone under consideration will 
be normal with normal constant K = 1. 
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mapping, fixed point. 

1 Introduction and Preliminaries 

The study of common fixed points of mappings satisfying certain contractive conditions has been 
at the centre of several research activity. For the last quarter of the 20th century, there has been 
a considerable interest to study common fixed point for a pair (or family) of mappings satisfying 
contractive conditions in metric spaces. Several interesting and elegant results were obtained in 
this direction by various authors. It was the turning point in the "fixed point arena" when the 
notion of commutativity was used by Jungck [17] to obtain a generalization of Banach's fixed 
point theorem ( "let (X, d) be a complete metric space. If T satisfies d(Tx,Ty) < kd(x,y) for 
each x, y £ X where < k < 1, then T has a unique fixed point in X" ) for a pair of mappings. 
This theorem has had many applications, but suffers from one drawback-the definition requires 
that T be continuous throughout X. There then follows a flood of papers involving contractive 
definition that do not require the continuity of T. This result was further generalized and ex- 
tended in various ways by many authors. 

In recent works, [1]-[16] except for [3], [5] and [13], about non-convex analysis, specially in or- 
dered normed spaces, the authors define an order by using a cone in a vector space and give 
some generalized results about fixed point of single and multifunctions on the cone metric spaces. 

A subset P of a real Banach space E is called a cone if and only if 
PI) P is nonempty and P ^ {0}. 
P2) If a, b £ R + and x,y £ P, then ax + by £ P 

P3) If both x £ P and —x £ P then x = 0. Throughout this article we shall assume that 
our cone is closed unless we state the converse. Given a cone P in E, a partial ordering ' <' on 
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E via P is defined by x < y if and only if y — x £ P. We write x < y to indicate that x < y but 
x 7^ y, while x « y will stand for y — x £ Int(P). 

In this sequel, one also has to note that by using the properties of the cone and the definition 
of the interior that int(P) + int(P) C int(P) and a int(P) C int(P), a > 0. For the purposes 
in defining convergence [8] and other topological concepts in cone metric spaces [14] and [10], 
the cones under consideration are always assumed to have nonempty interiors. 

The cone P is called normal if there exists a constant K > 1 such that for all a,b £ E, 
< a < b implies ||a|| < if ||&||. The cone P is called strongly minihedral if every subset of E 
which is bounded above via the partial ordering obtained by P, must have a least upper bound. 
Hence every subset which is bounded below must have greatest lower bound. The cone P is 
called regular if every increasing sequence which is bounded from above is convergent. That is, 
if {x n } n >i is a sequence such that x\ < X2 < ••• < y for some y £ E, then there is x £ E such 
that linin^oo \\x n — x\\ =0. It is easy to see that Every strongly minihedral (not necessarily 
closed) normal cone is regular. Also, every strongly minihedral closed cone is normal and hence 
is regular. For details about cones we refer the reader to [3] and [5]. 

Example 1. [11] Let E = C l [0, 1] with the norm \\f\\ = H/H^ + ||/'||oo, and consider the 
cone P = {/ £ E : f > 0}. 

For each k > 1, put f(x) = x and g(x) = x 2k . Then, < g < f, \\f\\ = 2 and \\g\\ = 2k + 1. 
Since k\\f\\ < \\g\\, k is not normal constant of P and hence P is a non-normal cone. 

There are no normal cones with normal constant K < 1. Indeed, if P is a normal cone 
with normal constant K < 1, then choose a non-zero element x £ P and < e < 1 such that 
K < 1 - e. Then, (1 - e)x < x, but (1 - e)||x||) > K\\x\\, see [11]. 

For each k > 1, consider the real vector space E = {f(x) = ax + b : a,b £l;i £ [1 — i, 1]}, 
with the supremum norm and the cone P = {f{x) = ax + b : a < 0,b > 0}. Then, P is 
regular and hence normal. Moreover, it can be shown that the normal constant for this cone is 
bigger than k, for details see [11]. This shows that we can construct cones with different normal 
constants K > 1. 

Example 2. Let E = R n , n>l and P = {(xi,X2, •••,£„) : xi > 0, i = 1,2, ...,n}. Then, P 
is a normal cone with normal constant K = 1. 

Example 3. Let E = C[0, 1] with the supremum norm and P = {/ £ E : / > 0}. 
Then P is a cone with normal constant K = 1 which is not regular. This is clear, since the 
sequence x n is monotonicly decreasing, but not uniformly convergent to 0. Also, this cone is 
not strongly minihedral. However, it is easy to see that the cone mentioned in Example 2 is 
strongly minihedral. 

Definition 4. [8] 

A cone metric space is an ordered pair {X, d) , where X is any set and d : X x X ^ E \s & 
mapping satisfying: 

dl) < d(x, y) for all x,y £ X. 

d2) d(x, y) = if and only if x = y. 

d3) d(x, y) = d(y, x) for all x,y £ X. 

d4) d(x, y) < d(x, z) + d(z, y) for all x,y, z £ X. 

Definition 5. [8] A sequence (x n ) in a cone metric space (X, d) is said to converge to an 
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element x £ X if for any c € E with c > > there exists a natural number uq such that 

d(x n ,x) « c for all n > uq. 

In this case we write hin^^oo x n = x. 

Definition 6. [8] A sequence (x n ) in a cone metric space (X, d) is said to be Cauchy if for 
any c £ E with c >> there exists a natural number no such that 

d(x n ,x m ) « c for all m,n>riQ. 

Cone metric spaces in which every Cauchy sequence is convergent are called complete cone 
metric spaces. 

Definition 7. (See [16]) Let (X, d) be a cone metric space and A C X . Then, A is said to 
be sequentially closed if x £ A whenever {x n ) in A such that x n — ► x. 

Lemma 8. ([14], [10]) Every cone metric space (X,d) is first countable topological space 
which is denoted by (X, r c ). Moreover, every subset A C X is sequentially closed if and only if 
it is closed and is sequentially compact if and only if it is compact. 

Lemma 9. [8] Let (X, d) be a cone metric space and P a normal cone with normal constant 
K. Let (x n ) be a sequence in X. Then, 

(i) (x n ) converges to x if and only if lim n ^ 00 \\d(x n , x)\\ = 0. 
(ii) (x n ) is Cauchy if and only if lim m ,n->oo\\d(x n ,x m )\\ = 0. 

The following lemma is essential to obtain our main result. 

Lemma 10. [8] Let (X, d) be a cone metric space and P a normal cone with normal constant 
K. Let (x n ) and (y n ) be two sequences in X such that lirrin^^Xn = x and limn^ooHn = y. 
Then 

limn^oo \\d(x n , y n ) - d(x, y) \\ = 0. 

Definition 11. Let (X, d) be a cone metric space over a cone P. The scalar weight of the 
cone metric d is defined by 

ds{x,y) = \\d{x,y)\\. 

Note that if the cone is normal with normal constant K = 1, then d s is a metric on X. 

Definition 12. (see also [14]) Let (X,d) be a cone metric space over a cone P. Then 
A C X is called 

(i) bounded if 5(A) = sup{ci(x, y) : x,y £ A} exists in E. 

(ii) scalar bounded if 5 S (A) = sup{d s (x,y) : x,y £ A} < oo. 

(iii) (sequentially) compact if for any sequence (x n ) in A there exists a subsequence (x ni ) of 
x n such that (x ni ) is convergent in A. 

(iv) (sequential) closed if whenever x n £ A with x n — ► x then x £ A. 

Throughout this article CB S (X) will denote all closed scalar bounded subsets of X and 
K(X) will denote all nonempty (sequentially) compact subsets of X. 

Proposition 13. [14] Let P be a strongly minihedral cone with normal constant K and 
Ad X. Then, A is bounded if and only if A is scalar bounded. 
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Definition 14. Let A,B £ CB S (X) and e > 0. Then 
(i) D S (A, B) = inf{d s (a, b) : a € A, b £ B}, 

(ii) 

N s (e, A) = {x £ X : d s (x,a) < e, for some a £ A}, 

(iii) 

H S (A,B) =m&x{sup{D s (a,B) : a £ A},sup{D s (A, b) : b£ B}} = 

inf{e > : A C N s (e, B) and B C iV s (e, A)}. 

Lemma 15. [9] Suppose that 4> is a mapping of [0, oo) into itself, which is nondecreasing, 
upper-semicontinuous and <f)(t) < t for all <p(t) > 0. Then, lim<f) n (t) = 0, where <p n is the 
composition of <f> n times. 

Lemma 16. (i) If A,B £ CB S (X). Then, for a £ A and each r/ > there exists b £ B 
such that 

d s (a,b) <H s (A,B) + n 

(ii) If, moreover, B is (sequentially) compact, then for each a £ A there exists b £ B such 
that d s (a, b) < H S (A, B). Where it is assumed that the cone P is normal. 

The proof of the first part just follows by definition. The proof of the second part follows by 
applying the first part for rj = -, using compactness and using Lemma L0. 

Note that in the proof of Lemma 16 we don't need the restriction K = 1. Ln connection to 
this, we can prove the following without the need of that K = 1. 

Lemma 17. Let (X, d) be a cone metric space over a normal cone P and A a (sequentially) 
compact subset of X. Then, for every x £ X there exists a £ A such that 

d s (x,a) = D s (x,A). 

Proof. Let x £ X be given. From the definition of D s (x,A) there exists a sequence (a n ) in 
A such that 

D s (x,A) < d s (x,a n ) < D s (x,A) + -, for all n > 1. (1) 

n 

Since A is compact, we may assume that a n — > a £ A. If we apply the limit as n — > oo to (1) 
and use Lemma 10, then we obtain d s (x, a) = D s (x, A). □ 

Lemma 18. Let (X,d) be a cone metric space over a normal cone P and A, B two 
(sequentially) compact subsets of X. Then, 

sup D s (b, A) < oo 

beB 

Proof. Assume sup feeB D s (b, A). Hence, find a sequence (b n ) in B such that 

D s (b n ,A) >n, 

for all n > L. Since B is compact, we may assume that b n — ► b £ B. Then, by Lemma L0, it 
follows that d s (b,a) = oo for some a £ A, a contradiction. □ 

The authors in [12] proved the above two results by assuming that the normal constant is 1. 
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2 The main result 

Theorem 19. Let S and T be mappings of a cone metric space (X, d) over a normal cone 
with normal constant K = 1 into K{X). Assume X is xq— jointly orbitally complete for some 
xq € X. Suppose that for p > and all x,y £ X the following condition holds 

H P (Sx,Ty) < <f>(ad s (x,y) + (1 - a)max{Z)f(x,Sx),Z>?(y,Ty)}) (2) 

where < a < 1 and <p : [0, oo) — ► [0, oo) is nondecr easing, upper-semicontinuous and <fi(t) < t 
for all t > 0. Then, S and T have a common fixed point in X . 

Proof. Let x$ £ X such that X is Xo— jointly complete. By Lemma 16 for any x\ G Sxq 
there exists a point X2 £ Tx\ such that d s {x\,x<i) < H s (Sxo,Txi). Then, the choice of the 
sequence (x n ) in X guarantees that 

x n £ Sx n ^i if n is odd, x n £ Tx n -\ if n is even (3) 

Then, the proof is going to be divided into four steps: 

Step 1: We claim that d s (x\,X2) < d s (xo,xi). Suppose d s {x\,X2) > d s (xo,xi) and put 
6 = d s {x\,X2). Then, by using (2) it follows that 

6 = d s (xi,x 2 ) < H s (Sx ,Txi) < H s (Sx ,Txi) < 
[<KacF 8 (xo, xi) + (1 - a) max{L»f (x , Sx ), D p s (x 1 ,Tx 1 )})} * (4) 

< [4>(ae p + (1 - a)9 p )}p = [<j)(6 p )]p <9, a contradiction. 

Therefore, <i s (xi,X2) < d s (xo,x±). 

Step 2: We show that limd s (x n ,x n +i) = 0. From step 1 and (2) we have 

d p (xi,x 2 ) <H P (Sx ,T Xl )< 

0(adj(xo,xi) + (1 - a)max{Df(x ,5'xo),-Df(xi,Txi)}) < <f>(d%(x ,xi)) (5) 

Similarly, we have d^(x2,xs) < <f>{d v s {xi,X2)) < 4> 2 {d p s {xQ,x\)). 
Proceeding in this way, we have 

d p {x n ,x n+1 ) <4> n {d p {xQ, Xl )), for n=0,l,2,... (6) 

By Lemma 15, it follows that lim<i§(x n ,x n +i) = and hence 

lim d s (x n ,x n+1 ) =0 (7) 

Step 3: We prove that (x n ) is a Cauchy sequence. In order prove so, it is sufficient to show that 
(x2 n ) is a Cauchy sequence. Suppose that (x2 n ) is not a Cauchy sequence. Then, by means of 
Lemma 9, there exists e > such that for a sequence of even integers (n(k)) defined inductively 
with n(l) = 2 and n(k + 1) is the smallest even integer greater than n(k), we have 

ds(^n(fc+l) >£«(£:)) > £ (8) 

So that 

ds(x n (k+i)-2, x n(k)) < e (9) 
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It follows that 

e < d s (x n ( k+1 -),x n ( k )) < 

ds(x n (k+l),Xn(k+l)-l) + d s (x n (k+l)-l,X n (k+l)-2) + ^ s (»„(«+!) _2,#n(ft))> (10) 

for k = 1,2,3,.... 

Using (7) and (9) it follows that 

lim d s {x n{k+1 ),x n{k )) = e (11) 

ft — >oo 

By the triangle inequality and the normality condition with K = 1, we have 

l c ^( a; n(fc+l)) X n(A;)) ~~ ^( x n(fc)) x n(k+l)-l) I < ^( x ra(fc+l)) x n(ft+l)-l)j 

Kx n ( fc+ i)_i,x„( fe ) + i) -d(x„(fc + i),ar n (fc))| < d(zra(fc+i)> x ra(fcH-i)-i) (12) 

It follows from (7), (11) that 

lim c/ s (x n ( fc ),X n ( jfc+1 )_ 1 ) = ^s(^n(fc+l)-li a; n(fc)+l) = e (13) 

ft— >oo 

Using the triangle inequality and normality, we have 

ds(%n(k+l),Xn(k)) < ^s(a7n(fc+l))»n(fc)+l) + d s (x n ( fe )+i, £ n ( ft )) < 

i? s (5a;„( fc+1 )_ 1 ,Tx n ( fc )) + d s (x n ( fc ) +1 , x„ (fc )) (14) 

and using (2), we also have 

Hs(S x n(k+i)-i,Tx n (k)) < 

0(ad s (a; n(fe+1) _ 1 ,x n(fc) ) + (1 - a)max{Df(x n(fe+ i)_i, S , x n(fc+ i ) _ 1 ), (15) 

(x n (k),Tx n (k))}) 



Using (7), (9), (11), (14), (15), and upper-semicontinuity of cp it follows by letting k — ► oo 
that 

e < [<f)(ae p )}p < [Ht P )}* < £, (16) 

a contradiction. Therefore, (x2 n ) is a Cauchy sequence. 

jSiep ^: Finding the common fixed point. Since X is xq — jointly orbitally complete, then 
there exists a point z € X such that x n — ► z . Then again using (2), we have 

DP(x 2n -l,Tz) < HP(Sx 2n -2,Tz) < 



<j)(ad s (x 2n -2, z) + (1 - a) max{L>f (x 2n -2, 5 r x 2 „-2), -^(z, ?V)}) (17) 

Now taking n — ► oo in (17) and making use of Lemma 10, then we have Dg(z,Tz) < <f)((l — 
a)Ds(z,Tz)) if z ^ Tz, a contradiction. Thus z € Tz. Similarly, we show that z £ Sz. Hence, 
z £ Tz n Sz. This completes the proof. D 
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THE EXISTENCE OF WEAK SOLUTION FOR 
DEGENERATE £ A Pi(;c) -EQUATION 

RAVI P. AGARWAL, M.B. GHAEME AND S. SAIEDINEZHAD 

Abstract. Using variational methods, we establish the existence of non-trivial solution 
for the following generalized class of p(x)-Laplacian 

(P) f-^(E™i«iW|v^( a; )- 2 )Vu) + E™=i^^)|w|^ (x) - 2 ^) = /(^w); in n, 

)u = 0, on dQ, 

where fi is a bounded domain in M. N with smooth boundary <9f2, Pi,qj £ C(f2), and / 
is a caratheodory function with some adequate assumptions. Also, we show that if we 
replace fi by M. N in Problem (P), the generate equation has a weak solution. Finally, it 
is shown that with some adequate assumptions on /, the Problem (P) has two sequences 
of solution. 



Keywords: compact embedding, weak convergent, p(.)- Laplacian, variable exponent 
Sobolev space, critical point, weak solution, Palais-smale condition, Mountain Pass theo- 
rem. 



1. Introduction 

The study of various mathematical problems with variable exponents has received con- 
siderable attention in recent years. These problems are interesting in applications (see, 
e.g., [20, 15]) and raise many difficult mathematical problems. We refer to the overview 
papers [4, 13, 21] for the advances and references of this area. 

The operator Ap( x \u := — div(\Vu\ p ^' 2 Vu) is called p(x)-Laplacian, which becomes 
p-Laplacian when p(x) = p (a constant). The solvability of this problem can be studied 
by several approaches, including variational method (see, e.g., [1, 8, 9, 23, 15]), monotone 
mapping theory (see, e.g., [16]), or sub-supersolution method (see, e.g., [6]). 
Problem (P) is sum of the multi p(x)-Laplacian equation that we name ^ A Pi ( x )-equation 
that is a generalization of some previous equations (see, e.g., [5, 6, 18]). In this paper, we 
study problem (P) under certain assumptions. 
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2 AGARWAL, GHAEMI AND SAIEDINEZHAD 

2. PERLIMINARY 

Let Q be an open subset of W N . p G L°° (Q) and p~ := ess inf xG q p(x) > 1. The variable 
exponent Lebesgue space L p (-)(f2) is defined by 

lX)(Q) = {w : -u : fi — > R is measurable, / |w| p ^dx < oo} 

Jn 

which is a Banach space with the norm |m|lp()(^) = i n f {o~ > : J n \^\ p ^dx < 1 }. 
Proposition 2.1. [9]. 

(i) Tne space (L p( - X \tt), [.[i^wm)) ^ s a separable, uniform convex Banach space, and 
its conjugate space is L q ( x \tt), where -4^ H — t^t = f . For any u G L p ( x \tt) and 
v G L q< - X \il), we have 

uvdx\ < ( h — )|u|L*<0(n)|u|L<l(«')(n)■ 
(ii) 7/pi,p 2 e C(H) and 1 < Pl (x) < p 2 (x) for any x G Q, then L P2< - X \Q) <-+ L Pl( - x \Q) 
and the imbedding is continuous. 

Proposition 2.2. [25]. ///:flxl — > K w « Caratheodory function and satisfies 

\f{x, s)\ < a(x) + b\s\ pl{x)/P2{x) , VxeQ, seR, 

where p±,p 2 G C(Q) and pi(x),p 2 (x) > 1; \/x G 0. 

Moreover, a(x) G L P2<x )(f2), a(:r) > and 6 > is constant, then the Nemytsky oper- 
ator from L Pl( - x '(Q) to L P2( - X >(VL) defined by (Nf(u))(x) = f(x,u(x)) is a continuous and 
bounded operator. 

An important role in manipulating the generalized Lebesgue-Spoblev spaces is played 
by the modular of the h p ^ x \Vl) space, which is the mapping p : L p( ^(f2) — > R. defined 
by 



p{u) 



[ \u\ p{x) dx Vw G L p( \tt). 
Jn 



Proposition 2.3. [12]. 

(i) MiX) ( n) < 1(= 1; > 1) ^ p(u) < 1(= 1; > 1); 

(ii) \u\jjt m > 1 => |u|£ ( . )(n) < P (u) < |u|£ ( . )(n) ; 

(iii) |^| LP (.) ( n) < 1 => l«lC(. )( n) ^ p( u ) ^ l u l£c-) ( n)- 

The variable exponent sobolev space W 1,p ^'(fi) is defined by 

W 1 '^^) = {ue L p (-\Q); |V«| G I/"(fi)} 
with the norm ||«|| w i,j.(.)(n) = \u\lp(-){Q) + \Vu\u>U{aY 
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Define Wj' pC) (fi) as the closure of Cg°(Q) in W 1 '^^) and 

[oo; p(x) >N. 

Then we have 
Proposition 2.4. [11]. 

(i) W l ' % '^'(Vl) and W (Q) are separable reflexive Banach spaces; 

(ii) If p : Q — ► K is lipschitz continuous, then for q G L°°(Q) with q~ > 1 and 
p(x) < q(x) <p*(x), there is continuous embedding W 1,p ^\$l) — > L 9( ^(f2). 

(iii) Let fi be a bounded domian in M. N , p G C(Q). Then for any q G L°°(fi) with q~ > 1 
and q -C p* (i.e., ess inf x£ Q(p*(x) — q(x)) > 0), there is a compact imbedding from 
W^itt) to Ltf->(fi); it is shown with W 1 ^^) ^^ L«U(fi). 

(iv) There is a constant C > 0, such that 

|«lLp(0(n) < C\Vu\ LP( . )(n) Vw G wI' p{ -\q). 
By (iv) of proposition 2.4, we know that |Vii| LJ >(.)(fi) and ||w|| w i, P (o^ are equivalent 
norms on W (Q). We use |Vu| LP ()(n) to replace ||w|| = ||w|| w i, P (.) rm in the following 
discussion. 

Definition 2.5. Let X be a reflexive Banach space and X* its dual. The operator 
L : X — > X* is said to satisfy the (S + ) condition if the assumptions u n — ^ u (weakly in 
X) and limsup n ^ 00 (L(-u n ),-u n — u) < imply u n — > u (strongly in X). 

Definition 2.6. Let F G C(X, M) where X is Banach space. For c£R, the functional 
F satisfies the Palais-Smale condition on the level c (shortly (PS) C ) if any sequence 
{x n }^L 1 C X such that 

F(x n ) — > c, VF(x n ) — ► 
has convergent subsequence (in the norm of X). 

Lemma 2.7. (Mountain Pass Lemma, Ambrosetti and Rabinowitz) [3]. Lei X be a Ba- 
nach space and let F G C 1 (X, M), e G X and r > fre snc/i that \\e\\ > r and 

mi xeXM=r F(x) > F(0) > F(e). 

If F satisfies the (PS) C condition, then c is critical value of F. 

3. MAIN RESULTS 

First, we study Problem (P) under the following conditions. 

(Q) Q is open subset of M. N . 

(pi) for any % G {1, ..., m}, pi is Lipschitz continuous functions which belongs to L°°(Q) 

with 1 < pi < Pi[x) < p\[x) < Pi := ess sup xen pi(x) < N and p± > 2. 
(qj) for any j G {1, ..., m'}, qj is Lipschitz continuous functions which belongs to L°°(Q) 

with q~ > 1. 
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(ai) for every % G {1, ..., 772}, < <2j G L°°(Q) and aj~ > 0. 
(Kj) for every j G {1, ...,m'}, < Kj G L°°(Q). 
(/I) / G C 1 ^ x R) with / = f(x,z) and there exist 9 G L°°(fi) with 6~ > pi and 

9(x) < p\(x) such that f z (x,z) = o(\z\ e ^~ 2 ) for rr G £1 
(/2) For i G {1,...,/} there exist p i: a i: r i: ^ G L°°(fi) with A > 0, 2 < a~ < a^x) < 
7(2;) < p\(x) such that 

1 
\f z (x,z)\ < ^PiWlzl**™- 2 ; \f(x,z) G (Q x R). 

(/3) There exist M > 1 and /i > max{p ( + , 9j + }{i<i<m},{i<j<m'} such that 
< fiF(x,z) := ji / f(x,t)dt < zf(x,z); \z\>M,xeCl. 



.7 

Since Pi(x) < Pi(x), for every i, it follows that W ' PlW (f2) is continuously embedded 
in W (f2). Thus a solution for a problem of type (P) will be sought in the variable 
exponent W (f2). Set X := W (f2). The Energy functional corresponding to 
problem (P) is defined as E : X — ► R, where 

E(u) = Y [ ^l\Vu\ p '^dx + y f I ^-\u^dx- [ F(x,u)dx. 
i^JnPifry j^Jn Qj(x) Ja 

By similar argument as those used in [5], assume that E G C 1 (X, R) with 

ffbn fi/i ft 

< E'(u),v >=J2 ai(x)\Vu\ Mx) - 2 VuVvdx+Y] / ^(^H^-Wrr- / f(x,u)vdx 



for any -u.f G X. Thus, we observe that the critical points of functional E are the weak 
solutions for equation (P). Our idea for proving the existence of weak solution for (P) is 
applying the Mountain Pass Theorem. 

In the following, assume (pi), (qj) and (Kj) are hold. 

Lemma 3.1. If (/l) and (f'2) hold, then there exist r > and q > such that for all 
u G X with ||tt|| = r, we have E(u) > <; > 0. 

Proof. Using (/l) and Hopital Theorem, we have, 

/oi\ r F(x,z) f(x,z) fz(x,z) 

2 ->o z»(*) *-»o 9(x)z e W~ 1 z^o9(x)(9(x) -l)z e W 

for all x E Q. Using (/2), by twice integrating we have, 

Pi(x) 



(3.2) F(x,z)<y j B i (x)\z\^ {x) ; where B { { 



x 



(9i(x)-2)(9i(x)-iy 
Then 

< Um *M < lim EUAMW^ = . 
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Therefore, 

Fix, z) 

( 3 - 3 ) lim -j^d = ° 

From relations (3.1), (3.3) we obtain, for every e > there exist Si, S2 > such that 

F(x,z) <£|^ (x) ; \z\<Si,xeQ. 

And 

F(x,2;) < e|2| 7(:c) ; |z| > S 2 ,x G £1 
Moreover, (3.2) implies that there exists a constant C > such that 

F(x,z)<C; |z| G [<*i, S 2 }. 

Hence, we conclude that for all e > there exists C(e) > such that 

F(x,z)<e\z\ a ^ x) + C(e)\z\^ x) . 

Since 0(x), 7(2;) < p*(x), by Proposition 2.4, we deduce that, there exist positive constants 
Co, C 7 such that 

l w lL«(-)(fi) ^ C^ 1 1 xi 1 1 and M L7 (-)(n) < C 7 ||w||; Vw G X. 

Let us assume that ||-u|| < 1; then we have 

E(u) > J n ^\Vu\ Mx Ux - J n F(x,u)dx 

>^f n I Vu\ Pl ^dx -ef n \u\ e ^dx + C(e) f n \u\^dx 

> %\\u\\rf -emax(C e e + \\u\\ e+ ,Cf \\u\\ e ~)-C(e)max(Cf\\u\\^ + ,C^\\u\\^) 

Pi II 

> ^||«|K - eC e \\u\\Pi - C(e)C J\uP~; 

pT|| || "III! \ / J II H 

the last inequality derives fromp^ < 6~ , where Co := max(Cg ,Cq ) , C 7 : = max(C* 7 / , C^ 
Therefore, there exists q > such that 

E(u) > \\u\\ p U% - eC e - C{e)CJ\u\\' r ^) > q > 0, 
Pi 

for some fixed e G (0, -fe-) and q, \\u\\ sufficiently small. D 

Lemma 3.2. Assume condition (/3) hold, then there exists e G X with ||e|| > r (r given 
in Lemma 3.1), such that E(e) < 0. 

Proof. Denote J-(t) = ^ ; for every t > 0. Then using (/3) we get, 
^(*) = ^[^/(x,^) -^F(x,tz)] > 0, Vt > 0. 
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Thus, we deduce for any t > 1, T{t) > T{\)\ i.e., F(x,tz) > t^F^x^z), for \z\ > M. 
Choosing u G X with ||w|| > M, for £ > 1, we have, 

E{tu) = Y [ ^l\Vtu\ p '^dx + y I ^v\M qAx) dx- f F(x,tu)dx. 
i^JnPi(x) j^J n q 3 {x) Jn 

Since W ' p iVt) is continuously embedded in W ($1), so there exist positive constant 
{Cj}™! such that ||u||j < Cj||u||, where ||.||j is usual norm on W ' p ($1). Moreover, since 
Qj( x ) < Pi 0*0) f° r every j, by compact embedding we deduce that there exist positive 
constant {C'j}™ =l such that \u\ Lqj ( X )(Q) < C^-||w||. Hence we have, 

E{tu) < YZi $o>tCi\\u\\ pt + E7=i ^C'M 4 - t» f n F(x,u)dx; 

where C { := max{Cf + , Cf }, C] := max{C^ + , C'%}. But fi > max{p+, g+}, so £?(tu) — ► 
— oo, when t approaches to +oo, which results Lemma. □ 

Theorem 3.3. Assume conditions (pi)-(/3) are fulfilled, then problem P has nontrivial 
weak solution. 

Proof. We set r := {7 G C([0, 1],X);7(0) = 0,7(1) = e} where e G X is determined by 
lemma 3.2, and c := inf 7e rmaxte[o,i] £'(7(4)). According to Lemma 3.2, we know that 
||e|| > r, so every path 7 G T intersects the sphere ||w|| = r. Then Lemma 3.1 implies 
that c > mf\\ u n =r E(u) > <r, with the constant c > in Lemma 3.1, thus c > 0. By the 
Mountain Pass theorem, we obtain a sequence {u n }^L 1 C X such that 

(3.4) £(«„) — > c, E'K) — ► 0. 
We claim that {M n }^=i is bounded in X. Using (/3), so we have 

c > E{u n ) > £™i In a M Vu -\ Pdx)dx + ST=i /n f$KI* (x) <k " J /n /(*> «r.K<fc 

= Er=iL( P -fe - ^WIVunl^dx + ESi/nCsfe - i)*;(*)KI* (x) <fc + J < #(«»)>«« > 

> a^ - I) L \Vu n \P^dx +l< E'(u n ),u n > 

>«r(^-J)iW ft "-jii^(«»)iiii«„il. 

By using (3.4), we have {||wn||}^Li is bounded. So, up to a subsequence, {« n }™ =1 converges 
weakly in X to some «6l. Since E'(u n ) — >■ 0, hence there exists a strictly decreasing 
sequence {e n }^ =1 , such that lin^oo e n = and 

(3.5) I <E'(u n ),v > I <e„||u||; VwGX,nGN. 
Using f := «„ — u in (3.5), we obtain 

I E?=i In ^(x^Vunl^^VuniVun - Vu)dx + J™=i In Kj{x)\u n \*^- 2 u n {u n - u)dx 



J n f(x,u n )(u n -u)dx\ < e n \\u r 



u 
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By compact embedding X ^<-^ h qj ^(Q) for any 1 < j '< m', u n — > u strongly in 
L^^(fi). And by the hypotheses on / , Kj for any j we have 

lim / KAx)\u n \ q ^ x ' 2 u n (u n — u)dx = lim / f(x,u n )(u n — u)dx = 0. 



Hence 

limsup(^ / ai(x)\Vu n \ Mx) - 2 Vu n (Vu n - Vu)dx) < 0. 

Define L : X — ► X* with < L(u),v >= J2?=i la ai(x)\Vu\ Pi ^- 2 VuVvdx, then L is a 
mapping of type S + ([9]), and so u n — > u strongly in X. Thus, we obtain E satisfies 
(PS) condition on level c. So by Mountain Pass theorem, c is a critical value of E and 
hence P has a weak solution. □ 

Lemma 3.4. [5]. If\u\ rl - X > G L r( - x )(Vt), where s,r G L°°(Q), essinf x£ Qr(x) > 1 andr(x) < 
s(x), then u G L S ^ X \VL) and there is a number r G [r~,r + ] such that \\u\ r ^\ s ( x ) = 



Now we consider the degenerate Yl ^pi(x)-equation in 



DiV 



{ -div((YZi a i( x )\^ u \ Pl{x) ' 2 )^ u ) + E%i K ]( x )\ u \ 9j{x) ~Mx) = f(x,u); x G R N . 
{ ) \ueW 1 ' Mx \R N ) 

In this situation, a significant difficulty arises from the lack of compactness, but all of 
the previous results hold. Indeed, we can do them in similar ways by replacing the domain 
of the integrals, Q with M, N and still obtain the main result. 

Theorem 3.5. Suppose the all conditions (pi)-(f'3) are fulfilled in the domain M. N , then 
problem V has nontrivial weak solution. 

Proof. By a similar method as in the first part of proof of Theorem 3.3, we obtain 
{||wn||}^Li is bounded. So, up to a subsequence, {u n } c ^ =l converges weakly in X = 
W ' p (M") to some u G X. If Vt is bounded, we know there exists a compact embed- 
ding W (f2) <^-> \j q<yX \VL) where p± < q < p\. Then {||wn||}^Li converges strongly in 
\j ql ~ x \Vt). X is completion of C^°(1R 7V ) with respect to usual norm, hence if we prove that 



oo/ttdAT\ 



(3.6) <E'(u n ),v> — ><E'(u),v>,VveC% 

then by (3.4), it is a weak solution of problem V. To do this, let v G Cjf^IR^) be fixed, 
and set Q := supp(v). To prove (3.6), first we prove that 

lim / f(x,u n )vdx = / f(x,u)vdx. 



n^oo 
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A simple calculation implies 

(f(x,u n ) - f(x,u))v(x)dx\ < / \f(x,u n ) - f(x,u)\\v(x)\dx 

Jn 

/M f J(x,u n ) - f(x,u) 

< \v\L°°(n) / I \\u n -u\dx 

Jn u n — u 

< \v\l°°((i) / \f z {x,v n )\\u n -u\dx, 

Jn 

where v n G [m„,m] (or [u,u n ]). Using (/2), we obtain 
(f(x,u n ) - f(x,u))v(x)dx\ 

< \v\ L °°(Ci) [(a(x)\v n \ a{x) ~ 2 + b(x)\v n \^- 2 )\u n -u\dx 

Jn 

< \v\ L °°(n)[a + / \v n \ a(x) ~ 2 \u n - u\dx + b + / \v n \^ x) ~ 2 )\u n - u\dx\. 

Jn Jn 

Note that a / a ,\_ 1 + qSIi = 1 an d aix)-i + flS-i = !• Using Holder inequality, we obtain 
(f(x,u n ) - f(x,u))v(x)dx\ 

< \v \l°°(0)[q> \\ v n\ \ °W-i |W„ — U\ h c,(x)-i(m 

1^=2 (ft) v ' 

+ 6 + ||w n | /3(:E) ~ 2 | „(„)_! |M„-M| L /3W-im)]- 

By applying Lemma 3.4, we obtain for a G [a - — 2, a + — 2] and for /3 G [/3~ — 2, /5 + — 2] 
we have 

| / (f(x,u n ) - f(x,u))v(x)dx\ 
Jn 

< |f|l,°°(f2)[o (Pn|L"W- 1 (a)) Q: |' u n — ^iL^W-^n) 

+ b + (\v n \ Li g(x)-i^y) fi \u n - u\ L 0( x )-i( n) ]. 

taking into account that u n — ► u strongly in L a ^ _1 (Q) and L^^ _1 (J1). Remarking 
that for all x G f2, and for all n > 1, there exist X n (x) G [0,1] such that v n (x) = 
X n (x)u n (x) + [1 — An(x)]w(x). We deduce 



'n-U^W-Vx = / IXnix^^lUn-ul^^dx < / l^-U^- 1 ^ >0 



as n — > oo. 



It gives that J n |fn| a ^ 1( ^ ;r — *• /n l w | a ^ 1 ^ a; - Similarly, we obtain J Q \v n \^ x ^ l dx 
J n \u\ l3 ^~ 1 dx. From the above consideration, we deduce 



(f(x,u n ) — f(x,u))v(x)dx\ — > 0; as n — ► oo. 
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Since C™(M. N ) is dense in W ,P1 (R N ), the above relations implies 

lim / (f(x,u n ) - f(x,u))(u n -u)dx = 0. 



Now, since {u n } converges weakly to u in X, it follows that lim n ^ 00 J Q f(x, u)(u n — 
u)dx = 0. Thus, we find lin^oo f n f(x, u n ){u n — u)dx = 0. On the other hand, we have 
linin^oo < E'(u n ),u n — u >= 0. Combining the last two relations, we deduce that 

(3.7) 



m „ m „ 

lim V / \S7u n \ n{x) ~ 2 Wu n iyu n -Wu)dx + y^ / K, 



(x)\u n \ qj ^ 2 u n (u n - u)dx = 0. 



Since relation (3.7) holds and {u n } converges weakly to u in X, by ([9], Theorem 3.1), we 
deduce that {u n } converges strongly to u in X. Since E G C 1 (X, R), we conclude 

(3.8) E'{u n ) — ► E'{u) as n — > oo. 

Relations (3.8) and (3.4) show that E'(u) = and thus u is a weak solution for the Problem 
V. Moreover, by relation (3.4), it follows that E(u) > 0, and thus u is a non-trivial weak 
solution. □ 

Lemma 3.6. Suppose 

(3.9) \fz(x,z)\ < £UA(*r (x) - 2 , V(s,*) GR ff xK, 

w/jere A(a;) > 0, fa G //^(R^) and r^, a^ G L 0O (R-' v ) snc/i that essmi xeR N ai,rj > 2, 
ai < p* andatSi < p* ; where Si is conjugate exponent ofr\ for every i (i.e. ^tt^ + jt^a — !)■ 
Then ip{u) := f RN F(x,u)dx G C 1 (X, R) and if) , if)' are weakly sequential continuous; i.e., 
u n — *• u implies if>(u n ) — > ip(u) and ip'(u n ) — > if)'{u). 

Proof. From (3.9), we obtain 

(3.10) \F(x,z)\ <Z l i=1 Bi(x)\z\ ai{x) , V{x,z)eR N xR, 

where B^x) = t^mM^t^u e L r ' ( - X \R N ). By Proposition 2.2, ip(u) is well defined 
and continuous on X, furthermore, if> G C 1 (X, R) and 

if>'(u)v = / f(x,u)vdx; Vu,v £ X. 



Now let us prove that if> is weakly sequential continuous. Assume that u n — *■ u in X. 
Since every weakly convergent sequence is bounded, so the sequence {||wn||} is bounded. 
The continuous embedding X — ► L Si ^ ai<yX \R N ) guarantees that the boundedness of 
{\ u n\i J H(x)°'i(x)(wi N )}'n=i f° r ever Y 1 < i < I. So there exist positive real numbers hi such 
that 

(3.11) m8x{\\uX i{x) \ L si(*)i\\u\ ai{x) \LH(*)}<k i: for every l<i<l. 

n 

Set B r := {x G R N ; \x\ < r}. Hence 

\ B i\Lri(*)(RN\B r ) — > °> as r — > oo- 
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Thus, for any e > and every i, there exist r\ > (big enough) such that 

e 

\ B i\L r iW{R N \B r ) < ^T- 

Let r := Hiax{r i }™ =1 . Since ctj < p* , on bounded domain S ro we have compact embedding 
yyi,p{x){B ro ) <_^<_^ L ai ^(B ro ). So -u n — ^ u implies u n — > u strongly in L ai ^ x \B ro ), for 
every i. Applying (3.10), we obtain 



F(x,u n )dx — ► / F(x,u)dx; as n — > oo. 

Thus, there exist n\ > such that for every n > n\, we have 

(F{x,u n ) — F{x,u))dx\ < -. 

Now, we can deduce 



\^{u n )-^{u)\ < | / (F(x,«„)-F(x,«))da;|+ / (|F(x,u„)| + |F(x,«)|)da: 

iB r „ JR N \Br 

^ + E / B^duX^ + \u\ ai{x) )dx 

m 
<-+2 > S^I/?-l r ^IU/ | a *( x )| r > -|_ || 7 /| a i( x )| , ^ 

i=l 

m 

j=i 
Therefor, ip(u n ) — ► ip{u). In similar ways, we can obtain the weakly sequential continuity 
of^'. ' D 

When X is separable and reflexive Banach space, there exist sequences {e„} C X and 
{e*} C X* such that 

_ J 1, n = m; 
I (J, n jt m. 

X = span{e n ; n = 1,2, ...} and X* = span^'je*; n — 1,2, ...}. 

For fc = 1, 2, ... denote 

X fc := span{e fc }, Y" fc := ©t^- and Z fc := ®Zk X i- 

Lemma 3.7. [24]. Assume that ip : X — > R is weakly sequential continuous, ip(0) = 
and X > is a given number. Then 

i] = 77(A) = supj^w); ||w|| < A, u G Zfc} — ► 0; as k — > 00. 

Theorem 3.8. (Fountain theorem, see [22]). Assume 

(iq) X zs a Banach space, tp G C 1 (X, R) is an even functional. 
If for each k = 1, 2, ... inere exists p& > r& > snca £na£ 7 

(F 2 ) inf {</?(«); -a G Z fc , ||-a|| = r fc } — > +00 as fc — >■ 00. 

(F 3 ) max{(p(u);u G Y k , \\u\\ = p k } < 0. 
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(F 4 ) ip satisfies (PS) C condition for every c > 0. 
Then (p has a sequence of critical values tending to +oo. 

Theorem 3.9. Suppose that all conditions in Theorem 3.5 and Lemma 3.6 are satisfied. 
Furthermore, if 

(3.12) f(x,t) = -f(x,-t), V(i,f)Gl"xl] 

anda + := max{« 4 + }| =1 > p±, a" := min{o;^}[ =1 > max{q + ,p^} whereq + = max{g^ l "}^ 1 . 
Then 

(i) Problem (V) has infinite many pairs of solutions {±Uk}^ =1 which correspond to 

the negative critical values, i.e., E(±Uk) < and E(±Uk) — > as k — > oo. 
(ii) Problem (V) has infinite many pairs of solutions {±v k}^! su °h that E(±v k ) — ► 

+oo as k — > oo. 

Proof, (i) Due to the proof of Theorem 3.3, we know that E satisfied (PS) C condition. 
By (3.12), E is an even functional. Denote 7(A), the genus of A, i.e., 

7(A) := inf{A; G N; 3h : A — ► IR fc \ {0} such that h is continuous and odd}. 

Set 

J2;= {Ac X\ {0}; A is compact and A = -A} 

£*; = {^e£; 7 (j4) >*};* = 1,2,... 

Ck\ = inf^g^; sup MgA E(u); k = 1,2, .... Hence we have 

-OO < Ci < C 2 < ... < C k < Cfc+l < ... 

and by genus theory (see [2]), each Ck is a critical value. Now we prove that Ck < for 
every k. 

Choose a real sequence of numbers {flk}kLi which rjk > M for every k, where M is intro- 
duced in condition (/2). Set S k ] = {u G X k ; \\u\\ = r] k }, where X k is any k— dimensional 
linear subspace of X = W (W N ). Hence, for every u G S k and t > 1, we have, 

m +p + m ' +q + k + 1 p 

Eitu) < J2 —^ + E ^^fyl 3 - *" / F& «)<**■ 

i=l Pi j=l Qj J ^ N 

Since f RN F(x, u)dx > and fi > m&x{pf, g+}, for sufficiently large t > 1, such as t kl we 
obtain E{t k u) < 0. So there exist e k > such that 

E{t k u) < -e k < 0; VmG S k - 

That is, 

E(u) < -e k < 0; Mu G {u G X k ; \\u\\ = t k i] k }. 

Let S' k := {w G X fc ; ||w|| = t k r] k }. We know that 7(6^) = k, Ck < — £& < 0. 
(ii) In this part, we investigate the Fountain Theorem conditions. 
For fc = 1, 2, ... and i — 1, ..., /, denote 



# ife ; = sup{ / \u\ ai ^dx; u G Z fc , ||w|| < 1}; 

Jrn 
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then for every i, we have 

6 ik > and 9 ik — ► 0; as k — > oo. 

When u E Z k and ||w|| > 1, we have 

i 
a^ 






°1 ll llrT 

— - 7/ P l 



1=1 



pr 



"ir' 1 - iMr + y^^j-j. 
i=i 



Let r/j := [ , _ *, — — l a p i . Hence for IImII = n,, we have 



1 



PiPi E!=i^w 



Now, Oik — ► implies 



inf„ 6 z fc ,||«||=r fc #(«) — ► +oo, as fc — > oo. 



Hence, (F 2 ) is satisfied. 



For k = 1,2,..., let 



& fc ; = inf{/ B t (x)\u\ a ^dx;ueY k , 

Jrn 



\u\\ = 1}. 



Then, C, ik > 0. For any u EY k with ||tt|| = 1 and £ > 1, we have 



^E^+E^-E^ 

i=l ™ j=l y i i=l 



As a > £>i~ and a > g + , there exists p^ > r fc such that for t = p k we obtain E(tu) < 
and hence max{.E(-u); w G Y&, ||w|| = Pfc} < 0. D 
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g-EULER NUMBERS AND POLYNOMIALS 
ASSOCIATED WITH MULTIPLE g-ZETA FUNCTIONS 

Taekyun Kim, Lee-Chae Jang and Byungje Lee 



Abstract. The purpose of this paper is to present a systemic study of some families 
of higher-order g-Euler numbers and polynomials and we construct q-zeta function of 
order r which interpolates higher-order g-Euler numbers at negative integer. 



§1. Introduction/ Preliminaries 

Let p be a fixed odd prime number. Throughout this paper Z p , Q p , C and C p will, 
respectively, denote the ring of p-adic rational integers, the field of p-adic rational 
numbers, the complex number field and the completion of algebraic closure of Q p . 
Let v p be the normalized exponential valuation of C p with \p\ p = p~ v p(p> = - (see 
[16]). When one talks of (/-extension, q is variously considered as an indeterminate, 
a complex number gGCor p-adic number q G C p . If q E C, one normally assumes 
\q\ < 1. If q E C p , one normally assumes |1 — q\ p < 1. For a fixed d G N with (p, d) = 1, 
d = 1 (mod 2) , we set 

X = X d = Urn Z/dp N , X* = M a + dpZ p , 

N 

0<a<dp 

(a,p) = l 



a + dp Z p = {x G X\x = a (mod p )} 



where a G Z satisfies the condition < a < dp N . The binomial formulae are known 

as 

/i v\n sr^f n \, i»n , f n \ n(n-l)---(n-l + l) 
(1-6)- = J2 [iji- 1 ) b » where [i) = ~ —[T "' 



and 



(i-»)-= e (?)(-»)' =Ef n+ ; _i y 



(1-6)™ v 7 ^\!/ v ' ^ I « 

v ; /=0 v 7 i=0 v 
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Recently, many authors have studied the (/-extension in the various area(see [4, 5, 
6]). In this paper, we try to consider the theory of (/-integrals in the p-adic number 
field associated with Euler numbers and polynomials closely related to fermionic dis- 
tribution. We say that / is uniformly differentiate function at a point a G Z p , and 
write / G UD(Z p ), if the difference quotient Ff(x,y) — ^_ ^ have a limit f'(a) 
as (x,y) — ► (a, a). For / G UD(Z p ), the fermionic p-adic (/-integral on Z p is defined as 

(1) !„(/) = / f(x)du, q (x) = Jim — X« £ /(*)(-(/)*, (see [7, 8, 9, 16]). 

J/L v H x =0 

Thus, we note that 

(2) lim /,(/) = h(f)= [ f(x)d^(x). 

For n G N, let f n (x) = f(x + n). Then we have 

n-l 

(3) h(fn) = (-irii(f) + 2 ^(-lr-^ni). 

1=0 

Using formula (3), we can readily derive the Euler polynomials, E n (x), namely, 

r n °° -in 

/ e ( !B +»)*d/ii(y) = - r - T e !rt = y;S n (x)-r, (see [16-20]). 
K e* + l ^ n! 

In the special case x — 0, the sequence -EVi(O) = i? n are called the n-th Euler numbers. 
In one of an impressive series of papers( see[l, 2, 3, 21, 23]), Barnes developed the 
so-called multiple zeta and multiple gamma functions. Barnes' multiple zeta function 
(n(s, w\a\, • • • , a at) depend on the parameters a\, • • • , a at that will be assumed to be 
positive. It is defined by the following series: 
(4) 

oo 

Cat(s,w|oi, • • • ,ojv) = /J (w+mi<ii-\ \-rriNaN)~ s for 3ft(s) > N, dl(w) > 0. 

mi,'" ,mjv=0 

From (4), we can easily see that 

( M +i(s,w + a M +i\ai, ■■■ ,a,N+i)-GM+i(s,w\ai,-- ■ ,a N+1 ) = -£m(s, w\cii, ■ ■ ■ ,a N ), 

and (o(s, w) = w~ s ( see [1]). Barnes showed that (n has a meromorphic continuation 
in s (with simple poles only at s = 1,2, ••• ,N and defined his multiple gamma 
function Fn(w) in terms of the s-derivative at s — 0, which may be recalled here 

2 
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as follows: tp n (w\ai, • • • , ajv) = <9 s 0v(s,u;|ai, • • • , ojv)|s=o( see[ll]). Barnes' multiple 
Bernoulli polynomials B n (x, r\ai, • • • , a r ) are defined by 

4-r °° /n cy — 

( 5 ) i=r — r^l TT eXt = Y]5 n (a;,r|ai,--- ,a r ) — , (|t| < max — ), (see [1, 11]). 

By (4) and (5), we see that 

(-l) N m \ 

Gv(-m, w\a ± , • • • , a N ) = —— — - } B N+m (w, N\a lt ■■■ , a N ), (see [1]), 

where w > and m is a positive integer. By using the fermionic p-adic (/-integral 
on Z p , we consider the Barnes' type multiple (/-Euler polynomials and numbers in 
this paper. The main purpose of this paper is to study a systemic properties of some 
families of higher-order (/-Euler polynomials and numbers. Finally, we construct g-zeta 
function of order r which interpolates higher-order (/-Euler numbers and polynomials 
at negative integer. 

§2. Higher-order (/-Euler numbers and polynomials 

Let x, W\, W2, • • • , w r be complex numbers with positive real parts. In C, the Barnes 
type multiple Euler numbers and polynomials are defined by 

(6) 

2 r °°^ f n n 

— -, —i Tv e xt = y2 Ez\x\w lt • • ■ ,w r ) — , for \t\ < max{- — -\i = 1, • • • ,r}, 

n j= i( e j + 1 ) ^ ni Ki 

and En (wi, • • • ,w r ) — E n r> (0\wi : - ■ ■ : w r )(see [11, 12, 14]). In this section, we as- 
sume that q E C p with |1 — q\ p < 1. We first consider the (/-extension of Euler 
polynomials as follows: 



{m-\-x)t xt 



oo „ oo 

(7) E^»^ = / Q y e {x+V)t dl*i(v) = 2EH) m e 

n=0 '" ^ Z P m=0 ^ 

In the special case x — 0, £? nj9 = £^(0) are called the (/-Euler numbers. By using 
multivariate p-adic invariant integral on Z p , we consider the (/-Euler polynomials of 
order r G N as follows: 

oo 



V#h= •••/ e^+^+-+^V 1+ - +x "^i(^i)---^i(^ 

n=0 n - ^ ^ 

=(^)>=^£( m+ r i >-^ (m+ * ) ' 
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(r) / \ (r) 

In the special case x = 0, the sequence En,q(0) — En,q are refereed as the g-extension 
of the Euler numbers of order r. Let / £ N with / = 1 (mod 2). Then we have 

E n)q( x ) —I ••• / q Xl+ '" +Xr (x + x 1 H hx r ) n (i^i(xi)---(i^i(a: r ) 






(9) 

= 2 r 5Z (-9r i+ '" +rar (mi + - + m r +xr. 

mi,"' ,m r =0 

By (8) and (9), we obtain the following theorem. 
Theorem 1. For n £ Z+ ; we /lave 

OC 

£^(x)=2 r ^ (-Q) mi +-+ m -(m 1 + --- + m r + x) n 

rai ,••• ,m r =0 

= 2r £ ^ + r ~ X ) (-?) m (^ + *Y- 

m=0 ^ ' 

Let F g (r) (t, x) = E"=o ^2(^)S- Then we have 

F,W (t, x) = 2 r £ ( m + r " ^ (-Q)-e^+^* 
(10) „ 



m,i ,••• ,m r =0 



Let x be the Dirichlet's character with conductor / £ N with / = 1 (mod 2). Then 
the generalized (/-Euler polynomials attached to x are defined by 



(ii) E^, M w^ = 2EH) m x( 



j-n °° 

- ^~^ -m I \ (m+x)t 



n=0 m=0 



Thus, we have 

(12) 

^■n,x,q\ X ) 

/-I , /"I 



,X + O, 



= X>(«)Hz)° / (^ + a + /y)V y ^i(?/) = rE^( a )(-^ a£; ^(^T 

a=0 ^ Z p a=0 ^ 

In the special case x = 0, the sequence £? njX)9 (0) = E UjXtq are called the n-th gen- 
eralized g-Euler numbers attached to x- From (2) and (3), we can easily derive the 
following equation. 

nf-l 

E m , x ,q(nf) - (-l) n E m ^ q = 2 J2 (-iT-^xilWl™. 



1=0 

4 
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Let us define higher-order generalized g-Euler polynomials attached to x as follows: 

/ •••/ (f[x(x l )y {xi+ --- +Xr+x)t q Xl+ --- +Xr diJ 1 (x 1 )---diJ 1 (x r ) 



2E! ::(-9) a x(a)e" f _f p(r) * 

q f e ft + i J l^ rj rt, X A\ dj) 



n\ 



where En, x ,q( x ) are called the n-th generalized g-Euler polynomials of order r attached 
to x- By (13), we see that 

(14) r 

E n, X ,q\ X > 

= 2r E f m + 1 ~ x Vvr E (rixK))(-?) ELiai (E^+^+^/) n 5 

m=0 x ' ai,---,a r =0 j = l j—1 

and 

oo oo / r \ 

( 15 ) 5>S>)^ = 2r E (-?) E? = imi IIxK) e^J=' m ^. 

n=0 mi,---,m r =0 \i=l / 

(V) / \ (r) 

In the special case x — 0, the sequence i^n,x,g(0) = En,x,q are called the n-th gener- 
alized g-Euler numbers of order r attached to %. 
By (14) and (15), we obtain the following theorem. 

Theorem 2. Let x be the Dirichlet's character with conductor / e N roii/i / = 1 
(mo<i 2). For n G Z+, r G N, we have 

^n,Y,q\ X ) 



n,x,q 

oo / „ N /-l 



2r E I~ (-^r E (nx(^)(-?) ELiai (E^+*+ TO /)' 

v / 

m=0 x ' ai,---,a r =0 j—1 j— 1 

oo / r \ 

2 r e (-9) mi+ - +mr n ^(^) ( x + mi + • • • + m -) n - 

mi,-,ra r =0 \i=l / 



For lifZ and r 6 N, we introduce the extended higher-order g-Euler polynomials 
as follows: 

(16) E^ r \x) = [_•••[_ qZ r ^ (h - j)x i(x + x 1 + --- + x r ) n d/j 1 (x 1 )---diJ 1 (x r ). 

5 
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From (16), we note that 
(17) 

oo 

E% q r \x) = 2 r J2 q {h ~ 1)mi+ '" +{h ~ r)mr (-l) mi+ '" +mr (x + m 1 + --- + m r ) 



mi ,••• ,m I ,=0 



where { l ) q - [i],p_i],...[ 2 ],[i], and l n J« " i- 9 
Thus, we have 



(is) Eg> r \x) = r yi m + r x ) { _gh-r )m{x + m) n m 



LXJ / 



m 

m=0 x / 1 



Let 



Ff' r \t,x)= [ ■■■ f q^i=^ h - j)x 'e ( ^ r ^ Xi+x)t d f i 1 (x 1 )---d f i 1 (xr 

JZr, JZr, 



n=0 



2 r X^( m + r lN ) (_ q h-r^m e {m+x)t 
m=0 V m / « 

2 r V^ (? E^i(' l -i) m iC_]_')E^=i m j e (^+'^iH — hm r )t_ 

mi,"' ,m r =0 



Then 

(19) 


we have 
r) (4.l) = 




2 r 




xt 


IC 


=1 (l + e*g h - 


-r+j- 


^f 








OC 







Therefore, we obtain the following theorem. 
Theorem 3. For h, G Z, r G N, and x G Q + , we have 



E%( ) (x)=2 r JT q (h ~ 1)mi+ '" +(h ~ r)rnr (-l) mi+ '" +rnr (m 1 + --- + m r + xy 

mi ,••• ,771^=0 

rr,-n V m / 



m=0 x ' « 



For / G N with / = 1 (mod 2), it is easy to show that the following distribution 
relation for En,q (x) . 

Ei h q r \x) = r £ (-i) oi+ - +a -g s ^ (h - J)a ^n, g /( 3; + ai + f " + ar )• 

ffll,-" ,a r =0 

6 
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Let us consider Barnes' type higher-order (/-Euler polynomials. For wi, • • • ,w r G Z p , 
we define the Barnes' type q- Euler polynomials of order r as follow: 

00 4-n nr 

J2Eff q ( x \ Wl ,..., Wr) - = e« 

(20) n=0 11|=1V 

,(E, r =i WjXj+x)t wiSiH h 



e ^, = l «'i^+^t g «'l*l + -+«'r*r dAtl ( a . 1 ) . . . d//l ( a . r 



p "^p 



From (20), we can easily derive the following equation. 

(21) 



EW(x\w ir --,w r )= [ ■■■ [ (y / x i w i + x) n q w ^+--- +x ^dfi 1 (x 1 )---df J , 1 (x r ). 



ILv J ILp i=\ 



Thus, we have 



(22) =r £ (-i)SL. ~fu ^#,( E ' =1 7" J + X '"" • • • ■ ror) ' 

ai ,■■• ,a r =0 

where / E N with / = 1 (?77-od 2). By (22), we see that 

oc 

(23) £?W(xK,--- ,«v) =2 r J^ (-Q) miu,1+ - +m ^-(x+«;imi + ---+«; r m r ) n . 

rai ,••• ,771^=0 

In the special case a; = 0, the sequence En,q(wi,- ■ • ,w r ) = En/ q (0\wi, ■ • • ,w r ) are 
called the n-th Barnes' type g-Euler numbers of order r. 

Let F ( q r \t,x\wi, ■■■ ,w r ) = Y^Lo E n,q( x \ w ir " i w r)%- Then we have 

00 

(24) F^\t,x\w U --- ,W r ) = 2 r ^ (_ q -)rn lWl + -+ mr w re (x+w imi + -+w r m r )t_ 

mi,"' ,m r =0 

Therefore we obtain the following theorem. 

Theorem 4. For Wi, • • • , w r G Z p , r G N, and x G Q + , we have 

OG 

4;l(sK,-,w r )=2 r J2 (-q) rniWl+ '" +rnrWr (x + m 1 w 1 + --- + m r w r ) n . 

rai ,••• ,771^=0 

For wi, • ■ ■ ,w r G Z p , 01, • • • , a r G Z, we consider another (/-extension of Barnes' 
type (/-Euler polynomials of order r as follows: 
(25) 
A „,„<, , , , t n 2 r 



E^hx\w!, • • • ,w r ;ai,--- ,a r ) : 



^ n,qv~i ±, > n " 1 ' '" r/ n! (g°ie w i t + l)(Q a 2e w 2t + l)...( g «r-e w -* + l) 

7 
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Thus, we have 

Ei:i(x\ Wl 

(26) 



e (*+EJ=i w)* 9 EJ =1 ^d^^) . . . ^(x,.). 



From (25) and (26), we note that 
(27) 



V 



W jXj/ 



E^(x\w 1 ,---,w r] a 1 ,---,a r )=2 r £ (_i)£;=i -^ELi ™ (x + J^. 

mi,- ,m r =0 j = l 

Let F g (r) (t,x|wi,--- ,tu r ;ai,--- , a r ) = ^L -E^H^Iwi, •• • ,«v;ai,--- ,a r )^. Then, 
we see that 

F g (r) (t,x|wi,--- ,tu r ;oi,--- , a r ) 

(281 °° 

v / nr \ ^ / i\miH \-m r a\m\-\ \-a r m r (x-\-w\mi-\ \-w r m r )t 

mi,"' ,m r =0 

Theorem 5. For r G N, ii>i, • • • , w r G Z p , and ai, • • • , a r G Z, we have 

oo r 

£$ (a>i, • • • , w r - a u ■ ■ ■ a r ) = 2 r ^ (-l)^i=i ™^=i ™(z + £ 

mi,'" ,m r =0 J = l 



u^m,-, 



Let x be a Dirichlet's character with conductor / G N with / = 1 (?77,od 2). By 
using multivariate p-adic invariant integral on X, we now consider the generalized 
Barnes' type o-Euler polynomials of order r attached to x as follows: 



n=0 

Thus, we have 

2 J2l~2 x(bi)q aibl (-l) b ^e Wlblt \ fJ2l~=o x{K)q arbr {-l) br e Wrb - ' 

X • • • X 



qa 1 f e w 1 ft _|_ 2 I I qa r f e w r ft _|_ 2 

(29) • 



S^X.gC^kl. 



••• , wv;ai,-- • ,a T 



n! 

n=0 



From (29), we have 
E^ (x|wi,--- ,w r ;ai,--- ,a r ) 



OC 



= 2 " Yl \j\x(rn l )U-l) mi+ --- +rnr q airni+ --- +armr (x + J2 w 3 m i, 

mi,--- ,m r =0 \J = 1 / j— 1 

Therefore we obtain the following theorem. 



n 
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Theorem 6. For r G N, u>i, ■ ■ ■ , w r G 7L V , and a±, • • • , a r G Z, we /lave 



^S^^l^'i'--- • «',■:«!- 



2 r J2 \Y[x(m l )\(-l) mi+ - +rnr q aimi+ - +armr (x + J2 

mi,--- ,m r =0 \J = 1 / J = l 



Wj-m^ 



Let ^xC^l^i)" - ,«v;ai,--- , a r ) = Xl^Lo ^L^l^i' ' ' ' ;«v;ai,--- ,a r 
By Theorem 6, we see that 

F^(t,x\ Wl 
(30) °° 

— 2 r V^ j 1 [ v( m .) 1 (_l) m iH hm r oimiH ha r m r e (a:+£ J =1 Wj-m.,-)* _ 

mi,-- ,m r =0 \j=l 

§3. Higher-order g-zeta functions in C 

In this section, we assume that q <E C with \q\ < 1 and the parameters w±, • • • ,w r 

are positive. From (28), we can define the Barnes' type g-Euler polynomials of order 

r in C as follows: 

2 r 
Fy>(t,x\wi, ■ ■ ■ ,W r ) = =r ; t tt 

i v ' rj n^=i( e j q j + 1 ) 

oo 

-\-m r wi mi H hw r -Wlr- /p (2 ; +'U , imiH \-w r m r )t 



(31) =2 r E (-l) mi+ - +m -g 



mi ,••• ,m r =0 



00 m 



— / E„ a ( x \ w ii ' ' ' , w r)— t , for It + lnql < max {- — -} . 
z — ' ' y n! i<i<r kui 

n=0 

For s,x G C with 3?(x) > 0, we can derive the following Eq.(32) from the Mellin 

transformation of Fq'(t, x\w\, ■ ■ ■ , w r ). 

1 f°° 
— - / t a_1 FW(-t,x|«;i,--- ,«; r )dt 

r <» Jo 

= r y izU g ^_ 

*-^ (X + WiTTli + ■ ■ ■ + w r m r ) s 

vn\ ,-■■ ,m r =0 

For s, x G C with Sft(x) > 0, we define Barnes' type g-zeta function of order r as 
follows: 

(33) &\s,x\ Wl ,--- ,w r ) = 2 r Y V^ " nT- 



[,••• ,ni r - ■ ■ 



Note that Q r (s, x\wi, ■ ■ ■ ,w r ) is meromorphic function in whole complex s-plane. 
By using the Mellin transformation and the Cauchy residue theorem, we obtain the 
following theorem. 

9 
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Theorem 7. For x G C with 9ft(x) >0, nG Z + , we have 

Cq r H-n,x\wi,'-- ,W r ) = E^ q (x\w U --- ,W r ). 

Let x be a Dirichlet's character with conductor / E N with / = 1 (mod 2). 
From (30), we can define the generalized Barnes' type (/-Euler polynomials of order r 
attached to % in C as follows: 
(34) 

F^(t,x\wi,--- ,w r ) 

2Y, f b 7= x(bi)q Wlbl (-l) bl e w ^ t \ ^ ^ / Eb;=o^(^)^ rbr (- 1 ) bre ^ M 
qtvif e wift _|_ ]_ I I gw r f e w r ft _j_ ^ 

oo / r \ 
2 r Y^ I TTv(m-) I ( — l) miH l-«V„wiraiH Hi>rWir e (a:+£J = i Wjm,j)t 

mi,'" ,m r =0 \j = l / 



E^S.?^! 1 " 1 ' 



71 1 



n=0 



From (34) and Mellin transformation of Fq^(t, x\w\, • • • , «v), we can easily derive 
the following equation (35) . 



1 Z" 00 
— / t s_1 F (r )(-t,x|«;i,--- ,iw r )dt 

OC 

2- ^ 



m r w r 



(35) ^ / T-rr yfTOM ( — l) 7 ™ 1-1 hm r miwiH hm r w r 

(x + w\va\ + • • • + w r m r ) s 

mi ,"• ,m r =0 

For s, x G C with 3?(x) > 0, we also define Dirichlet's type Euler (/-/-function of 
order r as follows: 

(36) °° (llLiXK?)) (-l) m i+-+ m ^™i«'i+-+ 

=2 r y — — i — n ■ 

t-^ (x + wimi + • ■ • + w r m r ) s 

rai ,"• ,m r =0 

Note that l q r (s,x;x\ w ii ' ' ' i w r) is meromorphic function in whole complex s-plane. 
By using (34), (35), (36), and the Cauchy residue theorem, we obtain the following 
theorem. 

Theorem 8. For x, s G C with 5ft (x) > 0, n G Z + , we have 

l q r \-n,x;x\wi,--- ,w r ) = E^ q (x\wi,-- ,w r ). 

We note that Theorem 8 is r-ple Dirichlet's type (/-/-series. Theorem 8 seems to be 
interesting and worthwhile for doing study in the area of multiple /-function related 
to the number theory. 

10 
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Abstract 

In this study, a numerical method for solving Volterra intcgro-diffcrcntial equations is 
presented. First, we convert the Volterra integro-diffcrcntial equations to power scries, then 
we transform the power series into Pade series form, which gives an arbitrary order for 
solving Volterra intcgro-diffcrcntial equations. In the sequel, an efficient error estimation of 
the numerical solution is introduced. Some experiments and comparing it with other methods 
clarify the high accuracy and efficiency of the proposed method. Applying this method of 
solution for nonlinear Volterra integro-diffcrcntial equations and computations of the run time 
state the excellent advantages of the method. In addition, numerical experiments indicate 
that the method is convergent. 

Keywords: Nonlinear Volterra integro-differential equation; Retarded differential equations; 
Arbitrary order; Power series; Pade series; Run time of computations. 
2000 Mathematics Subject Classification: 45-xx; 45D05; 45J05. 

1 Introduction 

Volterra integro-differential equations (VIDEs) are examples of causal or non-anticipative 
problems, as are retarded differential equations. VIDEs have many applications in various 
areas of mathematical modeling such as physics, chemistry, marketing, engineering, population 
dynamics and other sciences ([1], [2] and [3]). 

There are many numerical methods for VIDEs which we can point out to the method of 
spline collocation [4] , collocation and implicit Runge-Kutta methods [5] , implicit Runge-Kutta- 
Nystrom methods [6], decomposition method [7] and Tau method ([8], [9] and [10]). 

In the following of these methods, we are interested to solve VIDEs by the power series and 
Pade series, because this method of solution is easy to implement and yields desired accuracy in 
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minimum number of terms, such that numerical results demonstrate this issue. Comparing this 
method with other methods shows that the method is more efficient and accurate. We observe 
that the method also works excellently for nonlinear VIDEs. The run time of the aforesaid 
method is also small. 

Further, in order to discuss about the efficiency of the proposed method we sate its advantage 
with respect to Runge-Kutta method which it is an efficient method for numerical solution of 
VIDEs. Runge-Kutta method like as all discrete variable methods produce approximations u n 
to u{x n ) on a mesh x n in the interval and starting with the given initial value, uq = u(xo) at 
xo and stepping from u n « u(x n ) a distance of h n to u n+ \ rs u(x n+ \) at x n+ \ = x n + h n . The 
step size h n is chosen as small as necessary to get an accurate approximation. Here, we have 
chosen the step size h n as big as possible so as to reach the end of the interval in as steps as 
possible. In the original form, Runge-Kutta method produces answers only at mesh points, but 
our present method produces an approximate polynomial on the desired intervals which gives 
the desired accuracy in a few terms, only. Also, comparison of the proposed method with Tau 
and collocation methods shows that this method of solution is more accurate and faster than 
the latter, especially for nonlinear VIDEs. All these advantages encourage us to present this 
method as an applicable method for solving VIDEs. 

The organization of this paper is as follows: Section 2 is devoted to introduce the proposed 
method and then we transform the approximate polynomial gained by the proposed method 
into Pade series. In Section 3, we consider the error estimation of the method. In Section 4, 
we present some experiments in-which their numerical results illustrate the high accuracy and 
efficiency of the method, especially for nonlinear problems. Finally, the last Section, consider 
some conclusions. 



2 The proposed method of power series and Pade series 

To show the algorithm of the proposed method, let us suppose that the proposed VIDE is 

rx 

u'{x)-\ k(x,t)u(t)dt = f(x), a: €[0,6], (1) 

Jo 

where k(x,t) and f(x) are continuous functions on [0,6]. First suppose that k(x,t) can be 
expanded as: 

oo oo 

~k(x,t) = Y J Yj ki i xitJ - ( 2 ) 

i=0 j=0 

Also, suppose that f(x) can be expanded as 

oo 

f(x) = Y,fkX k =lXx, l=(fo,fi,f 2 ,...),Xx = (l,x,x 2 ,...,x n ,...) T . (3) 

fc=0 

We assume that u { = (uo, u\, . . . , Uj, e, 0, 0, . . .), i = 0, 1, . . . and let uq = u(0). Now, suppose 
that the first approximate solution is as: 

ui(x) =u Xx, (4) 
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The parameter e appearing in the above equation is a coefficient which is obtained as follows. 
For this, we consider the following lemma. 



Lemma 1. Suppose that u(x) is a polynomial as u(x) = Ylt^o UiX% = ^-^xi then we have: 
d r 



-U(x) = U7] r X x , 



dx 



x s u(x) = up, s X x , 



r = 0,l,2, 



S = 0,l,2,..., 



and 



rx 

I u(t)dt = u(X x - u(X a , 

J a 

where u = (u ,ui, . . . , u n , . . .), \x = [^,j]™,= , M = [mi,j]ij =0 ,r) = /x*M, mj = 5, 
(i + l)Si : j, Sij is the Kronecker symbol, X a = (1, a, a 2 , ... , a n , . . .) T for any a£l 
infinite matrix with only nonzero elements Ci,i+i = i+\i i = 0, 1, 2, . . .. 
Proof: Seeref. [11]. 

Lemma 2. By assumptions in lemma 1, 

rx 

\ k(x, t)u(t)dt = uKX x , 
Jo 

where K is as follows: 



fco,0 3^0,1 + ^1,0 4fc ,2 + hfa,l + fc 2,0 i&0,3 + g&l,2 + 2& 2 ,1 + & 3 ,o 



K 







2^0,0 



\k 01 + ifei 



2«1,0 



1^0,2 + !&1,1 + 5^2,0 



(5) 



(6) 



(7) 



+ij> m m - 
and £ is an 



D 



Proof: 



thus 



k(x, t)u(t) = u(k(x, t),tk(x, t), . . .) , 



k(x,t)u(t)dt = u( k(x,t)dt, tk(x,t)dt, . . .) J 
o Jo Jo 

00 °° x i+j+1 °° °° x i+:,+2 
^(IJ Z^ fe y ,■ + i ' Z^ Z> ki i ■ ■ 2 ' • • -^ 
i=o j=o J i=o j=o J 



feo,0 9^0,1 + ^1,0 5^0,2 + |fel,l + fc 2 ,0 2^0,3+1^1,2+1^2,1 + ^3,0 







2 K 0,0 



ife ,i + ifci 



2«1,0 



3^0,2 + ^1,1 + 2^2,0 




. □ 



By substituting equations (2), (3) and (4) into equation (1) and using lemmas 1 and 2, we have: 

u r] Xx - \u KX x = / Xx, x £ [0, b], 
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thus, we obtain the following system, 

u ( V -XK) = l, xe[0,b}. 

By solving this system the unknown parameter e is obtained. Let us suppose that e = u±. Thus, 
we have the following approximation of order one, 

u\(x) = Uq + U\X. (8) 

In next step, we assume that new approximate solution is 

u 2 (x) =u 1 Xx, (9) 

In the same way the value of e is obtained. Repeating the above procedure for aforesaid term 
and higher order terms, we get the arbitrary order power series of the solutions for equation (1) 

as 

u n {x) = u n _ x X x . (10) 

Also, the power series given by the above procedure is transformed into Pade series, easily. 

Generally, suppose that we are given a power series X^o aiX *' representing a function g(x), 
such that 

oo 

g(x)=J2a i x i . (11) 

A Pade approximate is a rational fraction 

[L/M] = P0+Pi- + ---+PLX L (12) 

L ' J q + qi x + ... + qMX M ' V ' 

which has a Maclaurin expansion which agrees with (11) as far as possible. Notice that in (12) 
there are L + l numerator coefficients and M+l denominator coefficients. There is a more or less 
irrelevant common factor between them, and for definiteness we take qo = 1. This choice turns 
out to be an essential part of the precise definition and (12) is our conventional notation with 
this choice for q$. So there are L + l independent numerator coefficients and M independent 
denominator coefficients, making L + M + 1 unknown coefficients in all. This number suggests 
that normally the [L/M] ought to fit the power series (11) through the orders 1, x, x 2 , . . . , x L+M 
in the notation of formal power series, 

n r 

y>s* = P0+PlX + --- +PLX M + O(x L + M +i). (13) 

^ q + q lX + . . . + q M x M 

Multiply the both sides of (13) by the denominator of right side in (13) and compare the 
coefficients of both sides of (13), we have: 

M 

a i + ^2 a i-kQk = Pi, / = 0, 1,...,M, (14) 

fc=i 

L 

ai + Y, a i-kQk = 0, l = M+l,...,M + L. (15) 

fc=i 
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By solving the linear equation in (15), we have q^, k = 1, . . . ,L; and substituting q\. into (14), 
we obtain pi for all I = 0, . . . , M, such as [12]. Therefore, we have constructed a [L/M] Pade 
approximation, which agrees with Yl^o a i x% through order x L+M . If M < L < M + 2, where 
M and L are the degree of numerator and denominator in Pade series respectively, then Pade 
series gives an A-stable formula for an ordinary differential equation [13]. 



3 Error estimation of the method 

In this section, an error estimation for the approximate solution of (1) is obtained. Let us call 
£n(x) = \u{x) — u n (x)\ as the error function of the approximate solution u n (x) to u(x), where 
u{x) is the exact solution of equation (1). Hence, u(x) satisfies the following problem: 

rx 

u' n (x)-\ k(x,t)u n (t)dt = f(x) + H n (x), xe[0,b\. (16) 



The perturbation term H n {x) is obtained by substituting the computed solution u n {x) into the 
equation 

rx 

H n (x) = u' n (x) - A / k(x,t)u n (t)dt-f(x), xe[0,b\. (17) 

Jo 

We proceed to find an approximation e n {x) to the error function e n {x) in the same way as we 
did before for the solution of problem (1). Subtracting (17) from (1), we have: 

rx 

(u'(x)-u' n (x))-X k(x,t)(u(t)-u 1 (t))dt = -H n (x), xG[0,b], (18) 

Jo 

therefore, the error function e n (x) satisfies the problem 

rx 

e n (x)-X k(x,t)e„(t)dt = -H n (x), xG[0,b]. (19) 

Jo 

It should be noted that in order to construct the approximate e n (t) to e n (t), only the equation 
(19) needs to be recomputed in the same way as we did before for the solution of problem (1). 

4 Numerical experiments 

In this section, we present four experiments in- which their numerical results illustrate some 
advantages of the method. In Problem 4.1, we have compared the results of this method for 
a VIDE of first order with collocation and Tau methods. In Problem 4.2, we have applied the 
method for a VIDE of second order on an almost large interval to show capability of the method. 
In Problem 4.3, we have experienced the method for a nonlinear VIDE of second order to state 
that this method for a nonlinear problem is also efficient. At the end, in Problem 4.4, we have 
shown that the run time of this method of solution is well. 
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Problem 4.1 Consider the following VIDE of first order ([14] an d [15]): 

rx 

u'(x) + / u(t)dt = 1, x £ [0,1], 
Jo 

u(0) = 0. 

The exact solution is u(x) = sin{x). 

We have solved this problem with n = 15. Comparing the results with Tau and collocation 

methods, we find that Pade approximate solution is the best as shown in Table 1. 

The comparison shows that the proposed method is more applicable and efficient than two other 

methods. Thus in the case of numerical solution of VIDEs, we prefer Pade approximate solution 

to the other methods. 



Table 1: Comparison of errors between some methods and Pade approximate solution of problem 1 



X 



Error estimation of the Error estimation of the Error estimation of the 

Tau method collocation method Pade approximate solution 

lToo cToo oToo cloo 

0.10 2.30 x 10~ 13 1.07 x 10~ 13 0.00 

0.20 5.32 x 10~ 13 1.05 x 10~ 13 1.00 x 10~ 16 

0.30 8.11 x 10~ 13 1.03 x 10~ 13 0.00 

0.40 4.23 x 10~ 12 9.97 x 10~ 14 1.00 x 10~ 16 

0.50 2.10 x 10" 12 9.53 x 10~ 14 1.00 x 10~ 16 

0.60 1.41 x 10~ n 8.98 x 10~ 14 1.00 x 10~ 16 

0.70 2.54 x 10" 11 8.38 x 10~ 14 1.00 x 10~ 16 

0.80 3.30 x 10~ n 7.76 x 10~ 14 1.00 x 10~ 16 

0.90 4.31 x 10" 11 6.84 x 10~ 14 5.00 x 10" 16 

1.00 6.33 x 10~ n 5.81 x 10~ 14 2.90 x 10~ 15 



Problem 4.2 Consider the following VIDE of second order on a large interval, 

u"(x) - u'(x) + I e x - l u(t)dt = xe x , x £ [0,4], 
Jo 



«(0) = 1, 
«'(0) = 1. 



We have experienced this problem for different n. 

In Table 2, we observe that the method works well on an almost large interval, too. The other 
result gained from this experiment is that by increasing n, the convergence of the method is 
more clear. 
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Table 2: Exact solution, Pade approximate solution and the error estimation of u(x) of problem 2 



X 



u(x) 



u{x) 



\u(x) — u{x)\ 



n = 
0.0 
1.0 
2.0 
3.0 
4.0 
n = 
0.0 
1.0 
2.0 
3.0 
4.0 
n = 
0.0 
1.0 
2.0 
3.0 
4.0 



20 



25 



30 



1 
2.718281828459045 
7.389056098930650 
20.08553692318767 
54.59815003314424 



2.718281828459045 
7.389056098930650 
20.08553692318767 
54.59815003314424 

1 

2.718281828459045 
7.389056098930650 
20.08553692318767 
54.59815003314424 



1.000000000000000 
2.718281828459046 
7.389056098930605 
20.08553692295085 
54.59814992814885 

1.000000000000000 
2.718281828459046 
7.389056098930650 
20.08553692318766 
54.59815003313119 

1.000000000000000 
2.718281828459046 
7.389056098930650 
20.08553692318768 

54.59815003314424 



0.00 

1.00 x 10~ 15 
4.50 x 10~ 14 
2.36 x lO" 10 
1.04 x 10" 7 

0.00 

1.00 x 10~ 15 

0.00 

1.00 x 10~ 14 

1.30 x lO" 11 

0.00 

1.00 x 10~ 15 

0.00 

1.00 x 10~ 14 

0.00 



Problem 4.3 Consider the following nonlinear VIDE of second order, 



u"(x) - / e~ t \/u{f)dt 
Jo 

«(0) = 1, 

u'(0) = -1. 



'-, x€[0,l], 



The exact solution is u(x) = e~ x . 

We have solved this problem for different n. 

The results in Table 3, shows that this method is convergent even for nonlinear problems and 

yields the desired approximate solution in a few terms only. 



Table 3: Maximum absolute error of the proposed method for different n of problem 3 



n 



Maximum absolute error of the 
present method 



7.12 x 10~ 3 
2.50 x 10~ 6 
1.49 x lO" 10 
2.70 x 10~ 15 
2.00 x 10~ 16 



12 
16 

20 
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In the following problem, we consider the rate of run time of the method to show that this 
method is also fast in run. 

Problem 4.4 Consider the following VIDE of first order, 

f x n 

u'(x) — / u{t)dt = — 2sin(x), x € [0, — ], 

Jo 2 

w(0) = 1. 

The exact solution is u(x) = cos{x). 

Table 4, demonstrates that the run time and maximum absolute error of the method for different 

n are well. Here, the convergence of the method is also observable. 

Table 4: Run time and maximum absolute error of the method for different n of problem 4 

n 

~~ 4 

6 

8 

10 

12 

14 

16 

18 

20 



5 Conclusions 

In the present study, the Pade approximate solution is compared with other methods (Tau 
and collocation methods) for solving Volterra integro-differential equations. We have experi- 
enced that, this method is easy to implement and yields desired accuracy only in a few terms 
among the other methods. As we have observed, by increasing the number of terms in the 
numerical computation, the convergence of the method is clear. Some experiments demonstrate 
that the method is capable for almost large intervals. The application of the method for non- 
linear Volterra integro-differential equations is considered, successfully. The high rate of run 
time of the method also verifies another advantages of the method. Mentioned advantages in 
above encourage us to pay more attention on the application of the method. The computations 
associated with the experiments discussed above, were performed in Maple 10 on PC, CPU 2.4 
GHz. 
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SANDWICH THEOREMS ASSOCIATED WITH NEW MULTIPLIER 

TRANSFORMATIONS 

ADRIANA CATA§* 



Abstract. Certain classes of p-valent functions defined in the open unit disc 
are introduced. These new classes are associated with new multiplier transforma- 
tions. The main object of the present paper is to investigate various properties and 
characteristics of the new introduced classes. The results are obtained by using 
techniques involving the Briot-Bouquet differential subordinations and superor- 
dinations. Also sandwich-type theorems are established and an integral transform 
is presented. 
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Key words and phrases: Analytic functions, differential subordination, differential 

superordination, multiplier transformation. 

1. Introduction and definitions 
Let 7i be the class of analytic functions in the open unit disc 

U={zE<£: \z\<\} 

and Ti.[a, n] be the subclass of 7i consisting of functions of the form f(z) = a + a n z n + 
a n+ \z n+l + • • • • Let A(p,n) denote the class of functions /(z) normalized by 

oo 

(1.1) f(z) = z p + J2 «^ fe ' (p,neN:= {1,2,3,...}) 

k—p-\-n 

which are analytic in the open unit disc. In particular, we set 
A{p,l):=A p and A(l,l) := A = Ai. 
For two functions f(z) given by (1.1) and g(z) given by 

DC 

(1.2) g(z) = z?+ J2 ^ (R neN ) 

k—p-\-n 
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the Hadamard product (or convolution) (/ * g){z) is defined, as usual, by 

oo 

(1.3) (/ * g){z) := z p + J2 a k b k z k :=(g*f)(z). 

k—p-\-n 

If / and g arc analytic in U, we say that / is subordinate to g, written symbolically 

as 

(1.4) j<g or f{z)<g{z), (z€U) 

if there exists a Schwarz function w(z) in U which is analytic in U with w(0) = and 
\w(z)\ < 1 such that f(z) = g(w(z)), z <G U. 

For two analytic functions / and F, we say that F is superordinate to / if / is 
subordinate to F. Recently Miller and Mocanu [8], considered certain second order 
differential supcrordinations. Using the results of Miller and Mocanu [8], Bulboaca 
have considered certain classes of first order differential supcrordinations [4] and su- 
perordination preserving integral operators [3] . 

In order to prove our main results we shall make use of the following lemmas. 

Lemma 1.1. [7] Let ip(z) be univalent in the unit disc U and let v and <p be analytic 
in a domain D D ip(U) with f(w) ^= when w G ip(U). Set 

Q(z) := zif/(z)<pW>(z)), h{z) := v(1>(z)) + Q(z). 

Suppose that 

(1) Q(z) is starlike in U 
and 

(2) Re ^4 >0forzeU. 

If q(z) is analytic in U, with q(0) = ip(0), q(U) C D and 

v(q(z)) + zq' (z)ip(q(z)) -4 v{lp{z)) + Zlp'{z)ip{tp{z)), 

then q(z) -< ip(z) and ip(z) is the best dominant. 

Definition 1.1. [8] Denote by Q the set of all functions f(z) that are analytic and 
injective on U — E(f), where 

E(f) = {( e dU : lim f(z) = oo}, 

and are such that /'(C) ^ for C e dU - E(f). 
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Lemma 1.2. [4] Let ?A( Z ) be univalent in the unit disc U and <p be analytic in a 
domain D containing tp(U). Suppose that 

(1) Re [v'{tp(z))/ip{ip{z))} >0forzeU 
and 

(2) zip'(z)ip(ip(z)) is starlike in U. 

If q(z) belongs to the class H[ip(0), 1] f~\Q with q(U) C D and v(q(z)) + zq'(z)ip(q(z)) 
is univalent in U , then 

v(ip(z)) + zi//(z)<p(il>(z)) ■< v(q(z)) + zq'(z)if{q{z)), 

implies ip(z) -< q{z) and tp(z) is the best subordinant. 

2. Main results 
Motivated by the multiplier transformation on A, we propose 

Definition 2.1. Let / e A(p,ri). For S, A e R, A > 0, 5 > 0, / > 0, we define the 
multiplier transformations I p {5, A, I) on A{p, n) by the following infinite series 

5 

(2.1) I p (6,\,l)f(z):=z>+ Y, 



p + \(k~p) + l 

p + l 



a k z k . 



fc— p-\-n 

It follows from (2.1) that 

(2.2) I p (0,X,l)f(z) = f(z) 

(2.3) (p + l)I p (2, A, l)f(z) = b(l - A) + l]I p (l, A, 0/(«) + Az(J p (l, A, /)/»)' 

(2.4) I p (6i,\, l)(I P (52,\, l)f(z)) = I p (&, A, l)(I p (S l7 X, l)f(z)). 

Remark 2.1. For p = 1, i = 0, A > 0, 6 = m, m e N , N = N U {0} the oper- 
ator D™ := Ii(m, A,0) was introduced and studied by Al-Oboudi [2] which reduces 
to the Salagean differential operator [9] for A = 1. The operator I™ := Ii(m, 1,Z) 
was studied recently by Cho and Srivastava [5] and Cho and Kim [6]. The op- 
erator I. m := I\{m, 1,1) was studied by Uralegaddi and Somanatha [11], the op- 
erator D s x := Ii(S, A, 0) was introduced by Acu and Owa [1] and the operator 
I p (m, I) := I p (m, 1, /) was investigated recently by Kumar, Taneja and Ravichandran 
[10]. 
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If / is given by (1.1) then we have 

(2-5) I p (6,\,l)f(z) = (f*<p s pM )(z) 

where 

~p+\(k-p)+l 



(2-6) <A,lW = ^+ E 

k— p-\-n 



p + i 



z k . 



Now we define a new class of analytic functions by using the multiplier transfor- 
mations I p (6,\,l) defined by (2.1) as follows. 

Let <j>(z) be analytic in U and 0(0) = 1. We introduce the following definitions. 

Definition 2.2. A function / £ A(p, n) is said to be in the class A P (S, A, I, n; <fi) if it 
satisfies the following subordination 

I p (d,A,«)/(z) 

Definition 2.3. A function / € *4(p, n) is said to be in the class A P (S, A, /, n; <fi) if it 
satisfies the following superordination 

I p (5 + l,X,l)f(z) 



(2.8) <P(z) -< 



I p (6,X,l)f(z) ■ 



Definition 2.4. A function / £ A(p, n) is said to be in the class A P (S, A, I, n; <j>i, (f> 2 ) 
if it satisfies the condition 

(2.9) Ap(6,\,l,n,<l>u<j>2) ■= Ap(5,\,l,n;<f>2) r\Ap(5,\,l,n;<pi). 

Remark 2.2. We note that the classes A p (S,l,l,n;cp), A p (5,l,l,n;<f)) and 
A P (S, l,l,n; <f>\,4>2) were investigated recently by Sivaprasad, Taneja and Ravichan- 
dran [10]. 

ztp'(z) 
Theorem 2.1. Let ip(z) be univalent in U with ip(0) = 1, Re ip(z) > and —-—r- 

ip(z) 

be starlike in U . Let 4>(z) be defined by 

, .. A / p + 1 , , zib' (z) 

(2-10) <f>{z) := — -j S-VW ' 



£/ien 

(2.11) _4 p (<5+l,A,Z,n;0) C A p {6,\,l,n;ip). 



CATAS: SANDWICH THEOREMS 667 



Proof. Setting 

we note that q(z) is analytic in U . 

By a simple computation we observe from (2.12) that 

(2n] zg'(*) = z(I p (6 + 1, A, l)f(z)Y z(I p (S, X, l)f(z))' 

[ ■ ! q(z) I p (6+l,X,l)f(z) I p (S,X,l)f(z) • 

Making use of the identity 
(2.14) (p + l)I p (6 + 1, A, l)f(z) = [p(l - A) + q/ p (5, A, l)f(z) + Az(/ P («5, A, Z)/ (*))' 
one obtains from (2.13) 
/ 91 ^ / p (* + 2,A,0/(-*) _ A fp + l zq'(z) 



I p (S+l,X,l)f(z) P + l\ A * w g(«) 

By the hypothesis of Theorem 2.1 that / belongs to the class 
A P (S + 1, A, I, n; 4>) and in view of (2.15) we have 

A fp+l zq'(z)\ A fp+l zip'(z) 



p+l \ A w q(z) J p + l V A V(-z) 

If we let 

Q(z) := zil/{zMil>{z)) 



where 



f(tp(z)) 



p+l ip(z) 
h(z) ■- i>(z) + Q(z) 

and since Q(z) is starlike, our theorem is an immediate consequence of Lemma 1.1. 

□ 

ztb'(z) 
Theorem 2.2. Let i/>(z) be univalent in U , ip{0) = 1, Re ip(z) > and — be 

tp{z) 

starlike in U. If 

(2.16) ^Sr^ 1 - 1 ^' 

I p {8,X,l)f{z) 

p ' is univalent in U then 

I p (6+l,X,l)f{z) 

(2.17) A P (S+ l,\,l,n;<j>) CA~ p {5,X,l,n;ip) 



668 CATAS: SANDWICH THEOREMS 



where 4>{z) is defined by 

(2.18) 0(z) := — - ^— i,{z) ' 



p + l v a vw 

Proof. Following the same steps used in the proof of Theorem 2.1 we obtain 



{z)< 



I p (S + 2,X,l)f(z) 



I p (6 + l,X,l)f(z) 

that is 

, , . A fp + 1 zq'(z) 

P+l \ \ q(z) 

where q(z) is given by (2.12). 

Applying Lemma 1.2 we conclude that / £ A P (S, A, I, n;ip). □ 

Combining this last theorem together with Theorem 2.1, we obtain the following 

differential sandwich-type theorem. 

Theorem 2.3. Lei V'i( z ) (* = 1 , 2) be univalent in U, ipi(0) = 1, Re tpi(z) > and 

zip'.(z) 

1 be starlike in U. If f satisfies the condition (2.16) then 

(2.19) A P (S + l,X,l,n; <l>i,<fo) c A p {6, A, I, n; ip u ip 2 )- 

Remark 2.3. Theorem 2.3 is an improvement of a result obtained in [10]. 

Theorem 2.4. Let ip be univalent in U , ip(0) = 1 and 7 be a complex number. 
Suppose that 

(1) Re [ 7 A - p (l-X)-l+(p+ l)i>(z)] > 

and 

ztp'(z) 

(2) — — , - - is starlike in U. 

y ' j\-p(l-\)-l + (p + l)tP(z) 

Let the function F(z) be defined by 

7 + P f\,-i 



^ ./o 



(2.20) F{z) := -L-^- I t^ l f{t)dt 

and the function 



(2.21) h{z):=^{z)+ - ,J[:> 



1 X-p{l-X) + {p + l)^{z) 
then f e A P (S, A, l,n; h) implies F <G A p (8, A, n, I; ip). 

Proof. From the definition of F(z) and 

(2.22) ( 7 + p)I p (S, A, l)f(z) = P ~^Ip(5 + 1, A, l)F(z)+ 
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if we let 

(2.23) q(z 



I p (6+l,X,l)F(z) 



I p (S,X,l)F(z) 
then we note that q(z) is analytic in U . Using (2.22) and (2.23) one obtains 

i p (s+i,xj).m _ P (i-x) + i p+i 

17 P) I p {6,\,l)F{z) i A + A qvh 

Differentiating this equality we obtain 

(2-24) ^# B8 (,) + Zq ' {z) 



I p (5,X,l)f(z) * w 7 A_ p (i_A)-i + (p + 0«(«) 

For / € A p (6, A, Z, n; /i), we have from (2.24) 

z<?'(z) 
q{Z ' + lX-p{l-X)-l + {p + l)q{z) * 



If we let 



7A-p(l-A)-i + (p + 0^(«) 
Q(z) := zj/(z)<p(i/>(z)) 



where 

^ (z)) = 7 A-p(l-A)-/ + (p+Z)^) 
M«):=«(V(«)) + QW 

u(V^)) —VW 
and since Q(z) is starlikc in U, our theorem is an immediate consequence of Lemma 
1.1. □ 

Theorem 2.5. Let ip be univalent in U , ip(0) = 1 and 7 be a complex number. 
Suppose that 

(1) Re [ 7 A - p(l - A) - I + (p + l)ip(z)} > 

and 

zip'iz) 

(2) — — ,, , is starlike in U. 

y ' 7A - p(l - A) - I + (p + l)ip(z) 

Let the functions F{z) given by (2.20) and h(z) given by (2.21). If 

I p {d,X,l)F(z) 



670 CATAS: SANDWICH THEOREMS 



and p — is univalent in U then f G A p (5, X, l,n; h) implies F E 

Ip(o,X,l)f(z) 

A p (6,X,l,n;ip). 

Proof. Following the same steps used in the proof of Theorem 2.4 we obtain 

I p (S+l,X,l)f(z) 
n{Z)< I P (6,X,l)f(z) 



that is 



nZ ' + 7 A-p(l-A) + (p + ZMz) * 
zq'(z) 
* q{Z ' + j\-p(l-X)-l + (p+l)q(z) 



where q(z) is given by (2.23). 

Applying Lemma 1.2 we conclude that 



I p (S+l,X,l)F(z) 
nZ)< I P (5,X,l)F(z) ' 



□ 

Now, we deduce the next sandwich-type theorem related to the Briot-Bouquct 
differential subordination and supcrordination. 

Theorem 2.6. Let ipi(z) (i = 1,2) be univalent in U, ipi{Q) = 1, and 7 be a complex 
number. Suppose that 

(1) Re [ 7 A -p(l-X)-l+(p+ l)ipi{z)] > 
and 

(2) 7 A^l-Awl( P + 0^) * StarUke m U > J0Tl ^ 2 - 
Let the functions hi be defined by 

zip'i(z) 



(2.26) hAz) := ibAz) + , . . 

1 ' K ' K ' lX-p{l-X) + {p + l)^{z) 

Then f € A P (S, A, I, n; hi, /12) implies F e A P (S, A, l,n; ipi,ip2) where F is given by 
(2.20). 

Theorem 2.7. Let f{z) G A(p, n). Then f belongs to the class A p (m,X,l,n;x) if 
and only if F{z) defined by 

(2-27) F{z):=^^ft PA ^ m -^{t)dt 



z a Jo 
belongs to the class A p {5 + 1, A, l,n; x)- 
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Proof. From the definition of F we have 
p(l-X) + l 



(2.28) 



A 



F(z) + zF'(z) = (p + l)f(z). 



By convoluting (2.28) with the function 

oo 

u p (6, A, l,n; z) := z p + ^J 

k=p-\-n 

and using a convolution property 



p + X{k~p) + l 
p + l 



one obtains 



that is 



z{f*g)'{z) = f{z)*zg'{z) 

(p + l)I p (S, A, l)f(z) = P{1 ~^ ) + 1 I P (S, A, l)F(z)+ 
+z(u p (S, A, I, n; z) * F(z))' 

p(l-X)+l 



(p + l)I p (S,X,l)f(z) 



A 



I P (S, A, l)F(z) + z(I p (6, A, l)F(z))' 



1 



I p (5,X,l)f(z) = -I p (6+l ) X,l)F(z). 



By using identity (2.14), we get 
(2.29) 

Also, we obtain 
(2.30) (p + l)I p (S + 1, A, l)f(z) = [p(l - A) + qi p ($, A, !)/(«)+ 

+A«(/ p (5,A,0/(«))' = 



p(l-A)+/ 
A 



/ p ((5 + 1, A, l)F(z) + z(I p (S + 1, A, l)F(z))' 



p+l 
A 



J p (d + 2,A,0J , («)- 



From (2.29) and (2.30) we get 

r2 „ n J p (3 + 2,A,QF(z) ^ /„(«* + 1, A, *)/(*) 

1 ' ' I p (S+l,X,l)F(z) I p (6,X,l)f(z) ■ 

By the hypothesis of Theorem 2.7 that 

I p (S+l,X,l)f(z) 
I p (6,X,l)f(z) X( ' 

and using (2.31) the desired result follows at once. □ 

Theorem 2.8. Let f(z) € A(p,n). Then f belongs to the class A P (S, X,l, n; x) if and 
only if F{z) defined by (2.27) belongs to the class A P (S + 1,A, l,n;x)- 
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Proof. Following the same steps used in the proof of Theorem 2.7 we obtain 

I p (S + 1, A, l)f(z) = I P (S + 2, A, l)F(z) 
X[Z> I p (8,X,l)f(z) I p (S+l,X,l)F(z) 

by applying Lemma 1.2. D 

Combining this last theorem together with Theorem 2.7 we deduce the next 
sandwich-type theorem related to the Briot-Bouquct differential subordination and 
supcrordination. 



Theorem 2.9. Let f(z) e A(p,n). 

class A p (5,X,l,n;xi,X2) if an d only if 
A p {5 + 1, X,l,n;xi)X2)> where F is given by (2.27). 



Then f belongs to the 
F belongs to the class 



[1 

[2 

[3 

[4 
[5 

[6 
[7 
[8 
[9 
[10 

[11 
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Abstract. The purpose of this paper is to study the q— analogue of Favard- 
Szasz operators related to the q— Appell polynomials. We establish the approx- 
imation properties of these new operators and estimate the rate of convergence 
results. 

Keywords: q— Appell polynomials; Favard-Szasz operators; rate of conver- 
gence; q— calculus. 

1 Introduction and preliminaries 



In [4], Jakimovski and Lcviatan introduced the Favard-Szasz type operators, by 
means of Appell polynomials pk(x), (k > 0) defined by 



g(u)e ux =^2 Pk (x) 



u k 



k=0 



where g(z) = 2_. a nZ n be an analytic function in the disc \z\ < r, (r > 1) and 

ra=0 

<?(1) 7^ 0. Later, in [2], Ciupa defined a sequence of linear operators P n ,t{f]x) 
as following 

—nt °° / h, \ 

^(/;-) = ^E^)/ -+n (1) 

and studied approximation and rate of convergence for these operators by using 
the modulus of continuity. 

In recent years, the quantum calculus(g— calculus) has attracted a great deal 
of interest because of its potential applications in mathematics, mechanics and 
physics. Due to the applications of q— calculus in the area of approximation 
theory, the q— generalizations some positive operators have attracted much in- 
terest, and a great number of interesting results related to these operators have 
been obtained (See, for instance, [1], [3], [5-7] ,[9], [10], [12-14]). 
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Now, we present some basic definitions in the q— calculus which we need 
below. 

Let q > 0. For each nonnegative integer n, we define the q— integer [n] q as 



[ (1 - q n )/(l - q) if q^l 
1 n 

and the q— factorial [n] q \ as 



In if q = 1 



y , = HnMn- 1] 9 -" [1], if n>l 
1 J<r [1 if n = 

For the integers n and k, with < fc < n, the q— binomial coefficients are then 
defined as follows (see [8]): 



[n],! 



[*],![n-fcL/ 



J 9 l/Ma-l'* "-Jg 

Note that the following relation is satisfied 

[n] q = [n-l} q + q n -\ 
The q— derivative of a function / with respect to x is 

D q (f( X ))^ f(qx) - f{x) 



qx — x 

which is also known as the Jackson derivative. High q— derivatives are 

D° q (fix)) = f(x) , D n q (f{x)) = D q (D n q - 1 (f(x))) , n = 1, 2, 3, ... 

Note that as q — > 1, the q— derivative approach the usual derivative. 

The two important q— analogue of the exponential function arc defined by 



- x V"^ fc(fc-i) X K 

E « - £' w? and 

oo £ 

cc _ V^ x 

The q— exponential functions satisfy the following properties: 

D q (E a q x ) = aE«i* , D q (e a q x ) = ae~ 
E^e"- = e q E-* = \. (2) 

Let {P/c(<7; .)} fc > be a polynomial set. The following assertions are equiva- 
lent(see[15]): 
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i) {Pk(q; -)}fe>o 1S a g— Appell polynomial set, 

ii) There exists a sequence (a,) i>0 , independent of k; ag := l,such that 



r ' 

J </' 



P k{q , x ) = Y j a iw ^ 

i=0 L -•• 

Hi) {Pk(q; -)} k >o is generated by 

oo 

A(t)ef = J2 P ^ x ^ ( 3 ) 



t k 



fc=0 

where 

oo 

A{t)^^2a k t k , ao = l. 

fc=0 

Here, inspired by the (1) operators, we introduce the following q— analogue 
of Favard-Szasz type operators related to the q— Appell polynomials: 

L[f . qx) ^-^f, ^--M q t) ( [k] \ 

Lnif,9 ' x) -^wh> m f { wj- () 

The operators defined (4) arc positive in [0, oo) if and only if a k > for all 

fceN. 

The aim of this paper is to prove approximation properties and rate of 
convergence theorems for the operators (4). 

We denote by ei the test functions defined by e,(a;) = x 1 , i = 0,1,2 and 
consider the following class of functions: 

C* [0,oo) = {/ e C [0,oo) : \f(t)\ < e at for any t > and certain a finite} . 

2 Main results 

To construct of our approximation theorem for the sequence {L n (f;q,x)}, we 
need the following lemma. 

Lemma 1 For any integer n, t > and x <E [0, oo) one has 

L n (eo;q,x) = l, (5) 

L n (e 1 ;q,x)=x + t+- n -rj- — E q e q , (6) 

[n\ q A(L) 



L n (e 2 ;q,x) = (.x + t) 



(D q (A(l)) + qD q (A(q))) t + 2D q (A(l)) x 



A(l) 



+ [n] q Eq £q 

1 D\ (A(l)) ln]qtql n ]q t 

+ [nf q A{1) E « 6 " ' (V 
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Proof. By substituting t — u and x — [n] t into the (3), we have 

oo u 

. , , \n] tu v — ^ „ . . n . U , . 

fc=o [ V 

for u = 1 and find 

oo 1 

g— derivative of both sides of the (8) equality by u can be written as follows: 

qq r 7 "I h- 1 

A(u) [n] q te [ ^ tU + ef^ tU D q (A(uj) = £^(g; [n] g i)^^- (10) 

fe=0 [ *V 

and writing u — 1 we obtain 

OO - 

A(l) [n]^' + ef^D, (A(l)) = $> fc+1 (g; [n],*)^. (11) 

Similarly, q— differentiating (10) with respect to u we get, 

A{u)[nf q t^ tU + [n} q tel [n] « tU D q (A(u)) 
+ ei n] « tU Dt(A(u)) + D q (A(qu))q[n] q tel ln] « tU 



= J2P k (q;[n] q t) 



[kUk-llu 



fe-2 

q" 



fe=0 



[*U 



U = 1 in the above statement should be written arrangements are made, are the 
following: 

A(l) [nf^e^ + [n] q te q q [n ^ D q (A(l)) + 

+et ] ^D\ (.4(1)) + D g (A(g)) « [n] g ief 1 *' 

= ^P fc+2 (g;[n] g i) T - n . ^ 

fe=0 [ V 

From (9), we can easily see 

L n (e ;q,x) = 1. 
From (9) and (11) we obtain 



E -^^ P k (q;[n ] q t) ( [k 
MeiJff,*) = "I^L pp 



x +f f 

fe=0 L '" J 9' \ [ %, 



1 E q [n ^ 
x ' 



X 



U| , {A(l)[n] q te [ ^ + et ] * t D q {A(l))} 

+ H ^(1) 9 9 ' 



ATAKUT, BUYUKYAZICI: FAVARD-SZASZ OPERATORS 677 



Lastly, in view of (9), (11) and (12) we get 



r ( , E-^ ~ P k {TM q t / [k] 



X 1 + — 

I'M 

-fral t 
+ 



fe=0 L J 9 \ L J 9, 

-W.t 



■„ ](| 1(ir {^(l)W g ^H-ef ] ^(A(l))} 

[n] q ^UJ L 
+4 n]qt D\ (A(l)) + D q (A(q)) q [n] q tef ] *' } 

l n \q 



(D q (A(l)) + gD q (A(g))) t + 2D q (A(l)) x 
A{1) 



1 Dl{M})) ^- [n]a t q[ n] a t 

\"\: Mi) 



i2 in i i 



E a q el 



This completes the proof of Lemma 1. ■ 

Remark 2 For special case q = 1, we have the following moments: 

L n (e ;l,x) = P n ,t(e ;x) 

L n (ei;l,x) = P„,t(ei;x), 

x £ 1 A'(l) 
L n (e 2 ; l,x) = P n , t (e 2 ;x) --- ^ -^y. 

Remark 3 Since for a fixed value of q with < q < 1, 

lim ^— = 1 — q 
>w°o [nj g 

to ensure the convergence properties of L n (f;q,x), throughout this paper we 
assume that q — q n is a sequence of real numbers such that liirin^oo q n = 1 for 
< Qn < 1 so that r-J > as n — > oo. 

Theorem 4 If f G C* [0, oo) anrf a; G [0, oo) is fixed, then 
lim L n (f;q n ,x) = f (x + t) , Vt > 0, 

n — >oo 

converges uniformly relatively to t in each compact [0, a]. 
Proof. From Lemma 1, we have 

lim L„(ei; g n ,x) = e l (x + t) , i = 0, 1, 2. 
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Therefore, by using well known Bohman-Korovkin's Theorem, we obtain the 
desired result. ■ 

We explore the rate of convergence of L n (f;q,x), n e N, in terms of the 
modulus of continuity ui(f; .), defined by 

«(/;*) = sup |/(ar)-/(t)|. 

x,te[o,oo) 

\x-t\<8 

Theorem 5 If < q < 1 , then for any f € C* [0, oo) , the following estimate 

holds: 

\L n (f;q,x)-f(x + t)\ 



<<l 



E, 



[n] t q[n] t 



\ A(l) 



(2qD, 



(A(q)) - D g (A(l)))t+ r^D*(A(l)) 

l n \q 



« /; 



Proof. In view of the well known properties of the modulus of continuity and 
(5), (6), (7) we have 



< 



< 



\L n (f;q,x)-f(x + t)\ 

E -^ ^ P k (q;[n] q t) 

Pk(q;[n] q t 



E, 



fe=0 
— W.t oo 



f(x + m- f{ x + t) 



A(l) 



E 

fe=0 



W- 



^ 






< <1 



IE„ 



8 A(l) 



E 

fe=0 



Pk[q;[n} q t 



&-< 



■«(/;*) 



«(/;*)■ (13) 



If we apply the Cauchy-Schwarz inequality to the sum term in the last inequality, 
we obtain 



E 

fc=0 



~ Pk(q;[n} a t 



[*U 



[*], 



-t 






. fc=0 



E 

v fc=0 



~ Pfc(g;[n] i 



2\ 2 



[*U 



-t 



and taking into account the (9), we get 
\L n (f;q,x)-f(x + t)\< 






"(/;<*)■ 



(14) 
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Now, wc consider \^ £ ^gffi^ (^ " *) ■ From ( 9 )< ( n ) and ( 12 )' 



we have 



k=0 



E n 



H* ~ P k [q- [ n ] q t) f [k] 



A{1) 



k=0 



[kU 



E- [n ^ 1 



A(l) \ n 



{A(l)[n]^'* + [n] q tel [n] « t D q (A(l)) 



-q J^ q 



-<■„■ - ' Di{A{l)) + D q {A{ q )) q [n] q te q q [n] ^) 



It E, 



-H„* 



E 



[n] q A(l) 
-Ho* <?[«]„* 



{A(l)[n] gte ^ + ef ] ^(A(l))} + t 2 



£ 



A(l) | H 

writing (15) in (14), we get 
\L n (f-q,x)-f(x + t)\ 
1 



(2qD q (A(q)) - D q (A(l))) + — 2 D\ (A(l)) (15) 



< <1 






*\ A(l) 



\- (2qD q (A(q)) D q (A(l))) + * D2 (,4(1)) 



and choosing <5 



Vi" 



we obtain 



\L n (f;q,x)-f(x + t)\ 



rp-ln] q t q[n] q t 

H/q c-q 



\ A(i) 



(2qD q (A(q)) - D q (A(l))) t + j-^Dl (A(l)) 



<o(f;8) 



w /; 



This proves Theorem 5. ■ 

Now we can give the following statement about rate of convergence of D q (L n (f;q,x)) 
to D q f . 

Theorem 6 Let / € C* [0, oo) be r— times continuously q— differentiable, then 
we have 



< 



E, 



q \^n V 
"9H„* 



x)) 


-D r q f(x + t)\ 






„-[n] q t q[n] q t 

£jq e q 


(2qD q (A(q)) D q (A(l))) t + ±-D\ (A(l)) 

V n \q 


\ 


Mi) 



E a 






l[n] t 



^"I^kJ- 
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Proof. We write the first q— derivative of L n (/; q, x) with respect to t : 



D g {L n (f;q,x)) = [n] 



E„ 



,|nl «'"ft(«i[n],t) 



A(l) 



E 

fc=0 



[kU 



f[x + 



[k + ll 



'"£ 



E -«K« ~ ft( g ;[n],t)Ai/( a +^) 



fe=0 



[A], 



and from the definition of the high q— derivatives, we have 



D r q (L n (f;q,x)) 



A(l) 



'E 



i i 



.^ 9[nl «*^ p il8;[n] g * 



W,! 



[»],' 



« V 



[< + i]. 



« + r 



*;/ 



8=0 



.£, 



-?[»],' 



'•! 9 r , , £ w (h;q,x) . 



E, 



-[«]„* 



where /i(i) = i,t + I4 2 -, ...,i + I4 2 -; / and AS / (x + r^f is the difference of 

order r of / with the step -A- . Applying the relation between finite difference 

and divided difference, the g-dcrivative of order r of the L n (/; q, x) can be 
written as following: 

\D r q (L n (f;q,x))-D r q f(x + t)\ 



.E, 



-<?W„* 



r\^- VT L n (h;q,x)-D r J(x + t) 



E a 



.E 



-9 Wo* 



E, 



"Wo* 



£, 



-W„* 9Wo* 



\ ^(1) 



t (2qD q (A(q)) D q (A{1))) + -^D^ (A(l)) 



V KJ 

On the other hand, 

\h(t + 8)-h(t)\ 



A 



-9W0* 



rl^fcfx + il-fl^ + i) 



£, 



(16) 



t + S,t + 6+ r ^,...,t + S+ f ''■'■: / 



fnl 



t,t + 
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By the mean value theorem, we have 



H„ \ \n\ 



>.tmp& 



lq / L Iq \ L \q J 

using the modulus of continuity of D r f , we obtain 



< k < 1 



\h(t + 6) - h(t)\ 



^{ D ^ 5+ wJ ei - H 



< 



1 



r 



We select S 



-T- , we get following inequality 



0i,02 e(0,l) 



w[/»;tA-| <^(^/;ri 



fnl 



(17) 



On the other hand, we have 



<?N„* 




a; + t, a; + t + 



[1],. 



,-K*-^> \ X + t 



[r] 



\r] 
[n] q 


D r q f(x + t) 





-DZf(x + t) 



< 



< 



F~ qln]qt ( \r\ \ 



E, 

E, 



-l[n]„t 



E, 



^ [Ww. 



using (17) and (18) in (16), the proof of Theorem 6 is complete. 



(18) 
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Abstract 

In the present paper we consider two certain multivariable classes of polynomials denned through 
formal generating function relations which involves multivariable Laguerre polynomials. We derive 
several families of bilinear, bilateral and mixed multilateral finite series relationships and generating 
functions for these classes, without using group-theoretic (Lie algebraic) method. 

Key words : Multilinear and mixed multilateral generating functions, Multivariable Laguerre polyno- 
mials, Hermite polynomials, Multiple Laguerre polynomials. 
2000 Mathematics Subject Classification. 33C45, 42C05 

1 Introduction 

The multivariable Laguerre polynomials arc defined by 

ii ai ° r) to - Jfc£ r) (*i. ->av) = 4?' (*i) -L ( Z r) 00 , (1) 

where x = (x\, ...,x r ) and |n| = m + ••■ + n r ; m,...,n r € No (see[2] ).It is known that the poly- 
nomials L,n'"' ar to are orthogonal with respect to the weight function p (x) = p 1 (xi) ... p r (x r ) — 
e -(xi+...+x r ) x <*i ___ x a r over ^. ne domain D — {x = [x\, ...,x r ) : < Xi < oo ; i = 1,2, ...,r} , which can 
be obtained from the following fact: 

y p (x)L^'-^)( X )L^'-^)(x)dx 

r / °° \ r / 

- n fe> (*o ^ (*i)e-*?«fai = n ( r(a 'tr +1) ^-"0 ' 

i" — 1 \ _ I i — 1 ^ ' 



D 



where Re (ctj) > —1; mi,ni € No, i = 1, ...,r and dx = dx\...dx r 
Note that these polynomials are generated by 



x x j-«l +n r 



G(x;t) = fj(l - ^-^-V.d-d-*.)- 1 ) = £ - E L(-.--)(x)^...^ (2) 

2—1 n r — u tii- U 



and the Rodrigucs formula is given by 



7" p\ji ■ 
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In [4], the extended multivariable Laguerre polynomials £„ 1 ' '"'" r (x; p;k) are defined by the Rodrigues 
formula 

4" 1 Qr) (x;p;k) = I[e?<*Fxr i Q^x? +n <e-»*r (4) 

i— 1 % 

where on > — 1, dj 7^ Otj for all f 7^ j, x = (a;i,a;2, ..,2v), n =(ni, ...,n r ) and Pi , ki £ N. The generating 
relation was obtained as [4] ; 



,(a)^ . \ TT /_ . n , 1 „.„. R »l'1_f1_*.1-fci'\ \ * ^ "V _ !„,. „, 'I , . ,'1 t„. 

x; tj = 

i— 1 n r — ni— 



Gg(x;t) = n(l-^)- ai -V^( 1 -( 1 -^- fci )=^...^L^.----)(x;p;k)^..^, (5) 



where p =(pi, ---Pr), t =(ii, .., i r ) an d k =(&i, .., fc,). In fact, in a particular case fcj = Pi = 1 for all i = 
1, 2, ..., r, definition (4) and (5) give the Rodrigues formula and the generating relation of the multivariable 

Laguerre polynomials L„ 1 '"' (x), respectively. 

In the book by Rainville ( see [5]) certain class of polynomials by generating function relations are 
investigated. Regarding the importance of this investigation, we consider two sequences of polynomials 
/n (x; p; k) and P n (x; p; k) which are defined by the formal generating relations 

00 
G 1 (x;t;p;k)=^/( c )(x;p;kK l \..C (6) 

n=0 

- (1 - tip 1 ... (1 - t r y c " * (pia^l - (1 - ti)- fcl ), ...,p r x k /{l - (1 - i r )" fe 0) 

and 

oc 

G 2 (x;t;p;k)=^P n (x;p;k)tr-*" r (7) 

n=0 

= A(t 1 , ...,tr)exp (pix hl (l - (1 - ti)- fel ) + ... +p r x^(l - (1 - t r )~ k rj) 

where ^(x; p; k) and A (t) are functions with r variables and /„ (x; p; k) and P n (x; p; k) are polynomials 
with degree |n| . 

It is important that, in a special case, the polynomials defined by (4), (6) and (7) include multivariable 
Laguerre polynomials. On the other hand, the polynomials defined by (4) arc obtained by the general 
families /A (x; p; k) and P n (x; p; k) defined by (6) and (7), respectively. 

In section 2, we derive several families of bilinear, bilateral and mixed multilateral finite series 
relationships and generating functions for the polynomials /n (x; p; k) and P n (x; p; k) , without using 
group-theoretic (Lie algebraic) method. In section 3, we give some applications of the main results 
obtained in section 2. 

2 Main Results 

Recently, by making use of the familiar group-theoretic (Lie algebraic) method certain mixed trilateral 
finite-series relationships have been proved for orthogonal polynomials (see, for instance, [6]). The main 
idea of this section is to derive several families of bilinear, bilateral and mixed multilateral finite series 
relationships and generating functions for the classes defined by (6) and (7), without using group-theoretic 
(Lie algebraic) method. 

In the first two theorems of this section, we consider the case r = 2. For r — 2, the generating relation 
(6) will be 

Gi*(xi,a:2;ti,t2;p;k)= £ fi% C2) (x 1 ,x 2 ;p;k)t n 1 t™ (8) 

n, 772—0 

= (1 - hy^ (1 - t 2 y C2 * ( Pl ^(i - (1 - ii)- fci ).j*#(i - (1 - h)-^)) . 
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We obtain the following theorem at once. 

Theorem 1 Corresponding to an identically nonvanishing function <& /J (^ 1 , ..., £ s ) of s (real or complex) 
variables £i:£2; ■■■^s (s € N — Nq \ {0}) and of (complex) order jj,, let 






) W ' 



Suppose also that 



(n e N) 



t/ien 

E©n,k,iv 2 faJi.xa;^,^-.^;^,^-)*? (9) 

V (l~*i) (1~*2) / 

|ti|<i,N<i, 

provided that each member of (9) exists. 

The notation [n/q] means the greatest integer less than or equal to n/q. 
Proof. Substituting Q nN N (£i,a?2;£i)£2> — >£«>C>P) into the left hand side of (9), we get 



7 , ®n,JVi,JV 2 ( x li a; 2; ^i,^2i ■•■iCgJ at 2 i jVj J *1 
n— ^ 12' 

n=0 m=0 (=0 \tl / \«<2 / 



^=0 m=0 (=0 

Now taking n — > n + A^to 



7 , ®n,iVi,JV 2 ( x 1j x 2;?i,?2' ■••>?«) jv 2 ) jv t ) *1 
n=0 V »1 »2 / 

= E E oj*^ I «i^2,-»^jVC-^ 1 Vi + _%r +Aa,) (*i^2;p;k)t?. 



oo L JV i . 



n,m— /— 
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Writing m — > m + Nil and then using (8), we obtain 

00 / / \ 

/ j ^ l n,N 1 ,N 2 ( x l) X 2;Ci,C27 ■•■>£«; JVa"' JV7 ) *1 
n=0 ^ J l f 2 / 

00 

n,m,l=0 

~ * (pi^(l - (1 - ti)- fcl ),P2a:5 a (l - (1 - i 2 )- fc2 )) 
= 2^a ; $,+^(^^ 2 ,...,e s )7 (1 _ <i)Cl +A i;(1 _ i2)C2+ A 2 i 

= | a, ^ ,ttl ' fa --°((l-*i) Al7 (l-^) 

■ X (l-tl) Cll (l-t2) C2 ^ ( Pl ' X " 1(1 _ (1 _ * 1 )" fcl )' P2aJ * 2 ( 1 " (1 " <2rfe2) ) 

= A( 1 )U 1 ,...,^; (i _^ i _^ A W(x 1 , 3!2 ;t 1 ,t 2 ; P ;k). 

Whence the result. ■ 

Next we consider r — 2 case of the generating relation (7), which is 

OO 

G* 2 {x 1 ,x 2 ;t 1 ,t 2 ;p;k)^ J^ Pn, m {x 1 ,x 2 ;p;k)t^ 2 n (10) 

n,m— 

= A(*i,t 2 )exp (pi^(l - (1 - t!)- fel ) + P2 x 2 fe2 (l - (1 - i 2 )- fc ')) . 

Applying the similar technique used in the proof of Theorem 1, we get the following theorem for the 
P n (x;p;k) defined by (7). 

Theorem 2 Corresponding to an identically nonvanishing function $ /J (^ 1 , ...,£ s ) of s (real or complex) 
variables £i,£ 2 , •••>£s (s € N = No \ {0}) and of (complex) order /i, let 



J 



Suppose also that 



1=0 

a^O. 



JV 2 J [«!_ 

m J 



i 2 JVi,A r 2( a;i ' X2 ^l'^2>--->C s ;C,P) : = X! X! aj^+*z(^l)C2>->^«)-Pn-iV 2 m,m-JViJ (El, £2 5 P5 k)C"V 

m=0 (=0 

(n€N) 



provided that each member of (11) exists 



J2 e nk,N 2 x 1 , a ; 2 ;e i ,e2,-,C s ;^|,4 7 )^ = A( 2 )(^ 1 ,e 2 ,...,e s ;7)G^(x 1 ,x 2 ;i 1 ,i 2 ;p;k) (11) 

n=0 ^ *1 *2 
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In the following two theorem we let r G N to be arbitrary. For the polynomials /„ (x; p; k) defined 
by (6), we can state the following theorem. 

Theorem 3 Corresponding to an identically nonvanishingr— tuple function sequence ^n 1 ,...,n (^1,^21 ■••>£«) 
of s (real or complex) variables £i,£2> ■•■>£« ( s £ N = No \ {0}) and of (complex) orders, let 

oo oo 

\,..,« r , ft ,., fr fe>^i-i?,;''lr- 1 ''r) := 22 ■■■ 2J ai u ...j r ^ n +i, 1 l 1 ,...,„ r + i, r l r (^ 1 ,^ 2 ,...,^ s )T-l...T l r r 

l 1= l r =0 

a>h,...,i r ¥" 0. 
Suppose also that 

Aft,Ai,...,A r ,V' 1 ,...,j/> r / t c c ./■ (■ \ 

ly ni,...,n r ,qi,...,q r k A > Sl:S2;---;Ssi l 5lJ---jSr7 

EV~^ j.(ci+Ai(i,...,c r + A,J r ) / , n-t Iff f \A\ At 

••• 2^ a h,-,lrJn 1 -q 1 l u ...,n r -q r l r l*! P! k J«M+*i<i *v+<Mr (4l ) ?2> — >?JCl — Sr 

i 1= Z r =0 

(neN) 
t/ien 

OO OO / \ 

EV^ A M,Ai,...,A r ,Vi,-,V'r [ x .t C £• — — W™ 1 /"»■ M2"l 

■•• /_^ il ni,...,n r ,<ji,...,(j r I x i?l)S27 ••■)?«) ,gi ) •••! .g r I l l •■• t r ^ iz J 

m=0 n r =0 ^ 1 r / 

= A 7/> 1 ,...,i/. r ., Ml ,..., M ,. I £i>f2>-»£ 8 ; , 1 _ t .Ax'-' / lf a r J G i( x ;*;p; k ); 

|**| < l;t = l,2,...,r; 

provided that each member of (12) exists. 

Proof. Substituting A^i,. 1 .!^,^*.' - ^. (x;^,^, ...,£ s ; Ci--Cr) m t° the left hand side of (12), we get 



oo oo 



ni— n^— 



V V A**,Al,...,A r ,tf 1 ,...,V r l-ir-f f f-ll !^ fl + 

/ j •" / j il ra 1 w r ,g] q r I ■*■) Sli S2: •") Ssi ,(Ji J •■■! ,g r I t l ■•■«' 



OO L Q l J L 9r J 

EV^ V^ r(c 1 +X 1 l 1 ,...,c r + X r l r ) r , n 

2_2 -2.2 a h,-,irf„ 1 - 91 i 1 ,:..,k r - q x ( x ;p; k ) 

ni,...n r =0 h=0 l r =0 

X^l+VlIl.---.Mr+*r<r(^l,^2)—)^s) ( TgT j ■ ' ' ( 7q7 ) t" 1 ...t^ r 
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Taking n^ — > m + (feJi, .for i = 1, 2, ..., r, we obtain 



oo oo 



ni=0 n r — 

oo oo oo oo 



/ , ■■■ / j lv m,...,n r ,qi,...,q r \ ■*■> SI) S2> ■■•> S»i + gi ' • ■■• ■<< I ' i ■-■''• 



i9i ' ••■' ^9r- / °1 ■■■ b r 



J2-J2 E-E°'i.-.'r/fe.t.^ 1, -' Cr+Mr) (x;p;k)*M 1+ * 1 . 1 , r+ ^ r (^ 1 ^ 2 ,...,U^i 1 -^C-^ 

ni=0 7i r =0/i=0 J r =0 



oo oo 



oo oo 



E-E o ' 1 .-.'r^ + ^^--"- + *-'-^i^2,-,^)"i i -^ p E - E /&t^ i, --- ,Cp+Ap ' p) *i i -*? p 



i 1= l r =0 

oo oo 



ni- n r — 



; 1= o z r =o 



=i(i-^r 



II _ ^Ji * (PI^IHI - (1 - tl)- kl ), -..,PrX k /{l (1 - i r )- fc ")) 



OO oo 



- 2J ••■ E a Zl."-,*r**l + <' , l , l--"''r + <Mr(£l)---)0 ( T, T^At)' 1 '" (~/-i , , A , 



v± Vl 



l= o ; r =o 



II n^w * {p^i 1 (i - a - *i)" fel ). -.Prx^a - (i - i,r fe ")) 

2—1 ^ *' 



- < ) ,..,^„ 1 ,...^ [fi. &. -. f .5 ^"p -. ^p J Gi(x; t; p; k). 

Whence the result. ■ 

Similarly, using the generating relation (7) , we easily get: 

Theorem 4 Corresponding to an identically nonvanising r— tuple function sequence $^,...,^(£1, £21 ■••> £s 
0/ s (real or complex) variables £ 1; £21 •••, £ s (s € N = No \ {0}) and 0/ (complex) orders, let 



A 



OO OO 

^ 1 ,...,VV,Ml."-,AV^ 1 '£ 2 '""'£ 8 ' Tl '"'' Tr ) ~ E "' E a «l,-,«r*"l+^l'l--T+V'r«r(^l,^2>— )^«)''"i 1 - T r r 

j 1= o i r =o 
a-W,...,i r ¥" 0. 



Suppose also that 



m 



4i rn,...,re r ,gi,...,g r V x > SI; S2) •"> Ssi Sl--Sr / 

/ y ■•• E a 'l,---,'r-P™l-<Jlh:...,™r-<?r/r( X ;P;k) $ M l+*lIl >V+</v *r (£l ! 4^2 J " • ' > ^ S )Cl ' ■ -sV 

(neN) 



Z 1= i r =0 



then 



oo oo 



e ••■ e ne.^ 



m=0 n r — 
,(2) 



gi,...,g r ^ ■*■) SI >S2> •■•)?«) .gi )•■•) .g r j "l ■•■•'r 



(13) 



= A 



^lt — ^r^l' — 'l 1 ! 



(ti,t2,-->£ s ;vi,-,Vr)G 2 (-x;t;p;k) 



provided that each member of (13) exists. 
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If we choose 

fi%(xi,x 2 ;p;k) = -r—rL^ 01 ^ ( Xl , x 2 ;p;k), where c= (ai +l,a 2 + l), 
n\m\ 

then by (5) and (8) we observe that 

* ( Pl ^(i - (i - *i)- fci ),P2^ a (i - (i - ^r k2 )) 

= exp( Pl ^(l - (1 - t!)- fcl )) expfoa^l - (1 - i 2 )- fe2 )). 
Also by Theorem 1, we get the following corollary for £„"m Q2 (xi,x 2 ; p; k) defined by (4). 

Corollary 5 Corresponding to an identically nonvanishing function $^(£1, •••, £ s ) °/ s (^a/ or complex) 
variables £ 1: £ 2 , ..., £ s (s € N = Nq \ {0}) and 0/ (complex) order \i, let 



A (1) Ki,( 2 >-,( s ;w) : =X)oi* / . + *i(^i^2,-,^) 
a^O. 



w' 



Suppose also that 



. N 2l L«iJ r (ai+A 1 / : a 2 +A 2 0/ . ^a 

(n- N 2 m)l(m - Nil)\ 



Ml) 1 t- t t /- \ V^ V^ ^ It t t \ n-N 2 m,m-N 1 l V~ii ~-^ f> "7 . m , 

m=0 /=0 

(neN) 



t/ien 

E^k^Ui.^;^,^,-,^;-^,-^)*? (14) 

71=0 ^ 12^ 

|*i| < l,|* 2 | < l, 

provided that each member of (14) exists. 
If we choose 

/£> (x; p; k) = / ■ 4 ai '"- a ^(x;p;k), where c = («i + 1, a 2 + 1, .... a r + 1), 
n,\\...n r \ 

then by (6) we observe that 

* ( Pl a£(i - (1 - to"" 1 ), ...,p r ^-(i - (1 - t r )- k ^)) 

= exp^^ 1 (1 - (1 - ti)- fel ))- exp(p r ^"(l - (1 - t,)-^)). 

Also by Theorem 3, we get the following multilateral generating relation for the extended multivariable 
Laguerre polynomials L„ 1 '"' (x;p;k). 

Corollary 6 Corresponding to an identically nonvanishing r— tuple function sequence ^^ >fi (£1, t; 2 , •■•)£« 
of s (real or complex) variables ^i,£, 2 , ■■■,^ s (s € N = No \ {0}) and of (complex) orders, let 

00 00 

A Vi,->^r.Mi.-,A«r^ 1 '^ 2 '"''^ 8 ' Tl '""' Tr ) := X/ ■•• Z2 a h,--.,l r ^^i + ^i l i » r +i> r 'A£l^ 2 ,--,D Tl l- T r 

l 1= k r =0 

0>l U ...,lr ¥" 0. 
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Suppose also that 

a ^Ai,...,A r ,i/>i,...,WfV P P P -f t \ 

lv ni,...,n r ,qi,---,q r V- x -!Sl)S2)---7SsjSl!---jSri 

L^rJ [??] r(ai+Aili,...,a,+W r )/ ■ ^ 

h=o ;~o (ni - g-i/i)!...(n r - g r ? r j! 

(n e N) 

OO OO y «. 

V- V^ AM,Ai,..,A r ,^,..,^ f t t ^-^1 ^LUm t»r (TK) 

2_^ ■■■ 2^ n 1 ,...,n r ,q 1 ,...,q r I X ' Sli ?2i ■■■> ?s J ,<?i > •■•> ,q r j b l ■■■ z r \ 10 ) 

- ^ 1 ,...,^, Ml> ..., Mr ^1^2, -, §„ (1 _ ti)Al , -, (1 _ ^ )Ar j nu *,; 

|*<| < l;i = l,2,...,r; 

provided that each member of (15) exists. 

Remark 7 Setting hi = p% = 1 /or a/I f = 1,2, ...,r in Corollaries 5 and 6, we can get the corresponding 
relations for the multivariable Laguerre polynomials defined by (1). 

3 Applications of the main results 

If the multivariable function $^+1/,/ (I G No,s €E N) (or 4Vi+*i!i (. r +* r i r ) can be expressed by means of 

several simpler functions of one and more variables then one can give further applications of Theorems 
1,2,3 and 4 and Corollaries 5 and 6 . We start with the following. 

Example 8 Choosing s = 1, ^ = x, fj, = 0,ip = 1, 4>; (x) = Hi(x), ai = r\ an d Ai = A2 = 1 m Corollary 
5, we have 

A« (*;*) = £ *(*)„ = e 

where H n (x) are the Hermite polynomials (see [1]). Therefore, the bilateral generating relation between 
the Hermite polynomials and the extended multivariable Laguerre polynomials L„ 1 ' '"'" r (x; p; k) defined 
by (4) is; 

V V V ^^"-^m.m-JV^l^P,^) t 2 )m( 7 y,„ 

l~i l*i l" IHn - N 2 m)\(m - NJV. V 2 to 1 x 

= e 2l ( (i- tl ) 7 (i-. 2 ) )-( (i-, 1 ) 7 (i-, 2 ) ) 2 JJ(1 _ t.J-ai-lgP^f'Cl-a-ti)-**) 

(neN), |ti|<l,|t 2 |<l. 

Note that Corollary 5 gives bilinear, bilateral, mixed multilateral finite-series relationship and generat- 
ing functions between the polynomials of which contain one summation symbol in its generating relation 
and the extended multivariable Laguerre polynomials L„ 1 '"' (x;p;k). 

On the other hand, it is not possible to give any generating function relations between the polyno- 
mials of which contain more than one summation symbol in its generating relation and the extended 
multivariable Laguerre polynomials Ln 1 '""' (x; p; k) by using Corollary 5. But we can use Corollary 6 
to achieve this problem. 
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Example 9 Choosing s = l,£j 



.Mi 



Mr = O.V'l 



(cti ,...,a r 



where L 



then 



(ai,...,a r ;/3) 

ii,...,; r 



^ r = i,^ 1 ,... ;!r (a ; ) = i:^;;; ; 



(a;) is multiple Laguerre I polynomial (first kind) (see [3], [7]) and 

1 
ah,...,i r 



h\...l r V 



^■1,...,1;0,...,0\ X > '1' ■■■)*r) 



T 1 

nfi_, ; r +1 



exp I /3a; 



(l-ti)...(l-« r ) 



- 1 



(*), 



where \U\ < l;i = 1, 2, ..., r. Therefore, by Corollary 6, we get bilateral generating relation between multiple 
Laguerre I (first kind) and the extended multivariable Laguerre polynomials Ln ''"' (x;p;k); 



m,...,n r =0 l 1= l r =0 



L 



(a 1 + \ 1 l u ...,u r +\ r l r ) 
ni—qili,....n r — q r l r 



(x ;P ;k)i^;;; 



(ai,...,a r ;£ 



(*) 



nc 1 -**) 



x exp fjx 



(ni — qifci)!... (n r — 5 r fc r )!/i!.../ r ! 

1 



in* 



hj-i^i—Qih 



-f.l-^-V^i (i-(i-*0 *) 



1 



1 



N<1,( 



<l);t = l,2,...,r. 




(1-ti 

Furthermore, for each different choice of the coefficients a; (or aj t j r ) and the multivariable function 
®fi+ipi (I € No,s e N) (or $„ 1 +^ 1 ! 1 ,..., f , r +v r ! r ) in Corollaries 5 and 6, give several bilinear, bilateral, mixed 
multilateral finite-series relationship and generating functions for the extended multivariable Laguerre 



polynomials L 
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On a new class W p,q of Segal algebras 

Birsen Sagir, Cenap Duyar 



Abstract 

The aim of this paper is to define a new class of Segal algebras, denoted 
by W p,q , and to examine their some properties. 



1 Introduction and Preliminaries 

Let / be a measurable function defined on a measure space (S, ^2, /x), where the 
measure /x is assumed to be non-negative and totally cr-finitc. The distribution 
function of / is defined by 

X f (y)=n({x€X:\f(x)\>y}), y > 0. 

The rearangement function of / is defined by 

f*(t)=mi{y>0:\ f (y)<t}, t > 0. 

Also the average function of / is defined by 

/**(*) = - / f(#, *>0. 



It is known that A/, /*,/** are non-increasing and right continuous functions 
on (0, oo ) ([2]). For p,g€ (0, oo) we define 



ii/ii; 9 Hi/ii; g ,, = (j/ o ti-'irwrdt 
ii/iu = n/iu = (l 1°° tl ~ x ir* w] 9 dt ) q ■ 

Also if < p, q — oo, then we define 

11/lGoo = SU P *'/* (*) ' H/Hpoo = SU P *'/" (*) • 
t>0 t>0 

For < p < oo and < g < oo, the Lorentz space denoted by L (p, q) (S, /x) 
(or shortly L(p,q)) is defined to be the linear space of all measurable func- 
tions(equivalcnce classes) / on S such that ||/|L„ < oo. It is known that 
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ll/H = ll/H and so L p (/x) = L (p,p) (5, /x), where L p (/x) is the usual Lebesgue 
space. Also L{p,q±) C L(p,q 2 ) for qi < q 2 . In particular 

L (p, q^ C L(p,p) = L p C L (p, q 2 ) C L (p, oo) 

for 0<q\<p<q2<oo ([2]). It is known that if 1 < p < oo and 1 < q < oo, 
then 

11/11* < 11/11 < _?_ 11/11* 

for all / € L (p, q) ([11]). Morever (L(p,q) , ||.|L_) is a Banach space. 

The dual space of L (p, 1) is L (p< , oo) , where - + -y = 1. The dual space of 
L(p,q), 1 <p < oo, 1 < g < oo, is L(p/ ,q/), where 1 + ^ = 1, 1 + ^ = 1, 
and hence these spaces are reflexive. Note that any continuous linear functional 
if on L (p, q) , 1 < p, q < oo is defined by 



<p(f) = / f( x )g( x ) d K x ) 

Js 
([6]). The famous Hardy-Littlewood inequality is defined by 



1/(3)0(301 d/i(aO < / f*(t)g*(t)dt, 

s Jo 

([I]). 

Let G be a locally compact Abelian group. A subalgebra S(G) of L X (G) is 
called a Segal algebra if it is satisfied the following four conditions: 
(i) S(G) is dense in L l {G). 
(ii) S(G) is a Banach space under some norm ||.|| g and 

||/IU>ll/lli> ftS(G). 

(iii) For each / G S(G) and y e G, L y / belongs to 5(G) and the mapping 
y — » ij,/ of G into ^(G) is continuous. 

(iv) ||X„/|| S = ||/|| s for all / e 5(G) and y e G, ([12]). 
L y / is the translation operator for /, defined by L y f (x) = / (x — y) , y G G. 

There are too many examples of Segal algebras in literature. Some of them 
are B p (G) = L 1 (G) n L p (G) , 1 < p < oo given in [13] and [14], and W p , 1 < 
p < oo given in [7], and -B (p, gr) = L 1 (G) n £ (p, q) (G) , 1 < p, q < oo studied 
various properties in [15] and [5]. 

For two Banach modules V and W over a Banach algebra A we write 
HoniA {V, W) for the space of all bounded linear operators satisfying T (ab) = 
aT (b) for all a G A, b € V. This operators are called multiplier or module 
homomorphism from V into W ([9], [10]). We recall the following known result 

([9]): 

Let V and W be A-modules and let A have an approximate identity bounded 

by 1. Then 

Hom A (V,W*)~ (V®W)* . 
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V ®a W is a ^4-module tensor product of V and W. 

In this paper we will work on R n , n > 1 with Lebesgue measure dx, where 
R n denotes n-dimensional Euclidian space. Also C (R n ) and C c (R n ) will de- 
note the space of complex-valued continuous functions on R n that vanish at 
infinity, and the space of complex- valued continuous functions on R n with com- 
pact support, respectively. Let / be a measurable complex- valued function on 
R n . It is known the following properties ([4]): 

(i) X Lsf = X f , (LJY = /*, ||i 8 /||; g = ||/||; g , and ||L 8 /|| M - ||/|| M , 
(ii) For every / <G L (p,q) (R n ) , 1 < p < oo, 1 < q < oo, the mapping 
y — » L y f is continuous from i?" into L (j>, q) (R n ) is continuous. 



2 The W p ^-algebras 

In this section, we will generalize the VF^-algebras using the lorentz spaces 
L(p,q). Firstly we give some notations. The letters x,y,... will denote points 

in R n with coordinates (xi,X2,---,x n ), (j/1,2/2, ■■■,yn), ■■■■ We denote the norm 

1 

in R n by |x| = {x\ + x\ + ... + x„) 2 and the inner product in R n by xy = 
X\y\ + ... + x n y n . Separately Z n is the subgroup of R n consisting of points with 
integer coordinates. If A is a set in R n , x € R n , then 

A x = {x + a : a e A} . 

The letter Q will always denote the cube {x £ R n : — | < Xi < 5}. Again \ A 
will denote the characteristic function of A. Also we follow the usual convention 
and write V instead of D>(Z n ) and c° instead of C°(Z n ). 

The PF p -algebras was discussed in [7]. Next we generalize these algebras 
using the Lorentz spaces: 

Definition 1 For 1 < p < 00 and 1 < q < oo, let 

W™ = \f£L\R n ): J2 llxQ m /|| pg <ool. 

I m£Z" J 

W p ' q is a normed space with the norm \\.\\ WP , q , defined by 



\WP'i 



E h Qm L t f\\ (1) 



max 

teQ ^ """* m "" "pi 

m£Z n 



and this norm is obviously translation invariant. 
Proposition 2 If f £ W p > g , then 

ll/lli= E lko m /lli^ S \\*Q m f 



pi 

m£Z n meZ n 
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Proof. Let - + -K = 1 and - + X = 1. Using the Hardy-Littlewood and Holder 
inequalities we obtain that 

ll/lli - / \f(x)\dx= f \f(x)\dx=Yl I l/told* 

= Ellwll^E/ |x e .w/(x)||x a „wi* 

m£2 n rneZ nJRn 

< E / (x Q jY(t)xQ m (t)dt 

(•OO 1 

< E / ^(x Qm /)*W^XQ m W 



m6Z" 



dt 

7 



< 



m6Z" 



£ / [' J M)'(')]" 



?di\' / rr i , „ N * , j-? 7 dtW 



^ (XQ m /) (t) 



Eii fir ii ii* < \^ ii f 
l|XQ m J ||pg ||XQ m ||j,/ g / "^ Z^ HXQ m J 



m6Z" 



meZ n 



I l>i) 



Here we use that ||xQ m || / / = dx {Q m ) p/ — 1, where (ix (Q m ) is the Lebesgue 
measure of Q m , and ||.||* g < ||.|| pq . ■ 

Proposition 3 Let f be any element in W p ' q . For t € Q. there exists the 
inequality 

E \\x Qm L t f\\ pq <T £ ||x Qm /L. (2) 

meZ™ m£Z™ 



ipq 



Proof. We will obtain the proof for n — 1. Then one can easily generilaze to 
n > 1 it. Firstly let — | < t < 0. We get 



m£Z 



E II^Qm^/llpg - E IIX-t+Qm-nlpg - E 1 1 X (m- \ ,m+l) / 

m£LZ m£Z 

< V^ II fl 

- Z^ P(m-i,m+i)u[m+i,m+l)-/| pg 

m£Z 

- E ||XQ m UQ m + i/|| = E W&Qm+X-Qm + Jf 

mez pq mez 

- E l|XQ m /|| pQ + E ||XQ m+ i/ 

= 2Elk Qm / 



m£Z 



/)(/ 



mez 
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Lately let < t < \. Then we get 

E lkQ m £i/|| P9 ^ E |x( m _i, m+ i)/ 

m£Z " ' 

— 2.^1 ||-^(m-i,m-i)u[m-l,ro+l)'' 

m£Z ' ' ' 

- e \\^Q m -iuQ m f\\ = e \\(xQ m _ 1 +XQ m )f 

II II pq II 

m£Z m£Z 

^ E ||*Q m -i/L+ Y \WqJ" 

m£Z 

= 2 E \\XQ m f\l 



mez 



'PQ 



mez 



Remark 4 Acccording to the proposition above, it is easily seen that the the 
function \\.\\ WP , q , defined by (1) on W p,q , is well-defined. Morever 



i/iu„<2- e II wl 



mEZ" 



pit 



Definition 5 It is denoted the space of all absolutely convergent L(p,q) (Q)- 
valued series on Z n as I 1 (L (p, q) (Q)), namely 



l 1 (L(p,q)(Q)) = \(u m ) 



m£Z n ' U "i 



GL(p,q)(Q), J2 



\ U m\\ L (p,q)(Q) < °° 



m£Z™ 



Here are \\-\\ L ( v g )(n) * s Lorentz norm on Q. Since the spaces L(p,q)(Q) are 
complete, so are in the spaces I 1 (L(p,q) (Q)). 

Proposition 6 The spaces W p,q and I 1 (L (p, q) (Q)) are homeomorphic. 

Proof. Let a mapping I : W p ' q -► I 1 (L (p, q) (Q)) be denned by (//) (m) = 
Lmf ■ One can easily see that this mapping I is onto, injective and surjective. 
We also have 

win = E \\( I f)( m )h( P , q) (Q ) = Y \\ L ™f\\L( P , q) (Q)= Y llxg m /|| M 

m£Z n m£Z n m£Z n 

< \\f\\ WP „ < 2" \\if\\ . 

This completes the proof. ■ 

Proposition 7 The spaces W p ' q are translation invariant and strongly invari- 
ant. 
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Proof. Let us take any / <E W p > q and t e R n . Then, by (2) we have L t J e 
W p ' q . Define now a function <p on R n of the form 



r 



(*)= E \\x Qm L t f\ 



meZ" 



Evidently <p (t) = (p (t + k) for all k € R n . Hence <p is a periodic function and 



so 



max > v n L t f\ 



= max 

pi tew 



Yl \WQm L tf\ 



mez n 



v>i 



Thus we get 



lee 



\pq 



\\ L tof\\wp><> = ™J% Yl lkQ™ L *( L *o/)| 

neZ n 



max 
teR" 



meZ" 



Proposition 8 C c (R n ) is dense in W p,q . 

Proof. Let us take any / <E C c (R n ) and say suppf = K. Since R n — 
^mez^Qm, there exist the points rrii G Z n such that K C U^ =1 Q mi for a 
positive integer k. Then / (x) = for all x f\ R n — ii^ =1 Q mi and hence 



E Ik0m/||pg ~ E ^Qm 4 / ~ E 1 1 X Q 



meZ" 



.OK 



<k\\x K f\\ 



Also since C c (R n ) is dense in L (p, q) (R n ), we have / <G W p ' q . 
We realize the proof of the density for n = 1. One can easily generalize to n > 1 
it. Let us now take any g € W p ' q . Then ^2 mGZ \\xo m f\\ — s < oo, and for 
any e > there exists a positive integer N such that 



A' 



'« 



-N-l 



— Z^ llxQ m /L„+ 2^ llxg m /| 



m—~oo 



m=N+l 



l"l 



< e. 



~ S lk<3 ra /| 

m=-N 

We define a function /at by 
In (x) = 
where Q := U^ N Q m . Then we get £ meZ ||xq m (/ - /jv)|| < ^, and hence 



/ (x) , if x eQ 
, if x £Q 



\f-l 



N\\\YP,g 



?£?E l|XQ m ^t(/-/jv)| 



teQ 



mGZ 



;«/ 



< 2 2l|XQ m (/-/ JV )|| M <2 e 



meZ 
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On the other hand, since 



;v 



ll/ivl 



Ipq 



< 00, 



xqJ va ^Y.hQJ\\ Pq ^ E lta m /| 

pq -n mez 

/jv is in L (p, q) (R n ). Also since C c (R n ) is dense in L (p, q) (R n ), there is a 
g eC c (R n ) such that 

£ 

ll/jv - ffllpg < 2]^ and SU PW c <9- 



Hence we have 



AT 



m£Z r ' 



-JV 
N 



- ^2\\x-^ (fN ~ 9) 

-N 



PQ 



<e, 



and so 



ll/iv - g\\ WP , q < 2 ^ ||xQ m (/;v-flO|| pg <2e. 

m£Z" 

Consequently we get 

11/ _ flUlVP." - 11/ _ fN\\ W p,q + ||/jV - SlIlVP.-J < 4e ' 

This completes the proof. ■ 

Proposition 9 TTie mapping t — > L t / of .R™ ,/or a// / e M /p,9 ) into W p ' q is 
continuous. 

Proof. Since C c (R n ) is dense in W p,q , for any / <G W p,q and e > there is a 
g G C c (i? rl ) such that ||/ — ffH^p,, < §• Hence tere exists a neighborhood U of 
e 17 such that 

HZ-^t/ll^p,, < ||/-j?|| W p,« + llff-itffllivp.a + \\ L t{g- DWwv.i 
= 2 \\f - g\\ w ™ + h - Ltg\\ WP , q < e. 



Corollary 10 W p ' q is dense in L 1 (R n ). 

Proposition 11 If f,g e W p ' q , then \\f * g\\ Wv , q < \\f\\ WP , q \\g\\ W r,«- 

Proof. For all / G W p,q and arbitrary g <G W p ' q the vector-valued integral 
J g (y) Lyfdy exists as an element of W p,q 1 and 



and also 



g*f=g(y) L y fdy, 

||S * fWwr.o ^ bill WfWwP.i ^ WfWwP.o \\g\\wP>« ' 



([12])- 
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Corollary 12 W p,q is a Segal algebra. 

Definition 13 The space of all functions belonging to locally L (r, s) (G) , 1 < 
r < oo, 1 < s < oo such that for every e > there exists a compact set K in R n 
such that ||x<2t/ll "^ e f or a M t 5t K * s denoted by {L^ c ) . This space is also a 
normed space by the norm 

ii/ii = t s e u i p llx<fc/L- 

The space of all L (r, s) (Q) -valued functions on Z n vanishing at infinity is de- 
noted by c° (L (r, s) (Q)). Briefly we write 

c°(L(r,s)(Q)) = {f: f : Z n - L(r,s) (Q) , f € C° (Z n )} . 

This space is a Banach space by the norm 

ll/llo= SU P H/( m )llL(r, s )(Q)' 
m£Z n 

and also dual space of it is isometrically ispmorphic to I 1 (L(p,q) (Q)), where 
- + - = 1 and - + - = 1 . If it is defined a mapping ip as in Proposition 4 of 

(-k(oc)o ^° c ° (-^ ( r > s ) (Q))> then it is easily seen that this spaces are isomorphic. 
In this case we write the following proposition by help of Proposition 4 and hence 
the following corollary. 

Proposition 14 Let 1 < p,q < oo, 1 < r,s < oo. - + - = 1 and - + - = 1. 

p r q s 

Then the dual space of (L^' o s c ) is isomorphic to W p ' q . 

Corollary 15 For 1 < p, q < oo, 1 < r, s < oo, - + - = 1 and - + - = 1, 

p r q s 

Hom Ll (W™, W™) « Hom Ll ((L^ , (L£) ) « (W™ ® Ll (L[; s c ) )* . 



We will make use of the work done by Burnham and Goldberg in [ 3] about 
multipliers from L 1 to Segal algebras to characterize Hottili (L 1 ,W p ' q ). Ap- 
plying Theorem 2.6 in [3] and Theorem 1.3 in [8] to the Segal algebras W p ' q we 
have the following proposition: 

Proposition 16 Let 1 < p, q < oo, 1 < r, s < oo, - + - = 1 and - + - = 1. Then 

p r q s 

Hotuli (L 1 ,W p ' q ) — (W p ' q )~ , where (W p ' q )" denotes the relative completion 
ofW p ' q . In this case if, for f e {W p ' q Y , we define Tf G Hom L1 (L 1 , W p ' q ) by 

T f (g) = f*g, geL 1 . 

Then the correspondence f — > Tf is an isometric isomorphism of {W p,q y on 
Hom L1 (L 1 ,W p ' q ). 

Proof. W p ' q is a subalgebra L 1 and W p ' q satisfies properties (Ml) and (M2) 
in [8]. Hence we have Hom L1 (L 1 , W p < q ) C L 1 by Theorem 1.3 in [8]. ■ 
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Abstract 

We present characterizations of the orthogonal generalized Gegen-bauer- 
Humbcrt polynomial sequences and the orthogonal Shcffcr-type poly- 
nomial sequences. Using a new polynomial sequence transformation 
technique presented in [12], we give a method to evaluate the mea- 
sures and their supports of some orthogonal generalized Gcgcnbaucr- 
Humbcrt polynomial sequences. 

AMS Subject Classification: 41A80, 65B10, 33C45, 33D45, 39A70, 
42C05. 

Key Words and Phrases: generalized Gegenbauer-Humbert poly- 
nomial sequence, Sheffer-type polynomial sequence, Chebyshev polyno- 
mial, Legendre polynomial, Morgan- Voyc polynomial, Fermat polyno- 
mial, Dickson polynomial of the second kind, and Laguerre polynomial, 
measures, supports. 



1 Introduction 

A system of polynomials {p n (%) , n G N}, where p n (x) is a polynomial of exact 
degree n and N = {0, 1,2,.. .} or {0, 1,2,..., N} for a finite nonnegative 
integer N, is an orthogonal system of polynomials with respect to some real 
positive measure \i on X, if {p n (x)} is a set linearly independent in Li{X, fx) 
and satisfies the orthogonality relation 
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(Pi,Pj)»-- Pi(x)pj(x)dn(x) = d i S ij , i.jeN, (1) 

is 

where S is the support of the measure \x and di are nonzero constants. If 
these constants di = 1, we say the system is orthonormal. 

The measure // usually has a density //(x) = w{x) or is a discrete measure 
with weights w(i) at the points Xj. The relation (1) then becomes 

Pi(x)pj{x)w(x)dx = dfSij, i,j eN, (2) 

is 

in the former case and 



ra=0 



Pi(Xn)Pj{x n )w n = didij, i,j G N, (3) 



in the latter case where it is possible that M = oo. 

In this paper, we shall present a characterization of the orthogonal gen- 
eralized Gegenbauer-Humbert polynomial sequences and give a method to 
find the density functions and their supports for a class of orthogonal gen- 
eralized Gegenbauer-Humbert polynomial sequences. We shall also give a 
characterization of the orthogonal Sheffer-type polynomial sequences. We 
now start from a general result on orthogonal polynomial sequences. 

It is well-known that all orthogonal polynomials {p n (x)} on the real line 
satisfy a recurrence relation of order 2 (see, for examples, [1], [2], [3], [4]) 

-xp n (x) = b n Pn+l(x) + -fnPn(x) + C n p n ^i(x), U > 1, (4) 

where b n ,c n ^ and c ra /6 n _i > 0. Note that if for all n G N, p n (0) = 1, 
we have "y n = —{b n + c n ) and the polynomials p n {x) can be defined by the 
recurrence relation 



-Xp n (x) = b n p n+ l(x) - (b n + Cn)pn(x) + CnP n -l(x), n > 1 (5) 

together with p-±(x) = and po(x) = 1. Favard proved a converse result 
(see, for example, [4]). 

Theorem 1.1 (Favard's Theorem) Let A n , B n , andC n be arbitrary sequences 
of real numbers and let {p n (x)} be defined by the recurrence relation of order 
2 

p n +i{x) = (A n x + B n )p n (x) - CnPn-^x), n > 0, (6) 



703 



characterization of some orthogonal polynomials 3 

together with po(x) = c/0 and p-\{x) = 0. Then {p n (x)} is a sequence of 
orthogonal polynomials if and only if A n / 0, C n / 0, and C n A n A n _i > 
for all n > 1. 

For more references of the orthogonal polynomial sequences, readers may 
find from a recently published very nice survey, [5] , by Chihara. 

In this paper, we will discuss the characterization of the orthogonal gener- 
alized Gegenbauer-Humbert polynomials {P n ' y ' (x)} n >o, which are defined 
by the expansion (see, for example, [6], Gould [7], and Shiue, Hsu and the 
author [8]) 

$(t) = (C - 2xt + yt 2 y x = ^ P*' y ' C (x)t n , (7) 

n>0 

where A > 0, y and C / are real numbers. As special cases of (7), we 
consider P n ' v ' (x) as follows (see [8]) 

P n ' ' (x) = U n (x), Chebyshev polynomial of the second kind, 
Pj ' ' (x) = t/j n (x), Legendre polynomial, 
P n '~ ' (x) = P n+ i(x), Pell polynomial, 

Pn~ ' ( 7T ) = Fn+i{x), Fibonacci polynomial, 

P n ' ' I — h 1 I = B n (x), Morgan — Voyc polynomial ([9] by Koshy), 

,1,2,1 ( x 



P n ' ' ( — ) = & n +i(x), Fermat polynomial of the first kind, 

P n ' a ' (x) = D n (x,a), Dickson polynomial of the second kind, 
a / (see, for example, [10] by Lidl, Mullen, and Turnwald) , 

where a is a real parameter, and F n = F n {l) is the Fibonacci number. In par- 
ticular, if y = C = 1, the corresponding polynomials are called Gegenbauer 
polynomials (see [6] ) . More results on the Gegenbauer- type polynomials can 
be found in Hsu[ll] and Shiue and the author [12], etc. It is interesting that 
for each generalized Gegenbauer-Humbert polynomial sequence there exists 
a non-generalized Gegenbauer-Humbert polynomial sequence, for instance, 
corresponding to the Chebyshev polynomials of the second kind, Pell poly- 
nomials, Fibonacci polynomials, Fermat polynomials of the first kind, and 
the Dickson polynomials of the second kind, we have the Chebyshev poly- 
nomials of the first kind, Pell-Lucas polynomials (see [13] by Horadam and 
Mahon), Lucas polynomials, Fermat polynomials of the second kind (see [14] 
by Horadam), and the Dickson polynomials of the first kind, respectively. 

The class of the generalized Gegenbauer-Humbert polynomial sequences 
satisfy (see [12]) 
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P^ c (x) = 2x X ±^P^f(x) - y 2X ^ 2 P^f(x) (8) 
for all n > 2 with initial conditions 

P A ^ C ( X ) = $(0) = C~\ 
i>*'»> c (z) = $'(0) = 2AxC- A -\ 

[12] also obtained the explicit expression of {P n ' v ' (x)} as follows. 

Theorem 1.2 ([12]) Let x ^ ±\/Cy. The generalized G eg enbauer- Humbert 
polynomials {P n ,v ' (x)} n >o defined by expansion (7) can be expressed as 

( x + \J x 2 — Cy ) — ( x — \J x 2 — Cy ) 

P^ c (x) = C~ n - 2 ± >- ^— 1 . (9) 

2y/x 2 - Cy 

One may write (8) into the form 

^') ^ ^*S°<*> + ^«"' <-' 

In [2] , Dombrowski and Nevai presented properties of the measures as- 
sociated with orthogonal polynomial sequences {P n (x) = 7„x n + • • • } n >o 
(7 > 0) defined by the following recurrence relation of order 2: 

xP n (x) = a n+ iP n +\{x) + b n P n (x) + a n P n -i(x), (11) 

n = 0,1,..., where P-i(x) = 0, P (x) = 70, a = 0, a n = jn-i/ln and 
b n = J^ xP 2 (x)dfi(x). Comparing (10) and (11), we immediately learn 
that the polynomial sequences generated by the above recurrence relation 
and having generating function shown in (7) must be {P n ' ' (x)} n >o, C/0. 
In this paper, we shall discuss the characterization of the orthogonal 
Sheffer-type polynomial sequences, which are polynomial sequences possess- 
ing a different type generating functions. Sheffer-type polynomial sequences 
have applications to variable subjects including Levy processes, financial 
mathematics, wavelet analysis, mathematical physics, etc. We now present 
the definition of Sheffer-type polynomial sequences. 

Definition 1.3 Let A(t) and g{t) be any given formal power series over the 
real number field R or complex number field C with A(0) = 1, g(0) = 
and g'(0) / 0. Then the polynomials p n (x) (n = 0, 1, 2, • • • ) defined by the 
generating function (GF) 
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A(t)e X9 ^ = Y,Pn(x)t r ' 



(12) 



n>0 



are called Sheffer-type polynomials with po{x) 



1. 



Sheffer-type polynomials include a lot of famous polynomials as the spe- 
cial cases such as the Bernoulli polynomials, Euler polynomials, Laguerre 
polynomials, etc. Here, we present a short list of the Sheffer-type polynomi- 
als in terms of different choices of (A(t),g(t)). 



For 

For 

For 
For 
For 
For 
For 



For 
For 
For 
For 
For 



1 



1 



n\ 



B n {x), Bernoulli polynomials, 
E n {x), Euler polynomials, 



t/(e'-l),t), p n (x) 

2/{e t + l),t), p n {x) 

e , log(l + £)), p n {x) = (PC) n (x), Poisson — Charlier polynomials, 
e~ at {a / 0),log(l + t)), p n (x) = C^'(x), Charlier polynomials 
1, log(l + t)/(l — t)), p n (x) = (ML) n (x) Mittag — Leffler polynomials 
(1 — t)~ 1 ,log(l + t)/(l — £)), p n (x) = (Pi) n (x), Pidduck polynomials 
(1 — tp p ',t/(t — l))(p > 0), p n (x) = L}f _1 ^(x), Laguerre polynomials 



e At (A/0),l 
t 



), p n (x) = (Tos)^ '(x), Toscano polynomials 
[l,e l — 1), p n {x) = T n (x), Touchard polynomials 
'1/(1 + t),t/(t — 1)), p n (x) = A n (x), Angelescu polynomials 
[1 — t)/(l + t) 2 ,t/(t — 1)), p n (x) = (De) n (x) Denisyuk polynomials 
[1 — t)" p , e* — l)(p > 0), p n (x) = T^'ix), Weighted — Touchard polynomials 

The set of all Sheffer-type polynomial sequences {p n {x) = [t n ]A(t)e X9 ^ t '} 
with an operation, "umbral composition" (c/. [15] and [16]), forms a group 
called the Sheffer group. Some properties and characterizations of Sheffer 
group are shown in [17]. In addition, a higher dimensional extension of the 
Sheffer-type polynomial sequences are discussed in [18]. 

In Sections 2 and 3, we shall give characterizations of the orthogonal 
generalized Gegenbauer-Humbert polynomial sequences and the orthogo- 
nal Sheffer-type polynomial sequences, respectively. In Section 4, we shall 
present a method to find the densities of the measures n[x) and their sup- 
ports S shown in (1) for generalized Gegenbauer-Humbert polynomial se- 
quences {P n ,y ' (x)} using a technique of representing a polynomial sequence 
{Pn{x)} generated by a linear recurrence relation of order two in terms of one 
or two terms of a orthogonal generalized Gegenbauer-Humbert polynomial 
sequence. 
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2 A characterization of the orthogonal generalized 
Gegenbauer-Humbert polynomials 

First, we consider the characterization of the orthogonal generalized Gegenbauer- 
Humbert polynomials defined by (8). From Favard's Theorem, one may 
obtain the following result. 

Theorem 2.1 A generalized Gegenbauer-Humbert polynomial sequence de- 
fined by (8) is an orthogonal polynomial sequence if and only if yC > 0. 

Proof. Writing the recurrence relation (8) into the standard form in Theorem 
1.1, we have 

2A + n-l , , A + n 

(~>n = y—pTi 7T~ an "' An = &- 



C(n + 1) C(n+1) 

Thus from Theorem 1.1, {P n ' y ' (x)} is an orthogonal polynomial sequence 
if and only if 

CA4-, = 4g (A + -)(A + n -l)(2A + -l) > „ 

for all n > 1. Noting A > and n > 1, we immediately learn that the above 
inequality is equivalently yC > 0, which completes the proof. 



Example 1 Using Theorem 2.1, we may identify the Chebyshev polynomial 
sequence of the second kind {P n ' ' (x) = U n (x)} and the Legendre polyno- 
mial sequence {P n ' ' (x) = tp n (x)} are orthogonal, while Pell polynomial 
sequence and Fibonacci polynomial sequence are not orthogonal. Morgan- 
Voyc polynomial sequence {B n (2(x — 1)) = P n ' ' (x)} (and {B n (x)}) and the 
sequence of the Fermat polynomials of the first kind, {$ ra (2x) = P n L[ (x)} 
(and $ n (x)}), are orthogonal polynomial sequences. Dickson polynomials of 
the second kind are orthogonal when a > and non-orthogonal when a < 0. 
We will evaluate the measures and their supports for Morgan- Voyc polyno- 
mials, Fermat polynomials, and Dickson polynomials of the second kind in 
Section 4. 

We need the following lemma to find out the recurrence structure of an 
orthogonal generalized Gegenbauer-Humbert polynomial sequence. 

Lemma 2.2 // {p n (x)} is an orthogonal polynomial sequence, then there 
exist sequences {^4 n }n>Cb {B n }n>Q, and {C n } n >i so that 

Pn+i(x) = {A n x + B n )p n {x) - C n p n -i(x), (13) 
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where 



a "'71+ 1 y-i ■A-n'l'n "Vi+l^n— l"-n , 

B n = --r 1 xp n (x) 2 dri(x) = -y^- / xp n (x) 2 d/j,(x), 

hn J S knhn JS 



k n is the leading coefficient of p n {x), and 



h n = Pn(x) dp(x) 
Is 



is a structural constant. 



Proof. The proof can be found in [4] and [3]. However, for the sake of 
convenience, we present a brief proof as follows. 

We first determine A n so that p n+ ±(x) — A n xp n (x) £ 7r n , a collection of 
all polynomials of degree < n. Hence, 

n 
Pn+l{x) ~ A n xp n {x) = y^CjPj(x). 

3=0 

Using the orthogonality of (p n+ i(x),pj(x))fj, = and (p n (x),xpj(x)) IJ , = for 
all j = 0, 1, . . . , n — 2, it is readily seen that Cj = for all j = 0, 1, . . . , n — 2. 
Therefore, (13) follows and the expression of A n is a consequence of (13). 
To obtain the expression of C n , we take inner product of (13) with p n -i{x) 
and consider 



/ p n+ i{x)p n ^ 1 {x)dn{x) = = A n / xp n (x)p n -i(x)dn(x) - C n h n -i, 
Js Js 

in which the integral of the right-hand member can be written as 



p n (x)(k n -ix n + lower powers)dri(x) = — — h n 



is "Vi A n —i 

Thus the relation 

■A n — G n /i n _i = U 

Ai-i 

yields the expression of C n . Taking the inner product with p n {x) on the 
both sides of (13) yields 
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= A n / xp n (x)p n (x)d^i(x) + B n h n , 
Js 



which implies the expression of B n . 



From Lemma 2.2, one may obtain 



Theorem 2.3 If the generalized Gegenbauer-Humbert polynomial sequence 
{P n ' y ' (x)} defined by (8) is an orthogonal polynomial sequence, then 

V _ nh n (X + n) 



C h n - 1 (\ + n-l)(2X + n-l 

for all n > 1, where h n = f s (P n ,v ' (x)) 2 dfi(x). In addition, every element 
of the sequence {P n ' y ' (x)} satisfies 

xP^ c {x) 2 dfi{x) = 0. (15) 

s 

Proof. From the definition (8) of {P n ' v ' (x)} and the expression of C n in 
Lemma 2.2, we have 

2A + ra-l h n (\ + n) I h n -i{\ + n-l) 

y-pr, — rrr = 2 ^77 — rrv / 2 " 



C(n + 1) C(n+1)/ Cn 

which implies (14). Comparing (8) and the standard recurrence relation 
(13), we know B n = for all n > 0, which is equivalent to (15). 

■ 
Remark 1 From (14) one immediately have 



which implies 



_ y (X + n-l)(2X + n-l) u 
hn ~ nC{\ + n) nn - U 



. yNn(A + n -l)*(2A + n-l)*, 

/ '" \C) n!(A + n)^ ^ 



where the falling factorial notation x- (sometimes also denoted (x) r ) is de- 
fined by x- = x(x — l)^i(r > 1) with x- = 1. Using the above equations 
and equation (15), we may evaluate the measures and their supports. 
Example 2 For the orthogonal sequence of the Chebyshev polynomials of 
the second order {P n ' ' (x) = U n (x)}, we have y/C = 1 that implies h n = 
h\ = tt/2 and 
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x^l-x 2 (U n (x)) 2 dx = 
'-1 

for all n > 0. The above equation is obviously true by observing that 

U2n-i(x) are odd and U2 n (%) are even. 

For the sequence of the Legendre polynomials {P n ' ' (x) = if) n (x)}, we 

have 

h n n — 1/2 
hn-i n + 1/2' 

which implies h n = 2/(2n + 1), and 

l 

x(ij) n (x)) dx = 
l 

for all n > 0. The last formula holds obviously because V^n+i^) are odd 
and ^2n(^) are even. 

Example 3 We know both U n (x) and ip n (x) are special cases of Gegenbauer 
polynomials {P n ' ' (x)} (A > 0). From Theorem 2.1, we know {P n ' ' (x)} 
(A > 0) is orthogonal. Using Theorem 2.3, we obtain 

h n _ (A + n-l)(2A + n-l) 



which implies 



n-i n(X + n) 

ttT(2X + n) 



h 



2 2A - 1 n!(A + n)(r(A)) 2 ' 
where T{x) is the gamma function. In addition, we have 

f 1 x(l- x 2 ) x - 1 ' 2 (P^\x)) 2 ] dx = 0. 

3 A characterization of the orthogonal Sheffer-type 
polynomial sequences 

Meixner determined all sets of monic orthogonal Sheffer-type polynomials in 
his historic paper [19] . Here, a polynomial is said to be monic if the coefficient 
of its highest order term is 1. We now use a modified Meixner's approach to 
give a characterization of all orthogonal Sheffer-type polynomials. Denote 
D = d/dx and / = g^ 1 , the composition inverse of g. Expansion (12) 
suggests 
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f(D)p m (x) = mp m -i(x) (16) 

because of 



f(D)A(t)e X9 ^ = A(t)e X9{t) f(g(t)) = tA(t)e X9{t) 



n>0 ra>0 



where we have used p-\{x) = 0. 

Theorem 3.1 Let A(t) and g{t) be defined as Definition 1.3. Then the 
polynomial sequence {p n (x)} defined by (12) is orthogonal if and on if it 
satisfies 



Pn+i(x) = (A x + B + n\)p n (x) - n(Ci + (n - l)^)p n -i(x) , (17) 

where Aq ^ 0,Bq,C±, A, and^y are constant, and C±, 7 > 0. Furthermore, g{t) 
and A(t) satisfy 

9 ' {t) = 1-M + T*' ^ W) = 1-°aT+^- ( 18 ) 

Proof. All orthogonal polynomial sequences including orthogonal Sheffer- 
type polynomial sequences, {p n (x)}, satisfy the recurrence relation (13) 
shown in Lemma 2.2: 

Pn+i(x) = (A n x + B n )p n (x) - C n p n -!(x). (19) 

We now apply f{D) defined by (16) on the both sides of the relation and 
note that /(0) = and /'(0) + implies f{D)x = /'(£>). Thus, 



(n + l)p n (x) = f(D)p n+1 (x) = f(D)[(A n x + B n )p n (x)-C n p n - 1 (x)] 

= A n f'(D)p n (x) + n(A n x + B n )p n _i(x) - (n - l)C n p n _ 2 (x), 

(20) 

where we need C n A n A n -\ > 0, which is a necessary and sufficient condition 
of the orthogonality of {p n (x)} presented in (19) (See Lemma 2.2). On the 
other hand, multiplying n to the both sides of relation (13) for p n {x) yields 

npn(x) = n(A n ^ x x + S n _i)p n _i(x) - nC n ^ip n - 2 {x). (21) 
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Subtracting (21) from (20), we obtain 

(l-A n f(D))p n (x) = nftAn - An-i)x + (B n - B n -i)]p n -i(x) 

-n(n-l)(^-^=\) Pn - 2 (x). (22) 

\ n n — 1/ 

Applying f(D) on the leftmost and rightmost sides of (22) yields 

n{l-A n f'{D))p n ^{x) 
= n(A n -A n - 1 )f'(D)p n - 1 (x) 

+n(n - l)[(A n - An^x + (B n - B n _i)]p n _ 2 (x) 

-n(n - l)(n - 2) ( — — l - ) p n - 3 (x). 

\ n n — 1 J 

By transferring n to n + 1, the above equation implies 



(l + (A n -2A n+1 )f'(D))p n (x) - n[{A n+1 - A n )x + {B n+1 - Bn^pn^ix) 

)■ 

(23) 



-(n)(n - 1) ( -Jr- " ) Pn-2(x). 

n + i n 



From (22) and (23) we have identity 



-(1 - A n f'(D))p n (x) + n[(A n - A n . x )x + (B n - B n _i)]p„_i(ar) 

-n(n - 1) ( — ^— j- ) p n ^ 2 (x) 

\ n n — 1 J 

= -(1 + (A n - 2A n+1 )f'(D))p n (x) + n[(A n+1 - A n )x + (B n+1 - £ n )]p n _i(x) 

-(n)(n-l)(^±\-^) Pn - 2 (x). (24) 

\n + 1 n J 

Comparing the nth degree terms on the both sides of (24) yields 



-(1 - A n f (D))p n (x) + n(A n - A n -i)xp n -i(x) 
= -(l + (A n - 2A n+1 )f'(D))p n (x) + n(A n+1 - AJxpn-iix). 

(25) 

In (25) the constant terms on the both sides are equal, which implies 
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-(1 - A n f(D))p n (x) = -(1 + (A n - 2A n+1 )f(D))p n (x), 
or equivalently, A n = A n+ \ for every n > 0. Hence, (25) holds if and only if 

A n = A , (26) 

a nonzero constant for every n > 0. Comparing the terms of degree n — 1 
and n — 2 on the both sides of (24), we have the results 

B n +i — B n = A 
and 

Cn+l (~^n _ 

n + 1 n 
for every n > 0, where A and 7 are constants. Hence, 

B n = B + nA and C„ = n(Ci + (n - 1)7) (27) 

for all n > 1, where C\, 7 > because of the request C n A n A n _i = C nJ 4g > 
for all n > 1 (see Theorem 2.1). Substituting all of the established relation- 
ship of the sequences {^4 n }n>o> {B n } n >o, and {C n }„>i into (19) and (22), 
we obtain, respectively, 

Pn+i{x) = (A x + B + nA)p n (x) - n(Ci + (n - l)j)p n -i(x), (28) 

where Ao 7^ and C±, 7 > 0, and 

(1 - A /'(D)K(x) = \f(D) Pn (x) - 1 f 2 (D)p n (x). (29) 

From (29), we further have 

/'(y) = ^(i-A/(y)+7/ 2 (y)), 

which implies 

5(t) = l-At + 7 t2 

by using the inverse function theorem. 
From (28), we have 

p n +i(0) = (B + n\)p n (0) - n(d + (n - l)j)p n ^(0). (30) 
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Noting A{t) = En>oPn(0)£, (30) implies 

A'(t) Bo-Cit 



because 



A(t) 1 - At + jt 2 



t n 



in 



A(t)(B - dt) = ^(B p n (0) - nCip n _i(0)) 

n>0 

= y^(Pn+i(0) - nAp„(0) + n(n - l)7p„_i(0)) 

n>0 

= (l-At + 7 t 2 )^p n+1 (0) 

n>0 

= ^'(t)(l-At + 7 t 2 ), 
which completes the proof of the theorem. 



t n 



iv. 



nl 



Let the zeros of the denominator of g'(t) shown in (18) be a and (3. Then 
one may solve g(t) and A{t) from (18) as follows. 

Corollary 3.2 Let A{t) and g{t) be defined as Definition 1.3. Then the 
polynomial sequence {p n (x)} defined by (12) is orthogonal if and on if 



and 



9{t) 



a-0 

Apt 

. 1-crf' 



4»-ln(±=g), ifa?0, 



if a = (3. 



ln/(i) 



'^b(l-at)-|=^]n(l-^), if0 + a + (3 + 0, 
-% ln(l - at) - ^^t^, if a = (3^0, 

^^Hl-at) + ^t, if a? = 0, 



.Ql+2 



t 2 + B t, 



if a = (3 = 0, 



Example 4 As an example, we set Aq = — 1, Bq = C\ = 1, and a = (3 = 1 
in Corollary 3.2 and obtain 



»(*) 



-i 

1-t 



and -A(i) 



1-i' 
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Thus, from Theorem 3.1, the Laguerre polynomial sequence, {L n (x)}, gen- 
erated by (12) in Definition 1.3 with (A(i),g(i)) = (1/(1 - t),-t/(l - t)) 
is an orthogonal polynomial sequence. Furthermore, from the expansion of 
(1 — t) 2 , we can read A = 2 and 7 = 1, which implies the following recurrence 
relation for {L n (x)}: 

L n +\{x) = (2n + 1 - x)L n {x) - ra 2 L n _i(x) 

with the initial conditions L_i(x) = and L${x) = 1. Thus, L\(x) = 1 — x, 
L<2(x) = 2 — 4x + x 2 , L$(x) = 6 — 18x + 9x 2 — x 3 , etc. Using Lemma 2.2, one 
may check the assumption of Bq = C\ = 1 is satisfied for {L n (x)}. Since 

h = Ll(x)dfi(x) = / e~ x dx = 1 
Js Jo 

and 

c coo 

\2 



hi= I Lj{x)dfi{x)= / {l-x) z e- x dx = l, 
s Jo 



we have 



and 



a r r c 

B Q = -— - / xLg(x)ci/i(x) = / 
ft 75 JO 



_ Ai/li _ ^i _ 
A)ft-0 ^0 

4 Evaluate the measures and their supports of or- 
thogonal sequences {P„ ,y (%)} 

In this section, we will present a method to find the densities of measures 
fi(x) and their supports S (see (1)) of orthogonal generalized Gegenbauer- 
Humbert polynomial sequences, {P n ' y ' (x)} (Cy > 0), using a technique of 
transferring a polynomial sequence defined by a recurrence relation of order 
two to an orthogonal Gegenbauer-Humbert polynomial sequence. This trans- 
fer technique can also give an orthogonal representation of non-orthogonal 
polynomials satisfying recurrence relation of order 2 in terms of only one 
or two terms of an orthogonal polynomial sequence. Thus, many useful ap- 
proximation properties for orthogonal polynomials (for instance, Gaussian 
quadratures) can be transfered to some non-orthogonal polynomials. 

Many number and polynomial sequences can be defined, characterized, 
evaluated, and classified by linear recurrence relations with certain orders. 
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A polynomial sequence {a n (x)} is called sequence of order 2 if it satisfies the 
linear recurrence relation of order 2: 

a n (x) = p(x)a„_i + q(x)a n -2(x), n > 2, (31) 

for some coefficient p(x) ^ and q{x) ^ and initial conditions ao{x) 
and a\{x). To construct an explicit formula of its general term, one may 
use a generating function, characteristic equation, or a matrix method (See 
Comtet [6], Hsu [20], Strang [21], Wilf [22], etc.) [12] presented a new method 
to construct an explicit formula of {a n (x)} generated by (31). For the sake 
of reader's convenience, we cite this result as follows (see also Miller and 
Takloo-Bighash [23] with different approaches). 

Proposition 4.1 Let {a n (x)} be a sequence of order 2 satisfying the linear 
recurrence relation (31). Then 

an{x) = [ ( ttl( &f-%s (x) ) an w - ( ttl( gyi;Si (x) ) W, ^w^w; 

[ nai(x)a n ~ 1 (x) — (n — l)ao(x)a n (x), if a(x) = (3{x), 

(32) 
where a{x) and (3{x) are roots of t 2 — p(x)t — q(x) = 0, namely, 

a ( x ) = t;(.p(. x ) + \/p 2 {x) +4q(x)),f3(x) = ~(p(x) - \/p 2 {x) +4q(x)). (33) 

We now give a transfer formula between different generalized Gegenbauer- 
Humbert polynomial sequences. This technique can be used to transfer 
any polynomials defined by recurrence relations of order 2 to a generalized 
Gegenbauer-Humbert polynomials. 

Theorem 4.2 If {a n {x) = P n ' ' y (x)}, a generalized Gegenbauer-Humbert 
polynomial sequence with parameters C and y' , which is defined by (7) with 
coefficient polynomials p{x) = 2x/C and q(x) = —y'/C and initial con- 
ditions ao(x) = 1/C and a\(x) = 2x/(C') 2 , then we have the following 
transfer formula from {P n ' y ' (x)} n >o to {P n ' y ' (x)} n >o-' 



In particular, every polynomials sequence {P n ' v ' (x)} defined by (7) 
can be transfered to the Chebyshev polynomial sequence of the second kind 
by using the formula 
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n 

1 / , / y' x 



Py-°\*)=f,\±^,) Vn{± 77w ). (35) 

Proof. We first modify the explicit formula of the polynomial sequences 
defined by linear recurrence relation (32) of order 2. If a(x) ^ (3(x), the first 
formula in (32) can be written as 



_ ai (x)(( a (x)) n - {(3{x)Y) ~ ao{x)a{x)l3{x){{a{x)) n - 1 - (^(x))"' 1 ) 
an[X) ~ a(x) - 0{x) 

Noting that —a(x)(3(x) = a(x)(a(x) — p(x)) = (3(x)((3(x) — p(x)), we may 
further write the above expression of a n {x) as 



a n {x) 
1 



[ ai (x)((a(x)) n - ((3(x)) n ) + a (x)a(x)(a(x) - p(x)) 



a(x) — (5{x) 

x(a(x))"- 1 - a (x)P(x)(P(x) -p(x))(/3(x))"- 1 ] 

a (x)((a(x)) n+1 - (P(x)) n+1 ) + ( ai (x) - a (x)p(x))((a(x)) n - ((3(x)) n ) 

a(x) — P(x) 

(36) 

Denote r(x) = x + y x 2 — Cy and s(x) = x — \Jx 2 — Cy. To find a 
transfer formula between expressions (9) and (36), we set 

«(,):= $ and «,) := ||| (37) 

for a nonzero real or complex valued function k(x), which are two roots of 
t 2 — p(x)t — q{x) = 0. Thus, adding and multiplying two equations of (37) 
side by side, we obtain 



2x 
a(x) + /3(x) = p(x) 



a(x)P(x) = —q(x) 



k(x) 

yc 



(k(x)) 2 ' 
The above system implies 



k(x) = ±J ° y 



q(x)' 



717 



characterization of some orthogonal polynomials 17 



and at 



p(x)k(x) ,p(x) J yC 



2 2 y -q(x)' 

r(x) and s(x) give expressions of ot(x) and /?(x) as 



a(x) = ===== , and /3(x) = ===== . (38) 

g/g _i_ / j/g 



-g(x) V -q{x) 

It is clear that a(x) and /3(x) satisfy a(x) + /3(x) = p(x) and a(x)/3(x) = 
-Q(x). 

We first consider the case of k(x) = y / —yC/q(x). Substituting the cor- 
responding (38) with positive sign into (36), we have 

a n (x) 

ao(x)(r n+1 (x) — s n+1 (x)) + k{x){a\{x) — ao(x)p(x))(r n (x) — s n (x)) 

k n {x){r{x) — s{x)) 



ao(x)C^ (</=#] P ^cfk(x)p(x) 



yC J n V 2 

n— 1 



„ r-^r™+2 f l -l( x ) \ pi,y,c (p( x ) I V c \ 

ao{x)c [i^r) Pn prv^V 



n-l 



+ ( ai (x) - a (x)p(x))C n+1 [ x j^>- ) P n _, 



n + i{ l -q(x) \ p i,v,c pW I ye \ 

yC I " ' { 2 \l-q(x)J- 

(39) 



Similarly, for k(x) = —y / —yC/q(x), we have 



«„(.,, . «o(W-J^ #"[-*£J^ 



.»+i/_ i~q(x)\ p i,y,c ( p( x ) I y c 



+(oi(x) - a (,)p(x))r +i "W-^ ^i 



yC n ~ 1 \ 2 V -«(&) 



(40) 
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Therefore, a n {x) defined by (31) can be presented as 



m+2 fa../ ~ q ^ I Di,».C f ^P( x ) I y° 



a n (x) = a (x)C n+z ±\H^ K' V ^ ± 



,,, + J. | , / ~gP0 ] r>l,y,C ( ^P(x) I yC 



+(ai(x) - «o(x)p(x))r +1 ± J -^ P^ ± 



yC J ^ \ 2 \j-q(x)J' 

(41) 

where {P n ' y ' c } is the sequence of any generalized Gegenbauer-Humbert poly- 
nomials with A = 1. In particular, a n (x) can be expressed in terms of 
{P n ' ' = C/ n }, the sequence of Chebyshev polynomials of the second kind: 



/ / \ n I v(x 

a n (x) = a (x) (±y/-q(x)) U n \± 



2^qjx)) 
+( ai (x) - a (x)p(x)) (±^ q Jx)Y~ 1 C/„_! U-^L= ) , 

(42) 

which is a special case of (41) for (y,C) = (1,1). 

If a n {x) = P n (x) defined by (7) with coefficient polynomials p(x) = 
IxjC and q(x) = —y'/C and initial conditions clq{x) = 1/C" and ai(x) = 
2x/(C") 2 , then ai(x) - a (x)p(x) = and (41) and (42) are reduced to (34) 
and (35), respectively. 

■ 
From Theorem 4.2, we immediately have transfer formulas 



P n+1 (x) - (±i) n U n (Txi) 

xi 



F n+1 (x) = (±i) n EU=F- 2 

B n ( X ) = (±irc/ n (±(| + i)), 

D n (x,a) = l(±^ n U n (±^j=). 
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Remark 2 It is obvious that when both y and C are integers, the cor- 
responding generalized Gegenbauer-Humbert polynomials have integer co- 
efficients. Formulas (34) can be used to transfer between the generalized 
Gegenbauer-Humbert polynomials with integer coefficients and the gener- 
alized Gegenbauer-Humbert polynomials with non-integer coefficients. For 
instance, the last transfer formula shown above presents the Dickson poly- 
nomial of the second kind with real coefficients in terms of the Chebyshev 
polynomials of the second kind. 

If yC > 0, from Theorem 2.1 we know that {P n ' y ' (x)} is an orthogonal 
polynomial sequence. Let w(x) and S = [a, b] be the density function and 
its support interval of {P n ' y ' (%)}■ We now use Theorem 4.2 to find the 
density function and its support interval of {P n ' y ' (g(x))}, where g{x) is a 
one-to-one and differentiable function. 



Theorem 4.3 Let {P n ' y ' (x)} be a polynomial sequence defined by (7), and 
let g(x) be a one-to-one and differential function. Then sequence {P n ' y ' (g(x))} 
is an orthogonal polynomial sequence associated with the density function 



w(x) = g'(x)y/l-(g(x))y(yC) 

with support interval between g~ l { — \/yC) and g~ l (\/yC), where g^ 1 {x) is 
the composition inverse of g(x), i.e., (g^ 1 o g)(x) = (g o g~ l )(x) = x. Fur- 
thermore, 



^* c we c (^'W|pp 



g-H-VyC) 



_ nVyC ,y_ 
dX ~ 2C 2 \C ] 



n,m: 



(43) 
where 8 n ^ m is the Kronecker symbol. 

In particular, if g{x) = x, then {P n ' y ' (x)} is an orthogonal polynomial 
sequence with respect to density function \J\ — x 2 /(yC) over support interval 
[—y/yC, \ly~C\, and {P n ' y ' (x)} satisfies (43) when g(x) = g^ 1 {x) = x. 



Proof. Let us consider inner product {P n ' y ' (x),Pm V ' (x)) / -,_ 2 // o over 
[—y/yC, \/yC], in which the transfer formula (35) will be applied: 
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^_P^(x)P^ c (x)Jl-—dx 



y 1 / /l/~\ TT f I X \ TT ( \ X \ hi ^ 



i / / \ ro+m /-l 

— \±J-t\ J U n (x)U m (x)Vl-x 2 ^yCdx 

Vn,r. 



C 2 \CJ 2 



■ .m> 



where the rightmost integral yields (7r/2)<5 njm due to the orthogonality of 
{U n (x)} (see, for examples, [24] by Mason and Handscomb and [25] by 
Rivlin) . 

Hence, using a transformation we obtain 



P^\x)P^ c (x)g\x)Jl-^^dx 
g-H-VyC) V yL 

fyc I ~2 



C 2 \CJ 2 



1 (~i /~1 

Corollary 4.4 Let {P n ' ' (x)}, C/0, be a polynomial sequence defined by 
(7) with A = 1, and let g{x) be a one-to-one and differential function. Then 
sequence {P n ' ' (g(x))} is an orthogonal polynomial sequence satisfying re- 
currence relation (10) associated with the density function 

w(x) = 9 -^-VC 2 -(g(x)) 2 

with support interval between g~ l (— \C\) and g _1 (|C|), where g^ 1 (x) is the 
composition inverse of g(x), i.e., (<? _1 o g)(x) = (g o g~ l )(x) = x. Further- 
more, 



P^,c {x)p i,c,c {x) 9_M Vc2 _ {g{x)) 2 dx = ^ 5n , m , (44) 
g-H-\c\) \C\ 2C 



721 



characterization of some orthogonal polynomials 21 

where 8 n ,m is the Kronecker symbol. 

In particular, if g{x) = x, then {P n ' ' (x)} is an orthogonal polynomial 
sequence with respect to density function \J\ — x 2 /C 2 over support interval 
[— \C\, \C\], and {Pn ' {x)} satisfies (44) when g(x) = g~ (x) = x. 

Example 5 From Theorem 4.3, Morgan- Voyc polynomial sequence {B n {x) = 
Pn ' (f + l)} is orthogonal with respect to the density function w(x) = 
\J — 4x — x 2 /4 with support [—4,0]. The sequence of Fermat polynomials of 
the first kind, {3> n (ir) = P n '_[ (^/2)}, is orthogonal with respect to the den- 
sity function w(x) = \/8 — x 2 /(4\/2) with support [— 2\/2, 2\/2]. Dickson 
polynomials {D n (x, a) = P n ' ' (x)} of the second kind are orthogonal when 
a > with respect to the density function w(x) = \/Aa — x 2 /(2y / a) over the 
support interval [—2^/a,2^/a\. In addition, we have 



B n {x)B m {x) dx = -5 n ,m, 

.4 4 z 

H> n (x)$ m (x y a * dx = ir2 n -^5n,m, 
-2V2 4V2 



/ N / N V^ 4fl - X<1 7T „l1/ 2 , 

Dn{x,a)D m (x,a) — —= — dx = -a "•" ' d nm . 
-2^ 2^a 4 
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Abstract. In this paper, we investigate the generalized Hyers-Ulam-Rassias stability of the 
system of functional equations 

'f(x + y) + f(x-y) = 2f(x) + 2f(y), 

J{xy) = f(x)y, 
on Banach algebras. 



1. Introduction 

Speaking of the stability of a functional equation we follow the question of S. Ulam: 
"when is it true that the solution of an equation differing slightly from a given one, must 
of necessity be close to the solution of the given equation?" (see [39], p. 63) As the words 
"differing slightly" and "be close" may have various meanings, different kinds of stability 
can be dealt with. 

The first answer to Ulam's question, concerning the Cauchy equation was given by D.H. 
Hyers [8]. Thus we speak about the Hyers-Ulam stability. In 1950, Hyers's theorem was 
generalized T. Aoki [2] for additive mappings and independently, in 1978, Th.M. Rassias 
[30] provided a generalization of Hyers's theorem, which allows the Cauchy difference to be 
unbounded. This new concept is known as Hyers-Ulam-Rassias stability. 

The functional equation 

f(Xl + X 2 ) + f(xi - X 2 ) = 2f(xi) + 2/(352) (1.1) 

is related to symmetric bi-additive function and is called a quadratic functional equation 
and every solution of the quadratic equation (1.1) is said to be a quadratic function. It is 
well known that a function / between two real vector spaces is quadratic if and only if there 
exists a unique symmetric bi-additive function B such that f(xi) — B(x\,x{) for all xi 
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where 



B{x 1 ,X 2 ) — j{f(xi +x 2 ) 



f{xi -X2)) 



(see [1,19]). Skof [38] proved Hyers-Ulam stability problem for quadratic functional equation 
(1.1) for a class of functions / : A — > B, where A is normed space and B is a Banach space. 
In 1992, Czerwik [8] proved the Hyers-Ulam-Rassias stability of the equation (1.1). 

It may happen that all approximate solutions are in fact exact solutions. Then we speak 
about superstability. To get acquainted with the theory of the stability of functional equa- 
tions we refer to [4,5,10,11,17,29,31,32] and [41]. 

Let A be a Banach algebra and let X be a Banach A— module. A quadratic mapping 
L : A — » X is said to be quadratic left centralizer if L(ab) — L(a)b for all a, b £ A. Similarly, 
a quadratic mapping R : A — > X that R(ab) = aR(b) for all a,b G A is called a right 
centralizer from A into X. A quadratic double centralizer from A into X is a pair (L,R), 
where L is a quadratic left centralizer, 7? is a quadratic right centralizer and aL(b) = R(a)b 
for all a, b € A. 
Example. Let A be a Banach algebra. Set 



T 



A A 
A 




then T is a Banach algebra by the following norm 

a b 
0c 




|| = ||a|| + ||6|| + ||c|| (a,b,ceA). 



So 



A* A" 
A* 




T * = 
is the dual of T by the following norm 

||=Maz{||/||,|M|,||/i||} tf,g,heA'). 



/ 9 
h 




Let the left module action of T on T* be trivial and let the right module action of T on T* 
define as follows. 

/ 9 
h 







a 





x 





) = f{ax) + g{by) + h(cz), 



r all f,g,h€ A* ,a,b,c,x,y,z £ 
*. We define D:T — ► T* by 


A. Then T* 


ih 


a Banach T- 


module. Let 


" 




k g 
h 



D( 


' a b ' 
0c 



) = 


'0kg' 
h 





" ac' 




(a,b,c G 


A). 





Then we can show that (D, D) is a quadratic double centralizer from T into T* 
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2. Main results 

Moslehian, Rahbarnia and Sahoo [11] established the stability of double centralizers in 
the framework of Banach algebras. In this paper, we prove the same results for quadratic 
double centralizers. 

Theorem 2.1. Let A be a Banach algebra. Suppose f : A — > A is a mapping with /(0) = 0. 
// there exist mapping g : A — > A with g(0) — and functions \j '■ ^ — * [0, oo)(j = 1,2) 
and a : A 2 — > [0, oo) such that 

Xj (a, b,c,d) ~^2 p^Xi (k"a, k n b, k n c, k n d) < oo (1) 

n=0 

lim -^-a(ak n a,k n b) = (2) 

|| f(ka + b + ted) + f(ka -b + ted) - 2k 2 f (a) - 2/(6) - 2tf(c)d ||< Xi (a, 6, c, d) (3) 

|| g(ka + b + ted) + g(ka -b + ted) - 2k 2 g(a) - 2g(b) - 2tcg(d) \\< xi{a, b, c, d) (4) 

|| o/(6)- S (o)ft||< (t(o,6) (5), 

for all a,b,c,d £ A and t £ M such that < t < 1 . Then there exists a unique quadratic 

double centralizer (L, R) such that for a £ A 

||/(a)-L(a)||< 2^5a(a,0,0,0) 

|| g(a) - R(a) \\< ^xi(a, 0,0,0). 

Proof. Setting b = c = d = in (3), we have 

|| 2f(ka)-2k 2 f(a)\\< X (a, 0,0,0) , 
for all a £ A Thus 

||p/(fco)-/(o)||<-^x(o,0,0,0) , 
for all a £ A. Hence for all nonnegative integer p, q with q > p and all a £ A, we have 

II i/( fcPa )-i/( fe9 «)ll<E^i+2x(fc>o,o,o) (6), 

n— p 

It follows from (1) and (6) that sequence {j^f(k n a)} is cauchy for all a £ A. By com- 
pleteness of A, the sequence {-jj^f(k n a)} converges, we define the mapping L : A — > A 
by 

L(a) : = J™ fc^ /(fc " a) 
for all a £ A By (2.10). Putting c = d = in (3) we get 

|| i(fca + 6) - L(fca - 6) - 2fc 2 L(a) - 2L(6) || 

= lim,^^ ^ || f(k" +1 a + K n b) - L(k n+1 a - 7y™6) - 2k 2 f(k"a) - 2L(fc n 6) || 

< Hindoo s kx(*"a,fc"&) = 0. 

The last equality and inequality follow from (1) and (3). So the mapping L is quadratic. 
Putting a — b — 0,t — -^ and replacing c and d by k n c and k n d, respectively, we have 

|| 2f(k n cd) - 2f{k"c)d ||< X i(0, 0, fc"c, fc"d). 

Hence by dividing the both sides of the above inequality by k 2n , we get 



^-^K^»(o,o,*W 
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Taking limit as n — > oo, we conclude L(cd) = L(c)d. It follows from (6) with p = and 
passing the limit q — > oo, we get 

|| /(o)-L(o)||<2j^xi(o, 0,0,0). 

Let L' : A — > A be a map that satisfied || f(a) — L(a) ||< „, 2 „ Xi( a i 0,0,0). Since L and L' 
are quadratic, for each a £ A, we have 

||L(a)-L'(o)|| = ^||L(fc"o)-L'(fc"o)|| 

< fc^dl L ( k " a ) - f( k " a ) II + II L '( fc " a ) - f( k " a ) ID 

<^x(k n a, 0,0,0). 

Which tend to zero as n — > oo, for all a € A, so we have L(a) — L'(a), for all a £ A. 
A similar argument for X2 and g show that there exist a unique quadratic function right 
multiplier R defined by R(A) :— lim n _ 00 9( 2 „°' .Replacing a and b by k n a and k n b in (5) 
and dividing by k 3 ", we get 

II «-fe2^ P^ & 11^ 2fe*^( fc °' fe 6 )- 

Passing to the limit as n — > oo, we obtain aL(b) = R(a)b for a, b £ A. □ 

Corollary 2.2. Lei A be a Banach algebra and p < 2 and e be a positive real numbers. Let 
f,g:A — > A be a mappings satisfy /(0) = <?(0) = 0. If there is function a : A 2 — > [0, oo) 
such that 

„ lil ?ocP^ <T(fc " a ' fen6)=0 ' 

|| f(ka+b+tcd)+f(ka-b+tcd)-2k 2 f(a)-2f(b)-2tf(c)d ||< e(|| a ||" + || b \\ p + \\ c \\" + \\ d \\ p ), 
|| g(ka+b+tcd)+g(ka-b+tcd)~2k 2 g(a)-2g(b)-2tcg(d) ||< e(|| a || p + || b \\ p + \\ c \\ p + \\ d \\ p ), 

\\af(b)-g(a)b\\<e(\\a\\ p + \\b\\ p ), 
for all a,b,c,d £ A and t € K shc/i i/iai < t < 1. Then i/iere exist a unique quadratic 
double centralizer (L, R) such that for a £ A 

||/(o)-L(o)||< 

\\g(a)-R(a)\\< 8 _ 2p+1 . 

Proof For j = 1,2 wc put Xj (a, &, c, d) = e(|| a || p + || b \\ p + \\ c \\ p + \\ d \\ p ) and 
a(a,b) =e(|| a || p + || 6 f) in Theorem 2.1. □ 

Theorem 2.3. Lei .4 be a Banach algebra. Suppose f : A — ► A is a mapping with /(0) = 0. 
If there exist mapping g : A — > A with g(0) — and functions \j '■ A 4 — > [0, oo)(j = 1,2) 
and a : A 2 — > [0, oo) such that 

oc 

Xj{a, b, c, d) := 2, k ™Xj (k~ n a, k~ n b, k~ n c, k~ n d) < oo 



c\ 


|o||" 


8- 


- 2P+ 1 
\a\\ p 



n-0 

n >oo 



lim k' n a(k n a, k n b) — 

i >oo 

f(ka + b + ted) + f{ka - b + ted) - 2k 2 f (a) - 2/(6) - 2tf(c)d ||< xi(a, b, c, d) 
| g(ka + b + ted) + g(ka - b + tcd) -2k 2 g(a) - 2g(b) - 2tcg(d) ||< xn(a,b,c,d) 
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\\af(b)-g{a)b\\<<r(a,b), 

for all a,b,c,d G A and !£ 1 such that < t < 1. Then there exist a unique quadratic 
double centralizer (L, R) such that for a £ A 

||/(a)-L(a)||<^a(pO,0,0) 

||fl(o)-fl(o)||<i»(|,0,0,0). 

Proof. Using the same method as in Theorem 2.1. □ 

Corollary 2.4. Lei ifca Banach algebra and p > 2 and e be a positive real numbers. Let 
f,g:A — > A be a mappings satisfy /(0) = <?(0) = 0. If there is function a : A 2 — > [0, oo) 
such that 

lim k n a(k~ n a, k~"b) = 0, 



u 3n - 

n >oc 

1.2, 



|| f(ka+b+tcd)+f(ka-b+tcd)-2k 2 f(a)-2f(b)-2tf(c)d ||< e(|| a \\ p + \\ b \\ p + \\ C \\ p + || d f), 
|| g(ka+b+tcd)+g(ka-b+tcd)~2k 2 g(a)~2g(b)~2tcg(d) ||< e(|| a || p + || b \\ p + \\ c \\ p + \\ d f), 

|| a/(b) - 3 (a)b||< e (|| a r + || 6 f), 
for all a,b,c,d G A and f £l 5mc/i i/iai < t < 1. Tften i/iere exisi a unique quadratic 
double centralizer (L, R) such that for a £ A 

|| f(a)-L(a) ||< £ \ f ^ , 
|| g(a) -R(a) \\ < e!! " !! " 



2p+i -8' 



Proo/. For j = 1,2 we put Xj(a,b,c,d) = e(|| a || p + || b \\ p + \\ c \\ p + \\ d \\ p ) and 
a{a,b) = e(|| a || p + || 6 \\ p ) in Theorem 2.3. 



a 
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Abstract. In this paper, the famous Nadler's fixed point theorem [S.B. Nadler Jr., Multi- 
valued contraction mappings, Pacific J. Math. 30 (1969) 475-487] is extended to the case of 
generalized multi-valued mappings. 



1. Introduction 

Let (X, d) be a metric space. CB{X) denotes the collection of all nonempty 
closed bounded subsets of X. For A,B£ CB{X) and x G X, define 

distd(x, A) := inf{d(x, a); a G A] 

and 

7i,d(A, B) := maxjsup distd(a, B),supdistd(b,A)}. 

aeA beB 

It is easy to see that lid, is a metric on CB{X). 7id is called the Hausdorff met- 
ric induced by d. Let k G N, and M° := X, H° := d, for each i G {1, 2, ..., k}, 
put M l := CB(M i - 1 ) and W := H W -i. One can show that (M^W) is a 
complete metric space for all i G {1, 2, ..., k}, whenever (X,d) is a complete 
metric space (see for example Lemma 8.1.4, of [4]). Every mapping T from X 
into Ai k is called generalized multi-valued mapping. 

Definition 1.1. Let k G N. An element x G X is said to be a fixed point of a 
genralized multi-valued mapping T : X —> M k , if there exist A\ G M 1 ,A2 G 
M 2 , ■■■ , A k _ 2 G M k ~ 2 and A k ^ G M^ 1 such that 

x G Ai G A 2 G • • • G At_i G T(x). 

In 1969, Nadler [3] extended the Banach contraction principle [1] to set- 
valued mappings. 

Theorem 1.2. (See Nadler [3].) Let (X,d) be a complete metric space and 
let T be a mapping from X into CB{X). Assume that there exists r G [0, 1) 
such that 7i,d(Tx,Ty) < rd(x,y) for all x,y G X. Then there exists z G X 
such that z G T(z). 



°2000 Mathematics Subject Classification: 54H25. 
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In this paper, we give a generalization of Nadler's fixed point theorem. 

2. Main result 

The following lemma has important role in the proving of the main theorem. 
Lemma 2.1. (See Nadler [3].) Let (X,d) be a metric space and let A, B G 
CB(X). Then for each a G A and e > there exists b £ B such that 

d(a,b) <H d (A,B) + e. 

Now, we proceed the main result of the paper, which can be regarded as an 
extension of Nadler's fixed point theorem. 

Theorem 2.2. Let k £ N and let (X,d) be a complete metric space. Let T 
be a mapping from X into Ai k . Assume that there exists I G [0, 1) such that 
Tt k (Tx, Ty) < ld(x, y) for all x, y G X. Then T has a fixed point. 

Proof. If I = 0, then the proof is clear. Now, assume I G (0, 1), xq G X, and 

A\£A\£---£ A*- 1 e Tx . 

By putting e := I in above lemma, it follows that 

' BA^eTxy, H k - 1 (A*- 1 ,A%- 1 )<H k (Tx ,Tx 1 ) + l, 

3A k ~ 2 G A k 2 - 1 - H k ' 2 (A k - 2 ,A k ~ 2 ) < W fc - 1 (^" 1 ,^- 1 ) + /, 

3A l 2 eA 2 ; H\AlA\)<H 2 (AlAl) + l, 

{ 3x 2 G A\- d(xi,x 2 ) < n^Aj, A\) + I. 

Similarly by putting e := I 2 in Lemma 2.1, we get 
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3A*- 1 e Tx 2 ; 



3A k ~ 2 e A*' 1 ; 



H k - 1 (A*- 1 ,A k 3 - 1 )<H k (Tx 1 ,Tx 2 ) + l 2 , 

n k - 2 (A k ~ 2 ,A k ~ 2 ) < n k - l {A k -\A k - 1 ) + Z 2 , 



3A\ e A 2 - H\A\,A\) < H 2 (A 2 2l A 2 ) + l 2 , 

{ 3x 3 G A\- d(x 2 ,x 3 ) < U\A\, 4) + I 2 . 



Hence, we have 

d(x 2 ,x 3 ) < H k (Txi,Tx 2 ) + kl 2 

< ld(xi, x 2 ) + kl . 

Using the same reason as above, it can be shown by induction that there exist 
sequences {^n} nG j^ in X and {A l n } n& ^ in Ai l , i = 1, 2, • • • , k — 1, such that 

ri (A n , A n+1 ) < TL [A n , A n+l ) + I , i = 1, 2, ■ • ■ , k — 2, 

w*- 1 ^- 1 ,^) < H fe (rx„_!,Tx n ) + r, 

[ d(x„, x„+i) < H l {A l n , A l n+1 ) + p. 



Hence, 

d(x n ,x n+1 ) < n k (Tx n ^,Tx n ) + kl n 

< ld(x n -i,x n ) + kl n (1) 

for all n £ N. It can be conclude that 

d(x n ,x n+ i) < l n d(x ,xi) +nkl n 
for all n £ N. Therefore 

oo oo oo 

/J d(x„, x„+i) < 2J l n d(xo, X\) + fc 2J »iZ n < oo- 

n=l n=l n=l 

It follows that {x n } rae N is a Cauchy sequence. Since X is complete, then there 
exists x* £ X such that hin^^oo x n = x*. 
Similarly we can show that 

W*(4X+i) < l n - l H\A\,A 2 ) + (n - l)kl n 

for all n G N, i = 1, 2, ■ ■ • , fc — 1. Therefore {^}„ g n is a Cauchy sequence in 
.A/f , for z = 1,2,- • ■ ,k — 1. On the other hand, we know that (M. 1 , W) is a 
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complete metric space for each i E {1,2,- ■ ■ ,k — 1}. Hence, there exist A\ G 
M X ,A* 2 G M 2 , ■ ■ ■ ,A* k _ 2 G M k ~ 2 and A*_ : G .M^" 1 such that lim^oo A { n = 
A*, i = 1, ■■■ ,k— 1. Since x n — ► x*, and T is a generalized multi- value 
contraction mapping, then 

lim dist H k-i(A>t- 1 ,Tx*) < lim H k {Tx n ,Tx*) = 0. 

n^oo ' n— >oo 

It follows that 

= lim dist Hk -i{A k n ~ 1 ,Tx*) = dist H k-i( lim A k l ~ 1 ,Tx*) 

n— +oo ' ' n— >oo 

= dist n k-i(A* k _ l ,Tx*). 
Hence, A^_ 1 G Tx* = Tx* . Similarly we can show that 

x* G Al G A* 2 ■ ■ ■ G ^_! 
and this completes the proof. □ 

Many fixed point theorems have been proved by various authors as general- 
izations to the Nadler's theorem. One such generalization is due to Mizogochi 
and Takahashi [2] (see also [5]). 

Theorem 2.3. (See Mizogochi and Takahashi [2].) Let (X,d) be a complete 
metric space and let T be a mapping from X into CB{X). Let a be a mapping 
from [0, oo) into [0, 1) such that limsup r ^ t + a{r) < 1 for all t G [0, oo) and let 

H d (Tx,Ty) < a(d(x,y))d(x,y) 

for all x,y G X. Then T has a fixed point. 

The question arises here is whether Mizoguchi-Takahashi's fixed point the- 
orem can be extended similar to generalized multi-valued mappings or not? 
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Abstract. In this paper we investigate the Hyers-Ulam-Rassias stability of higher deriva- 
tions and higher Jordan derivation in unital C — algebras. 



1. Introduction 

A classical question in the theory of functional equations is that "when is it true that a 
mapping which approximately satisfies a functional equation £ must be somehow close to an 
exact solution of £." Such a problem was formulated by S.M. Ulam [22] in 1940 and solved 
in the next year for the Cauchy functional equation by D.H. Hyers [8]. It gave rise to the 
stability theory for functional equations. 

During the last decades several stability problems of functional equations have been in- 
vestigated by many mathematicians. A large list of references concerning the stability of 
functional equations can be found in [3, 9, 10, 14, 19, 20, 21]. 

It seems that approximate derivations was first investigated by K.-W. Jun and D.-W. 
Park [12]. Recently, the stability of derivations have been investigated by some authors; see 
[1, 4, 5, 6, 7, 12, 16, 17] and references therein. 

Jun and Lee [13] proved the following: Let X and Y be Banach spaces. Denote by 
4> : X - {0} x Y - {0} -> [0, oo) a function such that <j>(x, y) = £^ =0 3~ n 4>(3 n x, Ty) < oo 
for all x, y €E X — {0}. Suppose that / : X — > Y is a mapping satisfying 

\\2f(^)-f{x)-f{y)\\<4>(x,y) 

for all x, y € X — {0}. Then there exists a unique additive mapping T : X — > Y such that 

||/(x)-/(0)-T(x)|| < ^(4>(x,-x) + 4>(-x,3x)) 

for all xe X -{0}. 

B. E. Johnson (Theorem 7.2 of [11]) investigated almost algebra *— homomorphisms be- 
tween Banach *— algebras: Suppose that U and B are Banach *— algebras which satisfy the 
conditions of (Theorem 3.1 of [11]). Then for each positive e and K there is a positive S such 
that if T G L(U,B) with ||T|| < K, ||T V || < S and \\T(x*)* - T(x)\\ < 5\\x\\(x € U), then 
there is a *— homomorphism T" : U — > B with ||T — T'|| < e. Here L(U, B) is the space of 
bounded linear maps from U into B, and T v (x, y) = T(xy)—T(x)T(y)(x, y £ U). See [11] for 
details. Throughout this paper, let A be a unital C* — algebra. Let U(A) be the set of uni- 
tary elements in A, A 3a := {x € A\x — x*}, and Ii(A aa ) = {v £ .A so |||i>|| =l,v € Inv(A)}. 
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In this paper, we investigate the Hyers-Ulam-Rassias stability of *— higher derivations and 
*— higher Jordan derivations in unital C* — algebras. 

A linear mapping d : A — > A is said to be a derivation if d{xy) = d{x)y + xd(y) holds for 
all x, y G A. 

Let N be the set of natural numbers. For m G N U {0} = No, a sequence H — 
{ho, hi, ..., hm} (resp. H = {ho, hi, ■■■, h n , ■•■}) of linear mappings from A into B is called a 
higher derivation of rank m (resp. infinite rank) from A into B if 

hn(xy) = Yi hi(x)hj(y) 

i-\-j=n 

holds for each n G {0, 1, ...,m} (resp. n G No) and all x, y G A. The higher derivation H 
from A into B is said to be onto if ho : A — > B is onto. The higher derivation J? on A is 
called be strong if ho is an identity mapping on A. Of course, a higher derivation of rank 
from A into B (resp. a strong higher derivation of rank 1 on A) is a homomorphism (resp. 
a derivation). So a higher derivation is a generalization of both a homomorphism and a 
derivation. 

Note that a unital C* — algebra is of real rank zero, if the set of invertible self-adjoint 
elements is dense in the set of self-adjoint elements (see [2]). 

2. Main Results 

We start our work with the following theorem to investigate the generalized Hyers-Ulam- 
Rassias stability of *— higher derivations in unital C* — algebras. 

Theorem 2.1. Suppose that F — {/o, /i, ..., f n , ...} is a sequence of mappings from A into 
A such that /n(0) = for each n G No- If there exists a function <j> : A 5 — > [0, oo) such that 

oc 

4>(x, y, z, u, w) := V^ 3~ n 4>(3 n x, 3 n j/, 3 n z, 3 n u, 3 n w) < oo (2-1) 

n=0 

for all x, y,z,u,w G A and for each n G No, 

||2/„(— ^y — —)-nf n (x)-lJ,fn{y)-'wf n {z)-f n {w)z J rf n (u*)-f n {u)*\\ < 4>{x,y,z,u,w), 

(2.2) 
for all \x G T and all x,y,z G A, u, w G (U(A) U {0}). Then there exists a unique *— higher 
derivation H — {ho, hi, ..., h n , ...} of any rank from A into A such that for each n G No, 

\\fn(x) - h„{x)\\ < ^(4>(x,-x,0,0,0) + 4>(-x,3x, 0,0,0)) (2.3) 

for all x G A - {0}. 

Proof. Put w — u = 0,fi=lin (2.2), it follows from Theorem 1 of [13] that there exists a 
unique additive mapping h n : A — » A satisfies (2.3). This mapping is given by 

Ma; ) = lim^^ 

m o 

for all x £ A. By the same reasoning as the proof of Theorem 1 of [18], h n is C— linear and 
*— preserving. Then we have 

h n (3, m x)=3 m h n (x) (2.4) 
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for all x £ A and for each n £ No- 

Next, we need to show that the sequence H = {ho, hi, ..., h n , •■•} satisfies the identity 

hn(xy) = Y^ h ^( x ) h Ay) 

i-\-j=n 

for each n £ No and all x, y G A. It follows from (2.1) that 

\\h„(uz)- ^ hiCuJftiWI^bmH— ^ '-- ^ [-^ ^ q| 

< lim —0(0, 0, 3 m z, 3 m u, 0) < lim —6(0, 0, 3 m z, 3 m u, 0) 
= 
for all u £ C(A), all z £ A and for each n £ No. This means that 

h„(uz) = V" hi(u)hj(z) (2.5) 

for all u £ (7(A), all z £ A and for each n £ No. Let x £ A. By Theorem 4.1.7 of [15], x is 
a finite linear combination of unitary elements, i.e., x = XlfcLi c fc u fe ( c fc G C, u^ £ (7(A)), it 
follows from (2.5) that 

m m 

h„(xy) - h n (^2 c kUkV) = ^ c k h n (u k y) 
k=i fc=i 

= 53 Cfc ( 53 h ^ u k)hj(y)) 

fc — 1 i-\-j — n 

m 

= 53 [^(53 cfeUfe ) ft i(^)] 

i+j— n fc— 1 

= 53 h i( x ) h i(y) 

for all y £ A and for each n £ No- This means that H is a higher derivation. And this 
completes the proof of theorem. □ 

Corollary 2.2. Letp£ (0, 1),#£ [l,oo) be real numbers. Suppose that F — {/o,/i, ■■■,fn, ■■■} 

is a sequence of mappings from A into A such that /„(0) = for each n £ No- Suppose that 
for each n £ No, 

pu{ HX + ny + wz ] _ ^ n{x) _ ^ My) _ wMz) _ u(w)z + u(ul _ fn{u)ll 

<0(\\x\\ p + \\y\\ p + \\z\\ p + \\w\\ p +\\u\\ p ) 

for all n £ T and all x, y, z,u,w £ A. Then there exists a unique *— higher derivation 
H — {ho, hi, ..., h n , ...} of any rank from A into A such that for each n £ No, 

\\f n ( x )- hn ( x )\\<^-e\\x\\ p 

for all x £ A - {0}. 

Proof. Setting 6(x, y, z, u, w) := 6>(||:r|| p + \\y\\ p + \\z\\ p + \\u\\ p + \\w\\ p ) all x, y, z, u, w £ A. 
Then by Theorem 2.1, we get the desired result. □ 
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Theorem 2.3. Let A be a C* — algebra of real rank zero. Suppose that F — {/o, /i, ..., f n , ■■■} 
is a sequence of bounded mappings from A into A such that / n (0) = for each n £ No- 
Suppose that there exists a function <f> : A — » [0, oo) such that 

oc 

<p(x,y,z,u,w) '■= / 3 0(3 £, 3 j/, 3 2,3 -u, 3 id) < oo 

for all x, y,z,u,w £ A and for each n £ No 

||2/„(— ^y ^)-/U/„(o;)-/i/„(j/)-w/„(2)-/„(w)2:+/„(«*)-/„(w)*|| < (f>(x,y,Z,U,w), 

(2.6) 
/or a// /i £ T, a;, j/, z £ ^4 ami a// u, W £ (/i(A sa ) U {0}). TTien i/iere exists a unique 
continuous *— higher derivation H = {/io, ^i, •••, /in, •••} o/ any ranfc from A into A such that 
for each n £ No, 

\\fn(x) - h„{x)\\ < ^(4>{x,-x,0,0,0) + 4>{-x,3x, 0,0,0)) (2.7) 

for all x £ A- {0}. 

Proof. By the same reasoning as the proof of Theorem 2.1, there exists a unique sequence 
H — {ho, hi, ..., h n , ...} of involutive C-linear mappings of any rank from A into A satisfying 
(2.7). It follows from (2.6) that 

hi./ ^ V^ i. / m, / mi r ,|/n(3 m «3 m 2) ^ r / i (3 ro «)/ i (3 m z) || 

< lim -^0(0, 0, 3 m 2, 3"V 0) < lim -L#0, 0, 3 m 2, 3 m u, 0) 

= (2.8) 

for all u £ I\ [Asa), all 2 £ A and for each n £ No- On the other hand A is real rank zero. On 
can easily show that Ii(A sa ) is dense in {x £ A sa : \\x\\ = 1}. Let v £ {x £ A sa : ||x|| = 1}. 
Then there exists a sequence {uk} in 7i(A so ) such that linife Uk — v. Since f„ is bounded it 
is easy to see that h n is bounded and then h n is continuous for each n £ No, it follows from 
(2.8) that 

h n (vz) = lim h„(u k z) = lim Y^ hi(lik)hj(z) 
k k *■ — ' 

= ^ hi(v)hj{z) (2.9) 

i-\-j=n 

for all 2 £ A and for each n £ No- Now, let x £ A. Then we have x — x\ + ixi, where 
xi := x+ * and xi — x ~ 2 * are self-adjoint. 

First consider Xi =0,i2 / 0. Since T is C— linear, it follows from (2.9) that 

h n {xz) - h n (ix 2 z) = h n (i\\x 2 \\T, — wz) 

\\ x 2\\ 
X2 n .,, n V^ 7 I x 2 



= i\\vi\\h n {-^jz) = i\\x2\\ J2 hi (nzrr\) h j( z ) 



x 2 .±r> \x 2 \ 

= Y^ hi(ix 2 )hj(z) = ^ hi(x)hj(z) 

i-\-j—n i-\-j=n 

for all z £ A and for each n £ No- 

If x 2 — 0, Xi 7^ 0, then by (2.9), we have 
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h n (xz) = h„(xiz) = hndlxilh — rrz) 

\\xi\\ 

= \\xi\\hn(-rr-Kz) = \\Xi\\ V h i (-r-^-)h j (z) 

\\xi\\ -J~ Fi 

i-\-j=n 

for all 2 £ j4 and each n £ No- 

Finally, consider the case that xi /0,i2/ 0. Then it follows from (2.9) that 

h n (xz) = h n (x 1 z + ix 2 z) = ftndlxilU — rr z) + h n (i\\x 2 \\ T . — wz) 

\\Xl\\ \\X2\\ 

- Ikl||ftn(ii » z ) +i\\x2\\hn{-r, nZ) 

|Fl|| \\X2\\ 

= \\xi\\ V /i i ( F J T )/i 3 (z) + i||a;2|| V /i l ( F ^ T )^(z) 

•r^ Fi r~^ Fa 

= ^2 hi(xi)hj(z)+ ^2 hi(ix2)hj(z) 

i-\-j=n i-\-j—n 

= J2 hi(x)hj(z) 

i-\-j=n 

for all z € A and each n £ No- This means that H = {ho, hi, ..., h„, ...} is a higher derivation. 

□ 

Corollary 2.4. Lei A be a C*~algebra of rank zero. Let p £ (0,1), 8 £ [l,Oo) be real 
numbers. Suppose that for each n £ No, 

\\2f n ( » X + M + WZ ) - nf n (x) - /*/„(») - »/n(z) - /„(«;)* + /„(«•) - /„(u)*|| 

<0dwr + bir + iizir + iMr + iMr) 

/or all /j, €T and all x,y,z £ A and all u, W € Ii (A sa ) Then there exists a unique *— higher 
derivation H — {ho, hi, ..., h„, ...} of any rank from A into A such that for each n £ No, 

||/ n (*)-M*)ll<§^«' 

for all x £ A - {0}. 

Proof. Setting <f>(x, y, z, w, u) := 6(\\x\\ p + \\y\\ p + \\z\\ p + \\u\\ p + \\w\\ p ) all x, y, z,w,u £ A. 
Then by Theorem 2.3 we get the desired result. □ 

Note that a sequence H — {ho, hi, ..., h„, ...} of linear mappings from A into A is a Jordan 
higher derivation if 

h„(ab + ba)= ^ [hi(a)hj(b) + hi(b)hj(a)] 

for all a, b £ A and for each n £ No- 

Now, we investigate the generalized Hyers-Ulam-Rassias stability of Jordan *— higher 
derivations in unital C*— algebras. 
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Theorem 2.5. Suppose that F — {/o, /i, ..., f n , ...} is a sequence of mappings from A into 
A such that /n(0) = for each n £ No. // there exists a function : A° — > [0, oo) such that 

oo 

tp(x,y,z,u,w) '■= / 3 0(3 x,S y,i z,i u,i w) < oo 

n=0 

for all x, y, z,u,w £ A and that 

||2/n( ^ ) ~~ ^/"( X ) ~~ M/n(2/) - Wfn{z) - fn(w)z - zf n (w) - f n (z)w+ 

fn{u*) - fn(u)*\\ < (j>{x,y,z,U,w), (2.10) 

for all n € T and all x,y,z £ A, u, w £ {U(A) U {0}). Then there exists a unique Jordan 
*— higher derivation H — {ho, hi, ..., h„, ...} of any rank from A into A such that for each 

n £ No, 

||/„(a:)-Ma:)|| < ^(0>, -a:, 0,0,0) + 0(-x, 3x, 0,0,0)) (2.11) 

for all x e A- {0}. 

Proof. By the same reasoning as the proof of Theorem 2.1, the mapping h n : A — > A given 
by 

hjx) = lim M 3 ™^ 

K ' m 3 m 

for all x £ A, and each n £ No is C— linear and *— preserving. h n satisfies (2.11). It follows 
from (2.10) that 

\\h n (uz + zu) — y^ \hi(u)hj{z) + hi(z)hj(u)]\\ 

= liml , f n (3 m u3 m z + 3 m z3 m u) v f l {3 m u)f J {3 m z) / i (3 m Z )/ J -(3 m M ) 
m II gm Z^ I gm ' gm II 

< lim —0(0, 0, 3 m z, 3 m u, 0) < lim —0(0, 0, 3 m 2, 3 m w, 0) 
= 
for all w £ t^(^4), all 2 £ A and for each n £ No. This means that 

h„(uz + zu) = >^ [/ii(u)/ij(z) + fti(2)ftj(w)] (2-12) 

for all u £ t/(A), all z £ A and for each n £ N . Let x £ A. By Theorem 4.1.7 of [15], a; is 
a finite linear combination of unitary elements, i.e., x = X/fcLi c kU k ( c fc £C,iit £ U(A)), it 
follows from (2.12) that 

m mm m 

h n (xy + yx) = h n (^2 c kU k y) + h n (^ c k yu k ) = ^ c k h n (u k y) + ^ c k h n (yu k ) 

m m 

= J2 Ck (Yl h i( u k) h j(y)) + J2 c k(Y^ M2/)M«0) 

k — 1 iA-j — n fc — 1 i-\-j=n 



= Yl i h i(^2 c i° u k)hj(y)}+ Yl \ h i(y) h j(^2 c kUk)] 

i-\-j=n k — 1 i-\-j — n k — 1 

= J2 i h ^ x ) h j(y) + h i(y) h A x )\ 



i-\-j=n 

for all y £ A and for each n € No- This means that H is a Jordan higher derivation. □ 
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Corollary 2.6. Letp£ (0, 1),#G [0, 00 ) be real numbers. Suppose that F = {/o, /i, ..., / n , •••} 
is a sequence of mappings from A into A such that fn(0) = for each n G No- Suppose that 

l|2/n(— ^ 2 ™ Z — ) - M/n(a?) - Hfn{y) - wf„(z) - f„(w)z - zf n (w) - f„(z)w+ 

uu) - /„(«)i < ^cii^ir + ii»ir + iwr + inr + \nn 

for all n G T and all x, y,z,u,w G A and for each n G No. Then there exists a unique Jordan 
*— higher derivation H — {ho, hi, ..., h„, ...} of any rank from A into A such that for each 

n G No, 



ii/ n (s)-M*)ii<§3f^ii*ir 



for all x G A- {0}. 



Proof. Setting 6(x,y,z,u,w) := 6»(||a;|| p + ||j/|| p + ||2:|| p + ||-u|| p + \\w\\ p ) all x,y,z,u,w G A. 
Then by Theorem 2.5 we get the desired result. □ 

Theorem 2.7. £et A be a C* — algebra of real rank zero. Suppose that F — {/o, fi, ..., f n , ■■■} 
is a sequence of mappings from A into A such that /«(0) = for each n G No- Suppose that 
there exists a function 6 : A'' —* [0, oo) such that 

oo 

<p(x, y, z, u, w) := y, 3 <p(3 cc, 3 j/, 3 z, 3 w, 3 w) < oo 
/or all x, y,z,u,w £ A and for each n G No, 

||2/„(— — ^)-/U/„(0;)-M/n(j/)-W/n(^)-/n(w)^+/n(«*)-/n(«)*|| < 6(x,y,Z,U,w), 

(2.13) 
/or a?i /i G T, x,y,z G ^4 and a£Z u,w G (7i(A sa ) U {0}). Then there exists a unique 
continuous Jordan *— higher derivation H = {ho, hi, ..., h n , ...} of any rank from A into A 
such that for each n G No, 

\\fn(x) - h n (x)\\ < ^(4>{x,-x,0,0,0) + 4>{-x,3x,0,0,0)) (2.14) 

for all x £ A. 

Proof. By the same reasoning as the proof of Theorem 2.1, there exists a unique H — 
{ho, hi, ..., h„, ...} of involutive C— linear mappings satisfying (2.14). It follows from (2.13) 
that 

\\h n (uz + zu) — y^ [hi(u)hj(z) + hi(z)hj(u)]\\ 

= X{ , J n {3 m u3 m z + 3 m z3 m u) v f % {3 m u)f J {3 m z) /,(3 m z)/ ] (3 m «) 
m II gm Z^ I gm gm II 

< lim —6(0, 0, 3 m z, 3 m u, 0) < lim — 6(0, 0, 3 m z, 3 m u, 0) 

- m 9 m ' ^ - m 3 m 

= (2.15) 

for all u G Ii(A sa ), all 2: G A and for each n G No- Let v G {x G A so : ||a:|| = 1}. Then 
there exists a sequence {ut} in Ii(A 3a ) such that lirrifc u^ = v. Since ft n is continuous for 
each n G No, it follows from (2.15) that 

h n (vz + zv) — \imh„(u k z + zu k ) = lim V^ [hi(u k )hj(z) + hi(z)hj(Uk)] 

k k *■ — ' 
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= Y, h,{v)h J (z) + h t (z)h j (v) (2.16) 

for all 2 £ A and for each n £ No- Now, let x £ A. Then we have x — xi + 1x2, where 
xi :— x+ 2 and X2 = X ~ 2 X are self-adjoint. 

First consider xi =0,i2 / 0. Since T is C— linear, it follows from (2.16) that 

h n (xz + zx) = h n (ix 2 z + izx 2 ) — h n (i\\x2\\j, — 77Z + iz- — -) = i\\x2\\h n (- — uZ + z- — -) 

\\X2\\ \\X 2 \\ \\X2\\ \\X2\\ 



= i\\x 2 \\ V [K{--^-)hj{z) + hi{z)h 3 {--^ 
= ^2 hi(ix2)hj{z) + hi(z)hj(iX2) 



= Y, hi(x)hj(z) + hi(z)hj{x) 

for all z £ A and for each n £ No- 

If x 2 — 0, xi 7^ 0, then by (2.16), we have 

k n (xZ + XZ) = h n (x 1 Z + ZXl) = /l„(||xi||— "-.Z + .Z— "— ) = ||aJl||ft„(Tj rrZ + z(-rr—rr)) 

\\Xi\\ \\Xl\\ \\Xi\\ \\Xi\\ 

= ll*i|l E [h^(£^)hAz) + h l {z)h ] (£^)\ 

t+j—n 

= 2J hi(xi)hj(z) + hi(z)hj(xi) 

i-\-j=n 

for all z € ^4 and each n £ No- 

Finally, consider the case that xi 7^ 0, £2 7^ 0. We can show that 

h„(xz + zx) — Y, hi(x)hj(z) + hi(z)hj(x) 

i-\-j=n 

for all z £ A and each n £ No- This means that iif = {/io, hi, ..., /l n , ■■■} is a Jordan higher 
derivation. □ 

Corollary 2.8. Let A be a C* — algebra of rank zero. Let p £ (0,1), # £ [l,oo) be real 
numbers. Suppose that F — {/o, /1, ..., f n , • ••} is a sequence of mappings from A into A such 
that f n (0) = for each n £ No- Suppose that for each n £ No, 

\\2f n ( ^ x + w + wz ) - uf n (x) - M /„(y) - wf n (z) - f n {w)z + /„(«•) - / n (tt)'|| 

<0(ii*-ir + iiyf + iMi p + iMr + iMr) 

/or aM /iGT, x, y, z £ A and all u, w £ (Ji(A sa ) U {0}). T/ien t/iere exists a unique Jordan 
*— higher derivation H — {ho, hi, ...,h n , ■■■} such that 

11/^(^-^(^)11 < f^F^i^ir 

/or aZ/ x £ A — {0} and eac/i n £ No- 

Proo/. Setting 4>(x, y, z, u, w) := 6{\\x\\ p + \\y\\ p + \\z\\ p + \\u\\ p + \\w\\ p ) all x, y, z, u, w £ A. 
Then by Theorem 2.7 we get the desired result. □ 
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Numerical solution of fuzzy differential equations 
by hybrid predictor-corrector method 

Cheng-Fu Yang* 
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Zhangye Gansu, 734000, P. R. China 



Abstract 

In this paper, a hybrid predictor-corrector method is proposed to solve the "fuzzy 
initial value problem". The method is obtained by combining an explicit three-step 
method and an implicit trapezoidal rule calculating integration. Convergence of the 
proposed methods are also presented in detail. These methods are illustrated by solv- 
ing some examples. 

Keywords: Fuzzy differential equations; Fuzzy Cauchy problem; Adams-Bashforth 
method; Trapezoidal rule; Hybrid predictor-corrector method 



1 Introduction 

The fuzzy differential equations is a very important topic from the theoretical point of 
view [1,2] as well as the applied point of view [3]. The use of fuzzy differential equations 
is a natural way to model dynamical systems under possibilistic uncertainty. The concept 
of differential equations in a fuzzy environment was formulated by Kaleva [4]. The last 
few years, several authors have produced a wide range of results in both the theoretical 
and applied fields. A variety of exact, approximate, and purely numerical methods are 
available to find the solution of a fuzzy initial value problem(FIVP). For instance, Ab- 
basbandy et al.[5] introduced the Taylor method, Allahviranloo et al.[6,7]introduced the 
predictor-corrector method. In this paper, a hybrid predictor-corrector method is intro- 
duced. 

*E-mail: yangcfl@163.com (C.F.Yang) 
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2 Preliminaries 

2.1. Notations and definitions 

A tilde is placed over a symbol to denote a fuzzy set so &\, f(t), . . . 
Definition 2.1[6]. A fuzzy number u in parametric form is a pair (u(a), u(a)) of function 
u(a), u(a), < a < 1, which satisfies the following requirements: 

1. u(a) is a bounded monotonic increasing left continuous function, 

2. m(qt) is a bounded monotonic decreasing left continuous function, 

3. u(a) <u(a),0 < a < 1. 

Let £ be the set of all upper semicontinuous normal convex fuzzy numbers with 
bounded a-level intervals. Meaning if v e E then the tt-level set 

[v] a = {s\v(s) >a), < a < 1, 

is a closed bounded interval which is denoted by [v] a = [v a , v a ]. 

Let / be a real interval. A mapping y : / — » £ is called a fuzzy process and its a-level 
set is denoted by 

£y(0r = \y a (t),f(t)l tel, or € (0,1]. 

Triangular fuzzy numbers are those fuzzy sets in E which are characterized by an 
ordered triple (x l ,x c ,x r ) e R 3 with x l < x c < x r such that [U]° = [x l ,x r ] and [U] 1 = {x c } 
then [U] a = [x c - (1 - a)(x c - x 1 ), x c + (1 - a){x r - x c )] for any a el. 
Definition 2.2[6]. The supremum metric do on E is defined by 

(LiU, V) = swp{d H ([U] a , [V] a ) : a e /}, 

and (£, Joo) is a complete metric space. 

Definition 2.3[6]. A mapping F : T — » £ is Hukuhara differentiable at f e T C 7? if for 

some /zo > the Hukuhara differences 

F(t + At) ~ h F(t ), F(t ) ~ h F(t - At), 

exist in E for all < At < h and if there exists a F'(t ) e E such that 



and 



lim d^iFito + At) ~ h F(t Q ))/At, F'(t Q )) = 

Aj-»0+ 



lim dU(F(to) ~h F(t - At))/ At, F'(t Q )) = 

At->0+ 
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the fuzzy set F'(t ) is called the Hukuhara derivative of F at to. 

Recall that U ~ h V = W e E are defined on level sets, where [U] a ~ h [V] a = [W] a 
for all a e I. By consideration of definition of the metric d^, all the level set mappings 
[F(.)] a are Hukuhara differentiable at to with Hukuhara derivatives [F'(t )] a for each a e I 
when F : T — » £ is Hukuhara differentiable at ? with Hukuhara derivative [F'(/o)] ff - 
Definition 2.4[6]. The fuzzy integral 

* 
y(t)dt, 0<a<b<l, 



is defined by 

Jr*b r-b r-b 

y(t)dtr = [\ f(t)dt, y a {t)dtl (2.1) 

provided the Lebesgue integrals on the right exist. 

Theorem 2.1[8]. Let/ : R -» E be a function and f(t) = (f a (t), T(t)), for each a e [0, 1]. 

If / is Hukuhara differentiable , then f a {t), f (t) are differentiable functions and 

if(m' = ar(t)Y,[f a (t)Y) (2.2) 

Theorem 2.2[8]. For to e i?, the fuzzy differential equation 

y'(t) = f{t,y{f)), y(t )=y eE, 
where / : R x E —> E is supposed to be continuous, is equivalent to the integral equation 

y(t)=yo+ f f(s,y(s))ds, Vt€[t ,h] (2.3) 

J t 

on some interval (to, t\) c R, under the Hukuhara derivate. 

2.2. A fuzzy Cauchy problem 

Consider the first-order fuzzy differential equation y'(t) = f(t,y(t)), where y is a fuzzy 
function of t, f(t, y) is a fuzzy function of crisp variable t and fuzzy variable y, and y'(t) 
is Hukuhara fuzzy derivative of y. If an initial value y(t ) = &o is given, a fuzzy Cauchy 
problem of first order will be obtained as follows: 

y'(t) = f(t,y(t)), t Q <t<T, 

y(to) = &q- 

Sufficient conditions for the existence of a unique solution to Eq. (2.4) are: 

• Continuity of /, 

• Lipschitz condition doo(f(t,x),f(t,y)) < Ldoo(x,y),L > 0. 
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3 Adams-Bashforth method 

Let fuzzy initial value problem be y'(t) = f(t, y(t)), and the fuzzy initial values are 
y(ti-i),y(ti),y(fi +1 ), i.e. f{ti-uy{ti-i))J{tuy{td)J(t M ,y(t i+l )), which are triangular fuzzy 
numbers. Allahviranloo et al.[6] gave Adams-Bashforth three-step method as follows: 

f(t i+2 ) = y a (t i+l ) + foSritf-uyiti-i)) ~ W a (ti,y(td) + 23f a (t M ,y(t i+ i))l 
y a (t i+2 ) = f(t M ) + U 5 T(ti-uy(ti-i)) - I6f a (t h y(td) + 23f a (t i+ i,y(t i+i m 
y a (U-i) = a Q ,y a (ti) = a u y a {t M ) = a 2 ,y a (U-\) = ar 3 ,5^(f,-) = a 4 ,y a (t i+ i) = a 5 . 



4 The trapezoidal rule 

— a 

To calculate the integrals of / (t,y(t)) and / (t,y(t)), we apply the trapezoidal rule 
[9,10]. The interval [a,b] is partitioned by equally spaced points: 
a = t < h < ■ ■ ■ < t N = b,h = ^ = t i+1 -t u l<i<N-l. 

Define 

s N (a) = h[= -= + J] f a (ti,y(ti))l 



s N (a) = h[ 



f (a,y(a)) + f (b,y(b)) 



i=\ 

N-l 



+ 



YjT(ti,y(td)l 



i=i 



For arbitrary fixed a [9,10] we have 

lim s (a) = F(a) = f f a (t,y(t))dt, 

— C b -a 

lim Ma) = F(a) = f{t,y(t))dt. 

Ja 



iV— >oo 



(4.1) 



(4.2) 



Theorem 4.1[10]. If f{t) is continuous , the convergence of s N (a), s N (a) to F(a), F(a), 
respectively, is uniform in a. 

From (2.1), (2. 3), (4.1) and (4.2), the following results will be obtained: 
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' y a (t i+2 ) = f(ti-i) + f t ' i+2 r(t,y(t))dt 



<vs+ \ , r f a (. t i-l'y( t i-l))+f"(n+2,y(.ti+2)) j. a ra 

~ f(ti-i) + h[= y + f(ti>y(td) + F(t M ,y(t M y)\, 

T(t i+2 ) = Titt-d + f +2 T(t, y(t))dt (4.3) 

„ - (? ._ l} + h ff\ ti -uy( ti . l))+ n^y( ti+ 2)) + -f\ tuy{ti)) + f a ( ti+1 ,y(t M ))l 

T{n~\) = ao,y a (td = ai,y a (t i+l ) = a 2 ,y a (U-i) = ai,T(U) = a 4 ,y a (t i+ i) = a 5 . 
where h = ti+2 ~ ti ~ 1 • 

5 Hybrid predictor-corrector method 

The following algorithm is based on Adams -Bashforth three-step method as a predic- 
tor and trapezoidal rule as a corrector. 

Algorithm (Hybrid predictor-corrector method). To approximate the solution of follow- 
ing fuzzy initial value problem 

' y\t) = f(t,y(t)), to<t<T, 

. f(t ) = a ,f(h) = a u y a (t 2 ) = a 2 , 

y a (t ) = a?,,T(h) = a 4 ,y a (t 2 ) = a 5 . 
positive integer N is chosen 

Step Lheth= 1 ^, 

w a (t Q ) = a ,w a (h) = ai,w a (t 2 ) = a 2 , 

w a (t Q ) = a 3 ,w a (h) = a 4 ,w a (t 2 ) = a 5 . 

Step 2. Leti= 1. 

Step 3. Let w% ;+2 ) = {vf )a {t M ),w ma {t l+2 )) i.e. 

w^ a (t i+2 ) = w a {t M ) + foSfitt-i, witi-x)) - 16? (tiMtd) + 23f a (t M Mt M ))l 
{ w (Q)a (t i+2 ) = M?{t M ) + A[5/Vi,vK'*-i)) - 16 fiUMtd) + 23?(t M Mt M ))l 
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Step 4. Let t i+2 = t Q + (i + 2)h. 
Step 5. Let 

at. \ at. \ , r fft-l.»'ft-l))+f(«M,»' (()) fe2)) -a- , .. ra . , .... 

w a (t i+2 ) = w a {ti-i) + h[= f + f a (ti, w{t t )) + f a (t i+l ,w(t i+ iM 

W a (t i+2 ) = W a {t^) + ftr /V^-OH/fa^W)) + ~f {th w{h)) + f( ? . +1 ,^ +1 ))], 

Step 6. j = z + 1. 

Step l.ifi<N-2go to step 3. 

Step 8. algorithm will be completed and (w^{T),w a (T)) approximates real value of 

(Y a (T),Y a (T)). 



6 Convergence 

To integrate the system given in Eq. (2.4) from t to a prefixed T > t , the inter- 
val [to, T] will be replaced by a set of discrete equally spaced grid points t Q < t\ < 
t 2 < . . . < tN = T which the exact solution (Y_(t, a), Y(t, a)) is approximated by some 
(y(t, a),y(t, a)). The exact and approximate solutions at t n ,0 < n < N are denoted by 

Y n (a) = (Y_ n (a), Y n {a)), and y n {a) = (y (a),y n (a)), respectively. The grid points which the 
solution is calculated are t„ = to + nh, h = (T - to)/N, 1 < n < N . 
From Eq.(4.3), the polygon curves 

y(t,h,a) = {[fay^a^^tuy^a)],- ■ ■ ,[tN,y N (a)]} , 

y(t,h,a) = {[toJoWHtuy^a)], ■ ■ ■ ,[t N ,y N (a)]} , 

are the approximates of Y(t, a) and Y(t, a), respectively, over the interval t < t < t N . The 
following lemma will be applied to show convergence of these approximates, i.e. 

lim v(Y, h, a) = Y(t, a), lim y(t, h, a) = Y(t, a). 

/i-»0 — h— >0 

Lemma 6.1. Let a sequence of numbers {w n }^ =0 satisfy: 

\w n+2 \ < A |w„_i| + B \w n \ + C |w„+i| + D, 1 <n<N-2 
for some given positive constants A, B, C and D. Then 
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K+ 2 | <p\w \+y\w { \+8\w 2 \ + (C n - 1 +C n ~ 1 + --- + C+ 1)D 
+[(/! - 2)C"- 3 + (n - 3)C n ~ 4 + • • • + 2C + 1]57> 
+[(/i - 3)C"- 4 + (n- 4)C"~ 5 + • • • + 2C + l]AD 
+[^C"- 5 + ^ 2 C"- 6 + • • • + U-sC + {n-4]B 2 D 
+[iiC"~ 6 + A 2 C n - J + ■■■ + A n _ 6 C + A n - 5 ]ABD 

+ [MlC n - 7 + fl 2 C n -* + ■■■+ fin-jC + n n - 6 ]A 2 D + ■■■, 

where fi, y, 6, £ s , A t , ^ are constants for all s, t and k. 

The proof, by using mathematical induction is straightforward. 

Theorem 6.1. For arbitrary fixed a : < a < 1, the trapezoidal rule approximates 
of Eq. (4.3) converge to the exact solutions Y(t, a), Y(t, a) for Y,Y e C 3 [to, 7]. 

Proof. It is sufficient to show 

limy (or) = Y(T, a), limy^a) = Y(T, a). 

A-»0 — " n-»0 

By using exact value the following results will be obtained: 

( l n+2 (a) = Y^ia) + !/(Vi, Z n _i(<*)) + h 2 At„ + 2,Y n+2 (a)) + hf(t n ,Y n (a)) 

+hf(t n+l ,Y n+[ (a))- h ^r''(tn), 
Y n+2 (a) = y„-i(a) + !/(f„-i, F„_i(a)) + f/0„ + 2, Y n+2 (a)) + hf(t n ,Y n (a)) 
+hf(t n+l ,Y n+1 (a))-^Y"({ n ), 

where ?„_! < £„,£„ < t n+2 . Consequently 

l n+2 (a) -y_ n Ja) = Y^ia) - y_ ni (a) + h 2 {f(t n -uY n _ l (a))-f(t n .uy_ n _ l (a))) 

+ l(f(t n+2 ,Y n+2 (a)) - f(t n+2 ,y n Ja))) + h(f(t n ,Y n (a)) - f(t n ,y_{a))) 



+h(f(t n+1 ,Y n+l (a)) - f(t n+1 ,y (or))) - ±h*Y"'(.Zn), 
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Yn+iia) - y n +i( a ) = Y „-i(a) - y n -M) + l(f(tn-u Y n -i(a)) - f(t n -i,y n -i(<x))) 

+|(/fe +2 , Y n+2 (a)) - f(t n+2 ,y n+2 (a))) + h(f(t n ,Y n (a)) - f(t„,y n (a))) 
+h(f(t n+l ,Y n+l (a))-f(t n+[ ,y n+l (a))) - \h 3 Y"\^. 

Denote w n = Y n (a) - y_ n (a), v n = Y n (a) - y n (a). Then 

2/ZL4 



, 2 + hLi , , 2hL 3 

\w n+2 \ < ~ rH W n-ll + 



2-hL 2 



2 - hL 2 2 - hL 2 



|w n +il + 



, , 2 + hL 5 , , 2hL 7 , , 2hU , , 

|v„ +2 | < z — r-r- |v« i| + - — — - |v„| + - — — - |v„+i| + 



2-hU 



2-hU 



2-hU 



h „ 

M, 

4 - 2hL 2 — 

h3 11 
-M. 



4 - 2hU 



Where M_ = max ?0 < f < r \T"{t, a)\ and M = max ?0 < f < r 



I 7 (t, a) 



Set L = max{Li,L 2 , L 3 , L 4 , L 5 ,L(„ L 7 , L 8 } < |, then 
2 + hL 2hL 2hL 

\W n+2 \ < ^ 7T \W„-i\ + — \w n \ + ~ — \W n+ i\ 



h 3 



2-hL 



2-hL 



, , 2 + W., , 2W. , , 

|v„ +2 | < - — — |v„_i| + - — — \v n \ + 



2-hL 

2hL 



A-2hL^ 



2-hL 



2-hL 



2-hL 



|v„+i| + 



h 3 



4-2/zL 



-M. 



are obtained, so by Lemma (6.1), since wo = vo = 0, w\ = v\ =0 and w 2 = v 2 = we 
have: 



(ill^' v h 3 u 1 rc„ -T><- 2hL \n-3 , ^,„ -2\^ 2hL \n-4 , , <->^ 2hL , n 2AL w ft 3 

«+2l ^ 2tt_j X 4_ 2 ftL^i 



M+[(n-2)(^r 3 +(n-3)(^r 4 +- • -+2x^ + 1] 



- 2-AL 



2-hL' 



' 2-/iL 



-X- 



2-/iL 4-2/iL 
2AL \«-4 1 /,„ A v 2/iL \n-5 , , o v 2/iL , i t 2+/iL w /1 3 



M 



+[(n - 3)(^r 4 + (n - 4)(^)"- 5 + ... + 2x^ + l]^fx 



>2-ftL 



2-W. 



2-W, 4-2/jL 



M 



+ [^l(^7)' 1 - 5 + 6(^7)- 6 + • • • + 4-5 X air + 4-4](^) 2 X ^M 



+ [^l(2^r 6 + ^(^r 7 + • • • + V6 X ^ + V 5 ]gi X (^) X ^M 
+ L«l(^)"- 7 + //2(^r 8 + • • • + A^n-7 X g| + ^- 6 ](i^) 2 X ^M + . . . , 



(fal)"" 1 v ft 3 Xf 1 [Y,„ Q\<- 2/tL ^n-3 1 r„ 1\r 2hL \n-4 , , o^ 2AL ,n 2AL ^ ft 3 

n+21 ^ 2*L _j A 4_ 2 ftL 



M+[(n-2)(^)"- 3 +(n-3)(^r 4 +- • -+2x^ + 1] 



2-hL> 



'2-hL 



-X- 



2-ftL 4-2/iL 
2hL \n~A 1 /„ /I v 2/iL \n-5 , , o ^^ 2hL , i t 2+AL ^ y h 3 



M 



+[(» " 3)(^r 4 + (n - 4)(^)- 5 + ... + 2x^ + l]e7X 



-2-ftL 



2-hL 



2-hL 4-2hL 



M 
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+ VUm n - 5 + U^kr- 6 + ■ ■ ■ + Zn-5 X j& + ^4](^) 2 X ^M 

+Ui(^r 6 + ^ 2 (^r 7 + • • • + ^ x ai + ^- 5 ]gi x (^) x ^m 

+L«i(^)"- 7 + M^r 8 + • • • + V^n x ^ + ^- 6 ](|^) 2 x ^M + . . . 
If h —* then w„ + 2 —* 0, v„ +2 — > 0, which concludes the proof. 

7 Example 

Example 7.1[7,11]. Consider the initial value problem 
y'{t) = -y(t) + t + 1, 
v(0) = (0.96 + 0.04a, 1.01 - 0.01a), 
v(0.01) = (0.01 + (0.985 + 0.015ar)e-° 01 - (1 - a)0.025e a01 , 

0.01 + (0.985 + 0.015ar)e-° 01 + (1 - a)0.025e 001 ), 
X0.02) = (0.02 + (0.985 + 0.015ar)e-° 02 - (1 - a)0.025e a02 , 

0.02 + (0.985 + 0.015ar)e-° 02 + (1 - a)0.025e 002 ). 

The exact solution at t = 0.1 is given by 

Y(0.1,a) = (0.1 + (0.985 + 0.015a)e- (U - (1 - ar)0.025e 01 , 

0.1 + (0.985 + 0.015a)e- (U + (1 - ar)0.025e 01 ). 

By using the hybrid predictor-corrector method with N = 10 the following results are 
obtained: 
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a y 

"0 0.96362436409891 

0.1 0.96774560164242 

0.2 0.97186683918593 

0.3 0.97598807672944 

0.4 0.98010931427295 

0.5 0.98423055181646 

0.6 0.98835178935997 

0.7 0.99247302690348 

0.8 0.99659426444699 

0.9 1.00071550199050 

1.0 1.00483673953401 



a 



Y 
0.96363558381353 
0.96775576723577 
0.97187595065802 
0.97599613408026 
0.98011631750250 
0.98423650092474 
0.98835668434699 
0.99247686776923 
0.99659705119147 
1.00071723461372 
1.00483741803596 



Error 

1.121971461737203e-005 
1.016559335087486e-005 
9.111472084599726e-006 
8.05735081 8 102549e-006 
7.003229551716395e-006 
5.949 108285 108 196e-006 
4.894987018722041e-006 
3.8408657521 13842e-006 
2.786744485727688e-006 
1.732623219119489e-006 
6.785019528443570e-007 



y 



Error 



1.01889394829001 

0.1 1.01748822741251 

0.2 1.01608250653501 

0.3 1.01467678565751 

0.4 1.01327106478000 

0.5 1.01186534390250 

0.6 1.01045962302500 

0.7 1.00905390214750 

0.8 1.00764818127000 

0.9 1.00624246039250 

1.0 1.00483673951500 



1.01889412971731 
1.01748845854918 
1.01608278738104 
1.01467711621291 
1.01327144504477 
1.01186577387664 
1.01046010270850 
1.00905443154037 
1.00764876037223 
1.00624308920409 
1.00483741803596 



1.814273025146918e-007 
2.311366684715210e-007 
2.808460342063057e-007 
3. 305554001 63 1350e-007 
3.802647658979 197e-007 
4.299741 3 18547490e-007 
4.79683497367489 le-007 
5.29392863 1022737e-007 
5.791022290591030e-007 
6.288 115947938877e-007 
6.785209607507 170e-007 



The results of Example 7. 1 are shown in Fig. 1. 

Example 7.2[7,11]. Consider the initial value problem 

y\t) = -y(t), 

v(0) = (0.96 + 0.04a, 1.01 - 0.01a), 

v(0.01) = ((0.985+0.015ar)e- 001 -(l-Qr)0.025e 001 , (0.985+0.015ar)e- 001 +(l-Qr)0.025e 001 ), 

y(0.02) = ((0.985+0.015ar)e-° 02 -(l-a)0.025e 002 , (0.985+0.015ar)e- 002 +(l-ar)0.025e 002 ). 

The exact solution at t = 0.1 is given by 
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7(0.1, a) = ((0.985+0.015a)e- ul -(l-o ; )0.025e ul , (0.985+0.015a)e- ai +(l-a)0.025e ul ). 



By using the hybrid predictor-corrector method with N 
obtained: 



10 the following results are 



a 



Y 



Error 



0.86362436409891 

0.1 0.86774560164242 

0.2 0.87186683918593 

0.3 0.87598807672944 

0.4 0.88010931427295 

0.5 0.88423055181646 

0.6 0.88835178935997 

0.7 0.89247302690348 

0.8 0.89659426444699 

0.9 0.90071550199050 

1.0 0.90483673953401 



0.86363558381353 
0.86775576723577 
0.87187595065802 
0.87599613408026 
0.88011631750250 
0.88423650092474 
0.88835668434699 
0.89247686776923 
0.89659705119147 
0.90071723461372 
0.90483741803596 



1.121971461726101e-005 
1.016559335076384e-005 
9.11 147208437768 le-006 
8.057350817991527e-006 
7.00322955 1605372e-006 
5.949 108284997 173e-006 
4.894987018499997e-006 
3.8408657521 13842e-006 
2.786744485727688e-006 
1.73262321923051 le-006 
6.785019527333347e-007 



a 



y 



Error 



0.91889394829001 

0.1 0.91748822741251 

0.2 0.91608250653501 

0.3 0.91467678565751 

0.4 0.91327106478000 

0.5 0.91186534390250 

0.6 0.91045962302500 

0.7 0.90905390214750 

0.8 0.90764818127000 

0.9 0.90624246039250 

1.0 0.90483673951500 



0.91889412971731 
0.91748845854918 
0.91608278738104 
0.91467711621291 
0.91327144504477 
0.91186577387664 
0.91046010270850 
0.90905443154037 
0.90764876037223 
0.90624308920409 
0.90483741803596 



1.814273025146918e-007 
2.311366684715210e-007 
2.808460340952834e-007 
3.305553999410904e-007 
3.802647660089420e-007 
4.2997413 16327044e-007 
4.796834974785 114e-007 
5.293928632132960e-007 
5.791022289480807e-007 
6.288 115947938877e-007 
6.785209606396947e-007 



The results of Example 7.2 are shown in Fig. 2. 



8 Conclusion 



In this paper, The Adams-Bashforth method and the trapezoidal rule are combined, 
and a hybrid predictor-corrector three- step method is given. The correctness of the pro- 
posed method is shown by some examples. It is worth mentioning that the hybrid predictor- 
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corrector three- step method can naturally be generalized to hybrid predictor-corrector in- 
step methods. 
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Hybrid Predictor-Corrector 
Real Value 



0.96 



0.97 



0.98 0.99 1 1.01 

Fig.1 The results of Example 7.1 



1.02 



1.03 




0.87 0.88 0.89 0.S 

Fig. 2. The results of Example 7.2. 
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Abstract 

The modificated form of Gadjiyev-Ibragimov operators and study of the ap- 
proximation of continuous functions by these operators in the weighted norm with 
polynomial weight are given. 

Key Words: positive linear operators, Korovkin theorems, Gadjiev-Ibragimov 
operators, weighted spaces. 

1 Introduction and premilinaries 

The sequence of linear positive operators 

w..) = g/f^ijll^M.^ „ 1);t0 } ■ t^<^ (i) 

were introduced by Ibrahimov-Gadjicv* under some conditions on functions 
K n {x,t,u), ip n (t) and the sequence (a n )n_]N, which will be noted below. Some new 
properties of the operators (1) were established in different papers, and we refer to [2], 
[6], [7], [11] ,[15], [16]. Radatz and Wood in [16] have given an approximation of deriva- 
tives of functions in a certain class by the derivatives of the operators (1). 
Note that all of these papers, including the Ibrahimov-Gadjiev's paper [13], are devoted 
to the case of finite interval [0,A] (see also [12], [14].) 

The aim of this paper is to solve the problem of weighted approximation of continuous 
and unbounded functions defined on semiaxis by modificated operators (1), which will be 
defined below. This modification may be applied also to different other known operators, 
for example to Baskakov operators [3]. 

Note that (1) give a more general construction than the Baskakov operators [3] (see [14] 
and especially [1] where may be found different modifications of Baskakov operators). 
We will use the weighted Korovkin's type theorems established in [8], [9]. Note that some 
generalizations of these theorems were proved in [4] , [5] . 



*Gadzicv=Gadjiev, see [10]) 
2000 Mathematics Subject Classification: Primary 41A36; Secondary 47A58. 
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Let p{x) be increasing continuous function on [0,oo), p(0) = 1 and B p be the set of all 
functions / defined on the semi axis satisfying the conditions |/(x)| < Mf ■ p(x) with 
some constant Mf, depending only on /. By C p , we denote the subspace of all continuous 
functions belonging to B p . Also let C p be the subspace of all functions / in C p , for which 

Km ^t^t is finite. 

From the general results obtained [8] and [9] and devoted to approximation of continuous 
functions in the weighted space B p we give here the special theorem in the case p(x) = 
1 + x 2p , where p is a natural number. In this case we will denote the spaces C p and B p 
respectively as C 2p and B 2p and the space C p as C 2p . 
Moreover for a sequence of positive numbers (a„) such that lim a n — oo we denote by 

n — >oo 

B 2p [0, a n ] the subspace B 2p with the norm 

1/0*01 



Il/ll2p.[0,a„] = SUp -= 

n<x<o„ 1 



X 



2p 



Theorem 1.1 ([8], [9]) Let the sequence of linear positive operators (£ n )neiNj acting 
from C 2p to B 2p satisfy the conditions 

lim \\L n (t u ,x) - x v \\ p = 0, is = 0,p,2p, 

n — ^oo 

where p(x) = 1 + x 2p . Then for any function f e C 2p , 

lim ||L„/-/|| p = 

n — *oo 

and there exists a function f* € C 2p \ C 2p such that 

limsup||L„/* - f*\\ p > 1. 

n — ^oo 

For linear positive operators, acting from C 2p to -B 2p ro >a „], Theorem 1.1 gives the follow- 
ing result (see also [10]). 

Theorem 1.2 The conditions 

lim \\L n (t v ,x)-x"\\ 2pA0 , an] =0, v = 0, P ,2p (2) 

71— >00 

imply 

lim ||i„/-/|| 2 p,[o,a„] = 

n — *oo 

for any function f G C . 

Now let us determine the modificated operators (1). 

Let (7n)ne]N be the sequence of positive numbers, which has finite or infinite limit and let 
(K n (x, t, w))„£in be a sequence of functions of three variables x,t,u, where x, t £ [0,7„] 
and u > 0, satisfying the following conditions: 
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(i) for each x,t G [0,7„] and for each n G IN, K n is entire analytic function with 
respect to variable u. 

(ii) K n (x, 0, 0) = 1 for any x G [0, 7„] (n G IN). 

(hi) U-iy[£;K n (x,t,u)] u=ui . t A >0, fori/ = 0,l,2,-", n e IN and x G [0, 7n ]. 
(iv) There exist a number m(n) G IN with the property lim m(n > — l such that 



du v 



K n (x, t, u) = —nx 



da 



—^K m(n) (x,t,u) 



(! + &,,„(«)) 



for all a; G [0, 7„] and n, v G IN, where in u — 0, A, n (0) convergences to zero for 
n —> oo uniformly in ia 

Moreover, let (<£>n(^))neiN and (fAnW^eiN are sequences of functions from C[0, oo) such 
that <p n (0) — 0, ip n (t) > 0, for all t and 



lim 



1 



= 0. 



7l->oo n 2 -0 n (O) 

Also let (a n ) n£ ]N denote a sequence of positive numbers satisfying the conditions 



lim — = 1. 

n — >oo TL 



(3) 



(1) 



We call the operators (1) under the above conditions the modificated Gadjiev-Ibrahimov 

operators. 

Note that in the case of lim j n — A, m(n) = n + m, (3 vn {u) = we obtain Gadjiev- 

n — >oo 

Ibrahimov operators, defined in (1). 

Since K (x, t, u) is entire functions respectively the variable u, we can write for any u± G 1R 
the following Taylor expansion 



K n (x,t,u) = y^ 



d u K n (x,t,u) {u-Ui) v 



du v 



u—ui V 



(5) 



Replacing u = <p n (t), u\ = a n ip n (t) and then t = 0, where (a„) is the sequence defined 
in (4), 



tf„(s,0,0) = 2 



d»K n {x,t,u) 



du v 



(-a„V«(0))" 



u=a„i/'n(t),t=0 



/! 



is obtained by the condition <p„(0) = 0. Taking into account that if„(o; ) 0,0) = 1 by (ii) 
and denoting for simplicity 



d»K n {x,t,u) 



du v 



M=Q„l/i„(t),t = 



i^(x,0,a„V™(0)) 



COSKUN: POSITIVE LINEAR OPERATORS 



759 



we obtain the equality 

f]jrM(x,0,a n ^(0)) ( " a "^ (0)) ' / =l 
which means that L n (l,x) = 1 for any x € [0,7„]. From the equality (1) we obtain 



8K n (x,t,u) sr-^ d u K n {x 1 t,u) (u — ui) h 

du ■<— ^ du u u=u x v\ 



and 



d 2 K n (x, t, u) ^ d v K n (x, t, u) 



du 2 



E 



du" 



i/(i/-1) 



{u-uxf 



Therefore, for u = (p n (t), u\ — a n ip n (i) and t = 0, 



<(x,0,0)^](M(x,0,aA(0)), 



(-an^nCO))"- 1 



i/=0 



A"' 



[{x, 0, 0) = f; iff >(x, 0, a n Vn(0)M" - 1) ( ""M 

i/=0 

Applying the conditions (iv) to the left hands of these equalities 

(-anVnCO))"- 1 



^A^(x,0,a„Vn(0))i 



= -n»[l + /9i,„(0)] 



i/=0 



(6) 



(7) 



f]A(-)(x,0,a»^(0))^-l) ( a "^ (0)),/ 2 =nm(n):c 2 [l + /3 2 ,»(0)][l + /V(0)] (8) 

are obtained. From (1) it is easy to see also that for any natural number r 
d r K n (x,t,u) ^d»+ r K n (x,t,u) , 

dur - L for u= ^ «x) 

i/=0 

and from this 

iff) (s, 0,0) = f;g^ +r >( 3! ,0,a n Vn(0)) ( " aw ^ (0)r ■ (9) 



i/=0 
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2 The main results 

We shall give some properties of modificated operators (1). 
Lemma 2.1 For any natural k 

k 

L n (t k ,x) = d(k 7 n)x k + Y / 9 3 A^k ( 10 ) 

where qW — ► as n — > oo uniformly on k,j and Qj^ € Cfc[0, °°) 

lim d(fc,n) = 1. (11) 

n — >oo 

Proof. It's clear that the equation (10) is true for k = 0. Consider (10) for k = 1 we 
obtain 

L n (t,x) = > K^(a;,0,Q„Vn(0)) ; 



n" 1 z — | (^ — 1) 



j/=i 



by the formula (6). 
Since by (7) 



we obtain 



a n dK n (x,0,0) 



dK n (x,0,0) 

= -nx[l + Pi,„(0)j, 



L n (t,x) = — iH — -xpi n (0). 
n n 

(n) 



Denoting ^f = d(l,n), ^f/3i,„(0) = gjf, ipi,i(x) = x, 

lim <i(l,n) = 1, lim q\ n J = 

n — >oo n — *oo ' 

can be seen and therefore for k = 1 the equation (10) is true. 

Suppose that (10) holds for any k < m and using the induction method we will prove 
(10) for k = m + 1. Obviously we can found the numbers <zi, 02, ■ ■ ■ , a m such that the 
following equality holds 

j v(y — 1) • • • (y — m) 



( v yn+i = vy - L) • • • V - m) V , v y 1 

K n^ n (0)> (n 2 V„(0)) m+1 tt^n 2 Vn(0) ; J (nVn(0)) m+1 -J 
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Therefore, by the conditions (ii) and (iv), we have 
L n (t m+1 ,x) = (^7^r +1 E — ~ ^ ' T {V - m) Ki"Hx,0,a n i, n (0))(-a n MO)r 

m 1 

If the first term in right hand side is considered, it is equal to 



£ fc-^-lv ^^ ^^^) 



(n 2 Vn(0)) m+1 ^ +1 (^-m-l)! 

= (Z£lL r+ iy- (-"nVn(0))' / g (, +m+ i) ( Q nV , n(Q)) 
n z L — ' v\ 

= (%)™+ 1 ^+ 1 )(x,0,0) 

= (— ^) m+1 x m+1 nm(n)m(m(n)) • • • m(m(- ■ ■ (m(n))) 
n 2 

•(1 + /3 m+ i, n (0))(l + /? ro , ro(n) (0)) ■ • • (1 + /3 , g( „)(0)) 

where q(n) = m(m(- ■ ■ (m(n))). Denoting 

h(m+l,ri) = nm(n)m(m(n)) ■ ■ ■ q(n)(l + /? m +i,„(0)) • (1 + /? m , m („)(0)) 

•••(i+/3 , 9(n) (o))( Q |r +l 

we see that by condition (iv) and the equation (4) 



lim h(m+l,n) = l. (13) 

n — >oo 

Therefore, (12) has the form 



Ln(t m+1 ,x) = h(m + 1, n)x^ + £ a, (n2 ^ (0))m _ J . +1 £„(f, *) 

TO -, j 

= ft(m + 1, n)x m+1 + ^ a, ^-^— — [d(j, n)x j + £ ^(aOflJ?] 

where g% j{x) € C,(0,oo) and lim <r™- = 0. Denoting x J = go,j(%) and d(j,n) — qX 1 , '■ we 
can write 

TO j 

L„(f»+\ x) = h(m + 1, n)x^ + £ (n2 ^ )m _ j+1 £ *,,(*)«# 
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where lim <K n ■ = 1. 

n — >oo >•> 

This formula show that the coeficient of every function gij(x) in right hand side tends 
to zero as n — > oo uniformly in i and j, because for any i,j 

(n) 

nm / , ,'i s ~tt = 0. 

rwoo (n 2 -0„(O)) m ^ + 1 

Moreover, by the assumption for any i < m, gf 1 , -!(x) G C m +i[0,oo), the proof could be 
said to have been completed. Q 

Lemma 2.2 TTie operators L n given by (1) acte from C2 P [0,oo) to -B2p[0,7«], for any 
natural p. 

Proof. Let / G C 2p [0,oo). Then 

\L n (f,x)\ < M f L n (l + t 2p ,x) = M f [l + L n (t 2p ,x)} 

and therefore 



\LJM\ . h , L n {t 2p ,x) ^ 
sup — ^ — < 1 + sup — t. — 

0<o;<7„ 1 + X P 0<x<~, n 1 + X Z P 



By the Lemma 1.3 the sup in right hand side is bounded and therefore L n f G B2 P [0, J n ]- 
D 

Theorem 2.3 Let f G C2 P [0,oo) and let w a +i(f,S) be the modulus of continuity of f 
on the finite interval [0,a + 1], a > 0. Then for a sequence of the positive operators (1) 
the inequality 

\\L n {f,x) ~ f(x)\\ C [0,a] < 

<K(f,a)(w a+1 (f,5 n ) + 5 2 n r) (14) 

holds, where K(f,a) is the positive constant depending on the interval [0,a] and the 
function f, and 

5 n = max{ \d(2p, n) - 2d{p, n) + 1 1 * + , } (15) 

which the numbers d(y,n) tending to 1 as n — ► oo by the Lemma 2.1. 

Proof. Since lim j n = oo, we can take a sufficiently large n, that [0,a] C [0,7„]. 

n — >oo 

Obviously that for x G [0,a] and t G (0,7„] we can divide the positive semi-axis in two 
point sets 

Ei = {(x,t) : x€[0,a],t>a + l} 

E 2 = {(x,t) : x G [0,o], i < o + l}. 
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Let (x,t) € Ei. In this case t p — x p > 1 and we easily obtain the inequality 

|/(t) - f(x)\ < 3M/(1 + a p ) 2 {t p - x p ) 2 . (16) 

If (x,t) £ £2, we have the inequality 

\.f(t) f(x)\ < w a+1 (f, \t x\) < w a+1 (f, 5 n )(l + l^i) (17) 

with the some positive 5 n . 

(16) and (17) give the inequality 

|/(*) - f(x)\ < 3M,(1 + a p ) 2 (t p - x p f + Wa+iif, <U(l + l *^) (18) 

for any t > and x € [0,o]. Applying L„ to both sides of (18) and using Holder 
inequality we obtain 

L n (\f(t) - f{x)\,x) < 3M/(1 + aP) 2 L„((tP - x p ) 2 ,x)+ 

w a+ i(f,8 n )(l + j- 2 ?jL n {{t-xyp,x)) (19) 

On the other hand, by using the monotonity of the positive operators and the inequality 
{t-x) 2p < (f ~x p ) 2 , we get 

L n (\fit) - f(x)\,x) < 3M f (l + a p ) 2 L n ((t p - x p ) 2 ,x)+ 

w a+1 {f, 5 n ) (l+ i ^L n {{tv-xPy,x)) . (20) 

Now, we calculate L n ((t p — x p ) 2 ,x) in (19). 
From (8), we obtain 

L n {{t p -x p f,x) = L n {{t 2p ,x)-2x p L n {t p ,x)+x 2p L n {l,x) 

- (<H2r> n)r 2 P + 9l > 2p ^ 4- g^fr) + + 9 P -l,2 P ( x ) 

, 9p.2p( X ) , 92p,2p{x) \ 

+ (nVn(0))P (n 2 V„(0)) 2 ^ 

-2x*> (d(p, n)xP + ^ + fn2 2 , P f0))2 + • • • + (n2 X( )W +x2P " 



n 2 V„(0) (n 2 V„(0)) 2 (n 2 ^ n (0))P 

l '^VO0) is] 

< (d(2p, n) - 2d(p, n) + l)x 2p + 



Since for a large n, — — — is less than 1 by (3) we can write 

S n 2 V-„(0) y l ; 
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1 p 2p 

2 , (q) \Y1 \9kM x ) ~ 2x p g k . p (x)\ + Y^ \9k.2 P ( x )\\- 

^"^ ' k=l k=p 



Hence 



sup 

0<a;<a 



L n ((t p - x p f,x\ < \d(2p, n) - 2d(p, n) + l|a 2p + 
n 2 Vn(0) 



^-7^(21 \9k,2 P ( x ) - 2x p g k . p (x)\ + Y \9k.2 P ( x )\ 

k—1 k—p 



Therefore, 

sup L n ([t p - x p ) 2 ,x)Y P < C f (a)(\d(2p,n) -2d(p,n) + 1|A + ^-7^ ) 
is obtained. Then choosing <5„ as in (15) we can see that with some positive constant 

CM 

L n ([t p -x p f,x)<C i ia)5 2 n p . 
Using these results in (20), one concludes that 

L n (\f(t) - f(x)\,x) < C/(o)(l + a p ) 2 5 2 n p + 2u)„+i(/, 5„) 
and, since Z/„(l,ir) = 1, we obtain 

||M/,aO-/(aO|| C [o f a] ^ C / (a)(l + aP) 2 e + 2^+i(/,<5„) 

<K(f,a){dl P + w a+1 (f,6 n )) (21) 

which gives the proof. LJ 

Corollary 2.4 For sufficiently large n the inequality 

\\ L nf - f\\c[o,a] < K 1 (f,a)w a+1 (f,S n ) 
holds. 

Proof. Since S n —> as n — > 00 for large n, <5 2p < S n and by the properties of modulus 

of continuity 

2 

Sn < T-—W a+1 (f,6 n ) 

Denoting 

Ki(f,a) = ( 2 -— + l)K(f,a) 

\w a+1 {f,l) ) 

we obtain the desired result from (21). D 
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Theorem 2.5 For any natural p and any function f £ C^O, oo) 

,. \L n {f,x)-f{x)\ 
lim sup = = 0. 

n^oo <:e< 7 „ 1 + X 2p 

Proof. . According to the Theorem 1.2 given above, we can verify only the conditions 
(2). For v = 0, (2) is obvious. We will prove (2) only for v = p since for v = 2p the proof 
is analogous. 
Using (10), we can write 

L n (t p - x p ) = [d{p, n) - IK + £ gj, p (x)<S2 

3=1 

where by the Lemma 2.1 

lim (d(p,n) — 1) = 0, lim q\ n J = 

n — >oo n — >oo ■>'' 

and the functions g^ v belongs to C p (0,oo) and therefore to C2 P (0,oo) too. Therefore 
\\L n (l?, x) - ^|| 2p;[0)Tn ] < |d(p, n)-l\ + J2 \\g 3 , P h P q^ 

3=1 

which gives the proof. LJ 

3 Approximation the first derivatives 

Now we consider the operators (1) in the space of functions / belonging to the Lipschitz 
space LipMCx., that is for any x,y £ [0, oo) 

\f(x)-f(y)\<M\x-y\ a , < a < 1. 

We assume that the function K n (x,t,u) in addition to the condition (i)-(iv) satisfies also 
the condition 

(v) for any fixed t and u the function K n {x,t,u) is continuously differentiable with 
respect to variable x G (0,7„] and for any v 

x-H-KM(x,0,ui) = vKW(x,0,ui) + Ul K^ +1 \x,0, Ul ). 
ox 

Lemma 3.1 Let the function K n (x,t,u) satisfy the conditions (i)-(v) and the function 
f € LipMCt on [0, oo). Then the operator L n (f,x) defined in (1) has the first derivative 
d L n (f,x) and 



dx 



OO -. 



v=0 



10 
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(-OnVnCO))" 



l + /3„, n (0)]. 



(22) 



Proof. . Firstly we note by the properties (iv) all derivatives of function K n (x, t, u) are 
equal zero in the point x = 0. We shall show that for a fixed n the series in right hand 
side of (22) is absolutely convergence on [0,7„]. Realy, for each function / <E LipMOt and 
each x e [0,7„] 



^\ n 2 V>n(0) 



(~a n ^ n (0)Y 



< 



< 



^E 



^>Vn(0) 



j/=0 

oo 



ME 



^V»Vn(0) 



"gM(»,0,M»(0)) ( ""^(O))" +M | /(3 .)| 



■ a; )V ) (»,0,a n V>n(0)) ( a "^ (0)),/ ) f +M|/(x)| 



and the first term in right hand side may be easy calculated. 
Using the properties (v) we obtain 



dx 



L n (f,x) = £/( 



;^)(x,0,a^(0)) ( " Q "^ ( ° )r 



v=0 

DC 



n 2 ip n (Q) x 



v=0 



inn 



v+1 



x z^l^ n 2^ y ^ n 2^( )- 



)-/(^7^)l^ +1) (^,0,a„^„(0)) 



(-O„Vn(0)) 



v+1 



Applying the properties (iv), the formula (22) is obtained. 

Theorem 3.2 Let K n (x,t,u) satisfy the conditions (i)-(v), / is differentiable function 
on [0, oo) and f € LipM<x, then 

lim sup l*n(/,*) -/'(*)! =Q . 
™-*°°xe[o,7 n ] l + x a 

Proof. By mean value theorem we can write 



/(■ 



i/ + l 



/(: 



j/ 



/'(: 



v n 2 Vn(0) y ' v n 2 Vn(0) y ' v n^ n (0) ; nV n (0) 
where < 8 < 1. Using this equality in (22), taking into account that 



lim — = 1, lim = 

n^oo n n^oo n z ?/>„(U) 



11 
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and 



and denoting 



we obtain 



J2 K ™U( x >°> a "M0)) 



(-a„Vn(0)r 



v=0 



r{y) 



P Uyn (x) = K^> n) (x,0,a n ip n (0)) 



(-a„^„(0)) v 



L' n {f, x) = £ £ n4±7z;)P*,n W[l + /MO)]. 



a ,_, n 2 V>„(0)' 



Sincc lim /3„ n (0) = uniformly on i/, there exits a sequence e„ — > as n — > oo such 

n — >oo 

that for all v 

l/MO) I <£n- 



Therefore 






L 'n(f, x ) " 


-/'(*) = 


■iV,n(*)[l + ^,n(0)] + [— - 

n 



i/=0 



-/'(a:) ^ /3,,„(0)P,, n (x) = A + 7 2 + J 3 



(23) 



i/=0 



Obviously 



|/2 + / 3 |<|— -l|-|.f'(x)|(l + 2e„). 
n 



Since /' G LipMOt we obtain 

\f(x)\<\f'(0)\ + Mx a <M 1 (l + x a ). 

Therefore 

|/ 2 + 1 3 | < I— - 1|(1 + 2e n )Mi(l + x Q ). 
n 

By Holder inequality 

oo 



(24) 



n 2 V„(0) 



■Li/,n\$) 






Using the properties (iv) it is easy to see that 



a„ m(n) 

L n (t,x) = x{l +£„) 

n n 



12 
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L n (t\x) = (^) 



,a n 2 m ( n ) m(m(n)) 2 a n m(ri) 1 



n ' n n n n n 2 ip n (0) 

where (e n ) and (e' n ) tends to zero asm oo. Therefore 



(1 + 4), 



|/i| < M 



M 



?[E(: 



i/=0 



1 + f \ 2 



2 ^„(0) 



X„(x)-2»2 



l + i/ 



^ n 2 V„(0) 



■*-i/,n\*b) ' •£ 



«n[ 1 

u Yrfiibi 



n Ln 4 ^2(0) n 2 4(0) 



L n (t,x) + L n (t 2 ,x) 



2x 



n 2 Vn(0) 



— 2xL n (t 1 x) + £ z 



i\/ 



Q',, 



n 4 ^(0) n 2 ^„(0) n n 



2 a n m(n) ,a„, 2 m(n)m(m(n)) 2 



a,, m(n) 1 1 

-x-2x- 



n n n 2 'i/ ; ra(0) n 2 tp n (0) n n 



2x 2 — — ^ + x 2 + xe,, + x 2 e' 



From this equality we obtain 



\h\<M 



n,, 



<-lifl J-j I "7J, ■*-' I '-"7J 



where a n b n and c n tends to zero as n — > oo. 
Therefore, from (24), (25) and (23) 



sup 

0<x<7„ 



\L' n (f,x)-f(x)\ 



l + x° 



tends to zero as n — * oo which gives the proof. 



(25) 



□ 



In conclusion we note that the theorems 2.3, 2.5 and 3.2 may be applied to different 
sequences of positive linear operators which are special case of operators (1). For example, 
these theorems may be applied to the classical Bernstein polynomials, to Bernstein- 
Chlodowsky polynomials, to Szasz operators [17] and Baskakov [3] operators in the form 
of Mastroiani [1]. Moreover, in the case of 



K n (x,t,u) = 



1 



(1 + 1 + u) n 



we obtain the modificied Baskakov operators 



V n (f,x) 



\n L^i 



n + v — 1 



(l + a n iP n (0)x) n ^ o \ v J\l + a n iP n (0)xJ Jy n 2 ip n {0)- 



/(- 



for which m(n) = n + 1 and /3„ in (u) = 0. 
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THE PRE-SCHWARZIAN DERIVATIVE AND NONLINEAR 
INTEGRAL TRANSFORMS 

R. AGHALARY AND A. EBADIAN 



Abstract. By making use of extension of Becker's uni valence criterion we 
obtain the univalent condition for families of integral operators. A number of 
new univalent conditions would follow upon specializing the parameters in our 
main result. 



1. Introduction and preliminaries 

Let H denote the class of all analytic functions in the open unit disc D — {z : 
\z\ < 1} and A denote the class of function f E H normalized by /(0) = = 
/'(0) — 1. Also let S denote the class of all univalent functions in A. 

For a constant o < A < 1, consider the class U(\) defined by 

U(\) = {feA: \f{z){z/f{z)?\ <\,ze D}. 

It is known [10] that U(X) C £ for < A < 1. In particular, the Bieberbach theorem 
yields that \a 2 \ = |/"(0)/2| < 2 for / e (7(1). Set 

U a {\) = {/ € U(X) : |/" (0)| < 2cx}, 

for <t > 0. 

Furthermore, for some real m with < m < 2 we define a subclass P(m) of A 
consisting of all functions f(z) which satisfy 






< m (z e u). 



Singh [9] has shown that P(2m) C S for < m < 1. 
Set 

P <7 (m) = {/€P(m):|/ // (0)|<2(7}, 

for <t > 0. 

For gi € A(i — 1, 2, ..., n) and a G C, we define an integral operator by 



(1.1) G n , a {z)= l[n(o-l) + l] / [ffiW] 01 - 1 ...^^)] 01 - 1 * 

Also for /i G ^4(« = 1,2, ..., n) and a, (3 € C, we define an integral operator 






For some recent investigations of univalent conditions involving the families of op- 
erators defined by (1.1) and (1.2) see [1], [2], [3], [4], [5], [8]. In the present paper 
by using other methods we obtain new univalent conditions for operators defined 
by (1.1) and (1.2). 

The following familiar result is of fundamental importance in our investigation. 
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Theorem 1.1. ([6, 7J) Let (3 £ C, ft/3 > 7 > 0. If f £ A satisfies 



1-kl 27 



z/"(z) 



/'(*) 



<l (zefl), 



i/ien i/ie integral operator 



L (z) 



/ 1*- x f'{t)dA 

Jo 



1//3 



is m / € 5. 



2. Main Results 
We now start our first result begin with the following: 

Theorem 2.1. Let 5 < A < 1 and n, a be non-negative numbers with /i = <r+\ < 1. 
Suppose that each of the functions gi £ A (i = 1, 2, ...n) belongs to U a {\). Also let 

la-1 < 



M 



2n(A + ^)(l-yr^7Z) 2: 
i/ien i/ie function G n . a defined by (1.1) belongs to S. 
Proof. We begin by setting 



/(*) 



Jo j=1 t 



so that, obviously, 
(2.1) 



f(z) = f[( 9 ^r-\ 



3=1 



Taking a logarithmic differentiation from (2.1) and multiplying both sides by z we 
obtain 



(2.2) 



*/"(*) 
/'(*) 



-i*-D±(^-l 



\ V 9j{ z ) 



Let gj(z) = z + <22Z 2 + ... be in U a (X). Sir 



z 2 g'M) 

9%z) 



l + (a 3 + 3a 2 2 )z z + ..., 



we can write 

(2.3) 



zV(z) 
27 ; = l + Az 2 o> 3 (z), (j = l,2,...,n) 



where Wj(;?) is an analytic function in D with |u>j(z)| < 1. 

If we set hj(z) = \ •. — j-, then we see that hj is analytic in D and hj(0) = —a 2 - 
Using the identity 



9'M) , 1 
fff(*0 ^ 2 



we get the representation 

(2.4) 



— — — = 1 — a 2 z — Xz / u)j(tz)dt, (j = 1, 2, ..., n) 
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of gj(z). Now from (2.3) and (2.4) we get 



zg'j(z) Xz 2 ujj(z) + a 2 z + Xz 2 J ujj(tz)dt 



9j( z ) 



1 — a>2Z + Xz 2 L u)j(tz)dt 



This implies that 



zg'Az) 



9j(z) 



< 



M(2A + |a 2 |) 
l-(|a 2 | + A)|z|- 



Since \a^\ + A < a + A = fi < 1 we obtain 



(2.5) 



zg'Az) 



9j{z) 



- 1 



< 



gKA + M) 



Now from (2.2) and (2.5) we find that 

zf'(z) 



(2.6) 2(1-|*|) 

Let us define 



/'(*) 



<2(l-|«|)|a-l| 



^l(A + /j) 
l-fi\z\ 



k{x)= ( -\ X)X ' , (0<x<l) 

1 — /iX 

then it is easy to see that /c(x) attains it's maximum value on [0, 1) at x 
So we have 

(i - yr^) 2 






fc(x) < 



//' 



and so 



2(1 -M 



Z/ " (Z) <2|a-l|n(A + M) (1 "^ )2 . (^ D) 



f'(z) 



/' 



Using conditions mentioned in the hypothesis of Theorem 2.1 one can observe that 



sft/3 = K(na + 1 - n) > 7 : 



1 



and 2(1 - |z|) 



z/"(z) 



/'(*) 



< 1. 



Now by applying Theorem A we get our result and the proof is complete. □ 

By setting a = and A = u = 1 on the Theorem 2.1 we get following corollary. 
Corollary 2.1. Lei / G ^o(l) arl( ^ a € C ie so that \a — 1| < \ , then the function 



G(z) = {a f a ^{t)dt 



Theorem 2.2. Let A, u and er be non-negative numbers with 



< A < 1 and 



fi = a + X < 1. Suppose that each of the functions gi € A(i € {1, 2, ...n}) belongs 
to P a (2\). Also let 

,2 

(2.7) la— II < 



M 



2n[(4A - 2A^ + 3^ - ^ 2 ) - 2 v / 2(2A + /z)(A + ^)(l - /i)] ' 
i/ien i/ie function G n . a defined by (1.1) is in S. 
Proof. Define a function 



h(z) 



n 



9i(t) 



a-l 



dt. 
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then we have /i(0) = h'(0) — 1 = 0. Also a simple computation yields 



h'(z) = n 



5i(*) 



and 

(2.8) 






Let <7j(z) = z + X)fc°=2 °fe 2;fe € P<j(2A). Then, in terms of Schwarz function, we see 

that 

/ \ " 

= 2Xwj(z), ujj e B (j = 1,2, ...,n) 



9j (z)J ""^' "' 

where B denote the class of all analytic functions u> in D such that w(0) = and 
|w(^)| < 1 for z G D. This representation leads to 

1 LU^Z) „ #(0) 

* 



(2.9) 



Again, integrating (2.9) gives 

z 



= -02 + 2A / =^eft, a 2 = * J 



and so 



Hence 



: 1 — a 2 z + 2Az 



zg'j(z) _ z 2 g' j (z) gj ( z ) 



1 U)j(tz)(l -t) 



dt, 



2Xujj(z) 



9 3 (z) 



(z) 



1 — a 2 z + 2\z j Q 



1 uj(tz)(l-t) 



ill 



zg'j{z) 2A^-(z) -l + a 2 z- 2Xz J^ " j(tz | (1 ~ t) df 

ftW " " l-a 2 z + 2Az/ 1 ^ (tz) t (1 ' t) ^ ' 



and 

(2.10) 

Let us define 



zg'i(z) 



9j(z) 



2A|z| + l + |a 2 ||z| + A|z| 
1-Ndoal + A) • 



k(x) = 



[l + (X + n)x](l-x) 



0<x< 1. 



1 — /ix 
Then it easy to see that the function k(z) attains it's maximum value on [0, 1) at 

(2A + n)- v /(2A + ^)(2A + 2 Ai )(l-/i) 



x 



M(2A + fi) 



when 



< A< 1. 



So we have 



k(x) < 



[2(A + n) + (2A + M )(l - n)] - 2 v /(2A + /i)(2A + 2 M )(l-/i) 



Hence from (2.8) and (2.10) we get 
(2.11) 



2{l-\z\) 



zh"{z) 



h'(z) 



< 2 



,. (4A - 2A M + 3a/- m 2 ) - 2V2(2A + //)(A + //)(1 - //) 
|a — l|n ^ . 



But by hypothesis of Theorem 2.2 and (2.11) we have 

zh"{z) 



2(l-|*l 



ft'(*0 



<1, 
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and so by applying Theorem A the result follows and the proof is complete. □ 

Putting a = in Theorem 2.2 we get following result. 
Corollary 2.2. Let \ < A < 1,/ € P {2\) and a e C be so that \a - 1| < 



JL. 



2[7-3A-4 v / l rr A] 



i/ien i/ie function 



G(z) = <j a / f a -\t)dt 



Using the similar methods as Theorems 2.1 and 2.2 we get the following results 
and we omit the details. 

Theorem 2.3. Let A,/i, a be non-negative numbers and /i = a + A < 1. Also let 
gj e [7 (T (A)(j = 1,2, ..n),a,/9e C,3?/3> | and 

2n(A + M )(l-yr^I) 2 



a > 



/' 2 



then the function F a jj(z) defined by (1,2) is in S. 

Finally we have 

Theorem 2.4. Let A,/i, a be non-negative numbers and /i = a + A < 1. Also let 
gj e P CT (2A)(j = l,2,..n),a,/3e C,9fy3> | and 

2n[(4A - 2A/x + 3^ - ^ 2 ) - 2^/2(2A + //)(A + /x)(l - /x)] 



a > 



/' 2 



i/ien i/ie function F a jj(z) defined by (1,2) is in S. 
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Abstract. Using fixed point methods, we prove the generalized Hyers-Ulam-Rassias sta- 
bility of ternary derivations in ternary Banach algebras for the generalized Jensen-type 
functional equation 

x + y + z x-2y + z x + y - 2z 

M/( 5 ) + M/( o ) + M/( o ) = /(/•"») • 



1. Introduction 

Ternary algebraic operations were considered in the 19 th century by several mathematicians 

such as A. Cayley [1] who introduced the notion of cubic matrix which in turn was generalized 

by Kapranov, Gelfand and Zelevinskii in 1990 ([2]). 

The comments on physical applications of ternary structures can be found in [3-12] . 

Let A be a Banach ternary algebra and X be a Banach space. Then X is called a ternary 

Banach yl-module, if module operations AxAxX^X,AxXxA^X, and X x Ax A ^ X 

which are C-linear in every variable. Moreover satisfy 

[[xo6]x cd] x = Ha&c]A d]x - [xa[bcd]A\x, 
[[axb]x cd] x = [a[a:6c]x d]x - [ax[bcd]A]x, 
[[abx] x cd] x = [a[fcrc]x d]x - [ab[xcd] x ]x, 
[abc] A xd] x = [a[6cx]x d]x — [ab[cxd]x]x , 
\[abc]A dx] x - [a[bcd] A x]x — [ab[cdx]x]x 
for all x G X and all a, b,c,d G A, 

max{||:ra6||, ||a£&||, ||afca;||} < ||a||||6||||a;| 

for all x G X and all a, b G A. 

Let (A, [ ]a) be a Banach ternary algebra over a scalar field K or C and (X, []x) be a ternary 

Banach A-module. A linear mapping D : (A, []a) —> (X, []x) is called a ternary derivation, 

if 

D([xyz] A ) = [D(x)yz] x + [xD{y)z]x + [xyD(z)]x 
for all x, y, z G A. 
A linear mapping D : (A, [ ]a) — * (X, [ ]x) is called a ternary Jordan derivation, if 

D([xxx]a) = [D(x)xx]x + [xD(x)x]x + [xxD(x)]x 



"2000 Mathematics Subject Classification. Primary 39B52; Secondary 39B82; 46B99; 
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for all ieA 

The stability of functional equations was first introduced by S. M. Ulam [13] in 1940. More 
precisely, he proposed the following problem: Given a group G\, a metric group (G2,d) and 
a positive number e, does there exist a 5 > such that if a function / : G\ — > G2 satisfies 
the inequality d(f(xy),f(x)f(y)) < S for all x,y G Gl, then there exists a homomorphism 
T : G\ — > Gi such that d(f(x),T(x)) < e for all x G Gi? As mentioned above, when this 
problem has a solution, we say that the homomorphisms from G\ to G2 are stable. In 1941, D. 
H. Hyers [14] gave a partial solution of Ulam's problem for the case of approximate additive 
mappings under the assumption that G\ and G2 are Banach spaces. In 1950, T. Aoki [25] 
was the second author to treat this problem for additive mappings (see also [16]). In 1978, 
Th. M. Rassias [17] generalized the theorem of Hyers by considering the stability problem 
with unbounded Cauchy differences. This phenomenon of stability that was introduced by 
Th. M. Rassias [17] is called the Hyers-Ulam-Rassias stability. According to Th. M. Rassias 
theorem: 

Theorem 1.1. Let f : E — > E' be a mapping from a norm vector space E into a Banach 
space E' subject to the inequality 

\\f{x+y)-m-m\\<<M\ v + \\v\\') 

for all x,y G E, where e and p are constants with e > and p < 1. Then there exists a unique 
additive mapping T : E — > E' such that 

\\f(x)-T(x)\\<^^\\x\\ p 

for all x G E. If p < then inequality (1.3) holds for all i,i//0, and (1.4) for x 7^ 0. Also, 
if the function t 1— > f(tx) from R into E' is continuous for each fixed x G E, then T is linear. 

During the last decades several stability problems of functional equations have been in- 
vestigated by many mathematicians. A large list of references concerning the stability of 
functional equations can be found in [18-29]. 

C. Park [30] has contributed works to the stability problem of ternary homomorphisms and 
ternary derivations (see also [31]). 

Recently, Cadariu and Radu applied the fixed point method to the investigation of the 
functional equations, (see also [32-38]). 

In this paper, we will adopt the fixed point alternative of Cadariu and Radu to prove the 
generalized Hyers-Ulam-Rassias stability of ternary derivations on ternary Banach algebras 
associated with the following functional equation 

x + y + z x-2y + z x + y - 2z 

m/( — ^ — ) + w( ^ ) + m/( ^ ) = /(/«) • 

Throughout this paper, assume that (A, [ ]a) is a ternary Banach algebra and X is a 
ternary Banach A— module. 

2. Main Results 

Before proceeding to the main results, we will state the following theorem. 

Theorem 2.1. (the alternative of fixed point [32]). Suppose that we are given a complete 
generalized metric space (Q, d) and a strictly contractive mapping T : Q — > fl with Lipschitz 
constant L. Then for each given x G fi, either 

d(T m x, T m+1 x) = 00 for all m > 0, 
or other exists a natural number roo such that 
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* d{T m x,T m+1 x) <oo for all m>m ; 

* the sequence {T m x} is convergent to a fixed point y* of T; 

•k y*is the unique fixed point of T in the set A = {y £ O : d(T m "x, y) < oo}; 

* d(y,y*) < i=zd(y,Ty) for all y £ A. 

We start our work with the following theorem which establishes the generalized Hyers- 
Ulam-Rassias stability of ternary derivations. 

Theorem 2.2. Let f : A — + X be a mapping for which there exists a function 4> : A G — > [0, oo) 
such that 

H r/X + y + z x-2y + z x + y-2z 

\W{ 3 ) + M/( g ) + M/( g ) - /(W 

+f([abc] A ) - [f(a)bc] x - [af(b)c] x - [abf(c)]x\\x < <f>(x,y,z,a,b,c), (2.1) 

for all n GT and all x, y, z, a,b,c £ A. If there exists an L < 1 such that 

a , \ ^ or i i x V z a a c. 

<j}(x,y,z,a,b,c) < 3L<p(-, -, -, -, -, -) 

for all x, y, z, a,b,c £ A, then there exists a unique ternary derivation D : A — » X such that 

\\f(x) - D{x)\\b < Y^n<t>{x, 0,0, 0,0,0) (2.2) 

for all x £ A. 

Proof. It follows from 

x %i z a b c 
<f>(x,y,z,a,b,c) < 3L<f)(-,-, -, -, -, -) 

that 

limj3' j (j>{3 j x, 3 j y, 3 l z, 3 l a, 3%, 3*c) = (2.3) 

for all x, y, z, a,b,c £ A. 

Put fj, — l,y — z — a — b — C — in (2.1) to obtain 

I|3/(|)-/(z)||b<#c, 0,0, 0,0,0) (2.4) 

for all x £ A. Hence, 

|| i/(3:r) - f(x)\\ B < ±<j>(3x, 0,0,0,0,0) < L<t>(x, 0,0, 0,0,0) (2.5) 

for all x £ A. 

Consider the set X' :— {g \ g : A — » B} and introduce the generalized metric on X': 

d(h,g) --inf{C £ E + : \\g(x) - h{x)\\ B < C<f>(x, 0, 0, 0, 0, 0)Vx £ A}. 

It is easy to show that (X', d) is complete. Now we define the linear mapping J : X' — » X' 
by 

J(fc)(aO = ^(3s) 
for all a; £ A. By Theorem 3.1 of [32], 

d(J(g),J(h))<Ld(g,h) 

for all g, h £ X'. 

It follows from (2.5) that 

d(f,J(f))<L. 
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By Theorem 1.2, J has a unique fixed point in the set X\ :— {h £ X' : d(f, h) < oo}. Let D 
be the fixed point of J. D is the unique mapping with 

D(3x) = 3D(x) 

for all a; G A satisfying there exists C £ (0, oo) such that 

||D(x)-/(a;)||fl < C(f>(x, 0, 0, 0, 0, 0) 
for all x £ A. On the other hand we have lim n d(J n (/) , D) = 0. It follows that 

lim n ^f(Tx) = D(x) (2.6) 

for all x € A. It follows from d(/, D) < I 2 r rf(/, J(/)), that 

This implies the inequality (2.2). It follows from (2.1), (2.3) and (2.6) that 

\\D( X -^) + D( X -^±^) + D( X -±y r ^)-D(x)\\ x 

= lim n ±\\f(T-\x + y + z)) + f(T- 1 (x-2y + z)) + f(T-\x + y-2z))-f(rx)\\ x 

< lim n — 0(3 a;, 3 y, 3 2,3 a, 3 6,3 c) = 
3 n 

for all x,y,z G A. So 

B(^f^) + ^( 2 ^f ± ^) + 0(^ r ^) = D(«) 

for all x,y,z G A. Put w - x+ % +z ,t = z ~ 2 3 y+z and s = z +^ 2z in above equation, we get 
D(w + t + a) = D(w) + D(t) + D(s) for all w,t, s G A. Hence, D is Cauchy additive. By 
putting y — z = x,a — fe = c = in (2.1), we have 

H/*/(aO -/(M«)l|x < 0(cc, x, x, 0, 0, 0) 

for all x £ A. It follows that 

||D(/ia;)— /iD(a;)||x = lim n — \\f(fi3 n x) — ^i/(3 n a;)||x < lim n — (f)(3 n x, 3 n x, 3 n x,3 n a, 3 n b, 3 n c) = 
3™ 3™ 

for all /i G T, and all x £ A. One can show that the mapping D : A —* B is C— linear. It 

follows from (2.1) that 

\\D([xyz] A ) - [D(x)yz] x - [xD(y)z}x - [xyD(z)]x\\x 
= lim n \\ — D{[3 n x3 n y3 n z] A ) - — {[D{3 n x)3 n y3 n z] x 

+ [3 n xD(3 n y)3 n z] x + [3 n x3 n yD(3 n z)] x )\\x < lim n7 ±-4>(0,0,0,3 n x,3 n y,3 n z) 

27 

< lim n —(f>(0, 0, 0, 3 n x, 3"y, 3 n z) 
= 

for all x,y,z £ A. So 

D([xyz] A ) = [D{x)yz\ x + [xD(y)z]x + [xyD{z)]x 

for all x,y,z £ A. Hence, D : A — * X is a ternary derivation satisfying (2.2), as desired. 

□ 
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We prove the following Hyers-Ulam-Rassias stability problem for ternary derivations on 
ternary Banach algebras. 

Corollary 2.3. Let p £ (0, 1),9 £ [0,oo) be real numbers. Suppose f : A — » X satisfies 

W( x + V 3 + Z ) + »f( x ~ 2 ?{ + z ) + nf( x + v ~ 2z ) - f(u*)\\x < e(\\x\\ A + Ma + \\4 A h 

\\f([abc] A ) - [f(a)bc} x - [af(b)c] x - [abf(c)]x\\x,< 9(\\a\\ p A + \\b\\ p A + \\c\\ A ), 

for all n £ T and all a, b, c, x,y,z £ A. Then there exists a unique ternary derivation D : 
A — > X such that 

\\f(x)-D(x)\\ B < -° > ' 



2-2p A 
for all x £ A. 

Proof. Setting <f>(x,y, z, a, b, c) := 0(||*|ft+||l,|ft+||z|ft+||a|ft+||&|ft+||c|ft) all x, y, z, a,b,c& 
A. Then by L — 2 P ~ 1 , we get the desired result. □ 

Theorem 2.4. Let f : A—* X be a mapping for which there exists a function <j> : A G — > [0, oo) 
satisfying (2.1). If there exists an L < 1 such that (j>(x, y, z, a, b, c) < |L0(3x, 3y, 3z, 3a, 36, 3c) 
for all x, y, z, a,b,c £ A, then there exists a unique ternary derivation D : A —+ X such that 

\\f{x) - D{x)\\x < ^^l<f>(x, 0, 0, 0, 0, 0) (2.7) 

for all x £ A. 
Proof. It follows from (2.4) that 

l|3/(|) - f(x)\\x < 0(|, 0, 0, 0,0, 0)< 1^,0,0,0,0,0) (2.8) 

for all x £ A. We consider the linear mapping J : X' ~ > X' such that 

J(, 
for all x 6 A. It follows from (2.9) that 



J(h)( !B ) = 3h(|) 



d(/,J(/))<§. 

By Theorem 2.1, J has a unique fixed point in the set X\ :— {h £ X' : d(f, h) < oo}. Let D 
be the fixed point of J, that is, 

D(3x) = 3D(x) 
for all a: £ A satisfying there exists C £ (0, oo) such that 

||D(aj) - f(x)\\x < C4>{x, 0, 0, 0, 0, 0) 
for all x £ A. We have d(J n (f), D) — > as n — » 0. This implies the equality 

Um n 3 n f(^) = D(x) (2.9) 

for all x £ A. It follows from d(f, D) < T L z d(f, J(f)), that 

d ^ D ^3^3TV 

which implies the inequality (2.7). The rest of the proof is similar to the proof of Theorem 
2.2. □ 
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Corollary 2.5. Let p £ (3, oo), 9 £ [0, oo) be real numbers. Suppose f : A — > X satisfies 

W( X + V 3 + Z ) + M/( a " 2 3 y + Z ) + vf C + y ~ 2Z ) - f(ux)\\x < 9(\\x\\ p A + \\y\\ p A + \\z\\ A ), 

\\f([abc] A ) - [f(a)bc]x - [af(b)c]x - [abf(c)]x\\x,< 9(\\a\\ p A + \\b\\ A + \\c\\ p A ), 
for all fj, £ T and all a, b, c, x,y,z £ A. 

Then there exists a unique ternary derivation D : A — > X such that 

\\f( x )-D{x)\\ x <^-^\\x\\ A 

for all x £ A. 

Proof Setting <f>(x,y,z,a,b,c) :=_9(\\x\\ A + \\y\\ A + \\z\\ A + \\a\\ p A + \\b\\ p A + \\c\\ p A ) for all 
x, y, z, a,b,c £ A. Then by L = 3 1 p , we get the desired result. □ 

Now we investigate the generalized Hyers-Ulam-Rassias stability of Jordan ternary deriva- 
tions. 

Theorem 2.6. Let f : A — ► X be a mapping for which there exists a function <f> : A 4 — > [0, oo) 
such that 

x + y + z. x-2y + z x + y-2z 
IIm/( — g — ) + m/( 3 ) + m/( 3 ) - f(nx) 

+f([aaa] A ) - [f(a)aa] x - [af(a)a] x - [aaf(a)]x\\x < <t>(x,y,z,a), (2.10) 

for all ji £ T and all x, y, z, a,b,c £ A. If there exists an L < 1 such that 

<j>(x,y,z,a) < 3L0(-, -, -, -) 

for all x, y,z,a £ ^4, i/ien t/iere exists a unique Jordan ternary derivation D : A — > X suc/i 

||/(a:) - DWIIx < j^^, 0, 0, 0) (2.11) 

for all x £ A. 

Proof. By the same reasoning as the proof of Theorem 2.2, there exists a unique involutive 
C— linear mapping D : A — > X satisfying (2.11). The mapping D is given by 

D(x) = lim n — f(3"x) 

for all x £ A. The relation (2.10) follows that 

||D([a;a:a;]A) — [D(x)xx]x — [xD(x)x]x — [xxD(x)]x\\x 
= ^"^IIt^-DG 3 "^"-^"^^ - — ([D(3 n x)3 n x3 n x] x 

+ [3 n xD(3 n x)3 n x] x + [3 n x3 n xD(3 n x)] x )\\ x < lim n -^-<P(0,0,0,3 n x) 

27™ 

< Um n — (j>(0, 0,0, 3 n x) 
3 n 

= 
for all x £ A. So 

D([a:a;a;]A) = [D(x)xa:]x + [xD(x)x] x + [xxD(x)] x 
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for all x £ A. Hence, D : A — > X is a Jordan ternary derivation satisfying (2.11), as 
desired. □ 

We prove the following Hyers-Ulam-Rassias stability problem for Jordan ternary deriva- 
tions on ternary Banach algebras. 

Corollary 2.7. Let p £ (0, 1),9 £ [0, oo) be real numbers. Suppose f : A — > B satisfies 

W( x + l + z ) + nf( x ~ 2 " + z ) + vf( x + y f 2z ) - f(l*x)\\B < e(\\x\\ A + \\y\\ A + \\z\\ A ), 

\\f([xxx] A ) - [f(x)xx] x - [xf(x)x] x - [xxf(x)] x \\x < 36>(||x||^) 
for all /i £ T, and all x,y,z £ A. Then there exists a unique Jordan ternary derivation 
D : A — > X such that 

\\m-D(x)\\x<-^\w A 

for all x £ A. 

Proof. Setting <t>(x,y,z,a) := 9(\\x\\ p A + \\y\\ p A + \\z\\ A + \\a\\ A ) all x,y,z,a £ A. Then by 
L = 2 P ~ 1 , we get the desired result. □ 

Theorem 2.8. Let f : A — -> X be a mapping for which there exists a function 4> : A 4 — > [0, oo) 
satisfying (2.10). If there exists an L < 1 such that <j>(x,y,z,a) < hL<f>(3x, 3y, 3z,3a) for all 
x, y,z,a £ A, then there exists a unique Jordan ternary derivation D : A — > X such that 

\\f(x) - D(x)\\ x < ^A_^( S , 0,0,0) 

for all x £ A. 

Proof. The proof is similar to the proofs of Theorems 2.4 and 2.6. □ 

Corollary 2.9. Let p £ (3, oo), 9 £ [0, oo) be real numbers. Suppose f : A — > X satisfies 

W( X + l + Z ) + rf C~ 2 l + Z ) + vf( X + y ~ 2Z ) - fO**)\\B < 0(\\x\\ A + \\y\\ A + \\z\\ A ), 

\\f([xxx] A ) - [f(x)xx]x - [xf(x)x] x - [xxf(x)] x \\x < 39(\\x\\ A ) 
for all fx £ T, and all x,y,z £ A. Then there exists a unique Jordan ternary derivation 
D : A —> X such that 

\\f{ X ) - D(x)\\x < y^\\*\\ P A 

for all x £ A. 

Proof. Setting 4>(x,y, z, a) :— #(||:e||^ + ||y||^ + II^IIa + II^IIa) au x,y,z £ Am above theorem. 
Then by L — 3 1_p , we get the desired result. D 
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NEW ASYMPTOTIC EXPANSIONS OF THE GAMMA 
FUNCTION AND IMPROVEMENTS OF STIRLING'S TYPE 

FORMULAS 

TOMISLAV BURIC AND NEVEN ELEZOVIC 



Abstract. New asymptotic expansions of the gamma function arc derived 
and some new accurate approximations for the factorial function are given. 



1. Introduction 



The classical Stirling approximation for the factorial function 

, /K—fn 

n! « v27rn — 

V e 

is a shortening of the following two well known asymptotic expansions [1, 8, 9], 
Laplace expansion: 

r- — /n\"A 1 1 139 571 \ 

n! ~ V27rn - H 1 ~ ? ! + ••• (1-1) 

\ej \ Yin 288n 2 51840n 3 2488320n 4 / v ; 

and Stirling series 

'n\ n ( 1 1 1 



n\ ~ V2irn - cxp -H r + . . . . (1.2) 

V e / \ 12n 360n 3 1260n 5 / v ; 

There are lots of variations of such formulas, see an overview at [10]. Let us 
mention some of the formulas given there, which will be improved in this paper. 
The first one is the Karatsuba-Ramanujan formula [7] 



I /9 — l-X 6 h _L _L _ 11 79 

n -~ V U/ V 2^ + 8^ + 240^ " 1920^ + 26880n5 ' (L3) 

We shall explain the choice of the index 6 in this formula and using our methods, 
the following two even better formulas will be derived: 



n\~V2^(-Y \ 2 /l + - + : 
\ej V n 


12 1 1 149 


In 2 ' 15n 3 ' 120n 4 840n 5 ' 25200n 6 ' "" 

(1.4) 


, fn\ n 2 J 2 1 

n!~\/27m(- {/1 + - + - 
\e J V n n 

The next on the improvement 
n! « v27rnl — 1 


> 19 8 16 L 
2 + 15n 3 ' 15n 4 ' 105n 5 ' 315 
list is the Nemes formula [10]: 

1 1 239 

1 1 1 1 


^7f + .... (1.5) 

On 6 v ; 

n 

(1.6) 


' 12n 2 1440n 4 362880n 6 _ 
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and the Gosper formula 



n^V^(-) J„+I(l+ * -_?L-Y (1.7) 

\e) V Q\ 144n 2 6480n 3 y V ; 

The formula of Wchmcicr [10] will be also improved. This formula is rediscovered 
by Batir and Mortici using other methods in recent papers [2, 11]: 



,- — (n\ /, 1 1 31 139 9871 

nwVwn - \/H 1 o ? iH e- (1-8) 

V e / V 6n 72n 2 6480n 3 155520n 4 6531840n 5 v ' 

The following one by Batir [2] is similar to Karatsuba-Ramanujan expansion: 



V e /V3n 18n 2 405n 3 9720n 4 V ; 

All of these formulas have been considered separately and the computation of 
each term is a tedious job. An attempt to derive more general expansion using 
the same technique was given in [3]. Using new method given in [4] and [5] these 
results can be generalized and an efficient algorithm for calculating such and more 
general expansions can be established. Moreover, better approximations for the 
gamma and factorial function are obtained. Numerical results and applications will 
be presented in the final section. 



2. Asymptotic expansion of the gamma function 

The logarithm of gamma function has asymptotic expansion in terms of the 
Bernoulli polynomials [8, p. 32]: 

00 (— 1 s l™+ 1 B (t) 
logT(x + t)^(x + t- 1 1 )logx-x+ 1 1 log(27T) + Y / ( n{n+ X) *""■ (2- 1 ) 

n— 1 ^ ' 

We shall now generalize formulas (1.3), (1.8) and (1.9). It will be proved that 
these formulas follow from the general expression which depends on one parameter 
m. The result is given in the next theorem. 



!bg(27r) + ibg(f;P n (t)ar n ) 

\n=0 / 



Theorem 2.1. It holds 

logr(x + t)~(a: + t-|)bga:-a; + |biv(2>,) --!<»;>, ( >]/'„(/)./■-" j (2.2) 

where polynomials P n (t) are defined by: 
Po(t) = 1 

,, mJ\(-l) k+1 B k+1 (t) ,, (2.3) 

n *— ' K + 1 

fe=i 

and -Bfe(t) stands for the Bernoulli polynomials. 

The manipulations with asymptotic series in the proof of this theorem and in 
the sequell are justified by properties of asymptotic power series, see e.g. [6, §1.6]. 
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Proof. Differentiating (2.2) we get 

1 1 / °° \ * / °° 

ij){x + t) ~ log.T + -(t - §) + - IJ2 P ^ U E(- n ) P « a 

171 \n=0 I \n=l 

It can be written in a way 



m I ^ P„.t 

\n=0 

Since (see [8, p. 33]) 



ip(x + t) -log a; (£- i) 



^(-^P^-™- 1 



V>(a; + t) — log a; - > , x 



n=0 



n+ 1 



we have 



^x + t)-xo g x- { t-\) 1 - ~ £ { - 1)n n B ;f t] x - n - *. 

n—1 



Therefore 

(oo 
n=0 

whercfrom it follows: 



y> (-l) k B k+1 (t) -fc-l 



Vfc=l 



fc + 1 



j^nPna:-"- 1 , 



n=l 



A (-l)*B^i(t) 

^ m ^ fc+1 n 
fe=i 



-it- 



Statement of the theorem follows. 



(2.4) 



D 



The first few polynomials P n are: 

Po = l 

Pi = ^(l-6i + 6i 2 ) 

p 2 = ^(m - 24t - Ylmt + 72t 2 + 48mt 2 - 48t 3 - 72mt 3 + 36mi 4 ) 
288 



P 3 = 



-(-144 + 5m 2 - 360mi - 90m 2 £ + 4320£ 2 + 3240mi 2 



(2.5) 



51840 v 
+ 630m 2 i 2 - 8640i 3 - 9360m* 3 - 2160to 2 £ 3 + 4320£ 4 + 10800mt 4 + 

+ 3780m 2 t 4 - 4320mt 5 - 3240m 2 i 5 + 1080m 2 £ 6 ) 

The further calculation is a tedious job, but for each m coefficients of the expan- 
sion can be easily derived using (2.3). 

Let us derive the consequence of this formula in approximations of the factorial 
function. For t = 1 and x — n we have T(x + t)=nl and B n (\) = (— l) n B n , where 
B„ are the Bernoulli numbers. 



Corollary 2.2. It holds 



'2nn 



E p 



-i l/m 



k n 



,-k 



.k=0 



(2.6) 
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where (P n ) is a sequence defined by 

L(n+l)/2j 



_ m y- B 2k 



fc=l 



n > 1. 



(2.7) 



Hence, for each to it holds 



/27m 



2 2 -3 



2 5 -3 2 



TO 



2 n .35 2 5 • 3 3 • 5 



1 



-1 l/r, 



(2.8) 



One can see that to = 6 is a good choice if the goal is to obtain a simple formula, 
because of the values in denominators of this expression. But better choice is 
to = 12 or to = 24. This expansions are given in (1.4) and (1.5) and numerical 
calculations will be presented in the final section. 

The choice t = | and x = n + | leads to even better numerical results: 



Corollary 2.3. It holds 



n! - V2W -j 


CO 

_fc=0 


where (P n ) is a sequence defined by 


Pa = l 


n to L( "^ /2J (2"»W - 
" n 2- 2fc 


- 1)^2* p 

•fn-2fe+l) 



nl/r. 



(2.9) 



n> 1 



(2.10) 



fc=i 



As an example, we shall give three formulas for the choice ofTO = 6,TO=12 and 
to = 24: 



1 \ n+i 



/> 1 



23 



4(n + |) 32(n + ±) 2 1920(n + ±) 3 



1 \— 



'1- 



1 



1 



1 



2(n+|) 8(n+±) 2 120(n+±) s 



*=±i 



1 \ n+7 



1 



1 



13 



n+i 2(n+±) 2 120(n+±) 3 



(2.11) 
(2.12) 

(2.13) 



3. New very accurate formula of Stirling type 

In the formula (1.3), (1.4), (1.5) and (1.9), i.e. in the formula (2.2), one can see 
that the better results are obtained for bigger values of the parameter to. Therefore, 
it is natural to assume that the approximation with to supstituted by variable x 
will be better for big values of x. This is indeed the case. 
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Theorem 3.1. The following asymptotic expression is valid 

1 1 / °° \ 

T{x + 1) ~ (a; + t - \) logo; - x + \ log(27r) + — + - log! ^ P n (t)x~ n J (3.1) 

where Po(t) = 1 and 

(3.2) 



1 -A (-l) fe fc J B fe+2 (i) 



fc tt (fc+l)(* + 2) 

Proof. By comparing the following two asymptotic expansions: 



1 1 1 °° 

r(a: + t) ~ (x + t - -) logs; - x + - log(27r) + — + ]T 



(-lJ^Bfc+xW 



12a; ' ^ k(k + l) 



r(x + t)~(x + t-hlogx-x+Uog(27r) + -^ + -log[J2Pn(t) 



n=0 



we can write 

v n— 7 

By differentiating it follows 



(-l)*B fc+2 (t) fc 



Hence, 






fc=i 



and the statement follows. 



D 



Corollary 3.2. TTie following asymptotic expansion for the factorial function holds: 



<2im | — | ( 



l/12n 



E* 



2m ™ 



-2m 



.m— 



1/r. 



where (P m ) is a sequence defined by Pq = 1 and 



P = _L V kB2k + 2 r 
2m 2m^ (fc + l)(2fc+l) : 



J (fc + l)(2ft+l)" 



Therefore, it holds 
n\ ~ v27m 



IM e Vi2n 



1- 



1 



1447 



2m-2fc- 



1170727 



360n 2 1814400n 4 1959552000n 6 



l/n 



(3.3) 



(3.4) 



(3.5) 



Proof. The statements follows from Theorem 3.1 by taking x = n, t = 1 and using 
the fact that B n {l) = (—l) n B n . It is easy to see that it holds P\ = 0, and since 
£>2fc+i = for k > 1, all odd members of the sequence (P n ) vanish. □ 

The approximation of the factorial function given in the formula above is very 
accurate. In the last section some numerical calculations which will show the quality 
of this approximation will be given. 
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Using the same technique as in Theorem 3.1, a generalization of Ncmcs formula 
(1.6) can be derived: 

Theorem 3.3. The following asymptotic expression is valid 

F(x + 1) ~ (a; + t - |) logo; - x + § log(27r) + zlogf JT P n {t)x- n ) (3.6) 

where Po(t) = 1 and 



n=0 



P n {t)= l -J2 { ~f B f ) Pn-,M)- -I 



n x — ' k — 1 

fc=2 



(3.7) 



The general form of the Nemes expansion can be written: 
Corollary 3.4. The following asymptotic expansion for the factorial function holds: 



n\ ~ \/2irn{ — 
e 



5> 



2m n 



-2tn 



where (P m ) is a sequence defined by Pq = 1 and 



-P2m — 



1 V^ ^2k 

2m ^ 2k - 1 
fe=i 



-P2m-2fe, TO > 1 



(3.8) 



(3.9) 



As before, the "n and a half" formula easily follows: 
Corollary 3.5. It holds 



n! ~ V27T 



^P 2ro (n+i) 



-2m 



.fc=0 



n+i 



where (P m ) is a sequence defined by Pq = 1 and 



m ' ^ 



(2- 



>2k 



2m 



fc=i 



2fc-l 



-P2m-2fe, TO>1 



(3.10) 



(3.11) 



4. Gosper formula and its generalizations 

We shall now discuss the formula (1.7). It can also be embedded into more 
general one-parameter formula like examples before. 

Theorem 4.1. The following asymptotic expansion is valid for every real ui 
logr(a;+i)~ |log(27r) + (a;+i-±)loga;-a;+|log(l + -)+log ( ^P„{t, w)x~ n J 



\n=0 



where polynomials P n (i) are defined by Po(t) = 1 and 



(4.1) 



n 
P„(i, W ) = -£(-l) fe+1 



fe=l 



fc+1 



fel 



P„_ fc (*,w), n>l (4.2) 
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Proof. The following asymptotic expansion of the logarithm of gamma function is 
well known, see [8, p. 32]: 

DC 

logTO + t) ~ | log(27r) + (x + t - |) log a; - x + J^ C n (t) X - n . 
Therefore, we can start with the asymptotic expansion of the following type: 
logr(a;+i)~ ilog(27r) + (x+t-i)log.T-.T+ilogM+-J+log ( ]TP„(£,w)ar™ J 

since coefficients P n (t,u>) will compensate the influence of the term ilog(l + — ). 
Now we have 

^{x+t)-\ogx-{t-\) 1 - ~ \—£?+( JTP k (t,u)x- k j (^(-nJPnCt.w)*-"- 1 

Vfe=0 / \n=l / 



1+- 



Since it holds 



w 



1 



'~2x 2 



CO t. .. OO 



rfc+1 



fc=0 



fc=l 



and using the asymptotic expansion (2.4), we can write 



Vof* \ -k\ y^ (-1) B k+ i(t) _ k _ 1 

\fc=0 / L fc=l 

+EH^ — * 

fc=i 
and the statement of the theorem follows. 



Y,nP n {t,uj)x- n - 1 



D 



Remark 1. Between all possible choices of the parameter ui in (4.1), the known 
one ui — i is the best one. Namely, in this case and if t — 1, for the first coefficient 
Pi we have 

Pi = \B 2 -\uj = 
and we deduce Gosper formula (1.7), as stated in the following corollary. 



Corollary 4.2. The following formula is valid 



whe 



il^v^Ff- 



p 



iEi 



1 m 

1 E 

TO * — ' 
fe=2 

and _Bfc are the Bernoulli numbers. 



B 



fc+i 



(-1) A 



fc + 1 2- 6 s 



-*m. — k 



(4.3) 



(4.4) 



In recent paper [12], Nemes improved formula (1.7) and presented the following 
expansion for the factorial function: 



r(a; + l) ~x x e~ x \ 2tt [x + 



E 



Gk 



L ^o(- + i) fc 
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but the calculation of the coefficients is cumbersome 

k / „ ,„ N fc-1 



E 

3=0 



•l/2\ g fe _j 
3 ) & 



E 

3=0 



-J 



Gi 



j I 4^- 3 ' 



where Ofc are coefficients from the Laplace expansion (1.1) 

ro + i) 



'2irx 



Eu-n 



n=0 



We shall show that this expansion can be improved to be more natural such 
that calculation of the coefficients can be significantly simplified. It is sufficient to 
substitute x in (4.1) with n+ j and take t = |. Then n+ | from (1.7) will be equal 
to n + i + uj whercfrom it follows that u> — — -^ ■ Hence, the result of the theorem 
can be stated as the following corollary. 

Corollary 4.3. The following approximation for the factorial function is valid 

i i \ « r 



.! 



where Pn = 1 and 



e- x l\hv 



E- 



Pk 



Pn 



1 

i E 

fe=i 



(-lj^Bfc+id) 



, fc0 (-+i) fe 



f 



2- 12* 



(4.5) 



(4.6) 



Let us mention that the value of the Bernoulli polynomials S„(|) can be calcu- 
lated from the well known formula [1, p. 806] 

Bn(l) = (-1)" +1 [2" n (l - 2 1 - 2n )B n + nA- n E n _ l ] 

where B n are Bernoulli and E n Eulcr numbers. The first few values in the expansion 
(4.5) are 



32' 18432' 



P* = 



14647 
26542080' 



Pi = —. 



3929497 
3397386240 



5. Applications and numerical results 

In this section we shall summarize our results and apply them to improve some 
known approximations. Some numerical calculations for factorial function will be 
presented. 

Let us start with expansion (2.2). As we mentioned before, the formulas by Batir 
and Mortici can be improved. Taking t = \ and m — 2 we improve (1.8) and with 
m = 4 we improve (1.9): 



'2im[ - 

e 



i + -L 



i 



31 



139 



6n 72n 2 



6480n 3 
9871 



155520n 4 

324179 



6531840n 4 1175731200n 6 



1/2 



(5.1) 
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and 




3n 



31 



18n 2 



405n 3 
529 



9720n 4 

19349 



1/4 



(5.2) 



204120n 5 18370800n 6 

For simplicity, only one more term in the formulas will be presented. Of course, 
using general expansions from previous sections one can derive as many coefficients 
as necessary. 

Secondly, by taking m — 6 Karatsuba-Ramanujan formula (1.3) is improved and 
new better formulas (1.4) and (1.5) for m = 12 and m = 24 are obtained. For the 
convenience of the reader, we shall recall these formulas: 




105n 5 3150n 6 



Note that m = 1 gives well known Laplace formula (1.1) 
numerical precision of these formulas. 



Now we shall compare 



Formula 


n 


(1) 


(2) 


(3) 


(4) 


(5) 


(6) 


(7) 


(8) 


m=l 


100 


6.5 


8.6 


11.7 


13.1 


16.2 


17.2 


20.4 


21.1 


m=2 


100 


6.2 


8.6 


11.4 


13.1 


15.9 


17.2 


20.0 


21.1 


m=4 


100 


5.9 


8.9 


11.1 


13.2 


15.6 


17.3 


19.7 


21.1 


m=6 


100 


5.7 


9.2 


11.0 


13.3 


15.4 


17.3 


19.5 


21.1 


m=12 


100 


5.4 


8.0 


11.2 


14.0 


15.3 


17.6 


19.3 


21.3 


m=24 


100 


5.1 


7.3 


9.7 


12.2 


14.8 


17.4 


19.3 


22.7 


m=l 


1000 


8.5 


11.6 


15.6 


18.1 


22.2 


24.2 


28.3 


30.1 


m=2 


1000 


8.2 


11.6 


15.4 


18.1 


21.9 


24.2 


28.0 


30.1 


m=4 


1000 


7.9 


11.9 


15.1 


18.2 


21.6 


24.3 


27.7 


30.1 


m=6 


1000 


7.7 


12.2 


15.0 


18.3 


21.4 


24.3 


27.5 


30.1 


m=12 


1000 


7.4 


11.0 


15.2 


19.0 


21.3 


24.6 


27.3 


30.3 


m=24 


1000 


7.1 


10.3 


13.7 


17.2 


20.8 


24.4 


27.3 


32.1 


m=l 


10000 


10.5 


14.6 


19.6 


23.1 


28.2 


31.2 


36.3 


39.1 


m=2 


10000 


10.2 


14.6 


19.3 


23.1 


27.9 


31.2 


36.0 


39.1 


m=4 


10000 


9.9 


14.9 


19.1 


23.2 


27.6 


31.3 


35.7 


39.1 


m=6 


10000 


9.7 


15.2 


19.0 


23.3 


27.4 


31.3 


35.5 


39.1 


m=12 


10000 


9.4 


14.0 


19.2 


24.0 


27.3 


31.6 


35.3 


39.3 


m=24 


10000 


9.1 


13.3 


17.7 


22.2 


26.8 


31.4 


35.3 


41.1 



The previous table displays the number of exact decimal digits (EDD) of the 
formulas for some values of n. Exact decimal digits are defined by: 

formula(n) 



EDD(n) = -log! 



1 
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The (z)-th column is the EDD of the given approximation using the series up to 
the i-th order term. Calculations are done with Mathematica. 

One can see that m = 1 (Laplace expansion) is the best choice for odd order 
terms, and as we take more even order terms our new approximations for bigger m 
give better numerical results. 

Even better results can be obtained with "n and half" formulas (from expression 
(2.9)). Recall that for m = 6, 12, 24 we have: 



/27T 



'2it 



'2tx 



1 \ n +i 



1 



1 



23 



4(n + 5) 32(n + i) 2 1920(n + ±) 



IVS 



1 \ n+i 



'1- 



2(n+|) 8(n+|) 2 120(n+±) 



1)3 
1' 



1 \ n+4 



'1- 



1 



1 



13 



n+± 2(n+i) 2 120(n+|) 



1\3 



Precision is given in the following table (notations are same as before). For 
bigger m better approximations than in previous table are achieved. 



Formula 


n 


(1) 


(2) 


(3) 


(4) 


(5) 


(6) 


m=6 


100 


6.3 


8.7 


11.2 


13.2 


15.7 


17.3 


m=12 


100 


6.0 


9.2 


11.0 


13.3 


15.4 


17.3 


m=24 


100 


5.7 


8.3 


11.2 


14.0 


15.3 


17.7 


m=6 


1000 


8.3 


11.7 


15.2 


18.2 


21.7 


24.3 


m=12 


1000 


8.0 


12.2 


15.0 


18.3 


21.4 


24.3 


m=24 


1000 


7.7 


11.3 


15.2 


19.0 


21.3 


24.6 


m=6 


10000 


10.3 


14.7 


19.2 


23.2 


27.7 


31.3 


m=12 


10000 


10.0 


15.2 


19.0 


23.3 


27.4 


31.3 


m=24 


10000 


9.7 


14.3 


19.2 


24.0 


27.3 


31.6 



Finally, we shall present numerical quality of our new very accurate approxima- 
tion formula (3.3) (if m = n). Let us recall this formula: 



,1/12" 



1 



1447 



1170727 



360n 2 1814400n 4 1959552000n 6 



l/r. 



Because of its special form, we shall put it in a separate table: 



Formula 


n 


(2) 


(4) (6) 


(8) 


New 
New 
New 


100 

1000 

10000 


13.1 
18.1 
23.1 


17.2 21.1 
24.2 30.1 
31.2 39.1 


24.7 
35.7 
46.7 
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A STUDY OF FUNCTIONAL PROPERTIES OF WEIGHTED 
LIPSCHITZ-LORENTZ SPACES WITH THEIR COMPACT 

EMBEDDINGS 

iLKER ERYILMAZ 



Abstract. Weighted Lipschitz-Lorcntz spaces arc defined and sonic basic 
properties are showed. The author also showed the necessary conditions for 
compact embeddings of these spaces. 



1. Introduction and preliminaries 



Let G be a metrizable locally compact abelian group with Haar measure /i and 
Lip(a,p) and lip(a,p) denote the Lipschitz spaces defined on G for 1 < p < oo. 
Quek and Yap in [15],Feichtinger in [6], [7] proved a series of results concerning 
about Lipschitz spaces and multipliers from L\ (G) to the Lipschitz spaces. In 

particular, it was shown that the spaces (L\ (G) ,lip(a,p)) ,lip(a,p),Lip(a,p) and 

(Li (G) , Lip(a,p)) are isometrically isomorphic where lip(a,p) denotes the relative 
completion of lip(a,p) in [15]. It was also showed that 

L\ (67) * lip(a,p) — lip(a,p) — L\ (G) * Lip(a,p) 

where * is usual convolution operation. Let w be a Beurling's weight function, i.e. 
a measurable, locally bounded function on G, satisfying w (x) > 1, w(x + y) < 
w(x)w(y) for all x,y <E G. For any two weight functions w\ and W2, we write 
W\ -< u> 2 if there exists C > such that W\ (x) < Cw 2 {x) for all x € G We 
write w\ w W2 if and only if ui\ -< W2 and wz -< wi.We will define weighted 
Lipschitz-Lorentz spaces and then show that the properties mentioned above hold 
for weighted Lorentz spaces which is denoted by L (p, q, wd/i) (G). 

In [2], Blozinski defined the convolution operators and proved some convolution 
theorems for Lorentz spaces. Duyar and Giirkanh generalized these properties to 
the weighted Lorentz spaces in [5]. 

For the convenience of the reader, we now review briefly what we need from the 
theory of L (p, q, wd[i) (G) spaces. Lorentz spaces over weighted measure spaces 
L (p, q, wdfi) (G) arc defined and discussed in [5], [8]. Instead of Haar measure ji, let 
us take the measure as wd/i. Let / be complex-valued, measurable and defined on 
the measure space (G,wd/i). Then the distribution function of / is 

X f , w (y) =w{x eG : |/(a;)|>y}= / w (x) d^i (x) , y > 

{xeG: |/(x)|>3/} 



2000 Mathematics Subject Classification. , 46E30, 26A16, 14E25. 
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found. The nonnegative rearrangement of / is given by 

/* (t) = inf {y > : X ftW (y) < t } = sup {y > : A/ >t0 (y) > i } , t > 

where we assume that inf <f> = oo and sup</> = 0. Also the average function of / on 
(0, oo) is given by 

c(*) = J/o /:(*)*»■ 

Note that Xf tW (•) , f^ (•) and /" (•) are nonincreasing and right continuous func- 
tions. The weighted Lorentz space L (p, q, wd/i) (G) is the collection of all the func- 
tions / such that Il/H* < oo, where 



\>p,q,w 



!•* Up, q, it) 



supip/*(i) , 0<p<g = oo 
*>o 



In general, however, ||-|L 0MJ is not a norm since the Minkowski inequality may 
fail. But by replacing f^ with /" in the above definition, we get that L (p, q, wd/i) (G) 
is a Banach space, with the norm ||-|| w defined by 

f^/o 00 *'" 1 [/"(*)]'*)'. 0< P ,<z<cx) 

IIj Up, <j, to I i 

I supt"/**(i) , 0<p<q = oo 
*>o 

If 1 < p < oo and 1 < q < oo then 



P 



I fir <llfll <— — II f I 



\p,q,w 

where the first inequality is an immediate consequence of the fact that f^ < f™ . 
The second follows from the Hardy inequality. In [5], Duyar and Giirkanh showed 
that there is an approximate identity {a a } ae7 of L]^ (G) such that HaaHj = 1 
for each a G / and / * a a — ► / for every / G L (p, q, wd/i) (G) where 1 < p < 
°o, 1 5: Q < oo. It can be derived from [5] that L (p,q,wdfi) (G) is an essential 
Banach L^ (G) —module with the usual convolution and the norm ||-|| w . Also, 

Duyar and Giirkanh showed that the multipliers space (L^ (G) , L (p, q, wd/i) (G)) 
is isometrically isomorphic to L (p, q, wd/j,) (G) for 1 < p < oo, 1 < q < oo. We will 
suggest [5] , [8] to the readers for more properties of weighted Lorentz spaces. 

Definition 1. Let A be a linear subspace of L (p, q, wdfi) (G) for 1 < p, q < oo with 

the following properties: 

(i) There is a norm \\-\\ A for A such that \\-\\ w < IHI^ and (A, \\-\\ A ) is a Banach 

Lw (G) —module with respect to convolution. 

(ii) There is an approximate identity {e a } aeI in L\ 1 {G) such that \\e. a \\i w < M 

for all a G I and \\f * e a — f\\ A — > for all f G A. 

Then the relative completion of A is the space 

A = < f G L (p, q, wd/u,) (G) : / * e a G A for all a , sup ||/ * e a \\ A < oo 

It is easy to see that A is a normed space with the norm ||-||;j, defined by 
Il/H^ = sup ||/ * e^H^. Since the followings' proofs were given in [5], we will not 

a 

give their proofs. 
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WEIGHTED LIPSCHITZ-LORENTZ SPACES 3 

Lemma 1. Let A be as in Definition 1. Then the following properties are satisfied: 
(i) iffeA and geL l w (G) , then f * g G A and \\f * g\\ A < \\f\\ A \\g\\ lw 
(H) ll/IU<ll/lll and \\f\\ z ^M\\f\\ A forf € A. 
(Hi) A is a closed subspace of A. 

Remark 1. It is easy to check that the relative completion doesn't depend on the 
choice of sequence or net {e a } ae j- 

Theorem 1. Let A be a linear subspace of L (p,q,wd/i) (G) for 1 < p < oo, 
1 < q < oo as in Definition 1. Then the multipliers space (i^, (G) , A) and A 
are algebrically isomorphic and homeomorphic. 

Now, we will define the weighted Lipschitz-Lorentz spaces and their properties 
and characterize as in [12]. Certain well-known terms such as Banach module, Ba- 
nach ideal, translation and character invariance, compact embedding will be used 
frequently in the sequel; their definitions may be found e.g., in, [9], [10], [11], [16] and 

[17]. 

2. Basic properties and multipliers for weighted Lipschitz-Lorentz 

spaces 

Now throughout this section, let G be a metrizable locally compact abelian 
group with a translation invariant metric d such that for any y € G, \y\ — d{Q,y) 
and Haar measure /(.We assume that there is a decreasing countable (open) basis 
{V"} n£N °f the identity in G such that 

w((y + V n )AV n )/\y\ a ^0 as y - 0, 

where A denotes the symmetric difference, a e (0, 1) and y £ G. Quek and Yap 
showed that the above condition is not unduly restrictive. Example of groups that 
have these properties are R k ,T k (k > 1) , the O-dimcnsional groups, etc. [15]. While 
X denotes the characteristic function, it is easy to see that {e„} ngN is an approxi- 
mate identity of L^ (G) defined by e„ = /j, (V n ) Xv ■ ^ we use the approximate 
identity given by e n = fx (V n ) Xv n > since the translation operator s — > L s f of G 
into L (p, q, wd/S) (G) is continuous for all s € G and 1 < p < oo, 1 < q < oo [5], one 
can see that 



h * e n - g\\ PAtW < \\L y g-g\\ pqw e n (y)dii(y) 

G 

< sup \\L y g - g\\ -> as n -+ oo. 

yev n 

So, {e n } n£N is also an approximate identity for L {p, q, wd/i) (G) . 
For any / e L(p, q, wdy) (G) and 8 > 0, let us define 

u pq , w (/; S) = sup \A\Lyf - f\\ pqw : \y\ < Sj , 

where L y f(x) = f(x -y). 

Definition 2. Define 

Lip w (a,p,q) = {/ € L (p,q,wdfi) (G) : w pq , w (f;5) = O (S a ) } 
lip w (a,p,q) = {/ E Lip w (a,p,q) : u pq , w (f;5) = o(6 a ) }. 
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These spaces are called as weighted Lipschitz-Lorentz spaces. The function \\-\\/ a w \ 
defined by 

\\Lyf - f\\ 

\\f\\(a,p, g ,w) = \\f\\p,q,w + SU P i„ia ^^ 

y^a \y\ 

is a norm in both weighted Lipschitz-Lorentz spaces. 

Proposition 1. The spaces Lip w (a,p,q) and lip w (a,p,q) are Banach spaces with 
respect to the norm \\-\\( a „ „ w \ for p = q = 1, p = q = oo or 1 < p < oo, 1 < q < oo. 

Proof. Let {/„}„ eN be a Cauchy sequence in \^Lip w (a,p, q), ||-||( Q ^^^)J • Then, by 
the definition of the norm, {/„}„ eN is also a Cauchy sequence in L (p, q, wdfi) (G). 
Since the space L (p, q, wd/i) (G) is a Banach space, there exist a / S L (p, q, wd/i) (G) 
and K <G N, such that 

e sS a 

(~-l) Win — /m|| ( a ,p,q,w) < 9' »* n _ •> ^P,Q,w "^ A (0 4. § a ) 

for all £ > and n,m > K. Since||/„||/ a P qw) IS a Cauchy sequence in R , it is 
convergent and bounded. So, there exists M > such that ||/ n ||( ap „ w ) < M for 
all n <G N. Therefore, for all 5 > 0, we have 



\-Lyfn fn\ 
-jjdT 



., „- . ■- lip q w , , 

SUp j5 — illX ^ < M. 



So for all 7^ y G G, |y| < (5 



(2.2) l|Z/y/ " _^W < M 

is found. Also, by using (2.1) and (2.2), for all ^ y G G, |y| < <$, we get 



\Lyf-f\\ p . q , w .. . 11^/ -/ ll 
-t; < M and so sup -^ 

o i„i<rji o 



Then we have uj, pqw (/; 5) = O (5 a ) and hence / € Lip w (a,p, q). By the inequality 
(2.1), let us choose a positive integer k > K depending on y e G, (0 ^ y) such that 

(2-3) IIA-/IU™<- r -r i v\v\ a - 

4 Iwp (y) + 1) 
Then by (2.1) and (2.3), 

(2.4) \\L y (fn-f)-(fn-f) \\ p>q>w < \\Ly(fn-fk)-{fn-h)\\ p ^ w 

+ \\L y (fk - f)\\ PtqiW + ll/fc - f\\p,q,w 
< \\Ly (f n — fk) — (fn — fk) \\p } q }W 

+ (w* (y) + l) \\f k - f\\ p>q>w 



lie 
is found. Hence ||/„ - f\\ {a ^^ w) < e for all n > K by (2.1) and (2.4). 



< -j\y\ 
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Similarly, let {f n } neN be a Cauchy sequence in (lip w (a,p, q), |H|( aiPi8iU ,)J • Then, 
there exist a / £ L (p, q, wd/i) (G) and N € N such that 

eS a e 

(2-5) Win — fWp.q^w < a(2_l_ § a ) I'-'™ ~ J m \\(a,p,q,w) < 9 

for all s > and n,m> N. Since /jy G lip w (a,p 1 q), for all £ > 0, there exists a 
<5 e > such that 

, ocX ||i y /Ar — /jv|| eS a 

(2.6) sup jjj ^— < 



\ v \<6 S a ^4(2 + 

for all < <5 < o~ e . Then by (2.5) and (2.6), for the same e > we have 

\\Lyf-f\\ pqw \\LyfN - /jv|L,o,tu 

SU P 75 < SUp -jjj 

|j,|<5 d |j/|<5 6 

\\Ly (/ - /at) - (/ - /iv)|L - „, 

1 sup 






e 
< 4 



whenever < 5 < 5 £ . So u! pq , w (f',5) = 0(5") and / € lip w (a,p,q). Now let's 
choose a positive integer k, such that 

(2-7) ll/ fc -/ll P . g ..<^^ i v\y\ a 

4 (j» (y) + 11 
where k (y) > N. Then for each n > N, by (2.5) and (2.7) we have 

(2.8) \\Ly(fn-f)-(fn-f)\\ PtqtW <^\y\ a - 

So, ||/„ - /!!(„,,,,,„) < e for all n > N by (2.5) and (2.8). 



D 



Proposition 2. For any x £ G and f £ lip w (a,p,q), while {e n } — /j, (V n ) Xv > 
we /iawe the fallowings for 1 < p < 00, 1 < q < 00 if w is bounded: 

1. lim||L cc /-/|| (QiPi ^ ) =0. 

2. Jim ||/*e n -/|| (QiMito) =0. 

Proof. Let us take any / € lip w (a,p,q), x £ G and e > 0. Since u) is bounded, 
there exists a constant C > such that w (x) < C for all ,x £ G. 
1. Since / £ lip w (a,p, q), there exists 5 £ > such that 

ll-^J// _ /IL,q,u, - 

sup < 



""l' m / 1 \ 

M<<* d 3(u>p(x) + lJ 

whenever < S < 5 £ . Therefore, for < \y\ < 5 < S s , we have 



\Lyf~ f\\ p , q , w s 



\y\ a 3 (w> (x) + 1) 
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Since for any x,y € G, the inequalities 

\\L y (L x f-f)-(L x f-f)\\ pqw < (w>{x) + l)\\L v f-f\\ PtqtW , 

\\L y (L x f-f)-(L x f-f)\\ pqw < (w*(y) + l)\\L x f-f\\ PiqtW 

< (c*+l)\\L x f-f\\. 



np,q,w 

can be written, we have 

\\L v (L x f - f)-(L x f- nil 

II r -f -fl II T f JMI i \\ V \ XJ J J \ XJ J/Wpqw 

\\ L xf ~ f\\{ a ,p,q,w) = W L xf - f\\ p ^ w + SUP r-p 

!/^0 | J/ 1 

\\L v (L x f - f)-(L x f-f)\\ 
( 2 - 9 ) < \\ L xf - f\\ P , q , w + sup r-pj 

iyi<<5 \y\ 

\\L y (L x f-f)-(L x f-f)\\ 

+ SUp — j„ — 

< „ lf « ,., ( ct+1 )ii^-/iu. 

i W-^xJ J \\p,q,w 3 ,5" 

We know that \\L x f — f\\ — > as a; — > in L (p, g, w^) (G) by [5]. So there 

exists a neighbourhood of identity of G, say U , such that 

2<Te 



(2-10) \\L x f - f\\ PtqtW < 



3(§ a + Ci>+l) 



for all x € U. Therefore \\L x f - f\\ {a ^ q _ w) < e for all x € U by (2.9) and (2.10). 
2. Since J G e„ (y) d\x (y) — J G \jl (V n ) Xv n dn (u) ~ 1 f° r eacn n £ N, we have 



(/ * e„ - /) (a;) < e n {y) (L y f - f) (x) d/j, (y) . 

G 

In the first part of this proof, we showed that there exists a N € N such that 
ll-ka;/ — /||( Q „ „ „) < e for all x £ Vn where Vat is a neighbourhood of the identity 
of G. Since n> N implies that V n C Vn, we get 

11/ * e„ - /||( a)P) g )U; ) < HAr/ — /ll( a ,p,q, w ) < £ - 

□ 



Propositions. The space [lipw{ot,P,q),\\'\\( a p q w)) is a Banach L^ (G) -module 
for 1 < p < 00, q 7^ 00 and an essential Banach module if w is bounded. 

Proof. Let us take / € lip w (a,p,q) and g € L^ (G) .Since L (p,q,wdp) (G) is an 
essential Banach module over L^ (G), we get / * g € L (p, q, wrf^i) (G). Also 

11^1/ (/ * 9) - (/ * ff)ll M>u , . .. ,, \\ L vf - f\\ P ,q, w 

SUP T-77J < Hfflli w SUp- 



s//o |y| ' y #o \y\ 

is found. On the other hand, since / € lip w (a,p, q), there exists 5 £ > such that 

(2-11) sup ggi < Tj — — pj 

|y|<<5 M 11-911 1,„; 
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for all e > and for all y € G, < \y\ < S < 5 S . Therefore, if the inequality (2.11) 
is used, we get for the same e > 

\\L y (f*g)-(f*g)\\ pqw 

SUp — a — < £ 

\v\<s \y\ 

for < \y\ < 6. Hence u pq ^ w (/ * g; S) — o (S a ) and / * g e lip w (a,p, q). Also it's 
easy to see that 

\\f*9\\(a,p,q,w) - \\f\\(a,p,q,w)\\9\\l,w- 

For any / £ lip w (a,p, q), if w is bounded and we use the second part of proposition 
2, we see that lim ||/ * e„ — /||, p „ w) — O.This means that £*, (G) * lip w (a,p, q) — 

lip w (a,p,q). So, by module factorization theorem in [11], I lip w (a,p, q), \\-\\/ apqw ) 
is an essential Banach L^ (G)-module. D 

Remark 2. The space I Lip w (a,p, q), \\-\\, a „ _ w \ ) *s a Banach l} w (G)-module for 
1 < p < oo, q y^ oo. 

Proposition 4. TTie spaces lip w (a,p, q) and Lip w (a,p, q) are translation invariant 
and the function f — > L x f is continuous. 

Proof. We will show the properties for only one of these spaces. Let us take any 
x <G G and / e lip w (a,p, q). Since \l x {,w (y) < w (x) \f, w (y) for all y > 0, we have 
ll-^x/Hp^^ < (w(x))p \\f\\ p>q>w by [5]. Also, / e lip w (a,p,q) implies that for all 
e > 0, there exists S e > such that 

SU P ™ < i ; : 

|y|<<5 ° U)p (x) 

for all y e G, < |j/| < (5 < £ e .For the same e > 0, for all y £ G, < |j/| < (5 < <5 e , 

we have 

\\L y (L x f)-(L x f)\\ 

SUp — ^- < £. 

\y\<8 d 

Therefore, L x f e lip w (a,p,q) and \\L x f\\ {apqw) < w? (x) ||/|| (QjMito) -The conti- 
nuity of the function / — > L x f follows from the linearity of L x (•). 

D 

Remark 3. If the weight function w is a constant i.e. w (x) = K, then lip w (a,p, q) 
is a homogeneous Banach space, Lip w (a,p, q) is a semi-homogeneous Banach space 
and lip w (a,p,q) is a maximal homogeneous Banach space in Lip w {a,p,q). 

Proposition 5. Ifw is bounded then relative completion lip w (a,p, q) oflip w (a,p, q) 
is isomorphic to Lip w (a,p,q). 

Proof. Let / e Up w (a,p,q) and 11/11,^^,^ be its norm, i.e., \\f\\ Up ^ pq) = 



sup||/*e n || (Q|JWu) . It is easy 



to see that 



\\L V (/ * e„) - (/ * e n )\\ \\L y (f* e n ) - (/ * e n )\\ 

j— 7« ^^~ < SUp- 



y^O \y\ 

< 11/ * e n\\( a , p , q , w ) < 11/11 



lip w (a.,p : q) 
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for all n € N and for all ^ y <G G. Hence, we have 
(2.12) \\L y (/ * e n ) (f * c„)|| Mff0 < ll/ll Hp ^ P;g) \v\ a ■ 

Again, for all n € N, 7^ y <G G, the inequality 

11^/ - /llp,g, W ^ 11^/ ~ L v(f* e n)\\ p ^ w + \\ L V (/ * e «) - (/ * e n)\\ p , q , w 

(2-13) +ll/*e n -/IU U) 

< ||L„ (/ * e n ) - (/ * e n )\\ pqw + («,F („) + l) ||/ * e n - f\\ p ^ w 

can be found. Since / * e n — ► f in L (p, q, wd/i) (G) , we get 

\\ L vf-f\\ P>g , w <\\f\\ lip ^ Ptg) \y\ a 

by (2.12) and (2. 13). Therefore, / G Lip w (a,p,q) and lip w (a,p, q) C Lip w (a,p,q). 
Conversely, since we assume that w ((y + V n ) A V n ) / \y\ a —> as y — > at 
the beginning of section 2, it is easy to see that {e„} neN € lip w (a, 1, 1) = lip w (a, 1). 
Since the space Lip w (a,p, q) is a Banach L^, (G)-module, we have 

\\ L v(f *e„)- (/*e„)|| p<zw = ||/* (^ y e„-e„)|| p(ju; < ||/|| PjgjU , ||Lj,e„ -e„|| 1)iu 

and then for each £ > 0, there exists <5 e > such that 

\\L y (f * e„) - (f * e„)\\ 

Sup pns ^- < £ 

y^o \y\ 

for ally e G, < \y\ < 5 < S e . Hence f*e n € lip w (a, p, q) and ||/ * e„|| (ap g >iu) < 
00 for all n£N. Therefore we have Lip w (a,p, q) C lip w (a,p, q). Since the inequali- 

ties ll-ll(a >M ,«,) < \\\ P ^ Pj3l ^ d M \\-k a , P , g , W ) > W\ P ^ P , q) can be seen eas1 ^ 

we have Lip w (a,p, q) = lip w (a,p, q). D 

Proposition 6. Let G be a metrizable local compact Abel group and 1 < p < 

°°j 1 < q < °°- 27ien the spaces Hom L i ( G ) (i^, (G) , lip w (a,p, q) (G)) , lip w (a,p, q), 
Lip w (a,p,q) are algebrically isomorphic and homeomorphic if w is bounded. 

Proof. Let A be as in Definition 1. It is showed that the spaces Hom^ (G) (-^i, (^0 ; A) 
and A are algebrically isomorphic and homeomorphic [5]. Then the result follows 
from proposition 2, 3 and 5. □ 

Proposition 7. Hom L i(G) (-^i (G) ,Lip w (a,p,q) (G)) C Lip w (a,p,q) (G) . 

Proof. Let us take any T € Hom^i ^q) {L\, (G) ,Lip w (a,p,q) (G)). Then for any 
q ^ L x w (G) , there exists a / € L(p,q,wdfi) (G) such that T (g) = / * 5. Since 
T e Hom LliG) (Li(G),Lip w (a,p,q)(G)), we have ||T( 5 )|| (qjwo) < ||T|| || 5 || 1)U) 
for all geLl (G). Then 

\\f * e n\\(a,p,q,w) = II ^ ( e «) II (a,p,q,w) - 11^11 ll e n|ll,tu 

and sup||/*e„|| ( } < ||T|| ||e„|| 1 ^ < 00. Therefore / € lip w (a,p,q) = 

n 

Lip w (a,p,q). □ 
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Lemma 2. Ifw is bounded, then Lip w (a, p, q) = lip w (a,p, q) = Hom L i <g){Lw (G) , 
lip w (a,p,q) (G)) C Hom L i^ G) (L l w (G) ,Lip w (a,p,q) (G)) C Lip w (a,p,q) (G) . 

3. Compact Embeddings of the weighted Lipschitz-Lorentz spaces 

Before starting to the main part, let us give some useful propositions without 
their easy proofs. The methods in [5], [8], [9] and [10] can be adapted to prove the 
propositions for weighted Lipschitz-Lorentz spaces by interested reader. 

Proposition 8. Since w (x) > 1, lip w (a,p,q) C lip(a,p,q) for <p,q< oo. 

Proposition 9. Let w, ui\ and w 2 be weight functions on G and < p, q < oo. 

1. lip Wl (a,p,q) C lip W2 (a,p,q) if and only if there exists a constant c > such 
that \\f\\(a,p,q,w 2 ) ^ c \\f\\( a , P , q , Wl ) forallf€lip Wl (a,p,q). 

2. lip w (a,p,qi) C lip w {a,p,q 2 ) if < qi < q 2 < oo. 

Proposition 10. Let w\ and w 2 be weight functions on G and < p, q < oo. Then 
w\ -< w 2 if and only iflip W2 (a,p,q) C lip Wl (a,p,q). 

Proposition 11. Let p = 1 and < q < 1 . Then for any f G lip w (a, l,q), the 
function x — > \\L x f\\r a w \ is equivalent to the weight function w, i.e. there exists 
c i (/) j c 2 (/) > such that 

ciw (x) < \\L x f\\( atP>qtW) < c 2 w (x) . 

Proposition 12. Let wi and w 2 be weight functions on G and < q < 1. Then the 
embedding i : lip Wl (a, 1, q) c — ► lip W2 {a, l,q) is continuous if and only if w 2 -< Wi . 

Proposition 13. Let 1 < q < p < oo. Then for any f G lip wP (a,p,qi), the 
function x — ► ||ix/||f a „ „ wp) * s equivalent to the weight function w, i.e. there 
exists c\ (/) , c 2 (/) > such that 

ciw (x) < \\L x f\\ {apqwP) < c 2 w (x) . 

Proposition 14. Let w\ and w 2 be weight functions on G and, 1 < q < p < oo. 
Then the embedding i : lip w p{a,p,q) c — > lip w p(a,p,q) is continuous if and only if 

w 2 -< W\. 

Remark 4. Propositions 8-14 are also valid for I Lip w (a,p, q),\\'\\( a „ „ w )) spaces. 

After this point, we will work on G — R d with Lebesgue measure dx. We 
denote by C c \R d ) the space of complex- valued, continuous functions with compact 
support. We will benefit from the techiques which are used in [10]. 

Lemma 3. Let (/n)„ G N be a sequence in lip w (a,p,q). If (/n)„ £ N converges to zero 
in lip w (a,p,q) then (/ n ) neN also converges to zero in the vague topology, i.e. for 

n — > oo 

/ R dfn{x)k(x)dx-> 0, 

for all keC c (R d ) . 

Proof. Let k £ C c (R d ) . We write 

(3.1) \J Rd f n (x)k(x)dx\ < \\k\\ p ^ q ,\\fJ M <\\k\\ ptq ,\\f n \\ pqw 

- Il^llp'.g' \\.M\(a,p,q,w) 
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for 1 < p, q < oo and 

(3.2) \J Rd f n (x)k(x)dx\ < ||fc|UI/„|| ljg < ||fc|UI/ n || ligjt0 

< Halloo \\-M\(a,l,q,w) 

for p = 1 and < q < 1 by Holder's inequality where - + -V = 1, 

Hence the sequence (/«)„ eN converges to zero in the vague topology by (3.1) and 

(3.2). "'"' □ 

Proposition 15. Let w\, u>2 be Beurling weight functions on R d , w\ (x) — > oo 

as x — > oo and < q < 1 . If W2 ~< Wi and W2t - X > doesn't tend to zero in R d for 

x — > oo t/ien i/ie embedding of the space lip Wl (a,l,q) into L(l,q,W2dx) (R d ) is 
never compact. 

Proof. Since ui2 < Wi and < q < 1, there exists a constant C > such that 
W2 (x) < Cwi (x). This implies that lip Wl (a, l,q) C L (1, q,W2dx) (R d ) by proposi- 
tion 12. Let (£„) N be a sequence in R such that £„ — > oo as n — > oo. Since — ?l 

doesn't tend to zero in R d as x — > oo, there exists (5 > such that ^ 2 [^ > 5 > 
for x — ► oo. For the proof of the embedding of the space lip Wl (a, l,q) into 
L(l ) q,W2<ix) (R d ) is never compact, let us take any fixed / G lip Wl (a,l,q) and 
define a sequence (/ n ) neN , where 

(3.3) f n = yj- 1 (t n ) L t J 

which is bounded in lip Wl (a, l,q). Indeed by proposition 11, we have 

\\fn\\(a,l,q, Wl ) = \\ W 1 (*") L t n (/) || (^1,5^) = W l (*n) ||-^t„ (/) II (a.l.g.tui) 
< li^ 1 (£ n )™l (i„) ||/|| (Q>1)g>u!l) = ||/||( a ,i,, )roi ) • 

Now we will prove that there wouldn't exist a subsequence of (/n)„ eN which is 
convergent in L (1, g, W2dx) \R d ) ■ The sequence in the above certainly converges in 
the vague topology. Indeed for all k <G C c (R d ) , we get 

(3-\$ Rd f n (x)k(x)dx\ = l/^wf 1 (£„)L t?j /(x)fc(x)dx| 



»1 (in) 
" -i- »*»- ll/lll^<7T^T 11*11 



I (a,l,q,wi) 



Wl (t n )" "ool^Ml,,,^ - Wl ( in ) 

Since right hand side of (3.4) tends to zero for n — ► oo, we have 

J R dfn {x)k{x)dx — > 0. 
Finally, 

\J Rd f n (x)k(x)dx\ < Hfcll^ll/nll^lNLII/nlli,,,^ 

< ll*lloo ll/™lll,g,toi ^ ll*lloo ll/™ll(a,l,g,uii) 

by this inequality, the only possible limit of (/ n )„ eN in L (1, q, ui 2 dx) (-R d ) is zero. 
It is known that the function x ^ \\L x f\\ 1 is equivalent to the weight function 

u>2, i.e. there exists c\ (/) , c 2 (/) > such that 

ciw 2 (x) < \\L x f\\ hqW2 < c 2 w 2 (x) 
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for all x e R d . Therefore 

(3-5) ll/Jto = Wi 1 {tn)\\L tn {f)\\ hq , W2 

> CxWi 1 (t n ) w 2 (t n ) 

is found. Since ^4^4 > <5 > for all t n , by using (3.5) we write 

ll/n|li, g ,„, 2 > ciw^ 1 (t n )w 2 (t n ) > Ci<5. 

This means that it is not possible to find norm convergent subsequence of (/n)„ e pj in 
L(l,q, W2<lx) \R d ) ■ So the embedding lip Wl (a, 1, g) °-> L (1, g, W2<lx) \R d ) is never 
compact. □ 

Proposition 16. Let wi, W2 be Beurling weight functions on R d , u>\ (x) — > oo as 
x — > oo and < q < 1 . If W2 ~< W\ and ^ (A doesn't tend to zero in R d for x — > 00 
then the embeddings of the spaces lip Wl (a, 1, q) into lip W2 (a, 1, g) and lip Wl (a, 1, q) 
into Lip W2 (a,l,q) are never compact. 

Proof. Let us assume that W2 -< w\. Then there is a constant C > such 
that u>2{x) < C\W\ (x) . By proposition 10, this implies that lip Wl (a,l,q) C 
lip W2 (a, 1, 5) and the unit function % from lip Wl (a, 1, g) into iip^j (a, 1, g) is contin- 
uous. Now assume that ™ 2 [^ doesn't tend to zero in R d for x — > 00 and (/n) nG N ^ e 
a bounded sequence in lip Wl (a, 1, g) . If any subsequence of (/ B ) n , N is convergent 
in lip W2 (a, l,g), then this subsequence is also convergent in L (1, g, W2dx) (R d ). 
However this is not possible by the preceding proposition, since the embedding 
of the space lip Wl (a, l,g) <— > L(l,q,w 2 dx) (i? d ) is never compact. One can use 
the same method to show the non-compactness of the embedding lip Wl (a, 1, g) '—* 
Lip W2 (a,l,q). D 

Proposition 17. Let toi, W2 &e Beurling weight functions on R d , u>\ (x) — > 00 as 

x — > 00 and 1 < g < p < 00. // w 2 -< w\ and W2(x> doesn't tend to zero in R d 

for x — > 00 then the embedding of the space lip w p(a,p, g) into L (p, q, w^dx) (R d ) is 
never compact. 

Proof. Firstly we assume that . Since W2 -< W\ and 1 < g < p < 00, there exists 
a constant C > such that u; 2 (x) < Cw\ (x). This implies that lip w p{a,p,q) C 
L{p,q,w^dx) (i? d ) by proposition 14. Let (t n ) neN be a sequence in R d such that 
i„ — > 00 as n — > 00. Since , Z s doesn't tend to zero in R d asu 00, there exists 
8 > such that ^ 2 r; > (5 > for x — > 00. For the proof of the embedding of the 
space lip w p(a,p,q) into L (p, q, w^dx) (R d ) is never compact, let us take any fixed 
/ G lip w p(a,p,q) and define a sequence (/ ra ) neN , where 

(3.6) fn=W^(t n )L t J 

which is bounded in lip w "(c(,p,q). Indeed, we have 

Wfn\\(oc,p,q,w*) = ll U, r 1 (*n)£t n (/)||( QiP)gj ,<,P) = ^l" 1 (*n) ||£*„ (/) ll( a , p , g ,„,*) 
< Wi" 1 (*~) «"1 (*«) ll/ll(«,i,,«,«,?) = ll/ll(a )P) ,,<)- 

Now we will prove that there wouldn't exist a subsequence of (/«) rieN which is 
convergent in L (p 1 q, w^dx) (R d ) ■ The sequence in the above certainly converges in 
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the vague topology. Indeed for all k <G C c (R d ) , we get 

(3.7) \J Rdfn (x)k(x)dx\ = \j ^w^ 1 (t n )L tn f(x)k(x)dx\ 

= — 7T\ \I Rd L t n f{x)k{x)dx\ 
w\ (t n ) |J " 

Since right hand side of (3.7) tends to zero for n — > oo, we have 

/ R dfn (x)k(x)dx -> 0. 
Finally the inequality 

\J Rd f n (x)k(x)dx\ < \\k\\ pl \\f n \\ p < \\k\\ p , \\f n \\ PtW P 

< ll&llp' ll/nllp,,,^ < ll^lloo ll/n|l(a,l,9,«'i) 

says that, the only possible limit of (/„) in L {p,q,W2dx) (R d ) is zero. It is 
known that the function x — > ||ix/|L Q w v IS equivalent to the weight function w 2 , 
i.e. there exists c\ (/) , c 2 (/) > such that 

dw 2 (x) < \\L x f\\ pqw P < c 2 w 2 (x) 

for all x <G R d . Therefore 

(3-8) H/nlU^ = ^MWLtADWp,^ 

> ciw^ 1 (t n ) w 2 (t n ) 
is found. Since ™ 2 L"J > 8 > for all t n , by using (3.8) we write 

\\fn\\ p ^ w P > Ciwr 1 {t n ) W 2 {t n ) > ClS. 

This means that it is not possible to find norm convergent subsequence of (/n)„ e pj in 
L{p,q,W2dx) {R d ). Therefore the embedding lip w p{a,p 7 q) ^-> L (p, g, w^efe) {R d ) 
is never compact. □ 

Proposition 18. Let w\, w 2 be Beurling weight functions on R d , wi {x) — > oo as 
x — > oo and 1 < q < p < oo. If w 2 -< w\ and ™(*) doesn't tend to zero in R d 
for x — > oo then the embeddings of the spaces lip w p{a,p,q) into lip w p{a,p,q) and 
lip w p{a,p,q) into Lip w p{a,p,q) are never compact. 

Proof. Let us assume that w 2 -< w\. Then there is a constant C > such 
that w 2 {x) < Cwi{x) . By proposition 14, this implies that lip w p(a,p,q) C 
lip w p{a,p,q) and the unit function i from lip w p{a,p,q) into lip w p{a,p,q) is contin- 
uous. Now assume that ,^ doesn't tend to zero in R d for x — > oo and ( f n ) , M be 
a bounded sequence in lip w p{a,p,q). If any subsequence of (/n)neN ^ s convergent 
in lip w p{a,p,q), then this subsequence is also convergent in L (p, 9, u^cfe) {R d )- 
However this is not possible by the preceding proposition, since the embedding 
of the space lip w p{a,p,q) =— > L {p^q^w^dx) {R d ) is never compact. One can use 
the same method to show the non-compactness of the embedding lip w p{a,p, q) '—* 
Lip w p{a,p,q). D 
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Abstract 

There have been some polynomial inequalities with doubling weights such 
as Bernstein inequality, Marcinkiewicz inequality, etc. This paper deals with 
weighted Nikol'skii-type inequality. By using the modulus of smoothness and 
the best polynomial approximation as tools, a Nikol'skii-type inequality with 
doubling weights for trigonometric polynomials is established. 
MSC(2000): 41A17 
Keywords: Nikol'skii inequality; Doubling weight; Modulus of smoothness. 



1 Introduction 

For the sake of brevity, we denote by C a positive constant which may be different in 
different occasion. Let V n and T n denote the set of all algebraic and trigonometric 
polynomials of degree at most n with real coefficients, respectively. And denote by 
L p (a,b) the space of real valued and p-integrable functions on (a,b) endowed with 
the norms 

ll/lloo := ||/ 1| L°°(a,&) : =ess sup |/(x)| 

x£(o,6) 

and 

i/p 



LP(a,b)-=\ \f(x)\ P dx\ < OO, 0<p<OO 



*The research was supported by the National Natural Science Foundation of China(Nos. 
60873206, 60874029) and the Natural Science Foundation of Zhejiang Province of China (No. 
Y7080235). 

^Corresponding author: Feilong Cao, E-mail: feilongcao@gmail.com 
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An integrable periodic weight function W is called doubling weight if W satisfies 
so-called doubling condition 

W(2I) < LW(I), (1) 

for all intervals /, where L is a constant independent of /, 21 is the interval twice 
the length of / and with midpoint at the midpoint of /, and 



W{I) = I W{u)du. 

In other words, W has the doubling property if the measure of a twice enlarged 
interval is less than a constant times the measure of the original interval (here by 
"measure" we mean W{I)). Many of the weights that appear in analysis satisfy this 
doubling condition; in particular, all weights of the form 

k 
W(t) = h(t) JJli-Xjp, lj > -1, t€[-7r,7r), 

3=1 

where h is a positive measurable function bounded away from zero and infinity (so- 
called generalized Jacobi weights). The constant L in (1) will be referred to as the 
doubling constant. 

The doubling condition is closely related to Muckenhoupt's A p conditions, which 
play an important role in harmonic analysis and weighted inequalities. In fact, all 
A p weights satisfy the Aoo condition which is defined as follows: for every a > 
there is a (3 > such that 

W{E) > f3W(I) 

for an interval / and any measurable set E C I with \E\ > a\I\, here, and in what 
follows, \E\ denotes the Lebesgue measure of the set E. It is easy to see that the 
doubling condition is exactly this A^ condition stated for interval £"s rather than 
measurable ones (see the Lemma 2.1 and Lemma 5.1 of [6]). Thus, the A^ property 
implies the doubling condition, and they are very close, indeed. However, they are 
not identical, for there are nonzero doubling weights that vanish on a set of positive 
measure (see [9], Chap. 1, Sec. 8.8) and this cannot happen for an A^ weight (see 
also [3]). 

Recent years several researches have focused on the inequalities of the algebraic 
and trigonometric polynomials with doubling weight W (see also [1], [2], [5], [6], [7]). 
Various important, weighted, algebraic and trigonometric polynomial inequalities 
such as Bernstein, Marcinkiewicz, Schur, Remez, etc., have been proved for 1 < 
p < oo by Mastroianni and Totik in [6] under minimal assumption on the weights. 
They stated that in most cases this minimal assumption is the doubling condition. 



824 CAO, LIN: NIKOLSKII INEQUALITY 



Sometimes, however, as for the Remez and NikoFskii inequalities, one needs the 
slightly stronger A^ condition. 

The classical Nikol'skii inequality says that ifl<p<q<oo, then there is a 
constant C such that for all trigonometric polynomials of degree at most n we have 



i i 



\\T II < Cnv~~i \\T II T gT 

\\ ± n\\q — '^'ii' L H H-'nllp) ± n ~ In- 
Ill [6], Mastroianni and Totik proved Nikol'skh-type inequality with A^ weights 
(see Theorem 5.5 of [6]). In this paper we will establish a full analogue for doubling 
weights. In fact, we will prove the following theorem. 

Theorem 1. Let W{x) be a doubling weight. Then for all 1 < p < q < oo and 
T n 6 T n there is a constant C depending only on q such that 

\T n {x)\ q W(x)dx) q < Cni~\ ( I \T n (x)\ p W (x)Ux J " . (2) 



2 Proof of Theorem 1 

To prove Theorem 1, we need the following lemmas. The first lemma is a Hardy-type 
inequality, its proof is a simple modification for the proof of Hardy inequality (see 
P. 24 of [4]). 

Lemma 1. Let 9 > 0, 1 < q < oo, < a < b < oo. Then for each positive 
measurable function 6 on M + , there holds 



b , ,ds 

i I 4>{s)— 

t s 



dt 1 

7-0* 



l) r 



H . q dt 

fm -. (3) 



The next lemma was proved by Milman [8]. 

Lemma 2. Let f G L p (0, 1) (1 < p < oo), and /* be the decreasing rearrange- 
ment of f. Then 

u(f*,t) LP (o,i) < 7w(/,t) L p( ,i), (4) 

where oj(f,t)i P ^ ^ is the modulus of smoothness of functions f defined by 

/ rb-h \ p 

u(f,t) p :=uj(f,t) L PUb)-= sup / \f(x + h) - f(x)\ p dx) . 

0<h<t \Ja / 

The following two lemmas are the important properties of doubling weight, which 
were shown by Mastroianni and Totik [6]. 

Lemma 3. Suppose that W satisfies the doubling condition. Then for every 
1 < p < oo there is a constant C, and for each n a nonnegative trigonometric 
polynomial Q n of degree at most n such that uniformly in x £ M. 

^W n (x) < Q n ( X ) P < CW n (x), (5) 
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and 



where 



\Q' n (x)\ P < CnPW n (x), 



W n (x) :=n W(u)du. 

J X 

n 

Lemma 4. Let W be a doubling weight. Then for every 1 < p < oo there 
is a constant C depending only on the doubling constant L such that for every 
trigonometric polynomial T n of degree at most n we have 



1 
C 



tjpw < / \TJPW n < C / \T n ?W. 



(6) 



The following Lemma 5 is a Steckin-type inequality, which could be found in [4] 
(see P.208-P.209 of [4]). 

Lemma 5. Let P n , Q n G 7^, 1 < p < oo. Tnen there is a constant C such that 



UJ 



( 1\ c n 

PnQn, — ) < — / _ Ek(P n Qn 

\ nj „ n z — ' 

V / P fc=0 



v> 



(7) 



where E n (f) p is the best polynomial approximation o f defined by 
E n (f) p :=E n (f) LP{afi) := inf ||(/ -T n )|| p . 

Now we turn to prove the following lemma, which will take a crucial role in the 
proof of Theorem 1. 

Lemma 6. Let 1 < p < oo, 1 < u < oo and f S L p (0,u). Then for any 
0<x< f, 



/ (x)<C I 773 dt+ r ||/||LP(o,«)- 



t 1+ t 



(8) 



JJ P 



Proof. Let / G IP, < h < 1. We define 

A h /(x):=[/(x + fc)-/(x)]x ( o,i-h). 

where xa is th e characteristic function of A. It is obvious that 

u{f, t) L P(0,l) = SUp \\&hf\\LP(0,l), 
0<h<t 

for < t < 1. Since f*(x) is decreasing, we have for n > 2, 
1 



w r, 



;? 



> 



Lp(0,1) 



LP(0,1) 



Aif(x) 

( rw _ r ( I+ i)) X(oi _ J)(x) 



LP (0,1) 
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> 



> 



(r<»>-r(*+i))* (0ii) M 



LP(0,1) 



< I s;) - '* G 



l V 

2n, 



By which we obtain 



\2'=+ 1 / 



fc = l,2. 



LP(0,1) 



Hence, 



* \ 2 ra +! / 



E 

fc=i 



•^ I 9fe+l J ^ I 2 fe 



< 






Noting that 



1 

L-(o.r,- liriU, ( o.i. > ( / (.TV))"'/-'- )" >/"('!/". ()</<! 



--1 



and £p is decreasing, we get 






^ r, 



-^ / r»/ni\ / 1 



+ -7^tII/IUp(o,i)- 

2, 



But 



We thus have 



1 ( f * 1 



r 



v2 fe " 



2".+! 



< 2 



i p (o,i) ^ 



,fc-i w (/*>*) lp(o,i) dt 



t.p 



< 



< 



H, /•p=rw(/*,t) L! ,( 0]1 )(/t 1 



fc=l 2fc 



1 

ip 



* (i: 



riuiii p (o,i) 



1 ^ (f *,t) LP (0,1) dt 1 



1 

£p 



+ 



4 (ir 



rll/llLP(o,i)- 



For every < s < 5 there exists 116N such that k^+t < s < ~^. Therefore, 



/»<r(2^r)<8 



w (/* .*) lp (0,1) d* 1 



(0,1) 



1 

£p 



+ 



* n 



)' 



rll/llLp(o,i)- 



Define /i(y) := f*{uy)(y G (0, 1)). From (9) it follows that for < y < |, 



(9) 



*'-M^ c i'^ 
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By exchanging y = -, t = — and observing that 

u(h, -J = -rw(/*,*%,(o,u). /*(?)< tII/IIlp(o,«)i 

V U /LP(0,1) up V// (|)p 

we obtain 

/*(*) = f*(uy) = h(y) 

< c r!Mw^ +r p 
- y, /^i+i « V2 

ru w(/*,t)£p (0 ,„) ,. , 1 

-— 1 (it + — _ 

t + ~ p (IP 

This completes the proof of Lemma 6. 
Now we turn to prove Theorem 1. Let 

{A ... J E k ^(P n Q n ) p , if te(^,±l (fc = l,2,...), 

I || -fWn(z)||p, for 1 < i < oo. 

Then for t < - 

— n 

2 



< C / 1+i — — dt-\ T \\ J \\ LP (0,u)- 



Jt y k=l J k+l y fe=l • y ~ 

n—1 
= Q y - E 'fc-l(-PnQn)LP(0 1 2-7r)- 



. , 7/ 

fc=l fe+1 fe=l fe+l 

n—1 



fe=l 

Therefore, we obtain from (7) that 

u(PnQn,t) LP{0 ,2ir)<Ctl ~^dy. (10) 

Using a linear scaling we get from (4) that 

w(/*,t)iP(o,2ir) < 7w(/, t) L p(_ 7I . )7r ), 
which together with (8) imply 

OPnQn)* (*) < C / 27r ^PnQn^LPi-^) ^ + _1 ||P n ( x )Q n(x ) || Lp( _^ } . 
« i P T\v 

Noting q > 1, we have 

v.<w(,))«*) J s Of(r " (f " g, ;'^"" dt )'^ i 

+ / f 2 - / iip,.wa,.(^)iu»(-, J) y ^y 
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For the second expression of the last inequality, it is easy to prove the 



2 * n\PJx)QJx)\\ L P(- k^V \« 

" V ^ n \ ,U( ^M dx) <C\\P n {x)Q n {x)\\ LP{ ^y 

'0 V ttp / / 

Now we turn to estimate the first expression on the right of this inequality. By (10) 
and (3), we have 

i 





(f(f« p ' Q " t \'«-"«)\y 


< 


c(r(r t '-ir a ^ d > dt )\,Y 




\Jo \Jx Jt y y t J ) 


< 


c( r ( rv-* a{t) dt v dx] * <c( r ( x \ r a{t) dt x dx ) Lq 

J \k \Jx ' t t ) x ) - j v7o v L t \ t ) x ) 


< 


<r(-trwHi:(^H- 


Therefore, 


(f 


((P n (x)Q n (x)T) q y < C\\P n (x)Q n (x)\\ LP{ ^ 7T) + C (J * (t-^a(t)y<tt\ 



fill 



Using Lemma 3, for a fix real number q > 1, we have 

^Pn(x) < W n (x)\ < CP n {x). 

From the definition of a(t), it is obvious that when t & (1, 2-/r), 

i 

a(t) = \\Pn{x)Qn{x)\\ L v(-K,ir) < C\\Q n {x)W n (x)i\\ LP{ _^^ ) , 
when t € [^,1], 

a(t) = E k ^ 1 (P n (x)Q n (x)) LP{ _ ntn ) < \\Pn(x)Qn(x)\\ L P(-n,ir) 

< C\\Q n {x)W n (x)^\\ LP{ _ 7T ^ ) , 
and when t G (0, ^), a(t) = 0. Consequently, combining (11) with (5) gets 

\§ 

|Q„(x)|9W n (x)dxJ = ||Qn(x)VF n (x)5|| L9( _^ 7r) 

2n 



= || (Q„(x)P n (x))* || L ,(^ i7r ) = [J ({P n (x)Q n {x)T) q dx 

J (t-*a(tj) dt 



9 



7 
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1 
2f / isq \ " 



< C\\P n (x)Q n (x)\\ LP{ ^ n) + C\\P n (x)Q n (x)\\ LP{ _^ ) (j i (tv-) q dt 

i_i i_i i 

< CriP «||i 3 n(a;)<5n(a;)||LP(- 7 r,7r) < Cup "\\Qn(x)W n (x)i\\ LP{ _ 7Tt7T) 



< Cn\ Uf \Q n {x)\ p W n (x)UxY . 

From (iii) of Lemma 2.1 in [6], we know that W has the doubling property, 
which is equivalent to the property: For every a < 1 there is a /3 < 1 such that 
W(J) < (3W{I) for all intervals J <Z I with \J\ > a\I\. So, it is easy to prove that 

V P 

Wi satisfies doubling property by using /3? instead of p. Theorem 1 thus follows 
from Lemma 4. 
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Abstract 

This paper discusses the approximation by the r-th Boolean sum of Jackson 
operators on the unit sphere §™ _1 , (B r Jk,s{f), including direct and inverse theorem 
as well as the saturation. Namely, we prove that there are constants C\ and C<i 
such that 

Ci|| ® r J k .s.f - /||p < u 2r (f, k-\ < C 2 max || ® r J kiS f - f\\ p 

v>k 

for any positive integer k and any p-th Lebesgue integrable function / defined on 
the sphere, where u> 2r (f,t) p is the modulus of smoothness of degree 2r of /. We 
also obtain that the saturation order for ® r Jk, s is fc~ 2r . 

MSC(2000): 41A17 

Key words: approximation; Jackson operators; Boolean sums; saturation; 
sphere 



1 Introduction 

In the past decades, some mathematicians have dedicated to establish the Jackson 
and Bernstein type theorems on the sphere. Lizorkin and Nikol'skii [7] constructed 
Boolean sums of Jackson operators, (B r Jk,s (which will be defined in the next section), 
for proving the direct and inverse theorem on a special Banach space i^I(S™ _1 ). Later, 
Nikol'skii and Lizorkin [9] obtained the direct estimate for Jackson operators (i.e., the 
1-th Boolean sum of Jackson operators) approximating continuous function on the unit 
sphere S n ~ 1 by using the modulus of smoothness of second degree as metric. In 1991, 
Li and Yang [6] used K- functional method (see [2]) and established an inverse theorem 
called Steckin-Marchaud type inequality. Recently, Ditzian [5] proved an equivalent 
relation between l\-functional and modulus of smoothness of high order, which will 
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provide a tool and allow us to make a proof for direct and inverse theorems for the 
Boolean sums of Jackson operators. 

Actually, after improving a Steckin-Marchaud type inequality for numerical se- 
quence, we will prove the direct and inverse theorem of approximation for the r-th 
Boolean sum of Jackson operators (B r Jk,s approximating p-th Lebesgue integrable func- 
tion on the sphere. Particularly, a strong type converse inequality (see [4]) for (B r Jk,s 
will be established. Moreover, we will use the method of multipliers and obtain the 
saturation order of © r Jk,s- 

2 Definitions and Auxiliary Notations 

Let S n_1 be the unit sphere in Euclidean space W 1 . We denote by the letters C and Cj 
positive constants, where i is either positive integers or variables on which C depends 
only. Their values may be different at different occurrences, even within the same 
formula. We shall denote by x and y the points of S n_1 . The notation a ~ b means 
that there exists a positive constant C such that C~ l b < a < Cb. 

We now introduce some concepts and properties of sphere (see also [8], [13]). The 
volume of §™ _1 is 



jn— 1 1 



duo 



2tt2 



r( 

Denote by L p (S n_1 ) the space of p-th integrable functions on § n_1 endowed with the 



norms 



Loo(gn-i) :=ess sup \f{x)\ 

and 

II/IIp == Wfhp^-r) ■= U i \f(x)\Pdu(x)\ < oo, 1 < p < oo. 

For / € L 1 (S n_1 ), the translation operator is defined by (see for instance [13]) 

W)( g ) ;= | S n-2|ln-2 fl / fivWiv), < 9 < VT 

|Q | Sin V J x -y=cos0 

where du/(y) denotes the elementary surface piece on S n_2 . We set 
Si°\f):=f, stf\f):=SeStf\f), j = 1,2,3,... 
and introduce the spherical differences (see [7]) 

Al(f) := A e (f) := S 6 (f) - f 
and 

AXf):=A A*- 1 (f) = J2(-l) r+i ( r )s?\f) = (Se-I) r f, r = 2,3,... 

3=0 VJ/ 
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where / is the identity operator on L p (S n 1 ). Then the modulus of smoothness of 
degree 2r of / G LP(§ n_1 ) is defined by (see [11]) 

cu 2r U\ t) := sup || A5/|| P) < t < n, r = 1, 2, . . . . 

0<6Ki 

We denote by A the Laplace-Beltrami operator 

}2, 



i=1 ax i |x|=i VFl/ v 



by which we introduce K-functional of degree 2r on S n 1 as 

K 2r (/,A,t 2r ) p :=inf{||/- ff || p + t 2 n|A^|| p : 5 , A^eL^r 1 )}. 

For the modulus of smoothness and i^-functional, Ditzian [5] has obtained the following 
equivalent relation 

u 2r (f,t) p ^K 2r (f,A,t 2r ) p . (2.1) 

Clearly, for any A > 0, we have, using (2.1), 

u 2r U\ At) P < Ci#2r(/, A, (At) 2r ) P < C 1 ! max{l, A 2r }^ 2r (/, A, £ 2r ) P 

< C 2 max{l,A 2r }w 2r (/,t) p (2.2) 

where C\ and C 2 are independent of t and A. 

Spherical polynomials of order k on S n_1 are defined by (see [7]) 

k 

P k (x):=J2Hj(x) 

3=0 

where Hj(x) are the spherical harmonics of order j, the trace of some homogeneous 
polynomials on 1" 

Qj(x) := 2_^ x i ' ' ' x n 

U+«2H \-i n =m 

of order j, where Xi(i = 1, 2, . . . , n) are the i-th coordinates of x £ W 1 . We denote by 

The known Jackson operators are defined by (see [7]) 
1 



IK the collection of all spherical polynomials on S ra 1 of degree no more than k. 



J kAf)(x) := j^r / /G/)0 M (aiccosx • y)Mv), f e ^(S"" 1 ) 
where fc and s are positive integers, du(y) is the elementary surface piece of S n_1 , 

sin? 
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is the classical Jackson kernel where A k is a constant connected with k and s such 

that 

ra-2 



f'TT 

/ @ k , s (6)sm 2X 6de = l, A 
Jo 



We observe that 



Jk,s(f)( x ) = 1^-21 / f(y)@k, s ( aiccosx ■ y)du(y) 



Sn-2| _..,„ 

"■ / 1 



f(yW(y) )@ k:S (e)sm 2X ede 



o \|S n - 2 |sin 2A ^y cc .j /=cos ( 

S e (f)(x)9k, a (d)Bm 2X ed0. (2.3) 

'o 

The r-th Boolean sum of Jackson operators is defined as follows (see [7]). 

Definition 2.1 The r-th (r > 1) Boolean sum of Jackson operators of degree k (k > 1) 
on S n_1 is defined by 

e r J fc , s (/):=(-(/-J M r + /)(/), /ei^r 1 ), (2.4) 

where s is a positive integer. 
It is clear that 

(B'JkM) = ~ E(" 1 ) 4 ( •) ( J M) J (/)- (2-5) 

We now make a brief introduction of projection operators Yj(-) by ultraspherical 
(Gegenbauer) polynomials {G x } c j° =1 (A = ^— ) for discussion of saturation property of 

© Jk,s- 

Ultraspherical polynomials {G x } c fL 1 are defined in terms of the generating function 

(see [12]): 

^ oo 

_ = V G x (t)r j 

(l-2tr + r 2 ) x Z^jW 

where \r\ < 1, |i| < 1. For any A > 0, we have (see [12]) 

G x (t) = 2\t (2.6) 

and 

dt 



d G x (t) = 2\G x +\{t). (2.7) 



When A = ^ (see [13]), 

where P™ (t) are the Legendre polynomials of degree j (see [8] ) . Particularly, 



A r(j + 2A) rq + 2A) 

jlj r(i + i)r(2A) J ' l j r(i + i)r(2A)' J u ' i ' z '-- 
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therefore, 



G*(t) 
m - 0y (^) 

Besides, for any j = 0, 1, 2, . . ., and \t\ < 1, |P"(t)| < 1 (see [8]). 
The projection operators are defined by 

W)(*) == r(A) iV A) / g}(* • v)/(v) «Mv)- 

27T2 J§n-1 

It follows from (2.6), (2.7) and (2.8) that 

lim l-^(t) _ J g + 2A) 
£?_ i _ p«( t ) " 2A + 1 ' J-U' 1 ' 2 '---- ^ 

Finally, we introduce the definition of saturation for operators (see [1]). 

Definition 2.2 Let tp(p) be a positive function with respect to p, < p < oo, tending 
monotonely to zero as p — > oo. For a sequence of operators {/ p } p >o if there exists 
K g LP(S n_1 ) such that 
(i) If \\I p {f) - f\\ p = o{y{p)), then I p (f) = f; 

fa) WpU) - f\\p = (<p(p)) tf and onl y if f € £; 

then I p is said to be saturated on L p (S n ^ 1 ) with order 0((p(p)) and K, is called its 
saturation class. 

3 Some Lemmas 

In this section, we show some lemmas as the preparation for the proof of the main 
results. 

Lemma 3.1 For any f G L p (S n_1 ) and any positive integers k, r, u, s, we have, 
(i) ® u Jk,s(f) is o- spherical polynomial of degree no more than s(k — 1), which 
implies A r (e u J fciS (/)) G L^S™- 1 ); 

(ii) ||e u J M (/)||p<2«||/|| p ; 

(Hi) \\A r (e u J k M))\\ P <Ck 2r \\f\\ p ; 

(iv) If A r g G LP(S n - 1 ), then \\A r {® u J k:S {g))\\ p < 2»\\A r g\\ p . 

Proof, (i) Since @ ks (0) is an even trigonometric polynomial of degree no more 
than k(s — 1), then Jks(f) is a spherical polynomial of degree no more than s(k — 1). 
Thus we can prove by induction that @ u Jk,s{f) is a spherical polynomial of degree no 
more than s{k — 1). 

(ii) Using the contraction of translation operator that (see for instance [13]) 

HW)|| P <||/|| P , o<e<7r (3.io) 

as well as (2.3), we have 

\\JkAf)\\ P < r\\Se(f)\\ P ® k , s (e)sm 2X ed9<\\f\\ p . 

Jo 
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Using (2.5), we get 

||e u J M (/)|| p < T „.,„,,. 

(iii) Using Bernstein-inequality on the sphere (see [10]), that is, 

HAP II < ft 2 IIP, II R i= TT n 

H^-ffellp ^ ^ K iKfellp) -He t ■ li fc) 

we may easily obtain by induction that 

II A r R II < C r k 2r \\ P, II 

Noting that (i) implies (B u Jk,s(f) G n /■i._ 1 \, we thus have 

\\A r (e u j k M))\\ P < ck 2r \\e u j k M)\\ P = Crk 2r \\f\\ p , 

where C and C r are independent of / and k. 

(iv) The fact that ASg(g) = SgA(g) (see [7]) implies 

A r (e n J fc , s (ff)) = ® u \ s (k r g). (3.11) 

We thus use (ii) and find 

\\A r {@ u J k Ag))\\v = II © M «/M(^ r 5)|| P < 2 u \\A r g\\ p . 
This completes the proof of Lemma 3.1. □ 
Lemma 3.2 For (3 > —1, 2s>/3 + n — 2, < 7 < 7r, and n > 3, we have 

I e^ Ks {e)sin 2X ede^k-^ (3.12) 

Jo 
where A = 7k ^ 2 -, and s, n, k are positive integers. 

Proof. A simple computation gives 

7 r , s i\ Jo V sin § / 
0% fe s 0) sin 2A 0d0 = ^ H « fe - ^. 

/ 1" sin ^ 

Jo \ sin ^ / 

The proof of Lemma 3.2 is completed. □ 

The following lemma is an improved version of Lemma 2.1 of [14], which is useful 
for the proof of Bernstein-type inequality. 

Lemma 3.3 Suppose that {a v }^ =1 , {t v }^ =1 are nonnegative sequences with o\ = 0, 

and there hold the inequalities 

/av\p 
0fc < I -r I <t v + t v , v = l,2,...,k 

for a > 1 and positive integer k, then there exists < b m < 1, b m — > 1, as m — >■ oo ; 
such that 



<y k <C m k~ h ^Y. vbmP ' lT - 



v=l 
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TTl 

Proof. First we take m > 1, such that In — > 1. Then there exists positive 

a 

integer N, such that m N < k < m N+1 . Take s v > such that km~ v ~ 1 < s v < km~ v , 
v = 0, 1, . . . , N as well as 

t Sv < tj (km-'"- 1 <j< km- v ). 

ln m 

Set stv+i = 1, b m = - — — < 1. Clearly b m — > 1, as m — > oo. Then 
lnm 



fas y 

\~k~) °*>^"«> 



<?k < ( —f-J O'so + T s , 

N / / \ v \ N 

''so 



«=o u i>=0 

iV+l _f^jr^\ /iV+l 

t)=0 y u=0 km- v - 1 <j<km- v 

k 

This finishes the proof of Lemma 3.3. □ 

The following lemma gives the description of © r J k)S by multipliers, which was proved 
in [7]. 

Lemma 3.4 For / G L^S™- 1 ), tfjere /iotas 

3=0 

where r £ k ,sti) = l ~ (ij @k,s( 6 ) ( l ~ P^cosO)) sin 2A ddoY ,j = 0, 1, 2, . . . and the 
convergence of the series is meant in a weak sense. 

The final lemma is useful for determining the saturation order. It can be deduced 
by the methods in [1] and [3]. 

Lemma 3.5 Suppose that {I p } p>0 is a sequence of operators on L p (S n_1 ), and there 
exists series {^ P (j)}^Li with respect to p, such that 

oo 

3=0 

for every f e L^S" - " 1 ). If for any j = 0, 1,2, ... , there exists (p(p) — > 0+ (p — > po) 
such that 

km t^ — = Tj f= 0, 

then {I p } „ is saturated on L p (S n_1 ) with the order 0(<p(p)) and the collection of all 
constants is the invariant class for {I p } Q on L p {S n ~ 1 ). □ 
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4 Main Results and Their Proof 

In this section, we shall state and prove the main results, that is, the lower and up- 
per bounds as well as the saturation order for Boolean sums of Jackson operators on 

L p (S n - 1 ). 

Theorem 4.1 Let 2s > n, and let {® r Jk^kLi be the sequence of Boolean sums of 
Jackson operators defined above. Then for any positive integers k and r as well as 
sufficiently smoothing g G L p (S ra_1 ), 1 < p < oo such that A r g G L p (S n ~ 1 ), we have 



II e r JkAa) - g\\ P < Cik 2r ||A r <7|| p , 

therefore, for any f G L p (S n ~ 1 ), we have 

\\® r JkAf)-f\\ P <C2u 2r (f,k- 1 ) p , 

where C\ and C2 are constants independent of f and k. 
Proof. By Definition 2.1, we have 

e r Jfc, s (s)(aO - g(x) = -{i- J k , s ) r (9)(x). 
Now we prove (4.13) by induction. For r = 1, 

Se(g)(x) -g{x) 
(see [10]) implies (explained below) 



(4.13) 



(4.14) 



sin r / sin uS u (Ag)(x)dudr 
Jo 



\Jk, s (g) - g\ 



D k Ae)(Se(g)(-)-g(-))sm 2A ede 



< / D ktS (0)sin 2A 9 sin~ 2A r / sin 2A u S u (Ag) 
Jo Jo Jo 



p 
dudrdO 



I O I Q \ / O \ 

< sup < 9~ / sin - r / sin - udu dr 
e>o I Jo Jo 

< Ck- 2 \\Ag\\ p , 



2A, 



e 2 D ktS (o)sm^ede) \\Ag 



(4.15) 



where the Minkowski inequality is used in the first inequality, the second one by (3.10) 
and the third one is deduced from Lemma 3.2. 
Assume that for any fixed positive integer n, 



® u J k , s (g) - g\\ P < Ck~ 2u \\A u g\\ p . 



Then 



e n+1 J k , s (g) - g\\ P = WiA* - i)(e u J k , s (g) - s)L < Ck-'\\A{@ u J k Ag) - g)\\ P 



Ck- 



J k , s (Ag) - Ag\\ p < Ck 



-2u-2\\ a«+1 



A u+1 o 
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where the first inequality is by (4.15), the second one by (3.11), the last by induction 
assumption. Therefore, (4.13) holds. 

Using (2.1) and noticing that ® u Jk,s is a linear operator, we obtain (4.14). This 
completes the proof of the theorem. □ 

Next, we establish an inverse inequality of strong type for (B r Jk,s on L p (S n_1 ). 

Theorem 4.2 For positive r > 1 and f £ L p (S n_1 ), 1 < p < oo ; there exists a constant 
C independent of f and k such that 

w 2r (/,fc _1 )p < C max || r J ViS (f) - /|| p . (4.16) 

v>k 

Proof. We first establish a Steckin-Marchaud type inequality, that is, for / £ 

LP{W 1 - 1 ), 

k 

u 2r (f,k-% < c m k- 2b ^Y. v2bmr ~ l W © r J vM) - /Up, 

v=l 

where < b m < 1, b m — > 1, as m — > oo. 

Set 

a v = v~ 2r \\A r (® r J v , s (f)) ||p, t v = || r J v , s (f) ~ /Up. « > 1- 
Using Lemma 3.1, we have 

a k < k- 2r \\A r (® r Jk, s (® r JvAf))) Up + k- 2r \\A r (® r J k ,s(® r JvAf) ~ /)) Up 

< r (£j 2r (v- 2r \\A r (® r J v , s (f)) \\p) +c\\® r J v , s (f) - f\\ P 

= ^—j a v + Cr v . 

By Lemma 3.3, we have o~k < C m k~ mT YLv=i y2 r ^ f° r some large enough m. 

That is, 

k 

k- 2r \\A r ((B u JkAf)) \\ P < c m k- 2b ™ r Y. v2bmr ~ l W © r J -M) - f\\ P - 

v=l 

k 
For k > 1, there exists a positive integer k^, — < ko < k, such that 

II e r <4 0jS (/) - /|| P < || e r J v , 8 (f) ~ /IU l<v<k. 

Thus 

K 2r (f,A,k- 2r ) P < \\(B r Jk {) Af)-f\\p + k~ 2r \\AA(B r Jk Af))\\p 

< 2 2r k~ 2r Y, v^W&JvAD-fl 

^<v<k 

k 



IP 



+c m k- 2b - r Y,v 2bmr - 1 \\ ® r J v Af) - f\\ P 

v=l 

k 

< c m k- 2bmr J2 v2bmr ~ 1 \\ © r J vAf) - fh 



ip- 
^=1 
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From (2.1) it follows that 

k 



uj 2 



r {f,k~ l ) p < Cmk-^Y^v^-'W e u J v , s (f) - f\\ P - 



v=l 

To finish our proof, we need the following inequalities. 

u 2r (f,k- r ) P « ^ max v 2r \\ (B r J v , s (f) ~ f\\ P 

" T^VT ^^v 2r+ H ® r JvAf) ~ f\\v (4-17) 

In the first place, we prove the former inequality of (4.17) (explained below). 

k 

u 2r {f\k~ l ) p < c 1 k- 2b - r Y. v2bmr ~ 1 W® rj vM)-f\\p 

v=l 

< d ( k~ 2bmr V v -^-bm)r-l ] max v 2r || r j ^ _ yr|| 

\ *■ — ' / Kv<k 
\ v=l J 

< C 2 k~ 2r m a xv 2r \\® r J v M)-f\\p 

l<v<k 

< C 3 k~ 2r max « 2r w 2r (/ J u- 1 ) p 

i<t)<fc 

< C 4 [ AT 2r max 7, 2r (-) ] uA(/, A;" 1 ),, < C 4 u^(/, &"% 

where the fourth inequality is deduced by Theorem 4.1 and the fifth is by (2.2). 
Thus 

" 2r (f, k-\ « ^ max ^ 2r || r ./„,.(/) - /|| p . 

k zr l<v<k 

In the same way, we have 

k 



2r 



(f,k-\ < c 1 k- 2h - r Y,v 2b - r - 1 \\e r J.Af) - fh 



v=l 

k \ 

,2r+i||^r 



< cJk-^Y.v-* 1 -^*-*- 1 } i 



max ^ + 4||e r J vAf)-f\\ P 

<v<k 



that is, 



< C 5 fc- 2r -3 max v 2r+ i\\ (B r J v , s (f) ~ f\\ P 

< C % k- 2 '-\ max v 2r+k ^ 2r {f,v- l ) p 

l<v<k 

< C % k- 2 '-\ ( max v 2r+1 ± (-) J w^C/,*" 1 ), < C 7 a; 2r (/, AT 1 )^ 



^(/.r 1 ), « -^max^+iH e r J„ iS (/) - f\\ p . 

k 4 — 



10 
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Therefore 



1 



- 1 m^^ r +4||©'-j t;ia (/)-/|| (4.18) 

Now we can complete the proof of (4.16). Clearly, there exists 1 < k\ < k such that 
k? + H © r JkUf) - flip = max v 2r+ M\ (B r J v , s (f) ~ f\\ P - 

Kv<k 



Then it is deduced from (4.18) that 

k- 2r k 2r \\(B r J kl M)-f\\ P < 717 ™?v 2r \\(B r JvAf)-f\\ 



1 
& 2r i<u<fe ' 



< C 8 -i- r max^+i||e'-J^(/)-/|| p 

= c 8 £r 2r -Uf^||© r j fcliS (/)-/|| p . 



This implies fci ~ fc. Applying (4.18) again implies 



1 
' A: 2r+ 3 i<£<fc ' 

1 ,, 2H x 



w^C/.fc- 1 ), < C 57 ^^ maxy r+ i||e r J, v ,(/)-/|| P 



= Cs-^-rCfci 3 II © r Jkus(f) ~ /Up) < C 5 max || r J v>a (/) - f\\ p . 

h Zr +4 fel<l)<K 

Noticing that fci ~ fc, we may rewrite the above inequality as 

u> 2r (f, Op < Cmax || @ r J v , a {f) - f\\ p . 

v>k 

This completes the proof of Theorem 4.2. □ 

Theorem 4.3 {© r Jfc jS }^ =1 are saturated on L p (S n ~ 1 ) with order k~ 2r and the collec- 
tion of constants is their invariant class. 

Proof. We first prove for j = 0, 1, 2, ... , 

Bm ' - 'ff j = W + W. (4.19) 

*_►«> 1 - ^(l) 2A + 1 v ' 

In fact, for any < 5 < it, it follows from (3.12) that 

j & k:S (e)sm 2X 9de < f (jA @ ktS (6)sm 2X ed6 

< <T 3 [ 9 3 £) ktS {8)sm 2X 9de < C\ s k~ 3 . 
Jo 

For v = 1, 2, . . . , we have, using (3.12) again, 

i - %(i) = \l^M (i - ^Ep) ^ 2X0de « £%AO)sin 2e -sm 2X ede 

« AT 2 . (4.20) 

11 
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We deduce from (2.9) that for any e > 0, there exists 5 > 0, for < 9 < 5, such 



that 



1 - PP(cosg)) - J i J x +2 , A) (I. - P±' (cos V)) 



2A + 1 



< e(l-P 1 n (cos6»)). 



Then it follows that 



(i - %(J)) ~ J ^r (i - ^(i)) 

%,si0) (1 - P n (cos#)) sin 2A 9 d9 



@ k , a {d) (1 - Ff(cos 0)) J( J ," I " 2 1 A) sin 2A 9 d9 
ZA + 1 



@ kyS (9) ( (1 - P"(cos0)) - (1 - P?{cos6)) J ^ + 2X ^ sin 2A r/0 



2A + 1 



1 JC/ + 2A) 



< / fc)i (0) e (1 - P 1 "(cos 0)) sin 2A 9 d6 + 2 / fc>a (0) sin 2A I 1 + J VJ ' ' -- ) d() 

< Ce k~ 2 + C 5tS k~ 3 . 
So, (4.19) holds. By Lemma 3.4, 



and for j = 1, 2, . 

i- r £ fe , s (i) = 



v M (/)-/ = ^(i-^ fe , s (i))^(/) 

j=0 



M (0) (l-P, n (cos0)) sin 2A 0d0) = (1 - ^ M 0')) r ■ 



Combining with (4.19) and (4.20), we have, 



, im \z3±M _ (>v+M\ #o 



fc^oo 1 - r ^A:,s(l) 



2A 



and 1 — r ^fc,s(l) ~ k 2r . Using of Lemma 3.5, we finish the proof of Theorem 4.3. D 
We obtain the following corollary from Theorem 4.1, Theorem 4.2 and Theorem 4.3. 

Corollary 4.1 For positive integers r and s, 2s > n, < a < 2r, f £ L p (S n_1 ), 1 < 

p < oo, and the sequence of Boolean sums of Jackson operators {© r «^fc,s}^ =1 given by 
(2.4), the following statements are equivalent. 

(%) \\ ® r JkAf) ~ ft = 0(k~ a ) (k-+oo); 

(11) oj 2r (f,5) p = 0(5 a ) (8->0). D 
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1 . Introduction 

Let T be a lower triangular matrix, \s n ) a sequence, then 

A series V a :i is said to be summable \t\, , k >l, if 

00 

X^-'Iat;^ <». (i.2) 

«=i 

Given any lower triangular matrix T one can associate the matrices T and T, 
with entries defined by 



t =)(., n,i = 0,1,2..., t =t —t , 
respectively. With s n =2^,a i Z i , 

v=0 r=0 i'=0 1=0 v=i i=0 

n «-l ». 

^ := '„ " K-X = Z '»M " X ^-1,^4 = Z ^'^ ' aS J n-l,n = 0- (1-4) 

(=0 1=0 !=0 

We also have f = t„ 



nn tm 



(p n ) is assumed to be a positive sequence of numbers such that 
p n =Pq + P\ +-+P,, _>Q0 > asn^-co, 

A positive sequence (a n ) is said to be almost increasing if there exists a positive 
increasing sequence (b n ) and two positive constants A and B such that (see[l]), 
Ab n < a n <Bb n . It is easy to verify that a sequence (a n ) is almost increasing if and 
only if it is quasi increasing, that is, if there exists a constant K = K(a n ) > 1 such 
that 



844 
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Ka n >a>0, 



(1.5) 



holds for all n> m. 



The series Va„ is said to be summable \N,p I , k > 1, if 



P. 



n=l 



vP»; 



\n n-\\ ' 



where 



1 ^ 



(1.6) 



(1.7) 



!<=() 



Here we give the following definition 



A series ^a n is said to be \T,p n \ , T = (t nv ), k > 1, if 



I 






Pn) 



Y -Y , <oo, 



where 



F =Y£ a 

n / j nv v 



(1.8) 



(1.9) 



>.=o 



In the special case when t nv = pj ' P„, \T,p n \. summability reduces to 
uV,p„ summability. 
Leindler [5] established the following result 

Theorem 1.1. Let A n — >0. Suppose there exists a positive quasi increasing 
sequence \X n ) such that 



5X|M,|<ao, 

n=\ 

CO i 

x>X-K\ k =o(x m ), 



n=\ 



Pn L \ k 



I^„f = o(xJ, 



n=\ 



ZtK 



< oo. 



anJ 



£<|a|a2„||<co, 
«=i 

r/ien the series ^y\a n X n is summable \N,p n \ , k>\. 



(1.10) 
(1.11) 
(1.12) 
(1.13) 

(1.14) 



2. Main Result. 



We prove the following 
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Theorem 2.1. Let X n — »0. Suppose there exists a positive quasi increasing 
sequence \X n ) such that 



oc 1 
L~ X n\K\< 



CO. 



n=\ 



n=v+\ 



( r> \ 



k-\ 



f_. <°o, 



PnJ 

vIaf \ = o(\t i), 

v=l 

tl = 0(p B /P B ), 

CO 

VIaf i = o(k I), 

/ ^ v nv\ \|w|/' 






1 1', i 



B=1 /z X 



0(*J, 



I I* 
m n f 



=1 ^n ^ 






n=v+l 



y in. \ t M A f \ = o(\t I), 

/ j \nn\ | v nv V| vv|/' 



PnJ 



(2.8) 



£z„|AA„|<«, 



;i=l 



and 



ZnX n IaIAI I <oo. 
ft | n | 



(2.1) 

(2.2) 

(2.3) 
(2.4) 
(2.5) 

(2.6) 

(2.7) 



(2.9) 



(2.10) 



?/?en r/ie senes /a n X n is summable \T, p\ , k>\. 

Remark 1. In comparing theorems (1.1) and (2.1), although condition (2.1) is 
stronger than condition (1.13), two improvements are achieved 

1. Conditions (2.6) and (2.7) are weaker than conditions (1.11) and (1.12) 
respectively (Lemma 2.2). 

2. Summability |7\ pi is more general than summability Af,/?J . 

Remark 2. Via the proof of theorem 1.1, there are powers lost through 

i i&-i i i 

estimations, as an example \X n \ has been estimated as 0(1) since |A n | = 0(l), 

while theorem 2.1 with its conditions has no such cases. 



Lemma 2.2. Conditions (2.6) and (2.7) are weaker than conditions (1.11) and 
(1.12) respectively. 



Proof. If condition (1.12) is satisfied, then 
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m n \t \ 

Z Pn r«l 

«=1 r n A « 



o 



' J_ 

vk-l 

v A i y 






while if condition (2.7) is holds, then 



P« L I* 



y— ir 

z -' p 



I 



n \t 

Vn \ n\ yk-l 



m— 1 



= y(Ax*- i )y^kr +x*- i y— kl 

Z— / V n /Z— / p \v\ m ^ p |*7i I 

m— 1 

= 0(l)X^|AXr i | + 0(Z m )Z^ 

n=l 

= o(x m _ l )Z(x k J-x:) + o{x k m ) 

n=\ 

= o(x m _ l )x k m l +o(x k m ) 
= o(x£)*o(xJ. 

The rest follows by putting p n - 1, P n =n. 

Lemma 2.3. 77?e conditions 

(i) 4,->0, 

(ii) (X ra ) zs positive quasi increasing sequence, 

in addition (2.9) and (2.10) implies the following 

nX„|AA„|< co. 
For the proof see [5]. 



(2.11) 
(2.12) 



Proof of Theorem 2.1. We have 

n n 

T :=/i a A = yva 

n / i nv v v / j v 



*nv v 



v=l 
n-l/ v 

Z Z ra 

v=l V r=I y 

B-l ^ 



V=l 



v v y 



A. 



v v y 



+ 



Z VQ v 

. v=i y 



?,.../L 



= Z(v+i)^K^ +J t( a v^v+C 1 a^) 



v(v + 1) v + 1 



m + 1 



n nn n 



n-\ ^ n-1 n-1 n + 1 

= V-r f A + V? A? /I +Vz L £ ^,AA + r r X 

/ i v nv v / t v nv v / j v n.v+i *v n nn n 



T nl +T n2 +T n3 +T n4 . 



In order to prove the theorem, by Minkowski's inequality, it is sufficient to show that 
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t,{P n /p n ) k y nr \ k <™, r=l,2,3,4. 



n=] 



Making use of Holder's inequality, 



Z 



f r> ~\ 



k-\ 



PnJ 



ill 



< 



Z 

m 

Z 

n=l 



/■ \k-\ 
' P. 



PnJ 



n-\ i 

z 1 



v nv v 



,*-l 



^ p A" ' «-i 



Pj 



Zl i i* h l 4 1 t 
— — U L,l U„ 



/«-i 



vX 



£_1 I v I " v I v 



Z 1 *-!-*. 



= 0<DE-irl',rKIZ 



^ r> A 



Vv=l 
k-\ 



k-\ 



,vxr 



n=v+l 



PnJ 



v=l ^A „ 



Y I \k \ 

m-\ v \+ 



= °( 1 )Z Z^tr A|^| + 0(i)|^E 



i =1 I r=\ r X r 



v=\ 



vX 



k-\ 



= 0(l)£z i ,|AA v | + 0(l)X m |^ 

= 0(1), 
in view of (2.1), (2.2), (2.6), (2.9) and (2.11). 



f \ k ~ l 



Pj 



l n2 



z 



p. 



\PnJ 



n-\ 

y t At x 

/ i v v nv v 



< 



z 



l rt \ n-\ 



( n-\ 



PnJ 

m 

= 0(1)X 



Z| IK I a. Il - IK V~ 1 I . a 

k a t \\A y \a t 
\v\ v nv | v | / J v n 



Vv=l 



K-] 



/ n A 



K-l 



;i=l 



lt-1^ I 1*1 



m 



I* -1 V~* I l K A ~ 111 

M / HA U 

\nn\ / i | v| | v nv | v| 



tl, li 
v=l w=y+l 

*l „ \k 

■ IM 

v=l 



I<=1 



f r> \ 



k-\ 



PnJ 



k,.J Ax 



= OC0Er*vfW%| 



v=l f » A v 



= o(i)I 



= 0(1)X 



P, x 

Pr h 



k~\ A\ 



v=l - v — „ 

/ I I* \ 



tr />, *r 



T— 1 ^ aU| + 0(1)U IV 



v=l 



Py_fr 

P, x 



k-\ 
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in 

= 0(l)Y,X v \AA v \ + 0(l)X m \A m 



i-l 



= 0(1), 
in view of (2.3), (2.7), (2.8), (2.9), and (2.11), 



I 



f n \ 



k-\ 



PnJ 



L n3\ 



< 



in 

I 

m 

I 

n=\ 



f r> s \ 



i-l 



p„; 






PnJ 



n-1 



( n-\ 



\k 



X 



AA, 



E*vK 



Vv=l 






in 

= o(i)2 



rvz; 



/fc-1 



vA/l„ 



1 K K 

m-l v y- m \f 

= (1) V A(v|Al |)y -^r + O (1) mlAA I V -^L_ 
r=\ rX r , = i vX v 



i>=i 



= 0(1) J(A/l v | + (v + l)|A|A/lv||)z v + 0(l)m|A/l m |Z m 

m m 

= 0(l)Y,X v \AA v \ + 0(l)Y,vX v |A|AA V || + 0(l)m|A/l m |X r , 



= 0(1), 
in view of (2.9), (2.10), and (2.12). 



/ n A 



jfc-1 



PnJ 



f r> ~\ 



/fc-1 



< 



0(D I 

«=i 



n + \ 



t t X 

n nn n 



f r. \ 



k-\ 



PnJ 



\t \\t I U I 

n\ nn n\ 



= 0(1)XK«|KI \K\ , in view of (2.4) 

n=\ 

= (1) , as in the case of T n2 . 



This completes the proof of the theorem . 



3. Application 
The following result is an improvement of theorem 1.1. 

Corollary 3.1. Let X n — > 0. Suppose there exists a positive quasi increasing 
sequence \X n ) such that such with (X n ) they are satisfying (2.1), (2.6)-(2.7) and 
(2.9)-(2.10), then the series /a n \ is summable \N,p\ ,k>\. 
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Proof. The proof follows from theorem 2. 1 by putting T = [N, p n ) , that is 
by putting 

t = £v_ 1 = Pn P ,l A f PnPv 

nv j~. ' nv T-i T-i ' v nv 



p ■ nv p p v nv p p 

r n r n r n-\ £ n 1 n-\ 
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1 . Introduction 

Let T be a lower triangular matrix, (s n ) be the sequence of the n-th partial sums 
of the series ^a n , then, we define 

(1) ^-IXv 

v=0 

A series Va, is said to be summable |rl,,&>l, if 

CO 

(2) X^K-il^ 00 - 

n=\ 

Given any lower triangular matrix T one can associate the matrices T and T, 
with entries defined by 

n 

t =)(., nJ = 0,1,2..., t =t —t , 

i=v 

respectively. With s n = /" a % X { , we define and derive 

n n v n n n 

(3) t =T t s =V? y a/l. =*Y aA.*Yt =\taX. 

V / n / I »v v / i nv / < I i / < I i / i nv / , m i i 

v=0 v=0 i=0 i=Q v=i i=0 

n n-1 n 

(4) Y :=t —t , = / t a X ■ — / t , a -X = / t a X , as t , =0. 

v / n n n-\ / < ni i t / t n-l,i i i / t ni i I 9 n—l,n 



We call T a triangle if T is lower triangular and t nn ^ for all n. A triangle A is 
called factorable if its nonzero entries a mn can be written in the form b m c n for each 
m and n . We also assume that U = (m (> ) is a triangle . 
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If we assumed that T and U to be factorable, then t m , = a n b v and u nv - c n d v , 
and therefore we have 



(5) 



t —/ t =a ?b := a B , 

nv / i nr n / i r n v> 



r=v r=v 

n-\ 



(6) t —t — t^—aB —a , 7 Z? —a B —a ,B +a ,b , 

V / nv nv n-\,v n v n-\ / » r n v n-l v n-\ n-\ 



= a n B v ~ a m B v = ~ A «„-A » aS a n-A-l = K-l.n-l = ■ 



Also, we have 



AB v =b v , AD v =d v , AD; l = 



D D 



, B=b n and D = d. 

~ n. n n n 



v+l 



{p n )' (#« ) are assumed to be positive sequences of numbers such that 

P„ =Po + Pi +- + P n ^•° ' asn^> co, 
Q n =q + q 1 +... + q n -> oo, asn^co. 

The series z^a n is said to be summable |i?, p n | , k > 1, if 

n=l 

where 

z„ = YjPi s t- 



/=o 



In their paper, Rhoades and Savas [2] have used the notation \N, p\ to denote 
the \R, p\ summability. They proved the following result . 

Theorem 1.1. Let (p n ) and (q n ) be positive sequences, \<k < s <*x>. Then 

\N,p n \ k ^\N,q n \ s 



iff 

(7) 

(8) 



„!/*-!/. «i = (l), 



I 



.1-1/ s Qn 



:'\ 



p Q 

r n*~-n 
1/s / 



*£n*£n—\ 



in 

z 



a 



<7v^v 



= 0(1), 



where k" denotes the conjugate index of k, i.e., l/k + l/k*=l. 



The aim of this paper is to present the following generalization 



2. Results 



The following is our main result 
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Theorem 2.1. Let 1 < k < s < oo, [A n ) be a sequence of constants. Let T and U be 
factorable triangles with bounded entries, t nv -a n b v , u m , -c n d v . Then the 
implication 

Xa„ summable \u\, =^> YcA, summable \t\ 
holds iff the following holds 



(9) 
(10) 



.i/t-i/j 



f Aa n _ x b n l n ^ 

AC n-l d n 



= 0(1), 



,1/s 



Ik^AaJ 



\n=m 



I 



1 



D 



lV AA+i 



''" -Bi+^A1+-^1 



D„ 



D 



v+l 7 

= 0(1). 
Proof. Let (w n ) and (f B ) denote the nth terms of the |C/| and |7l transforms of 



7=0 



7=0 



/ \a i and z] ^ respectively . Then 

n n 

x „ :="„-"„-! = Z"«v«v =" A C„-lX D v«v> 

v=0 v=0 

Y := v — v . = )/ aA=— Aa , > B a A . 



v=0 



By Abel's transformation, we have 
BA 



^A-iE^A 



v=l 

n-1 ( v 



D 



Aa «-lZ H D r a r 



A. 



v=l V r=l 



X, 



V^v J 



Aa„ 



S^v«v 



Vv=l 



5„/l„ 



D, 



ti Ac v _! 

n-1 V 

v=l flt ,.-| 
n-1 1 



5 



AS 



— X / \ hi /\ hi 

a«„ i T — — aid; 1 )bi + — ^- aU ) + — v - x 

»-l Z-f A „ \ v ) v v p. V v J p. 



D 



D 



v+l 



v+l J 



+ 



X, 



° ' B.A +—BAA+-^A 



Aa„ ,B1„ 

n—l n n 

Ac ,D 

V n-1 n J 



Aa„ ,b„A 

n—l n n 



v £>A + i 



D.,, l l D 



+ 



v+l / 



Ac ,J 



X 



\ m-1 n / 



tl Ac v . 



"' -51+— fi.Al+-^l 



A Aa„_,^A„ A 



£,A + i 



D 



r+i 



D 



X .,+ 



v+l J 



V Ac„_!J„ , 



X. 



Define 



then, we have 



*„ =n A„, 



y; =n i-i/'y_ 
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,=i Ac v _] 



<*.. 



V AA + 1 



1 £ 

B„l, + BAA, +— ^A. 



£> 



r+l 



£> 



X. 



v+l J 



+ n 



l/k-l/s 



V AC n-l d n J 



X. 



Therefore 

n 

K = X a mX> where 



(11) a n 



n™'&a^ 



Ac„ 



d " -B1+ — Bill — 1 



D V D V+1 



D, 



D 



v+l J 



.l/k-l/s 



Aa B -iM, ^ 

V Ac „-A , 



1< V< « 



v = n 



v > n. 



Then \u\ of ^« n implies |r| of ^a n A n is equivalent to 

xi x »r <c ° => xki' <c °- 

The above means that A : l k -> /*, where A is the matrix whose entries are defined 
by (1 1). We may write A = B + C, where 

b =i a " v " l ~ v<n ' 
[0, otherwise 

and C is the diagonal matrix with c nn = a nn . 

From Theorem 2(ii) of [1], a factorable matrix with nonzero entries a nv = b n c v is a 

bounded operator from /* to I s iff 



/ \llsf \llk 

[ oo \ [ m \ 

k* 
C„ 



= 0(1), 



(12) 2>„' I< 

\n=m J V v=l y 

where &* is the conjugate index of fc. 

By applying (9) toB, using (8) we obtain B:l k — >/ 5 iff 



(13) 



ti-n^AaJ 



\n=m 



at 



Ac 



v-l 



v D , D v+i 



1 £ 

B./L + BAA, + — ^A, 



D 



v+l 



D 



v+l J 



,\l/k 



= 0(1). 
Now we have to show that for k < s, C = {c nn ) : /* — > / s iff (c nn ) is bounded. 
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As k<s, C:r ->V . That is 



(14) 



\c s 

nn n\ 



\n=\ 



< co, for every (s n )el l 



J 



From (14), we conclude that (c nn ) e I s , where s* is the conjugate of s. This shows 
that (c nn ) is bounded. Conversely, if (c nn ) is bounded, since k < s, we get 
C :l k -> I s . Therefore A = (a nv ):l k -^l s iff (9) and (10) holds. This completes 
the proof of the Theorem. 

Remark. It may be mentioned that Theorem 1.1 follows from Theorem 2.1 by 
putting 

2 q,Mv-\ r-. PnK-i 



QnQn 



P P 

1 n 1 n-\ 



X. = 1 for all n. 



3. Applications 



Corollary 3.1. Let 1 < k < s < oo. Let T and U be factorable triangles with 
bounded entries , t m , = a n b v , u m , = c n d v . Then the implication 

Za„ summable \u\, =^> / a„ summable \r\ 
holds iff the following holds 



(15) 



(16) 



n 



llk-lls 



V AC nd n j 



0(1), 



ik" 1 "^ 



\n=m 






I 



Ac 



MV D vA + l 



B,+ 



D 



v+l J 



= 0(1). 



Proof. The proof follows from Theorem 2.1 by putting X n — 1 for all n. 



Corollary 3.2 . Let \<k < s <co, (X n ) be a sequence of constants. Let T and 
U be factorable triangles with bounded entries, t m , = a n b v , u m , = c n d v . Then the 
implication 

2_j a n summable |[/| => / 1 d n X n summable \T\ 
hold iff the following holds 



(17) 






0(1), 
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(18) 



f oo , \ 

Sh 1_1, ' Afl -t| 

\n=m 



in 



/ 



Ac 



v-l 



fi„AA, fc. 



\ 



— # A + -^- L + — — ^V + l 



= 0(1). 



Proof. The proof follows from Theorem 2.1 by putting s = k. 



Corollary 3.3. Let 1 < k < s < oo, \X n ) be a sequence of constants. Let U be a 
factorable triangle with bounded entries , u nv = c n d v . Then the implication 

^a n summable |t/| => ^a n /l n summable \R,q n \ 
holds iff the following holds 



(19) 



A/k-l/s 



InK 



Qn^n-ldn 



0(1), 



(20) 



1-1/ s Qn 



i 



v 



n=m 



n 



QnQn 



J 



i 



Ac 



n-\ 



V AA + i 



d " Q v -A+%^^K-—t- 



\ 



D 



r+l 



D 



v+l J 

= 0(1). 



J 



Proof. The proof follows from Theorem 2.1 by putting 
r = (*,«„), t„ = «£±. Aa„ ~" 



*dn*Zn -1 



<m, 



*v=Cv-l- 



Corollary 3.4. Lc? 1 < & < 5 < 00 . Let T be a factorable triangle with bounded 
entries, t m , = a n b v . Then the implication 

Za„ summable \R, p\ => 7 a„X„ summable \r\ 
holds iff the following satisfied 



(21) 



(22) 



l/k-lls 



r Aa ,b P^ 

n—\n n 

Pn J 



0(1), 



f\n l - u 'Aa 



\n=m 



in 

I 

v=l 



p p 

1 v 1 v-l 



pAA , *^M , M v+ 



Pv ^X-l 



v y 



\1/S 



= 0(1). 



Proof. The proof follows from Theorem 2.1 by putting 

U = (R,p n ), <,=^4 zL , Ac„_ 1= -^, D v =P vl . 



P P 



P P 

1 n 1 n-l 
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Two generalized-Euler-constant 
functions estimated accurately 
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Abstract 

For x > the generalized-Euler-constant-functions 

v ' ^ \x + k x+k I 

k — 1 x / 

and 

OO / 7-1 

c W:= r ( -i)wM _ h £+* + i 

v ; £—i v ' \ v 4- h f J- h 



k=l 

4 



x+k x+k 

where C(0) is the Euler-Maschcroni constant and (5(0) = In - , are estimated accurately. 
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1 Introduction 

The well known Eulcr's constant 7 and its alternating version In - can be expressed in terms of 
infinite series and double integrals [15] 

^ (1 k+l\ ff 1-x 

1 = tX k ^) = /1.f('-*w) dxdy m 

- 1 - §- i,k -' (I - - ^) ■ IL c^'m) te< "- (2 » 



*vito.lampret@fgg.uni-lj.si 
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Recently, [12] and [13], the sequence (ln(a)) neN denned by 

. . v— v 1 , a + n — 1 

-».(«) -E^- 1 *^— (fl>0) < (3) 

fe=0 

was estimated in several ways. In this paper we study, for x > — 1, the sequence (C n (x)) given 



as 

fe=i 
and its alternating version (C„(x)) „ , 



x + k \ x + k 



C n (x):=±(-l)^(-^-Ul + -^)). (5) 



. x + k V a; + k 

k—l v 

The sequence (4) is closely related to (3); we have 

X ~\~ Ti 

C n (x)=-f n (x + l)+ln— — (ai>-l,n6N). 

x + n + 1 

We shall show that both sequences converge and define the Euler-constant functions C(x) := 
lim C n (x) and C(x) := lim C n (a;). The rate of convergence will be estimated in both cases. 

n — >oo n — >oo 

Either of the two sequences could be analyzed using the Euler-Maclaurin summation formula 
which is the subject of the next section. 

2 Preliminaries 

Concerning the convergence of infinite series, we have two theorems at our disposal [9], where the 
main role play the sequence of weighted Bernoulli 1-pcriodic functions W n (x) and the sequence of 
weighted Bernoulli polynomials V n {x) defined inductively as follows: 

(i) V Q (x) = 1, for x e m. 

(ii) V' n {x) = K-iO), forn > 1 and x E R (6) 

(iii) V n (0):=V n (l), forn>2, 
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and, for n G {0, 1}, 



(i) W (x) = 1 for xel 

(ii) Wi(0) := 

(iii) Wi{x) :=x-\, if < x < 1 

(iv) W x {x + 1) := V^i(x), for x € K . 



(7) 



and, for n > 2, 



(8) 



(i) W n (a;) := K(z), if < .t < 1 

(ii) W n (z + 1) := W n {x), for iel. 
Since the sequence of Bernoulli polynomials B n (x) is unambiguously inductively denned as 

(i) B (x) = 1, for x e m. 

(ii) BJ l (i)=nB„_i(a;) 1 for n > 1 and iel 

(iii) B„(0) := B n (l), forn>2, 
we have 

K„(x) = ^p (n > 0, .x e K). (9) 

Thus, referring to [1, 23.1.13], we estimate 

\V 2q (x)\ < \V 2q (0)\ (q>l,0<x<l). (10) 

and, considering (9) and [1, 23.1.15], also 

^ < (-1)^(0) < _L_ . _2_ ((? > 1} . (n) 

Additionally, according to (6)-(9) and [1, 23.1.18], we have 

Tlr , . 2(-l)9- 1 ^ cos(2fc7ra;) 

^ = 12^^ U (9>l.*eR). (12) 

v ; fe=i 

Hence, 

W 2q (-x) = W 2 ,(a;) («>l,ieR). (13) 

Bernoulli coefficients are defined as 

B k := B fc (0) = (fc!)T4(0) (fc > 0) (14) 
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and obey the following relations [1, items 23.1.3 and 23.1.19] 



B i = -\ and B 2j+1 =0 (j>1). (15) 



The estimate 



< (-ly- 1 ■ [V 2q (0) - W 2q (x)] < 2 (1 - 4"«) \V 2q (0)\ < 1 1 _ 2 4 4 l g • ^ , (16) 

for g > 1 and x G R \ Z, holds true. To confirm it we consider the auxiliary polynomial D q (x) = 
V 2q (0) - V2,(o;). Since, by (9), D q {x) = -^ [B 2q - B 2q (x)] for x G [0, 1], polynomial D q {x) has no 
zero in the open interval (0, 1), thanks to [1, 23.1.13]. However, considering [1, 23.1.21, 23.1.15], 

(-l)^D q {\) = ^[B 2q -B 2q {\)] 

1 (l-4- q )-(-l) q - 1 B 2q >0. (17) 



(2?) 
Hence, 

(-l) q - 1 D q (x)>0 (q>l,0<x<l). (18) 

Moreover, considering (6)(iii) we have D q (0) = D q (\). Thus, D q (x) attain its absolute extreme on 
the interval [0, 1] at its stationary point in the open interval (0, 1). But, thanks to (6)(ii), (9) and 
[1, 23.1.14] this stationary point coincides with |, the only zero of B 2q -i(x) within the interval 
(0, 1). Hence, using (17) and (9), 

o max \D q (x)\ = \D q (\)\ = 2 (l - A~") \V 2q (Q)\ . 

This, together with (18) and (11), proves (16). 

Lemma 1. [9, 3.14] (infinite series convergence criterion) Let m and p be positive integers, 
< u> < 1, and let f G C p [l,oo) fulfils the following two conditions: 



(a) J™ \f^(x)\ dx < 



oc. 



(b) Finite Xk := lim f^ k >{n) exists for every integer k, < k < p — 1. 

Then J Wp(u> — x) f^ p '(x) dx converges absolutely and the next two propositions hold: 
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(1) Y^k=if(k + w ) converges. ^=^> Finite lim j. f{x)dx exists. 

(2) // ifte series X)fe=i/(^ + w ) converges, then Ao = and, 

oo m-1 „oo P 

^/(fc + w ) = ^/(fc + u;) + / /(a;)da ; + ^F j (u;)[A J -_i-/W- 1 )(m)]+p p (m,a;), (19) 

fe=l fc=l ,/ro j = l 

where the remainder, 

/•OO 

p p (m,u>) = - W p (uj-x)f {p) (x)dx, (20) 

is roughly estimated as 



:x. 



Wm,w)|< max \V p (x)\ ■ / /w(x) dor. (21) 

Setting p = 2q and u = into Lemma 1, and considering (13)~(15), we obtain the next lemma: 
Lemma 2. Let m and q be positive integers, and f G C 2q [l,oo) fulfils the next three conditions: 

(a) j'^\f {2q) {x)\ dx<oo, 

(b) lim f(n) = 0, 

(c) lim f (n) = 0, for every 1 < j ' < q — 1. 

Then J. W-2 q (x) f^ 2q '(x) dx converges absolutely and we have: 

(1) Y^ikLif(k) converges. ^=^ Finite lim f. f{x)dx exists. 

nGN, ni— >oo 

(2) // ifte series X]feLi/(^) converges, then 1 

oo m-1 ^oo „, s g-1 R 

£/(*) = £/(*)+/ /(*)d*+^-E^/ (w_1) ( TO ) 
fe=i fc=i • y ™ z i=i ^- 

30 [V2,(0) -W 2 ,(a;)]/ (29) (a:)dx. (22) 



We need also a formula for summation the alternating series. This is the Eulcr-Boolc formula 
revisited recently in [3] and [9]. 

J By definition X)i=i x i = 0- 
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Lemma 3. [9, 3.16] (alternating infinite series convergence criterion) Let m and p be 

positive integers and let f € C p [l,oo) obeys the following three conditions: 



oc. 



(a) f™\fM(x)\dx< 

(b) lim /(2n) = 0, 

n£N, 7ih- ►oo 

(c) Finite X^t-i := lim f^ 2t ~ 1 >{2n) exists for every integer 2 i, 1 <i< |_fj- 

Then, 
Efcli(- 1 ) fe+1 /( fc ) converges, the integrals f™ W p (x) f (p) (2x) dx and f™ W p {x - \) f (p) {2x) dx 
converge absolutely, and the equality 

J2(~i) k+1 f(k) = E [m i) - nm + ^p (23) 

fe=i j=i 

LP/2J 

- £ (4* -l)^(0)[A^_i" / (2i " 1) (2m)] + P ;*(m), 
holds, where the remainder 

p* p *(m) = (-2)p / W p (:r) - W p (x- ±) /W(2x)da; (24) 

is estimated as 



IS 



:x; 



\p* p *(m)\ < 2? ■ max \V p (x)\ ■ / /&>>(*) di. (25) 

Putting p = 2q + 1 into Lemma3, referring to (13)— (15) and to [1, 23.1.8, 23.1.14], we get the 
lemma below. 

Lemma 4. [9, 3.16] Let m and q be positive integers and f € C 9+ [l,oo) obeys the following 
three conditions: 

(a) JT|/ (29+1) (z)| dx<oo ; 

(b) lim /(2n) = 0, 

n£N, ni— >oo 

(c) lim f^ 2l ~\2n) exists for every integer i, 1 < i < q. 



2 The symbol [_x\ means the integer part or floor of x. 
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Then, 
Efcli (-l) fe+1 /0) converges, the integrals f™ W p {x) f {p) {2x) dx and f™ W p (x - \)f^(2x)dx 
converge absolutely, and the equality 



£(-l) fe+1 /(fc)=£[/(2j-l)-/(2j)] 



/(2m) 



fc=i 



i=i 



B 



E( 44 - 1 )g ! / (2 ^ 1) (2-) + ^( 9 ) 



/lofofe ir«e wzi/i £/ie estimate 

E m {q) 



< 



4«-l V 7T 



2 9 +l 



/(2ff+l)( t ) 



dt. 



(26) 



(27) 



3 A generalized-Euler-constant function 



The rate of convergence of the sequence given in (4) is established in the next theorem. 



Theorem 1. The series 



1-^1 \ rj, I 



fc=i 



, -In 1+ - 

x + k V x + k 



(28) 



having positive terms, is convergent for x > — 1 and its sum C(x) can be expressed in the form 



C(x) = D m (q,x) + E m (q,x), 



(29) 



where m and q are any positive integers (parameters) , 

m— 1 



D m (q,x) = J2 — - 



1 x + m 

r — In 

J x + k 2(x + m) x + 1 

k— 1 

-1 -In |1 - 



-ilnfl + ^- 

2 V x + m 



'tt(2i-l)(2i) 



1 



x + m + 1 



x+m+l 



1i - 1 1 1 

(x + to) 2 * (x + m + l) 2l_1 (x + m) 2 * -1 



(30) 
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the sequence m i— ► (— l) q 1 E m (q,x) is strictly decreasing, and the following estimates hold 

1 



2{x + m + 2) [ (x + m 



(x + m + 2) 2 « ' q(x + m+ 1) 2 « 

2? 



> 2 V7TQ ( q | (31) 

x + m + 2 \tt e(x + m + 2) / ' 

1-4-9 \ ^jfq / - ^ 2q 



v ' w ' ; V 1-2-4-9/ x + m \tt e{x + m) ) K ' 

Proof. The series (28) originates from the function f x : (— x, oo) — ► M with x > — 1, 

/*(*) :=-*-- In (l + -^t) = --*- + ln(x + t) - ln(x + t + 1), (33) 

X + £ \ X + t J X + t 

satisfying all the conditions of Lemma 2. It has the derivatives 

/«(^(-i) fe ((^D0( ( ^ L T i 

and the integral 



1 k 

) k ' (x + i) fe + (.T + t) fe +! 



(34) 



/" / x (t)d* = -l-lnCl 



a:+m+l 



> 0. (35) 



x + m + 1 . 

Introducing in (34) the new variable t = x + t, and using the functions Fk(r) = r~ k together with 
the first order Taylor's formula, we obtain 

( - 1)t/i>)(t) -f t (r + l)-F t (r)-f(r) 



(fc-1)! 



.Ff(r + 0)--^^ 



2 k y ' 2(T + 6) fe + 2 ' 

for some G (0, 1). Hence, we get the estimate 3 

k{k+i) < { -p*y<j {k \ i L (*>D. (36) 



2(x + t+l) fc + 2 (fc-1)! 2(x + t) fe + 2 

In addition, with the same substitution r = x + £ > in (34) and applying Bernoulli's inequality, 



3 Thus, f^\t) < 0, consequently f x (t) > 0, because lim f x (t) = 0. 
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wc have 



(-l) fe /i fe) W k 



(fc-1)! 



^fc+i 



(r + l)» 



> 



-(l-(l-^) fc ) 
-fl-(l-4l) 



r fe+1 (r+l) 

"~ (a; + t) fe+1 (a; + t + l) 
From the above considerations, using Lemma 2, we obtain 

1 , ( , 1 



(fc>l). 



771—1 



c(x) = X! /-( fc ) 



9-1 



2(x + m) 



1 - In 1 



EB2i 
(2i - 1) 



x + m + 1 
1 



x+m+1 



2i- 1 

(x + m) 22 (x + m + l) 2t_1 (x + w) 2 * -1 



(37) 



^(2i-l)(2») 

[y 2<z (0)-W 2g (i)]/i 29) (t)di. (38) 

Here we have, thanks to the telescoping of logarithms, 

771—1 771—1 -, 

*— ' *— ' X + fc X + 1 

fe=l fc=l 

This identity together with (38) confirms (30) when the last summand, the integral, in (38) is 
considered as the error term E m (q,x). Moreover, considering (36) and (16), and Stirling's factorial 
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formula [1, 6.1.38], 



< (-l)*- 1 ^*,,*) := (-I) 9 " 1 / [%,(0) - W 2q (t)]f^(t)dt 



1 - 4 _ « 4 f°° , , 

<_ _/ f( 2< ?)mdt 



<■■-< ' - ,<„-.,(, 



< 



49-2 (2tt) 2 9 

4«-l 4 (2q)\ 



< 



49-2 (2tt) 2 9 2(x + 77j) 2 9+ 1 

49-1 2 1 



49-2 (2tt) 2 <? (x + m) 2 <i+ 1 

•(t) 29 ^^- cxp (i^) 

= 4 e l/(24 9 ) 4^1 . 7^_ ( q \ 2q 

4^—2 x + m \ it e(x + m) J 

Thus, (32) is verified. To estimate the error term also from below we consider (16), (6), (8), (9), 
and [1, 23.1.15], together with Stirling's factorial formula [1, 6.1.38], and the estimates (36) and 
(38). We obtain 4 

(-iy- 1 E m (q,x)=J2l. (-l) q - 1 [V2 q (0)-W 2q (t)]-f^ q \t)dt 

i—m % 

(i6) °° r i+1 

> E/i^ + l)/ (-l) g - 1 [V 2q (0)-W 2q (t)]dt 

i=m Jl 

CO 

^^Vir^wE/i^+i) 

i—m 
[1,23.1.15] f°° ,. , 

> 1^(0)1/ !^\t + i)dt 



^referring to the monotonicity of the function t *-* f& q (t + 1) 



10 
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= \V 2q (0)\-(-f^- 1 \m + l)) 

(9), (36), (38) \B 2q \ / 1 1 

S> — ~ r~ * IIlcLX \ — ~r — . — ~r — 

2(x + m + 2) {(x + m + 2) 2c i q{x + m + l) 2 i 

> \B 2q \ [1,23^1.15] 2 ( 2g )l 1 



2(a; + m + 2) 2 9+ 1 (2tt) 2 9 2(x + to + 2) 2 9+i 

[1,6.1.38] /2g\ 2<J r- — 1 1 

' ' ! v/27r • 2q ■ — — 



> 



= 2 V*« / 9 



ej v (2tt) 2 9 (a: + to + 2) 2 <? +1 

2g 



a; + to + 2 \tt e(x + to + 2) _ 

Corollary 1.1. TTie generalized-Euler-constant function C{x) is infinitely differentiable, strictly 
decreasing and strictly convex on the interval (— l,oo). 

Proof. According to (33) we have the symmetry f x (t) = ft{x). Thus, 

^-f x {t) = A /x(f ) an d ^/x(*) = ^/x(0- 

Consequently, considering (36), the series C(x) = X}fc=i fx(k) can be differentiated term by term 
as many times as we please. In particular, using (36), we have 

DO OO 

C( 1 'WE^/W(fc)<0 and C( 2 >(^]T/( 2 >(fc)>0. ■ 

fe=i fe=i 

The following corollary is a direct consequence of Theorem 1 . 
Corollary 1.2. For x > — 1 and any integer to > 1 i/iere /io/(is i/ie estimate 

£>mW :=Dm(5,g)+ / a . + m + 2 )ii <C W <r> mW :=-D ro (5,a)+ n , 



ff 



868 
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whe 



m— l -. 



fc=l 



2 V X + 771 



1 - 111 1 



x + m + 1 



x+m+1 



12 \x + m x + m + 1 (x + to) 2 



1 



1 



1 
360 V + m) 3 (x + m+1) 3 (x + m) 4 

1/1 1 5 



1260 V (a; + to) 5 (x + m + 1) 5 (x + m) 6 
1/1 1 7 



1680 V (x + m) 7 (x + m + 1) 7 (x + m) 8 / 
The graph of the function x i— > C(x) is illustrated in Figurel where the graphs of its lower and 
upper bounds, x i— * £>2(5,x) and x i— > Z?2*(5,a;), respectively, are drawn. On the left there is seen 
practical coincidence of both graphs. 






D' 2 (x) 


D"(x) 




^^0.5776 


C(0)=0.57721... 




"0:5772^ 






0.5768 


^^^^ x 


0.0010 


-0.0005 


0.0005 0.0010 



Figure 1: On the left and on the right are depicted the graphs of the functions 0^(5, x) and 
Z?2*(!5,i7j) bounding the function C(x). 



Corollary 1.3. The rough estimate 

1 



C*(x) 



4(3 + 1) 



< C(x) < C**(x) 



2(x + l) x + 2 5(x + l) 3 ' 



holds true: on the left for x G (— 1, — f ) and on the right for x > 0. Consequently, 



lim C(x) = oo and lim C(x) = 0. 

x[ — 1 £— >oo 



12 
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Proof. Referring to Theorem 1 , we have 



C(x) >D x (l,x) 



1 infl- 1 



x + l 



x+l 



(39) 



Moreover, for x £ (— 1,— |), the number y :— -^ > 4. But, for y > 4 we have 1 + | > 2, 
consequently 1+ § (l + f ) > 1 + y. Thus, exp (f) > 1 + § + ±(§) 2 = 1 + | (l + \) > 1 + y or 



> ln(l + y). Therefore, 



y - ln(l + y) > | (y > 4). 



(40) 



The relations (39) and (40) verify the left inequality in the corollary. Moreover, according to 
Theorem 1 , we have also 



C{x) <D x (l,x) + 



< 



0.16 

(x+l) 3 



1 - In 1 



1 \ x + 2 



2(x+l) V x + 2J 5(x + l) 3 ' 

Using [8, (6)] with x = — 1 and e = h, after setting t = x + 2 in it, we estimate 



(41) 



In 1 



1 \ x + 2 



> -1 



1 



(x >0). 



x + 2/ x + 2 

Thus, we can confirm the right inequality in the corollary by appealing to (41) and (42). 



(42) 



Figure2 shows the graph of the function C(x) together with the graphs (dashed lines) of its 
bounds C*(x) and C**(x) from Corollary 1.3. 



30 

25 
20 
15 
10 

5 




-0.95 -0.90 -0.85 -0.80 -0.75 




Figure 2: The graph of the function C(x) together with its bounds (dashed lines); C*(x), on the 
left, and C**(x), on the right. 



13 



870 
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4 An alternating generalized-Euler-constant function 

The rate of convergence of the sequence in (5) is given in the following theorem. 
Theorem 2. The alternating series 

V(-l) fe+1 (^ T -ln(l + — 



fe=l 



.t + k 



x + k 



is convergent for any x > — 1, its sum C(x) can oe expressed in the form 



C(x) = D TO (9,x) + -B m (g,a;), 



where m and q are any positive integers, 
D m (q,x)=^2 



(» + 2j-l)(a; + 2j) 



1 



1 



2a; + 4m 2 



-In 1- 



E 



4* - 1 Bo 



In I 1- 

1 

.t + 2m + 1 

2i-l 



1 



(a: + 2j) 



n2 



(i + 2m) 2 ' (x + 2m+ l) 2 *- 1 (x + 2m) 2 '" 1 



^(2»-l)(2») 
anrf i/ie error ierm E m (q,x) is estimated as 

V2tt(2o+1) / 2(2o + l) ^ +1 



E m (q,x) 



< 



(43) 



(44) 



(45) 



(46) 



2(4« - l)(x + 2m) \ir e(x + 2m) _ 
Proof. The series in question also originates from the function f x appearing in the proof of The- 
orem 1. Since, f x satisfies all the conditions of Lemma 4 the theorem can be verified easily using 
the relations (33), (34) and (36). For example 

42<?+l 



E m (q,x) 



< 



(4*-l)(27T)2«+l, 2m 



fi 2q+l \t) 



At 



4 2 <H 



< 



< 



(49-1)(2tt) 2 9+ 1 

42<?+l 



/i 29) (2m) 
(2? + l)! 



(49-l)(2 7 r) 2 '?+ 1 2(i + 2m) 2 «+ 2 
429+1 i 



(49- 1)(2tt) 2 9+ 1 2(i + 2m) 2 «+ 2 V e 



/O i 1 \ 2 9+! 



v/27r(2g + 1) / 2(2o + l 



2(4«-l)(a; + 2m) V 7r e(x + 2m) 



2<j+l 
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Corollary 2.1. The alternating generalized- Euler- constant function C{x) is infinitely differen- 
tiable, strictly decreasing and strictly convex on the interval (— l,oo). 

Proof. As in the proof of Corollary 1.1 the series C(x) = z^feLi fx(k) can be differentiated termwise 
as many times as we please. So, we have 

oo oo 

cW(x) = E(- 1 ) fc+1 /i 1) ( fc ) < ° and &2) ( x ) s E(- 1 ) fe+1 /i 2) (fc) > o, 

fc=l fe=l 

since thanks to (36), the sequences k i— > f x (fc) and fc i— ► (/i (/c) are strictly increasing and 
decreasing, respectively. ■ 

Theorem 2 also has the following direct consequence. 

Corollary 2.2. For x > —1 and integer to > 1 we have the estimate 

135 ~, s ~_, ~ ,_ , 135 



D* m (x) := D m (5,x) - - - < C(x) < D;*(x) := D m (5,x) 



(x + 2m) 12 w mV '' my ' ; + 2to) 12: 

w/iere 



D m (5, x) = V t ^ r + In J\ - * -j • TT 1 



;\2 



-; (x + 2j - l)(x + 2j) \ V x+2m+i 11 y ( x + 2 j) 



4 \x + 2to x + 2m + 1 (2; + 2m) 5 



24\(x + 2to) 3 (x + 2m + l) 3 (x + 2to) z 



20 V(x + 2to) 5 (x + 2m + l) 5 (x + 2to) 6 
17 



112 VO + 2to) 7 (x + 2to+1) 7 (x + 2to) 8 

31/1 1 9 

+ 36 V(x + 2to) 9 ~ (a; + 2m + l) 9 ~ (x + 2to) 10 

Corollary 2.3. The function C{x) can be estimated as 

where the left inequality holds for x G ( — 1, — §) and the right inequality for x > — 1. Consequently, 

lim C(x) = oo and lim C{x) = 0. 

xj. — 1 x^ca 
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Proof. Using (45), we calculate 



DM, x) = + In (1 - — | + — - 

1 ' ' (x + l)(x + 2) \ {x + 2) 2 J 2(x + 2) 

1 / 1 N 1 / 1 1_ 1 

+ 2 V x + 3/ 4\(x + 2) 2 + x + 3 x + 2 
= —^+ln{x+l) + --ip(x), 



(47) 
(48) 



where the function ip, 



(p(x) 



1 I 1 



2 \x + 2 x + 3 (x + 2) s 



+ ln(x + 3)-31n(x + 2), 



has the derivative 

x 1 , m 4/i 4 + 24/i 3 + 50/i 2 + 39/j + 7 

^ ( - 1 + /l) " 2( fe+ l)3( fe + 2 ) 2 <0 < fOT/l> °- 

Thus, the function <p(x) is decreasing on the interval [— l,oo). Consequently, 



ip{x) >ip(— |) > -0.9, for xe(-l,- 



(49) 



Additionally, for x € (— 1, —I), the variable y := -^k- > 3. However, for y > 3, we estimate 



e^ = 1 + y +- + - + ...>- (1 + -j > y , 



i.e. y > 2 In y or In y < |. Hence 
1 



y I 

- + ln(x + 1) = y - lny > - 



2(x+l) 



for x E (-1,-1] 



Using (46), we estimate 



(50) 



Ei(l,x) 



< 



0.251 



(x + 2) 4 ' 
Now, appealing to (44) and (48)-(51), we obtain 



for x > — 1. 



(51) 



C{x) > 



1 



> 



2(x + l) 
1 

2(x + l) 
1 / 1 



2 V^ + l 



0.45 
0.5- 



0.251 

" (x + 2) 4 
0.25 

(x + 2) 4 

1 _ -x 1 

' 4(x + 2) 4 ~ 2(x + l) ~ 4(x + 2) 4 
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for x G ( — 1, — |]. Similarly, using (44), (47) and (51), we estimate also 



C(x) < 



1 



1 



1 



0.251 

(x + l)(x + 2) + 2{x + 2) + 4(x + 2) + (x + 2) 4 
1 1 0.251 



< 



z+1 4(x + 2) (x + 2) 4 
1 1 



for x > — 1. 



x+1 4(x + 2) 4 ' 

Figure 3 shows on the left the graph of the function C{x) together with the graphs (dashed 
lines) of its bounds C*(x) and C**(x) from Corollary 2.3. On the right, the graphs of the functions 
C(x) and C(x), where C(x) < C(x), are shown. 

U.2 





■1.0 -0.5 



0.5 1.0 1.5 2.0 



Figure 3: On the left: The graph of the function C(x) together with its bounds (dashed lines) 
C*{x) and C**(x). On the right: The graphs of the functions C(x) and C(x). 
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1 Introduction 

Let Xi, X2, • • • be a stationary random sequence with marginal distribution function F(x). Suppose 
there exist sequences a n > 0, c n > 0, b n , d n £ R and nondegenerate distributions G{x) and L(y) 
such that 

F n (a n x + b n ) - G(x), (1 - F(c n y + d n )) n - 1 - L(y) 

or equivalently 

n(l-.FK(aO))--logG(x), nF(v n (y)) - -log(l - L(y)) , (1.1) 

where u n (x) = a n x+b n and v n (y) = c n y+d n . It is easy to prove that the normalized partial maxima 
and minima of independent and identically distributed (i.i.d.) random variables are asymptotically 
independent if (1.1) holds, G{x) is an extreme value distribution of the normalized maxima and 
L{y) is an extreme value distribution of the normalized minima, see Leadbetter et al. (1983) for 
details. For the weakly dependent case, Leadbetter (1974) obtained the limiting distribution of the 
maxima with an extremal index < 9 < 1 when D{u n ) holds. Davis (1979) showed that the joint 
limiting behavior of the normalized maximum and minimum is the same as that of the i.i.d. case 
if the considered random sequence satisfies some weak dependence conditions like those provided 
by Leadbetter (1974). 

Recently, Mladenovic and Piterbarg (2006) considered the asymptotic distributions of maxima 
for complete and incomplete samples of stationary random sequences. The stochastic model is: 
Let (X n ) be a strictly stationary random sequence with the marginal distribution function F{x) = 
P{X\ < x} and suppose that some of the random variables X±,X2, ■ ■ ■ can be observed and the 
others not. Let S n = e\ + 82 + ■ ■ ■ + s n denote the number of observed random variables from the 
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set {X±,X 2 , ■ ■ ■ , X n }, where Ek is the indicator of the event that random variable Xk is observed. 
For convenience, define 

M n = max{Xi, • • • , X n }, m n = min{Xi, • • • , X n }, 

{max{X,- : £j = l,k + l < j < n}, if S n > 1; 
•mi{t\F(t) > 0}, if S n = 

and 

{min{Xj : Ej = l,k + l < j < n}, if S n > 1; 
M{t\F(t) > 0}, ifS n = 0. 

In this note, we are interested in the joint limiting distribution of the normalized random vector 
(M n ,fh n ,M n ,m n ) under some weak dependence conditions similar to those provided by Davis 
(1979) and Mladenovic and Piterbarg (2006). The main results show that (M n ,M n ) and (fh n ,m n ) 
are asymptotically independent. 

To formulate our main results, we state the conditions of weak dependence of (X n ). 

Definition 1.1. Let (X n ) be a strictly stationary random sequence and denote N n = {1,2, • • • , n}. 
Then condition D(u n (xi),v n (yi),u n (x2),v n (y2)) is satisfied, if for any n and all A\, Ai, B\, B2 C 
N n , such that A x n A 2 = 0, B x n B 2 = and b- a> I, where a £ A 1 U A 2 and b G B x U B 2 , the 
following inequalities hold: 

p[ H Hn<x,<5 m }n f| H n <x j <s' in } 

\jeA-1UB1 jeA 2 uB 2 



-p f| { lm < x 3 < s in } n f| W m < Xj < 5' m } 



:P ( f| { lm < Xj < 5 m } n f| { 7 ;„ < X 3 < 4} 
kiefii jeB 2 



< ««,«n 



/or z = 1,2,3, where j ln = -oo ; <5i„ = n n (x 2 ), 72n = v n (y 2 ), 5 2n = 00, 7 3n = j 2n , 5 3n = Si n> 
7i„ = -o°; ^L = u n {x{), j' 2n = v n (yi) , 5 2n = co, 7g n = 7^, 5' 3n = 5' ln and a nU -> as n -> 00 
/or some sequence l n —> 00 u;it/i Z n /n — ► 0. 

The condition corresponding to i = 1 is D{u n {x\), v n (yi),u n (x 2 ),v n (y 2 )), a natural extension 
of D(u n ) provided by Leadbetter (1974). The condition corresponding to i = 2 is D' (u n (x) , v n (y)) , 
due to Davis (1979), which may eliminate the phenomena of clustering for the considered random 
sequence, see Leadbetter et al. (1983). 

Definition 1.2. Let (X n ) be a strictly stationary random sequence. For real sequences (u n (x)) and 
(v n (y)), the condition D' (u n (x) , v n (y)) is satisfied if 

[n/k] 
limsupn V^ \P{Xi > u n (x),X j+1 > u n (x)) + P(Xi > u n (x),X j+1 < v n (y)) 

+P(Xi < v n (y),X j+1 > u n {x)) + P{X X < v n (y),X j+1 < v n (y))j = o(l) 

as k — > 00. 
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2 Main results 

In this section we state our main results, i.e. the limiting distributions of the normalized random 
vector (M n ,fh n ,M n ,m n ). Related proofs are deferred to Section 3. 

Theorem 2.1. Let (X n ) be a strictly stationary random sequence. Suppose (1.1) holds for u n {x), 
Vn(y)- Suppose too both the condition D' (u n (x) , v n (y)) and the condition D (u n (xi), v n (yi), u n (x 2 ), 
v n (y2)) hold for X2 < x\, y 2 > J/i- Furthermore, suppose that the indicator random variables (e n ) 
are independent of (X n ) and S n /n — ► p € [0, 1] as n —> oo. Then we have 

lim P (v n (y 2 ) <m n <M n < u n (x 2 ),v n (yi) < m n < M n < u n {xi)] 
= GP(x 2 )(l - L(y 2 )rG 1 -P(x 1 )(l - L( yi )y-P. 

Based on Theorem 2.1 and the continuity of G{x) and L(y), we have the following result. 
Theorem 2.2. Under the conditions of Theorem 2.1, we have 

lim P(m n >v n {y 2 ),m n > v n ( Vl )) = (1 - L(y 2 )) p (l - L(yi)) 1 ^ 

n— >oo 

for y 1 < y 2 and 

lim P (M n < u n (x 2 ),M n < u n ( Xl )) = GP(x 2 )G 1 -P(x 1 ) 

for x 2 < x\. This means that (fh n ,m n ) and (M n ,M n ) are asymptotically independent. 

The joint limiting distribution of the maxima and minima of observed random variables can be 
obtained using Theorem 2.1. 

Corollary 2.1. Under the conditions of Theorem 2.1, we have 

lim P (v n (y) <m n <M n < u n (x)) = G p (x)(l - L{y)f. 

To end this section, we give an example satisfying the conditions in Theorem 2.1. Let (X n ) be 
a standard stationary Gaussian sequence with correlation r n = EX\X n+ i satisfying 

r n logn^0, as n — > oo, 



or 



1 n 
y |rfc|(log fc) exp(7|rfc| logfc) — » as n — >• oo 



n 
k=i 



for some 7 > 2. Set 

a n = (21ogn)~ 1 / 2 , b n = (21ogn) 1 / 2 - ^ (2 log n)" 1 / 2 (log log n + log47r), 

and let u n {x) = a n x + b n , v n {y) = —a n y — b n for x,y G R. Then by Lemma 11.1.2, Lemma 4.5.3 and 
Lemma 4.4.1 in Leadbetter et al. (1983), we can prove that both the condition D'{u n {x),v n {y)) 
and the condition D(u n (xi), v n (yi), u n (x 2 ), v n (y 2 )) hold. 
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3 Proofs 

Before proving the main results, we need some lemmas. 
Lemma 3.1. Suppose that the equality (1.1) holds. Then 

lim n{l -p[F(u n (x 2 )) - F(v n (y 2 ))] - (1 -p)[F(u n { Xl )) - F(v n ( yi ))]} 

n—>oo 

= -p[logG(x 2 ) + log(l - L(ife))] - (1 -p)pogG(xi) +log(l - L( yi ))] 
for x 2 < x\ and y 2 > y\. 

Proof. The result follows by elementary calculus. □ 

Let Ii,I 2 , ■ ■ • , Ifc be subsets of N n = {1, 2, • • • , n}, such that \b — a\ > I for all a £ I s , b £ It, 
where s ^ t. Let the indicator random variables (e n ) be independent of (X n ). Define 

M(I S ) = max{Xj : j e I s }, M(/ s ) = maxjl^ : j G I s , £j = 1}. 

By using the induction method, we have the following result. 

Lemma 3.2. Assume that (X n ) satisfies the condition D(u n (xi),v n (yi),u n (x 2 ),v n (y 2 )) for x 2 < 
x\, y 2 > y\. Then we have 

P[ f]{Mv2) < m(I s ) < M(I S ) < u n (x 2 ),v n ( yi ) < m(I s ) < M(I S ) < u n (xi)} ) 
- f[P[vn(y2) < m(I s ) < M(I S ) < u n (x 2 ),v n ( yi ) < m(I s ) < M(I S ) < u n {x{) 

s=l V 

< {k-l)a nU . 

Now let k be a fixed positive integer, m = [n/k] and define K s = {j : {s — l)m + 1 < j < sm}. 
We have 

Lemma 3.3. Let (X n ) be a strictly stationary random sequence such that both (1.1) and the con- 
dition D(u n (xi),v n (yi),u n (x 2 ),v n (y 2 )) hold. Then 

lim P(v n (y 2 ) <fh n < M n < u n (x 2 ),v n (yi) < m n < M n < u n (xi)) 

n—>oo \ 

k \ 

-f[P(v n (V2) < m{K s ) < M{K S ) < u n (x 2 ),v n ( yi ) < m{K s ) < M{K S ) < u n ( Xl )) ] = 0. 

s=l J 

Proof. Define N n = {1, 2, • • • , n} for any positive integer n. Let fcbea fixed positive integer and 
m = [n/k]. For large n we can choose a positive integer / such that k < I < m. Let 

N mk = {h U Ji) U (I 2 U J 2 ) u • • • u (4 U J fc ), 

where I s = {(s — \)m + 1, • • • , sm — 1} and J s = {sm — I + 1, ■ ■ ■ , sm} for s = 1, 2, ■ • • , k. 

Since mk < n < (m + l)k < mk + I, we get |iV n \A ? m fc| < k < /. Define sets Ik+i and Jk+i as 

7fc + i = {mk — m + / + 1, • • • , mk — l,mk}, 
Jk+i = {mk + 1, ■ • ■ ,mk + I — l,mk + I}. 
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Then |/fc+i| = m — I and |Jfc+i| = I- The set It+i is a subset of N m k and the set |Jfc+i| contains 
the set N n \N m k. The maxima (minima) on the sets Ii, I 2 , ■ ■ ■ ,Ik are weakly dependent, and the 
small intervals J±, J 2 , • • ■ , Jk, Jk+i can be essentially neglected. 

For simplicity, define 

A(I) = {v n (y 2 ) < m(I) < M(I) < u n (x 2 ),v n ( yi ) < m(I) < M(I) < u n ( Xl )} 
for any consecutive interval / C N n . Let 

k 

A = P (A(N n )) - 11 P(A(I S U J s )) =: Ax + A 2 + A 3 , 



where 



s=l 



(k \ / k \ k 

f| A{I 8 ) - P (A(N n )) , A 2 = P f| A(I S ) - [] P (>l(J a )) 
s=l / \s=l / s=l 



and 



a 3 = n p (- 4 ( / -)) - n p ^^ u j «))- 

s=l s=l 

By using Lemma 3.2, we have 

|A 2 | < (k - l)a n ,i n -» 

asm 00. By arguments similar to those in the proofs of Lemma 3.1 in Davis (1979) and Lemma 
4.3 in Mladenovic and Piterbarg (2006), we can get Aj — ► for i = 1, 3. The proof is complete. □ 

Proof of Theorem 2.1. Let fc be a fixed positive integer and m = [n/k]. For x 2 < x\ and y 2 > y±, 
we only consider < G(x 2 ) < 1, < L{y\) < 1. Denote 

K s = {j: (s-l)m+l< j<sm}, s £ {1,2, ■ ■ ■ , k}; 
B s = {j :j GK s ,Ej = l}, s€{l,2,--- ,fe}; 

A sj = {X {s _ 1)m+j > u n (x 2 )} U {X {s _ 1)m+j < v n (y 2 )}, j € {1, 2, ■ ■ ■ , m}. 

By elementary calculus (cf. Davis (1979) and Leadbetter et al. (1983)), for fixed s € {1,2, ■ ■ • , k} 
we have 



1 - J2 P(Ssm ~ -Vl)m = f ) k 1 " F K(^2)) + PM2/2))) 



t=0 



+(m - 0(1 " ^K(xi)) + ^(«„(i/i))) 

< P({v n (y2) < m(K s ) < M(K S ) < u n (x 2 ),v n (yi) < m(K s ) < M(K S ) < u n (xi)}) 

m 

< 1-J2 P( S sm ~ S {s _ 1)m = t) \t{\ - F{u n {x 2 )) + F(v n (y 2 ))) 



t=0 



-(m - t)(l - F(un(xi)) + F(v n (yi)))] + m^ P(A sl A sj ). 

i=2 
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By arguments similar to those in the proof of Theorem 3.2 in Mladenovic and Piterbarg (2006) and 
by using the condition D' \u n {x) , v n {y)) , Lemma 3.1 and Lemma 3.3, we obtain 

1 H(xi,x 2 ,yi,y2) ^ ' 
k 

< liminf P(v n (y 2 ) < m n < M n < u n (x 2 ) , v n (yi) < m n < M n < u n (xi)) 

n—>oo 

< lim sup P(v n (y 2 ) < m n < M n < u n (x 2 ) , v n (yi) < m n < M n < u n (xi)) 

< {i + H ( Xi > X2 k > vl,V2) +WQ k 

Finally, we obtain the desired result by letting k — ► oo. D 
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TOPOLOGICAL SPACES AND SOFT SETS 



XUN GE, ZHAOWEN LI, AND YING GE 



Abstract. In this paper, we establish some relations between topology and 
soft set theory. Our work is to give some characterizations of trivial (resp. 
discrete, To-, Ti-, Tjy- and Ro~) topological spaces by the null soft set, the 
absolute soft set, the identical soft set and so on. Our results may be useful 
in the application research of classical topology. 



1. Introduction 

The concept of soft set theory was initiated by Molodtsov in [6]. As a math- 
ematical tool for dealing with uncertainties, soft set theory has a rich potential 
for applications in several directions. In the past years, this theory had aroused 
us interesting and concerning and had been applied to many branches of mathe- 
matics, information science and computer science (see [1, 5, 6, 7], for example). 
In mathematical applications, the following is an interesting question (see [6], for 
example) . 

Question 1.1. How to characterize topological spaces by soft sets? 

In this paper, we make some investigations for the above question. We give some 
characterizations of trivial (resp. discrete, To-, T\-, To- and Rq-) topological spaces 
by the null soft set, the absolute soft set, the identical soft set and so on. 

Throughout this paper, all spaces mean topological spaces. Let X be a space and 
A C X. The derived set and the closure of A is denoted by A d and A respectively. 
For x e X, B x denotes the open neighborhood base at x and B x = (~}{W : W € B x }. 
In this paper, both U and E are the set X, where U denotes an initial universe set 
and E denotes the set of all possible parameters under consideration with respect 
to U. We assume that each set of parameters is a subset of E. 

2. Definitions and Remarks 

At first, we give some correlative concepts for topological space. Definitions of 
trivial space, discrete space, T -space, I\-space, the derived set and the closure of 
a subset are well-known (see [4], for example). We give definitions of T^i-space and 
-Ro-space. 

Definition 2.1 ([2, 3]). Let X be a space. 

(1) X is called a To-space if for each x <G X, there are an open subset W and a 
closed subset K of X such that {x} = W |"| K. 



1991 Mathematics Subject Classification. 54A05, 54D10, 54H99, 03E47. 
Key words and phrases, trivial space, discrete space, T^-space (i=0,l,d), Ro-space, soft set. 
This project is supported by the National Natural Science Foundation of China (No. 
10971185,10771056). 
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(2) X is called a _R -space if {x} C W for each x E X and each open neighborhood 
W of x. 

Remark 2.2. It is well-known that the following are hold. 

(1) T^-space => To-space. 

(2) Ti-spacc ^=^> T - and i? -space. 

Now we give some concepts for correlative soft sets. 

Definition 2.3 ([6]). Let A be a set of parameters. A pair (F,A) is called a soft 
set over U if F is a mapping given by F : A — ► V(U), where V(U) is the family 
of all subsets of U. 

Definition 2.4 ([5]). Let (Fi,Ai) and [F 2 ,A 2 ) be two soft sets. 

(1) (Fi,A\) and (F 2 ,A 2 ) are called to be equivalent denoted by (Fi,A\) = 
(F 2 ,A 2 ), if Ax = A 2 and Fi(x) = F 2 (x) for each x e Ai. 

(2) (F lt Ai) is called a refinement of {F 2 ,A 2 ) denoted by (Fi,Ai) -< (F 2 ,A 2 ), if 
Ai C A 2 and i<i(x) C F 2 (x) for each a; e A 1 . 

Definition 2.5 ([5]). Let (F, A) be a soft set. 

(1) (F, A) is called a null soft set denoted by <&, if i*Xx) = for each x E A. 

(2) (F, A) is called an absolute soft set denoted by A, if F(x) = U for each x € A. 

Remark 2.6. In the notation $ of a null soft set, the set of parameters for $ is not 
clear, which will result in some confusions. For example, let (Fi,Ax) and (F 2 ,A 2 ) 
be two soft sets, where A\ ^ A 2 , F\(x) = for each x e A\ and F 2 {x) = for each 
x e A 2 . Then (Fi,Ai) ^ (F 2 ,A 2 ) because Ai ^ A 2 . However, both (Fi,Ai) and 
(F 2 ,^4 2 ) arc null soft sets, and so (Fi,Ai) = $ = (F 2 ,A 2 ). This is a contradiction. 

Remark 2.7. In this paper, we use the following notations for null soft set and 
absolute soft set. 

(1) (<I>, A) denotes a null soft set with a set A of parameters, i.e., Q(x) = for 
each x e A. 

(2) (CI, A) denotes an absolute soft set with a set A of parameters, i.e., fl(x) = 17 
for each x E A. 

Definition 2.8 ([5]). Let (F^A^ and (F 2 ,A 2 ) be two soft sets. If A x f]A 2 ^ 
and -Fi(x) = ^(x) for each x € Ai P| A 2 , then the intersection (i*\, Ai)P|(i 7 2 , A 2 ) of 
(Fi,Ai) and (F 2 ,y4 2 ) is defined as a soft set (H,A\ f]A 2 ), where H(x) = i*i(x) = 
F 2 (x) for each x e A 1 f]A 2 . 

We give the following for our investigations. 

Notation 2.9. Let A be a set of parameters. 

(1) (/, A) denotes an identical soft set, where I(x) = {x} for each x € A. 

(2) (N, A) denotes a neighborhood soft set, where N(x) = B x for each x € A. 

(3) (-D, .A) denotes a derived soft set, where -D(x) = {x} d for each x E A. 

(4) (C, A) denotes a closure soft set, where C(x) = {x} for each iei. 

(5) (-D -1 , A) denotes a derived-complement soft set, where D~'(x) = (X — {x}) d 
for each x E A. 

(6) (C -1 ,^) denotes a closure-complement soft set, where C^(x) = X — {x} for 
each iei. 

(7) (U 2 , A) denotes a bi-derived soft set, where D 2 (x) = ({x} d ) d for each x E A. 
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(8) (CD, A) denotes a closure-derived soft set, where CD(x) = {x} d for each 
x e A. 

Definition 2.10. Let (F, A) be a soft set. 

(1) (F, A) is called discernible if F(x) ^ F(y) for all x,y E A and x ^ y. 

(2) (F,A) is called partitioned if {F(x) : x £ X'} is a partition of X for some 
X'CX. 

(3) (F, A) is called closed if F(x) is closed in X for each x € X. 

3. The Main Results 

Theorem 3.1. The following are equivalent for a space X. 

(1) X is a trivial space. 
(2)(N,X) = (Q,X). 

Proof. (1) =>■ (2): Let X be a trivial space. For each x € X, B x = {X}, and hence 
7^ = X. So N(x) = B x = X =U = ft(x). Consequently, (TV, X) = (ft, X). 

(2) => (1): If X is not a trivial space, then there is an open subset W of X 
such that ^ W ^ X. Choose x e W, then 7V(x) = .B x cW' r ^X = [/ = ft(x). 
So(N,X)^(Q,X). a 

Theorem 3.2. The following are equivalent for a space X. 

(1) X is a discrete space. 
(2)(I,X)Q(D-,X) = ($,X). 

(s)(i,x)r\(cr,x) = (*,x). 

Proof (1) =$> (2): Let X be a discrete space. Put (I , X)f)(D^ , X) = (F,X). For 
each xeX, (X-{x}) d = 0, and hence F(x) = I(x)f]D~'(x) =j» fl(^-{^}) d = 
{x}f|0 = = $(z), So (F,JC) = ($,X). It follows that (I,X){\D^,X) = (<b,X). 

(2) =*► (3): Let (J,X)f|(I>",^) = ($,X). Put (I,X)P|(C",X) = (F,X). For 
each x e X, {x}f](X - {x}) d = I(x)f]D~ , (x) = $(x) = 0, and hence F(x) = 

/(x) n c-(x) = {x} n aM4 = {x> n((x {x}) \j(x- { X }) d ) = ({x> n(x - 

{^}))U({2 ; }n(^-{^}) d )=0U0 = = « , (^)- So(F,X) = ($,X). It follows that 
(I,X)r\{C-,X) = (3>,X)._ 

(3) => (1): Let (I , X)^\(C , X) = (<b,X). For each x £ X, {x}f)X - {x} = 
/(x)f|C'^(x) = $(x) = 0, So x ^ X-{x}, and hence X - {x} C X - {x}. It 
follows that X — {x} = X — {x}. So X — {x} is a closed subset of X, hence {x} is 
an open subset of X . Consequently, X is a discrete space. □ 

The following three lemmas are known. 

Lemma 3.3 ([3]). The following are equivalent for a space X. 

(1) X is an FL^-space. 

(2) For allx,y^X,Jx}=Jy} or Jx} (\{y} = $ . 

Lemma 3.4 ([4]). The following are equivalent for a space X. 

(1) X is a To-space. 

(2) {x} ^ {y} for all x, y G X and x =/= y. 

Lemma 3.5 ([4]). The following are equivalent for a space X. 

(1) X is a T\-space. 

(2) {x} = {x} for each x G X. 
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(3) B x — {x} for each x G X . 

(4) {x} d = for each x G X. 

The following three theorems arc obtained immediately by Lemma 3.3, Lemma 
3.4 and Lemma 3.5, respectively. 

Theorem 3.6. The following are equivalent for a space X. 

(1) X is an Rg-space. 

(2) (C, X) is partitioned. 

Theorem 3.7. The following are equivalent for a space X. 

(1) X is a To-space. 

(2) (C, X) is discernible. 

Theorem 3.8. The following are equivalent for a space X. 

(1) X is a T\-space. 
(2)(I,X) = (C,X). 
(2){I,X) = {N,X). 
(2){D,X) = {$,X). 

By Remark 2.2(2), we have the following corollary. 

Corollary 3.9. The following are equivalent for a space X. 
(1)(C,X) = (I,X). 

(2) (C, X) is discernible and discernible. 

Lemma 3.10. Let X be a space and x G X . Then the following are equivalent. 

(1) {x} — W P| K for some open subset W and closed subset K of X . 

(2) {x} = Wf]{x} for some open subset W of X . 

(3) x £ {xp. 

(5) x £ {{x} d ) d . 

(6) {{x} d ) d C {x} d . 

(7) {x} d is a closed subset of X. 

Proof. (1) =^> (2): Assume that there are an open subset W and a closed subset 
K of X such that {x} = Wf]K. Since x e K,{xJ C K. So {x} C W f] {x} C 
Wf]K= {x}. It follows that {x} = Wf] {x}. 
(2) =*> (1): It is clear. 

(2) ^=^ (3): Assume that there are an open subset W of X such that {x} = 
Wf]{x}, i.e., {x} = (W fl {x} d ) [j{W flM) = (W fl W) U{x}. Then W f]{x} d C 
{x}. Note that x £ {x} d . So VFf|{ a; } d = 0- :t follows that x £ {x} d 

(3) =4- (4): Assume that x £ {x} d . Note that x e {x}. It follows that {x} ^ 
{xY- 

(4) =*> (5): Assume that {x} ^ {x} d . Since {x} d C {x}, {x} d C {x} = {x}. 
Thus {x} <t {x} d . Note that {x} = {x}{J{x} d and {xY = {x} d \J({x} d ) d . So 
x^({x} d ) d . 

(5) => (6): Assume that x £ ({x} d ) d . Let y E ({x} d ) d , then y ^ x. We 
only need to prove that y G {x}. Whenever W y is an open neighborhood of y. It 
suffices to prove that W y f]{x} + 0. Since y G {{x} d ) d C {xp, W y f]{x} d ± 0. 
Choose z G WyPlJx} 6 '. Then z G W y and z G {x} d . Since W y is open in A, 
W y f]({x} - {z}) ^ 0. It follows that W y f]{x} ^ 0. 
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(6) => (7): Assume that ({x} d ) d C {x} d . Then {x} d = ({x} d ) d \J{x} d = {x} d . 
So {x} d is a closed subset of X. 

(7) => (2): Assume that {x} d is a closed subset of X. Put W = X - {x} d , 
then W is an open subset of X. Note that x $. {x} d , so x £ W. It follows that 

wnw = w^pkw u w d ) = (w [){*}) \j(w n w d ) = w u = w- □ 

We have the following lemma by Lemma 3.10. 

Lemma 3.11. TTie following are equivalent for a space X. 

(1) X is a Tr> -space. 

(2) For each id, {x} = W f] {x} for some open subset W of X. 

(3) x £ {x} d for each x £ X. 

(4) {x} ^ {x} d for each x £ X. 

(5) x £ ({x} d ) d for each x£X. 

(6) {{x} d ) d C {x} d for each x£X. 

(7) {x} d is a closed subset of X for each x £ X. 

The following theorem is obtained immediately by Lemma 3.11. 

Theorem 3.12. The following are equivalent for a space X. 
(1) X is a Tr> -space. 

(2)(I,X)f\(CD,X) = (*,X). 

(3){C,X)f{CD,X). 

rtj(a)n(i)M) = ($,i). 

(5)(D*,X)-<(D,X). 
(6) (D,X) is closed. 

We do not known whether U W" in Lemma 3.11(2) can be replaced by U B X ". 
More precisely we have the following question. 

Question 3.13. Let X be a space. Is X Tc-spacc if (I,X) = (N,X)f](C,X)7 
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Abstract 

In this paper, a general theorem dealing with | C, a, 7, /3;6 \ k summability factors has 
been proved. This theorem also includes several known results. 

1 Introduction 

A positive sequence (b n ) is said to be almost increasing if there exists a positive increasing 
sequence c n and two positive constants A and B such that Ac n < b n < Bc n (see [1]). 
Obviously every increasing sequence is almost increasing but the converse need not be 
true as can be seen from the example b n = ne' -1 '". A sequence (b n ) of positive numbers is 
said to be <5-quasi-monotone, if b n — ► 0, b n > ultimately and Ab n > —5 n , where (<5 n ) is a 
sequence of positive numbers (see [2] ) . Let J2 a n be a given infinite series with partial sums 
(s n ). We denote by u^ and t^ the n-th Cesaro means of order (a, /3), with a + (3 > —1, 
of the sequence (s„) and (na n ), respectively, i.e., (see [8]) 

1 



11 



a,/3 



A a+(3 



/ , A n _. V A V S V (1) 
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1 n 

*n = ,n,+R / ,^-a- v A v va v , (2) 

A n v=l 

where 

A* + P = 0(n a+p ), a + (3>-l, A% +P = 1 and A a _^ = /or n > 0. (3) 

The series J2 a n is said to be summable | C, a, 7, f3; 5 \ k , k > 1, 5 > 0, a + f3 > — 1 and 7 
is a real number, if (see [7]) 

00 
Y^n^ &k+k -^- k \t a /\ k <oo. (4) 

ra=l 

If we take 7 = 1 and 5 = 0, then | C, a, 7, /?; 5 | fe summability reduces to | C, a,/3 | fc 
summability (see [9]). If we take /3 = , then we have | C, a, 7; 5 | fc summability (see 
[12]). Also if we take 7 = 1 and (3 = 0, then we get | C, a;5 \ k summability (see [11]). 
Furthermore if we take 7 = 1 , (3 = and 5 = 0, then we get | C, a \ k summability (see 
[10]). Bor and Seyhan [5] have proved the following theorem dealing with | C,a,j;5 \ k 
summability factors. 

Theorem A. Let (X n ) be an almost increasing sequence such that | AX n \= O(-P-) and 
X n — > as n — ► 00. Suppose that there exists a sequence of numbers (B n ) such that it 
is <$-quasi-monotone with ^nX n 5 n < 00, ^B n X n is convergent and | AA n |< B n for all 
n. If the sequence (#") defined by ; 



qa I j.g 

'n I n I ) 



t«\, a = l (5) 



6% = max I t° I, 0<a< 1 (6) 

l<v<n 

satisfies the condition 

m 

J2n l{5k+k - 1) - k (6%) k = 0(X m ) as m^oo, (7) 

n=l 

then the series ^ a n^n is summable \ C,a,j;5 \ k , k > 1, < 5 < a < 1 and 7 is a real 
number such that (a + l)k — ^{5k + fe — 1) > 1. 
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2. The aim of this paper is to prove the following general theorem . 

Theorem . Let (X n ) be an almost increasing sequence such that | AX n |= 0(— °-) and 
X n — > as n — > oo. Suppose that there exists a sequence of numbers (B n ) such that it 
is (5-quasi-monotone with ^nX n 5 n < oo, ^B n X n is convergent and | AA n |< B n for all 
n. If the sequence (0%^) defined by ; 

e%P=\QP\, a = l,(3>-l (8) 

6°' p = max | 1%£ |, 0<a<l,/3>-l (9) 

l<i><n 

satisfies the condition 

m 

J2n r{6k+k - 1) - k (0^) k = O(X m ) as m ^ oo, (10) 

ra=l 

then the series J2 a n^n is summable | C, a, j, j3\ S \ k , k > 1, < <5 < a < 1 and 7 is a real 

number such that (a + [3 + \)k — ^y(5k + k — 1) > 1. 

We need the following lemmas for the proof of our theorem. 

Lemma 1 [6]). If < a < 1, (3 > — 1 and 1 < v < n, then 

I / j A n - V A a p \< max | y.A A a p \ . (11) 

i. — j f f \<ra<v z — „ ^ y 

p=0 ~ ~ p=0 

Lemma 2 ([3]). Under the conditions regarding (A n ) and (X n ) of the Theorem, we have 

I A n j X n = O(l) as n — ► 00. (12) 

Lemma 3 ([4]). Under the conditions pertaining to (X n ) and (B n ) of the Theorem, we 
have that 

nB n X n = 0(1) (13) 

Y^ nX n I AB n |< 00. (14) 

n=l 

3. Proof of the theorem. Let (T^) be the n-th (C, a, (3) mean of the sequence 
(na n \ n ). Then, by means of (2) we have 



1 n 

T a,(3 _ y^ /l"-l/l/3 7 ,„ \ 



A a +P 
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First, applying Abel's transformation and then using Lemma 1 , we have that 

-. n— 1 v \ n 

T a ^ - V AA V A a - 1 A f5 r>n I — V A a ~ 1 A fS vn 

A n v= i p=\ A n v= i 



\T a 'l 3 \ < V I AA II V A a - X A< i r>n I I I Aw I I V A a ~ 1 Al 5 nw I 

\ 1 n I — A a+f3 Z^ I v II Z^ n-P p" P I ^ A a+fi I / ; ^n-v^v ua v I 

A n v=1 p=1 A n v= i 

1 n— 1 

< -^E^^C^IAAJ + IAJC^^f + T^, say. 

An v= \ 

Since 

I rpa,(3 , rpa,(3 |fc , rjfc/l rpa,j3 |fe . I rpQ,/3 |fc\ 

I J n,l "T J n,2 I — z Vl J n,l I "+" I 1 n,2 I )i 

in order to complete the proof of the theorem, by (4), it is sufficient to show that 

oo 
n=l 

Whenever k > 1, we can apply Holder's inequality with indices k and k', where -r + p = 1, 
we get that 

m+l m+1 -i n— 1 






\k 

A a+/3 Z_^ aJ <" ■'■''"'' - 17 ''" 
n=2 n=2 ^n v=l 



m+l -, (n—1 

°(!) E n(tt+ g + i) fc - 7( M +fc -i) E t^*^)* 

n=2 l-u=l 

rn-i -> fc - x 



E*4 



m m+l I 

^l-UZv^ ^M^ J Z^ n ( a+/ 3+i)fc- 7 (<5fe+fc-l) 

v=l n=v+l 

dx 



o{i)Y,v {a+l3)k B v {e^) k 



v=l 

m 



(a+f3+l)k-y(6k+k-l) 



X 



o(i) 53 vB v v^ 5k+k -^- k (9^) k 

v=l 

m—1 v 

o(i) 53 A(«s 1 ,)53^( 5fc+fc - l )- A; (^' /3 ) fc 
«=i p=i 
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0(l)mB m J2 



y(Sk+k—l)—k(aa,/3\k 



v=l 
m—1 

0(1) J2 \ A ( vB v)\ *v + 0{l)mB m X m 

v=l 

m—1 m—1 

O(l) J2 v \ AB v\ x v + O(l) J2 B -» x v + 0(l)mB m X n 

v=l v=l 

O(l) as m — > oo, 



in view of hypotheses of the theorem and Lemma 3. Similarly , we have that 

m m 

J2 n l(Sk+k-l)-k | j*0 |fe = 0(1) J- \\ n \ n l(Sk+k-l)-k^a,^k 



n=l n=l 

m—1 



o(i)S; A (i A »i)E' 

n=l t)=l 

m 



7(<5fc+fc— 1) — k / oa,(3\k 



+ 0(l)|A m |^ 



7(<5fc+fc— 1) — k/ga,l3\k 



v=l 
m—1 



= O(l) X! |AA„| X n + O(l) |A m | X m 

n=l 
m—1 

= 0{l)Y J B n X n + 0{l)\\ m \X m = 0{l) as m^oo, 

n=l 

by virtue of hypotheses of the Theorem and Lemma 2. Therefore , by (6) we get that 

oo 
n=l 

This completes the proof of the theorem. If we take (3 = and 7 = 1, then we get a result 
for | C, a; 5 \ k summability (see [3]) . If we take (3 = ), then we get Theorem A . Also, 
if we take 7 = 1, then we have a new result for | C,a,f3;5 \ k . Furthermore, if we take 
7 = l,/3 = 0,a = l and 5 = 0, then we obtain a result for | C, 1 \ k summability factors. 
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Abstract 

In this paper which is a sequel to one by Qanak and Albayrak [Int. J. Pure Appl. 
Math. 35 (3) (2007), 421-424], we obtain weaker Tauberian type conditions under 
which boundedness and subsequential convergence of (u n ) follows from its (A, i) lim- 
itability. 

Keywords: Tauberian theorem, general control modulo, (A, i) limitability, moderately 
oscillating sequence, slowly oscillating sequence. 

1 Introduction 

Using the concept of the generator sequence [7] and a corollary to Karamata's main theorem 
[9], Qanak [4] proved the generalized Littlewood Tauberian theorem that states if (u n ) is 
Abel limitable to s and slowly oscillating, then (u n ) converges to s. Qanak and Totur [3] 
obtained a Tauberian condition in terms of the general control modulo for the Abel limitable 
sequence (u n ) to be convergent. 

Theorem 1.1 [3] Let (u n ) be Abel limitable to s. If (»„ (u)) is (C,l) slowly oscillating, 
then (u n ) converges to s. 

We note that the generalized Littlewood Tauberian theorem is a corollary to Theorem 1.1. 
Replacing the Abel limitability of (u n ) by (A,i) limitability of (u n ) in Theorem 1.1 we 
proved the following theorem in [1]. 

*Department of Mathematics, Ege University, Izmir, Turkey, 35100, ibrahim.canak@ege.edu.tr 
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Theorem 1.2 Let u n — > s (A,i) for any integer i > 1. If (w ?l (w)) is (C,l) slowly 
oscillating, then (w„) converges to s. 

The purpose of this paper is to replace the Tauberian condition in Theorem 1.2 by weaker 
Tauberian type conditions to recover boundcdness and subsequential convergence of (w„) 
from its (A, i) limitability. 

2 Definitions and Notations 

Throughout this paper, the symbols u n = o(l) and u n = 0(1) mean that w„ —* as 
n —* oo and (u„) is bounded, respectively. Let u = («„) be a sequence of real numbers. 
Define the repeated arithmetic means of (w„) by an (w) — —^rr X)fc=o a k \ u ) ^ or * — 1 ano - 
di (w) = w„. A sequence (m„) is said to be (H,i) limitable to s if linin^oo a n (u) exists 
and is equal to s. The (_ff, 1) limitable method is the same as the (C, 1) limitable method. 

A sequence (u n ) is said to be (A, i) limitablc [13] to s if Yitcl x ^i- (1 — x) X^^Lo On {v)x n 
exists and is equal to s. In this case, we write u n — > s (A, i). If i = 0, then (A, i) limitability 
reduces to Abel limitability. It is well-known that u n — > s (A, 0) implies u n — > s (A, i) for 
each integer i > 1. The converse is not necessarily true in general. For example, in the 
case i = 1, the sequence (u n ) which is the Taylor coefficients of the function / defined by 
f(x) = sin((l — x)~ x ) on < x < 1 is not Abel limitable, but (u n ) is (A, 1) limitable. 

A sequence (u„) is said to be slowly oscillating in the sense of Stanojevic [12] if 

lim limsup max \v,k — u n \ = 0. 

A^l+ n^oo n<k<[\n] 

Denote the class of all slowly oscillating sequences by S. We say that (u n ) is (C, 1) slowly 
oscillating if (a n (u)) is slowly oscillating. Note that every null sequence is slowly oscillating. 
Stanojevic 's definition of slow oscillation is more suitable in proofs than those of Landau 
[10] and Schmidt [11]. An equivalent definition of slow oscillation of a sequence is given in 
terms of generator sequence (V« (Aw)) of (w n ) by Dik [7] and he proved that a sequence 
(w„) is slowly oscillating if and only if (V„ '(Aw)) is slowly oscillating and bounded. 

Stanojevic [12] extended the class S and introduced the following definition. A sequence 
(w„) is said to be moderately oscillating if for A > 1, 

limsup max |wfc — w„| < oo. 

n^oo n<k<[\n] 
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Denote the class of all moderately oscillating sequences by M.. We say that (u n ) is (C, 1) 
moderately oscillating if (<r„ (u)) is moderately oscillating. It is straightforward to show 
that S C M. 

A sequence (u n ) converges subsequcntially [5] if there exists a finite interval I(u) such that 
all of the accumulation points of I(u) are in I(u) and every point of I(u) is an accumulation 
point of I(u). Equivalcntly for every r € I(u) there exists a subsequence (u n t r \) of (u n ) 
such that lim„( r ) w„( r ) = r. It is clear that subsequential convergence implies boundedness 
of the sequence. However, the converse is not true. Namely, there are bounded sequences 
that do not converge subsequcntially For instance, ((—1)™) is a bounded sequence, but not 
subsequcntially convergent. A number of classical and neoclassical Tauberian-like conditions 
were introduced in [6] to retrieve subsequential convergence of (u n ) out of its boundedness. 

Since it is difficult to recover convergence of (u n ) out of its Abel limitability and Taube- 
rian conditions weaker than those such as Hardy-Littlewood [8], Landau [10] and Schmidt 
[11], Stanojevic [14] introduced the concept of the general control modulo of the oscillatory 
behavior of integer order m > 1 of a real sequence (« n ), defined by inductively, for all 
nonnegative integers n, 



coirHu) = 4 ro -» - 4 1 V™- 1 ^)) (i) 



where u>n (u) = nAu n . 



Qanak and Totur [2] expressed (1) in a more explicit form in terms of a generator se- 
quence. We define (nA) m u n — (nA) TO _i((nA)u„) = nA((nA) m _iu„) for each integer 
to > 1 and each nonnegative integer n, where (nA)au n — u n and (nA)i«„ = nAu n . 
It is proved in [2] that Un(u) = (nA) TO V^ m '(An) for each integer to > 1, where 
v}T\Au) = a£\v( m - l \Au)) and V,i 0) (Au) = ^ ^Lo kAu k- 

3 Lemmas 

We need the following lemmas to prove the results in the next section. 

Lemma 3.1 [2] For each integer m > 1 and for all nonnegative integers n, 

ul m) (u) = £(-!)'(. UAV^{Au), 

to — 1\ (to — 1)(to — 2). ..(to — j) 



wh 



ere 



3 J 3- 
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4 A note on a Tauberian theorem for (A, i) limitablc method II 

Lemma 3.2 [5] Let (u n ) be a bounded sequence. If Au n = u n — u n -\ = o(l), then (u n ) 
is subsequentially convergent. 

Lemma 3.3 [14] Let (u n ) be Cesdro limitable to s. If (u n ) is slowly oscillating, then 
(u n ) converges to s. 

4 Results 

Theorem 4.1 Let u n — > s (A, i) for some integer i > 1. If (v)n (u)) is (C, 1) moderately 
oscillating, then (u n ) is bounded. 

Proof Assume that a n (w^ m \u)) = a n for some a = (a„) e S. Noticing that 

a^{w^\u)) = w^\^\u)), 

we have , for every positive integer n, 

W i m )(a< 2 )(«)) = a „ 
and then 

for j = 2, 3, ..., i. From the equivalent definition of a sequence in S, it follows that 

(c#- 2 )(a))eS 

for j = 2, 3, ..., i. Since u n — * s (A, i), we have u n — > s (H, i) by Theorem 1.1. By the fact 
that every (C, 1) limitable sequence is Abel limitable, we have 

u n ^s{A,i-l). (2) 

Since (w„ (a' ,_1 '(u)) = (er„ (a)) G S and u n — > s (A, i — 1), we obtain that u n —> s 
(H,i — 1). By the same reasoning as in obtaining (2), we have 

u n -» s(A,i - 2). 

Continuing in this vein, we obtain that 

u n -> s(A, 1). 
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Since a n (w^ m \a^ 1 \u))) — a n for some a = (a n ) & S, we have 

u„ -> s (C, 1) 

by Theorem 1.1. It follows by the fact that every (C, 1) limitablc sequence is Abel limitable 
that u n — > s (A, 0). The assumption that (w„ (u)) is (C, 1) moderately oscillating implies 
that cri 1) (w; (m+1) (w)) = 0(1) asmoo. It follows by 

m+l / i 1\ 

E(-l) fe ( ^ Vi fe) (An) = 0(l),n-oo 

that («„) is bounded. 

Now, we introduce some Taubcrian-likc conditions to retrieve subsequcntial convergence 
of (u n ) out of boundedness of the sequence. We end this section with the following results. 

Theorem 4.2 Let u n — > s (A, i) for some integer i > 1. If (wn (u)) is (C, 1) moderately 
oscillating and the sequence (AVn (Aw)) is slowly oscillating, then (u n ) is subsequentially 
convergent. 

Proof We have by the previous theorem that (u n ) is bounded. Taking the backward 
difference of both sides of the equality 

u n -o-W(u) = VM(Au) 

we have 

Au^^^ + AV^iAu). (3) 

n 

Since (AV^ 0) (Au)) E S and 

V^(Au) 

i — > 0, n^oo, (4) 

n 

we have, by Lemma 3.3, 

AV; i (0) (Au) = o(l),n^oo. (5) 

Taking (3), (4) and (5) into account, we obtain 

Au n = o(l), n — » oo. 

By Lemma 3.2, it follows that (u n ) is subsequentially convergent. 
We have the following corollaries for Theorem 4.2. 
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Corollary 4.3 Let u n — ► s (A,i) for some integer i > 1. If (»„(«)) is (C, 1) moder- 
ately oscillating and the sequence (Aw n ) is slowly oscillating, then (u n ) is subsequentially 
convergent. 

Proof Taking the backward difference of both sides of the equality 

u„ -<#)(«) = V n <°>(Au) 

we have 

Au „ = ^M + Al/(»)(H (6) 

Since (u n ) is bounded by the previous theorem, (V„ (Am)) is bounded. It follows from (6) 
that (AV^: (Au)) is slowly oscillating. This completes the proof by Theorem 4.2. 

Corollary 4.4 Let u n — ► s (^4,i) /or some integer % > 1. // (tti„ (u)) is (C, 1) morf- 
erately oscillating and the sequence (u n ) is slowly oscillating, then (u n ) is subsequentially 
convergent. 

Proof By the fact that slow oscillation of (u n ) implies that Au„ = o(l), we have the 
proof of Corollary 4.4. 
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Abstract. In this paper, we study the exponential stability of linear non-autonomous systems 
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tial stability in terms of the solution of a Riccati differential equation. Our results are illustrated 
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1. Introduction 

The topic of Lyapunov stability of linear systems has been an interesting research 
area in the past decades. An integral part of the stability analysis of differential 
equations is the existence of inherent time delays. Time delays are frequently en- 
countered in many physical and chemical processes as well as in the models of 
hereditary systems, Lotka-Volterra systems, control of the growth of global econ- 
omy, control of epidemics, etc. Therefore, the stability problem of time-delay sys- 
tems has been received considerable attention from many researchers (see; e.g. 
[6j [lOl HH H21 [14] and references therein). One of the extended stability proper- 
ties is the concept of the a-stability, which relates to the exponential stability with 
a convergent rate a > 0. Namely, a retarded system 

x = f(t,x(t),x(t-h)), t > 0, 
x(t) = <f>(t), t£[-h,0], 

is a-stable, with a > 0, if there is a function £(.) such that for each </>(.), the solution 
x(t,(j>) of the system satisfies 

IWi»||<£(ll0ll)e- Qt , V*>0, 

where \\<j)\\ — max{||0(i)|| : t € [— h, 0]}. This implies that for a > 0, the system 
can be made exponentially stable with the convergent rate a. It is well known 
that there are many different methods to study the stability problem of time-delay 
linear autonomous systems. The widely used method is the approach of Lyapunov 
functions with Razumikhin techniques and the asymptotic stability conditions are 
presented in terms of the solution of either linear matrix inequalities or Riccati 
equations [U [5]. By using both the time-domain and the frequency-domain 
techniques, the paper [15] derived sufficient conditions for the asymptotic stability 
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(1.1) 



of a linear autonomous system with multiple time delays of the form 

m 

x(t) = A x(t) + y^ y Ajx(t - hj), t>0, 

x(t) = cf>(t), t£[-h,0], 

where Ai are given constant matrices, h — max{/ij : i = 1,2, ...,m}. These 
conditions depend only on the eigenvalues of A and the norm values of Ai of the 
system. For studying the a-stability problem, based on the asymptotic stability of 
the linear undelayed part, i.e. Aq is a Hurwitz matrix, the papers [131 [H] proposed 
sufficient conditions for the a-stability of system ( |1.1| in terms of the solution of 
a scalar inequality involving the eigenvalues, the matrix measures and the spectral 
radius of the system matrices. It is worth noticing that although the approach 
used in these papers allows us to derive the less conservative stability conditions, 
but it can not be applied to non- autonomous delay systems. The reason is that, 
the assumption Ao(t) to be a Hurwitz matrix for each t > 0, i.e. ReA(yl(£)) < 0, 
for each t, does not implies the exponential stability of the linear non-autonomous 
system x = A (t)x. It is the purpose of this paper to search sufficient conditions for 
the a-stability of non-autonomous delay systems. Using the Lyapunov-like function 
method, we develop the results obtained in [3, 14 to the non-autonomous systems 
with multiple delays. Do not using any Lyapunov stability theorem, we establish 



sufficient conditions for the a-stability of system (2.1), which are given in terms 
of the solution of a Riccati differential equation (RDE). These conditions do not 
involve any stability property of the system matrix A (t). Although the problem of 
solving of RDEs is in general still not easy, various effective approaches for finding 
the solutions of RDEs can be found in [Tl HI ®1 IT!)] . 

The paper is organized as follows. Section 2 presents notations, mathematical 
definitions and an auxiliary lemma used in the next section. The sufficient condi- 
tions for the a-stability are presented in Section 3. Numerical examples illustrated 
the obtained result are also given in Section 3. The paper ends with cited references. 

2. Preliminaries 

The following notations will be used for the remaining this paper. 
M. + denotes the set of all real non-negative numbers; R" denotes the n-dimensional 
space with the scalar product (., .) and the vector norm |j.||; 

l" xr denotes the space of all matrices of dimension (n x r). A T denotes the 
transpose of the vector/matrix A; a matrix A is symmetric if A = A T \ I denotes 
the identity matrix; 

X(A) denotes the set of all eigenvalues of A; A max (A) = max{Rc A : A e A(A)}; 
\\A\\ denotes the spectral norm of the matrix defined by 



\\A\\ = ^\ m UA T A)- 

rj(A) denotes the matrix measure of the matrix A given by 

rj{A) = -A max (A + A T ). 

C([a, b],W) denotes the set of all K n -valued continuous functions on [a, b]; 
Matrix A is called semi-positive definite (^4 > 0) if (Ax, x) > 0, for all x £ M. n ; A is 
positive definite (A > 0) if (Ax, x) > for all i^0; 
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In the sequel, sometimes for the sake of brevity, we will omit the arguments of 
matrix-valued functions, if it does not cause any confusion. 

Let us consider the following linear non-autonomous system with multiple delays 

m 

i(t) = A (t)x(t) + Y / A l (t)x(t-h l ), t>0, 

x(t) = <f>(t), t€[-h,0], 

where h — max{/ii : i = 1, 2, . . . , m}, Ai(t),i = 0, 1, . . . , to, are given matrix func- 
tions and <j>(t) G C{[-h,0],M. n ). 

Definition. The system ( |2.1[ ) is said to be a-stable, if there is a function £(.) : 
K+ -»• R+ such that for each cf>(t) € C([-h,0],M. n ), the solution «(*,<£) of the 
system satisfies 

IW*,0ll<£(IMI)e _a *> V*€R+. 
The following well-known lemma, which is derived from completing the square, 
will be used in the proof of our main result. 

Lemma 2.1. Assume that S £ M. nxn is a symmetric positive definite matrix. Then 
for every P,Q Gl" x ", 

(Px,x) + 2(Qy,x)-(Sy,y) < ((P + QS- 1 Q T )x,x), Vx,yeM". 
3. Main results 



Consider the linear non-autonomous delay system (2.1 1, where the matrix func 



tions Ai(t), i = 0, 1, . . . , m, are continuous on K + . Let us set 

A Q , a (t) = A (t) + al, Ai, a {t) = e ahi A t (t),i = 1, 2, . . . , m. 

Theorem 3.1. The linear non-autonomous system ( |2.1[ ) is a-stable if there is a 
symmetric semi-positive definite matrix P(t), t G R + such that 

P(t) + Al a (t)[P(t) + I} + [P(t) + I]A , a (t) 

m (3 1) 

+ Yj.P{t) + I\A ita (t)A^ ta (t)[P(t) + T\+mI = 0. 



Proof. Let P(t) > 0, t e K + be a solution of the RDE pTJ ). We take the following 
change of the state variable 

y(t) = e at x(t), t£l + , 



then the linear delay system (2.1 1 is transformed to the delay system 

m 

U (3-2) 

y{t) = e at ^{t), te[-h,0], 
Consider the following time-varying Lyapunov-like function 

V{t,y{t)) = {P{t) V {t), y {t)) + \\ V {t)f + Y J \\v{s)fds. 
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Taking the derivative of V(.) in t along the solution of y(t) of system (3.2 1 and 



using the RDE (3.1 1, we have 
V(t,y(t)) 

m 
= (P(t)y(t),y(t)) + 2(P(t)y(t),y(t)) + 2(y(t),y(t)) + m\\y(t)\\ 2 - £ \\y(t - hi)\\ 

i=l 
m 

= (P(t)y(t),y(t)) + 2(P(t)A . a (t)y(t),y(t)) + 2^{P{t)A i , a (t)y{t - h t ),y(t)) 

i=l 

nt 

+ 2(A . a (t)y(t),y(t)) + 2^{A it(x {t)y{t - h t ),y(t)) 

i=\ 

III 

+ m\\y(t)f-J2\\y(t-hi)\\ 2 , 
= (P(t)y(t),y(t)) + 2((P(t) + I)A 0>a {t)y(t),y(t)) 

rn 77i 

+ 2 J2(( p (t) + VAAtMt - hi),y(t)) + m\\y(t)\\ 2 - £ \\y(t - h. t 

i=l i=l 

m 

= E(t p W + l]A t , a (t)AL(t)[P(t) + l]y(t),y(t)) 

rn m 

+ 2£([P(t) + I]A iia (t)y(t - hi),y(t)) - ^>(t - hi),y(t - h t )) 

i=l i=l 

m 

= £<-<™ + I]A t , a (t)AL(t)[P(t) + I]y(t),y(t)) 

i=l 

+ 2{[P(t) + I]A ha (t)y(t - hi),y(t)) - (y(t - h % ),y{t - hi))}. 



. J 2 
*»; -i 



Applying Lemma |2.1| to the above equality, we have 

V(t,y(t))<0, VieM+. 
Integrating both sides of this inequality from to t, we find 
V(t,y(t))-V(0,y(0))<0, VieM+, 
and hence 



m r t 



(P(t)y(t),y(t)) + \\y(t)\\ 2 + Y, \\y( s )W 2ds 

m -o 

<(P Q y(0),y(0)) + \\y(0)f + J2 \\y(s)fds, 

_-_i J — hi 



where P$ = P(0) > is any initial condition. Since 

(P(*)y,y)>0, / ||y( s )|| 2 ds>0, 

T \\y(s)\\ 2 d S <\\cf>\\ [ e as ds=-(l-e- ah ')\\ 
J -fn J -hi a 



(3.3) 
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it follows that 

\\y(t)\\ 2 < (Poy(0),y(0)) + ||y(0)|| 2 + - f)(l - e- ah *)W\\. 

i—l 

Therefore, the solution y(t, (f>) of the system (|3.2[) is bounded. Returning to the 



solution x(t, 4>) of system (2.1 ) and noting that 



||y(0)|| = |K0)|| = #0)<||, 

we have \\x(t, <j>)\\ < C(||0||)e _Q * for all t G M+ , where 



1 m 

e(H0H) : = {iiPoiiii^ii 2 + 11011 2 + - £(i - e - Q/ii )ii<m 






This implies system (2.1 1 begin a-stable and completes the proof. □ 



Remark. Note that the existence of a semi-positive definite matrix solution P(t) of 



RDE (3.1 1 guarantees the boundedness of the solution of transformed system (3.2 1 



and hence the exponential stability of the linear non-autonomous delay system 



(2.1). Also, the stability of A{t) is not assumed. 

Example 3.2. Consider the following linear non- autonomous delay system in R 2 : 
x = A {t)x + Ax(t)x(t - 0.5) + A 2 (t)x(t - 1), t G R + , 



with any initial function 4>(t) <E C([— 1,0], R. 2 ) and 

A ( fy (Mt) o \ / e -°- 5 ai (i) 

where 

7e" 9 * - 5 , , 1 

We have hi = 0.5, ft.2 = 1, m = 2 and the matrix Ao(t) is not asymptotically stable, 
since ReA(A(0)) = 0.5 > 0. Taking a = 1, we have 



The solution of RDE (|3_1| is 

-9t 



P(*)=( Q y>0, V*gM+. 

Therefore, the system is 1-stable. 

For the autonomous delay systems, we have the following a-st ability condition 
as a consequence. 



Corollary 3.3. The linear delay system (2.1|, where Ai are constant matrices, is 
a-stable if there is a symmetric semi-positive definite matrix P G R nxn , which is a 
solution of the algebraic Riccati equation 

ni 
AojP + I\ + [P + I]A , a + ]T[P + I^AJJP + I} + ml = 0. (3.4) 
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Example 3.4. Consider the linear autonomous delay system 
x{t) = A x(t) + A x x(t - 2) + A 2 x{t - A), te 
with any initial function <j)(t) G C([— 4,0],R 2 ) and 



In this case, we have m = 2, /i! = 2, /i 2 = 4. Taking a = 0.5, we find 

AoAt) = (~J _° 3 ) . >*i,a(*) - 4,, a (t) = (J J 
and the solution of algebraic Riccati equation ( |3.4| is 

Therefore, the system is 0.5-stable. 

Remark. Note that we can estimate the value of V(t,y) as follows. Since 
2(P + 2)i4o, a = A^P + PA + A + Al + 2a(P + I), 



from (3.3) it follows that 

V(t, y(t)) = ([P(t) + A T Q {t)P{t) + P(t)A (t) + ml}y(t),y(t)) 

+ ([A (t) + A^(t)]y(t),y(t)) + 2a((P(t) + I)y{t),y{t)) 



7U 

£ {2([P(t) + I]A %a {t)y{t - hi),y{t)) " IM* ~ Ml 2 }- 



Using Lemma |2.1[ we have 

m 

]T {2([P + I}A t , a y(t - hi),y(t)) - \\y(t - ft 4 )l| 2 } 

7 ft 

i=l 

On the other hand, since 

m 

^([P(t)+/]A l , Q (t)^J0[PW + /]^),y(i))<m||P(t) + /|| 2 e 2 ^P(t)|| 2 || 2 ;(t)|| 2 , 

i=l 

with ft = max{fti,ft 2 , . . . , h m }, \\A(t)\\ 2 = nwx{||Ai(t)|| 2 , ||A 2 (t)|| 2 , . . . , \\A m (t)\\ 2 }, 
we obtain 

V(t, y(t)) < ([P(t) + A T {t)P{t) + P(t)A Q (t) + ml]y(t),y(t)) 

+ [2r,(A (t)) + 2a\\P(t) + I\\ + m\\P(t) + I\\ 2 e 2ah \\A(t)f] ||y(i)|| 2 . 

Therefore, the a-stability condition of Theorem |3.1| can be given in terms of the 
solution of the following Lyapunov equation, which does not involve a: 

P(t) + Al(i)P{t) + P(t)A Q (t) +ml = 0. (3.5) 

In this case, if we assume that P(t), Ai(t) are bounded on K + and 

r](A ) := sup r){A (t)) < +00, (3.6) 

teR+ 
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then the rate of convergence a > can be defined as a solution of the scalar 
inequality 



r/(/io;-|-«IK/|| T- — r 2oi: n 
where 



n(A ) + a\\P I \\ + -e 2ah \\P I \\ 2 \\A\\ 2 <0, (3.7) 



P/= sup \\P(t)+I\\, \\Af= sup P(i)|| 
tes.+ teR+ 

Therefore, we have the following a-stability condition. 



Corollary 3.5. The linear delay system (2.1), where Ai(t) are constant matrices 



is a-stable if there is a symmetric semi-positive definite P of the algebraic Lyapunov 
equation 

A%P + PA + mI = 0. (3.8) 

In this case, the convergent rate a > is the solution of the scalar inequality 

rKA,) + a||P 7 || + j HPzllV^IHI 2 < 0, (3.9) 

where Pj = P + I , \\A\\ 2 = max{||A|| 2 , i = 1,2,,.., m}. 

Example 3.6. Consider the linear autonomous delay system 

x(t) = A x(t) + Aix(t - 0.5) + A 2 x{t - 1), t S R + , 

with any initial function cf>(t) G C([— 1,0], R 2 ) and 

. (-1 0.5\ . . -0 4 A/3 

Ao=[_ 1 _ 4 J, A 1 = A = e °- 4 ^ 1/3 

We have m — 2, hi — 0.5, /12 = 1 and 



r)(A ) = -3 + 0.5VI25, ||A|| 



9 



The solution of the algebraic Lyapunov equation (3.8 1 is 

'0.5 



P ' 0.25 
and then ||P + 7|| = 1.5. The rate of convergence a = 0.4 satisfies the condition 



(3.9). Then, by Corollary 3.5 the system is 0.4-stable. 
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In this paper we consider algebraic properties of orthogonal trigonometric 
polynomials of semi-integer degree. We investigate the theory of orthogonality 
with respect to a general linear functional, which maps the space of trigonomet- 
ric polynomials to the real numbers. Under certain conditions imposed on the 
linear functional, we prove the existence of a sequence of orthogonal trigono- 
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relations when it is treated in a suitable matrix settings. 
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1 Introduction 

The first results on orthogonal trigonometric polynomials of semi-integer degree 
were given in 1959 by Abram Haimovich Turetzkii (see [7]). They are connected 
with quadrature rules with an even maximal trigonometric degree of exactness in 
the case of an odd number of nodes. A trigonometric polynomial of semi-integer 
degree n + A is a trigonometric function of the following form 



E 

v=0 



c v cos ( v + - ) X + d v sin ( v + -)x 



(1) 



where c Ul d u £ K, \c n \ + \d n \ =/= 0. The coefficients c„ and d n are called the 
leading coefficients. 

Let us denote by T n , n G No, the linear space of all trigonometric polyno- 
mials of degree less than or equal to n, i.e., the linear span of the following 
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1 /2 

set {l,cosx, sinx, . . . , cos na:, sin na;}, by T n , n £ No, the linear space of all 
trigonometric polynomials of semi-integer degree less than or equal to n + |, 
i.e., the linear span of {cos(fc + i)x,sin(fc + |)x : k = 0, 1, ... , n}, and by T 
and 7 ' the set of all trigonometric polynomials and the set of trigonometric 
polynomials of semi-integer degree, respectively. 

For an integrable and nonnegative weight function w(x) on the interval 
[0,27r), vanishing there only on a set of a measure zero, and a given set x v , 
v = 0, 1, . . . , 2n, of distinct points in [0,27r), Turctzkii in [7] considered an in- 
tcrpolatory quadrature rule of the form 

2ir 2n 

t(x)w(x) dx — y^ w v t(x v ), t £ 7 n . (2) 

v=0 

Such a quadrature rule can be obtained from the trigonometric interpolation 
polynomial (cf. [2], [4]). A simple generalization dealing with a translation 
of the interval [0,27r) was given in [5]. Thus, the mentioned problem can be 
considered on any interval whose length is equal to 2-7T, i.e., on any interval of 
the form [L, L + 2tt), L £ R. 

Definition 1. A quadrature rule of the form 

r-L+2TT n 

f{x)w{x) dx = ^2 w v f{x v ) + Rn(f), 

L v=0 

where L £ R, L < x < X\ < ■ ■ ■ < x n < L + 2n , has a trigonometric degree of 
exactness equal to d if R n {f) = for all f £ 7d and there exists g £ 7d+i such 
that R n (g) ^ 0. 

Turctzkii tried to increase the trigonometric degree of exactness of a quadra- 
ture rule (2) in such a way that he did not specify in advance the nodes x v , 
v = 0, 1, . . . , 2n. His approach was a simulation of the development of Gaussian 
quadrature rules for algebraic polynomials. He proved that the trigonometric 
degree of exactness of the quadrature rule (2) is 2n if and only if the nodes x v 
(g [0, 27r)), v = 0, 1, ... , 2n, are zeros of a trigonometric polynomial of semi- 
integer degree n + | which is orthogonal on [0, 2tt) with respect to the weight 
function w(x) to every trigonometric polynomial of a semi-integer degree less 
than or equal to n — \ . It is said that such a quadrature rule is of Gaussian 
type, because it has the maximal trigonometric degree of exactness. 

The trigonometric polynomial of semi-integer degree A n+ 1 , which is orthog- 
onal on [0,27r) with respect to a weight function w(x) to every trigonometric 
polynomial of a semi-integer degree less than or equal to n — ^, with given 
leading coefficients c n and d n , is uniquely determined (see [7, §3]) and it has in 
[0,27r) exactly 2n+ 1 distinct simple zeros (see [7, Theorem 3]). 

Orthogonal trigonometric polynomials of semi-integer degree were studied 
in detail in [5] , where two choices of the leading coefficients for such orthogonal 
systems were considered: c n = 1, d n = and c n = 0, d n = 1. It was proved that 
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such orthogonal systems satisfied some five-term recurrence relations. Also, a 
numerical method for constructing Gaussian type quadratures based on the 
five-term recurrence relations was presented. For some special weight functions 
the explicit formulas for the five-term recursion coefficients were obtained in [6] . 
A concept of orthogonality in the space T 1 / 2 can be considered more gener- 
ally. Namely it is known that orthogonal algebraic polynomials can be defined 
with respect to a moment functional (see [1], [4]). In this paper we consider 
orthogonal trigonometric polynomials of semi-integer degree with respect to a 
linear functional defined on the vector space T. The paper is organized as fol- 
lows. The second section gives a general concept of trigonometric polynomials 
of semi-integer degree which are orthogonal with respect to a given linear func- 
tional. It is also an introduction to a very suitable matrix notation for this 
purpose. The third section establishes the existence of three-term recurrence 
relations. Also, the corresponding Christofcll-Darboux formulas are proved. 

2 Orthogonality with respect to a moment func- 
tional 

Definition 2. Let Too be a real number, {m^}, {m^}, neN, two sequences of 
real numbers, and let L be a linear functional defined on the vector space T by 

L[l] = mo, & [cos nx] = m n , L [sin nx] = m n , n £ N. 

Then L is called the moment functional determined by too and by the sequences 
{m%}, {ml}. 

For a 2 x 2 type matrix [Uj], whose entries are trigonometric polynomials, 
for the brevity we denote by £[[<ij]] the following 2x2 type matrix [£[£jj]]. 

For each fceNo let denote by x fe the column vector 



x fe 



cos lk+ ~ ) # sin I k + —): 

For k,j € No, let define matrices m.k.j by 

m fc>i = £[xV') T ]- (3) 

By definition, nij. j is a matrix of type 2x2 and its elements are linear combi- 
nations of the moments too, {to^}, {to„}, n € N. For each n £ No, the matrices 
m fc,ji k,j = 0,l,...,n, are used to define the so-called moment matrix 

M n = [m fej ]^ =0 . (4) 

We denote its determinant by A„, i.e., 

A„ = detM„. (5) 

Lemma 1. The moment matrix M n , n G No, is a symmetric matrix. 
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Proof. It is easy to see that all of the matrices m-k.k, k — 0, 1, . . . , n, are sym- 
metric. Since 

^(x fc f] = i:[(xVf) T ], 

it follows that rcij,fc = nijT , k,j = 0,1, ... ,n, i.e., the moment matrix M n is 
symmetric. D 

If & is a moment functional and A n+ i(x) is a trigonometric polynomial 

of semi-integer degree n + \ such that £.L4 n+ ii] = for every t <G 7 n _ 1 , 
then A n+ i is an orthogonal trigonometric polynomial of semi-integer degree 

n + 1 with respect to the moment functional L. One can start with the 

basis {cos(fc + \)x, sin(fc + \)x : k = 0, 1, . . . ,n} of 7 n and use the Gramm- 
Schmidt orthogonalization method to generate a new basis, whose elements arc 

1/2 

mutually orthogonal with respect to £. It is obvious that in any basis of T„ , for 
all k = 0, 1, . . . ,n we have two linearly independent trigonometric polynomials 
of the same semi-integer degree k + \ . 

The orthogonal trigonometric polynomials of semi-integer degree with re- 
spect to a suitable weight function w on [0, 2-k), considered in [7], [5] and [6], 
are orthogonal trigonometric polynomials of semi-integer degree with respect to 
the linear functional L w , defined by 

rl-K 

H w [t}:= t(x)w(x)dx, te7. (6) 

It is required that the orthogonal trigonometric polynomial of semi-integer dc- 

i 1 /2 

gree n + 5 is orthogonal to every element of 7 n _ 1 . As a matter of fact, the 
orthogonality is considered only in terms of trigonometric polynomials of dif- 
ferent semi-integer degrees, i.e., trigonometric polynomials of the same semi- 
integer degree have to be orthogonal to all trigonometric polynomials of lower 
semi-integer degrees, but they may not be orthogonal among themselves. So, 
we follow this idea when we define orthogonal trigonometric polynomials of 
semi-integer degree with respect to a moment functional. Let us denote by 



A*(a)= 41 Ax) AfUx) 



fee 



the vector whose elements are two linearly independent trigonometric polyno- 
mials of semi-integer degree k + \. We use the following notation 

${A (x),...,AAx)} = {Af(x),Af(x),...,A^ + Ax),A^ + Ax)}, n e N 0) 

for the set consisting of components of the vectors A k (x), k — 0, 1, . . . , n. 

We may also call Afe(x) a trigonometric polynomial of semi-integer degree 
k + \. By we denote the zero vector [0 0] T , as well as the 2x2 type zero 
matrix, which will be clear from the context, and finally, by / and / we denote 
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the identity matrix of type 2x2 and the matrix 

I 



-1 

1 



respectively 



Definition 3. Let L be a moment functional. A sequence of trigonometric 
polynomials of semi-integer degree {A n (x)}^^ is said to be orthogonal with 
respect to £ if the following conditions are satisfied: 

£[x fc A^]-0, k<n; £[x"A^] = K n , (7) 

where K n , n G No, is an invertible 2x2 type matrix. 

Notice that in Definition 3 is indirectly assumed that £ permits the existence 
of such an orthogonal sequence {A n (x)}^^ . 

Lemma 2. Let L be a moment functional and {Afc}^^ be a sequence of orthog- 
onal trigonometric polynomials of semi-integer degree with respect to £. Then 

1/2 

the set 8{Ao, Ai, . . . , A„} forms a basis for T„ , neNg. 

1/2 

Proof Since dim(T„ ) = 2ra + 2 and the set S{A , Ai, . . . ,A n } has 2n + 2 
elements, only we need to prove is a linear independence. Let consider the sum 

a^Ao + af Ai H h a^A„, where a fe = [a\ a 2 k } T , a{ G R, k = 0, 1, . . . , n, 

j = 1, 2. Multiplying the previous sum from the right hand side by the (x fc ) T and 
applying L, due to orthogonality it follows from a^Ao+a^ Ai + - • - + ajA„ = 
that a^K^ = 0. Since Kk is invertible, it follows that afe = 0. Therefore, 
§{Ao, Ai, . . . , A„} is a linearly independent system, which forms a basis for 
7t/ 2 . ' ' □ 

Orthogonal trigonometric polynomials of semi-integer degree A„, n G No, 
can be written as 

A„ = C ?l! „x n + C n>n _iX n + • • • + C„,o x , (8) 

where C nt k, k — 0, 1, . . . , n, are 2x2 type real matrices. The matrix C n ^ n is 
called the leading coefficient of A„ . 

Lemma 3. Let L be a moment functional and A n , n G No, be an orthogonal 
trigonometric polynomial of semi-integer degree n + | with respect to L. Then 
the leading coefficient C n ^ n is an invertible matrix. 

Proof. According to Lemma 2, there exists a matrix C' n n such that 

x = ^n,n " ' "n— 1) 

1/2 

where B„_i is a vector whose components belong to 7 n _ x . Comparing coeffi- 
cients of x™, we obtain C' n n C n>n = L, which implies that C nn is invertible. D 
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If {A„} is a sequence of orthogonal trigonometric polynomials of semi-integer 
degree and C n , n denotes the leading coefficient of A„, then A„ = C~ x n A n yields 

the corresponding monic sequence {A„} of orthogonal trigonometric polynomi- 
als of semi-integer degree. Namely, we have 

£[x fc A^] - Z[x k Al(C-^ T ] = 0, k = 0, 1, . . . ,n - 1, 

and 

£[x"A^] = £[x"A^(O t ] = K n (C^ n ) T , 

and i4T„(C~J l ) T is invertible matrix by Lemma 3. 

For an orthogonal system of trigonometric polynomials of semi- integer degree 
{A„} with respect to a moment functional Z, let us denote by fi n , n G No, the 
following matrix 

» n = L[A n A T n }. (9) 

It is obvious that the matrix fi n , n G No, given by (9) is symmetric. 

Lemma 4. Let L be a moment functional and A n , n G No, be an orthogonal 
trigonometric polynomial of semi-integer degree n + ^ with respect to L. Then 
the matrix \x n , n G No, given by (9) is invertible. 

Proof. Since fi n — £[A„A^] — Cn^L^A^] = C n . n K n , it is invertible accord- 
ing to Lemma 3. □ 

Theorem 1. Let L be a moment functional and A„, n G No, an orthogonal 
trigonometric polynomial of semi-integer degree n + | with respect to L. Then 
A n is uniquely determined by the matrix K n . 

Proof. Suppose contrary that there exist A„ and A^, both satisfying the orthog- 
onality conditions (7) with the same K n . Let C n . n and C' n n denote the leading 
coefficients of A„ and A^, respectively. Since the system §{A , Ai, . . . , A„} 

1 /2 

forms a basis of T„ , the elements of A' n can be written in terms of that basis. 
So, there exist 2x2 type matrices Ck, k = 0, 1, . . . , n, such that 

A„ = C n A n + C ri _iA„_i + • • • + CoAo. 

Multiplying the both hand sides of the above equation from the right by A^ , k = 
0,1,..., n— 1, and applying the moment functional £, we get that Cfc£[AfeA^] = 
0, k = 0, l,...,n— 1, by orthogonality. According to Lemma 4, it follows 
that Cfe = for all k = 0,1,..., n — 1, i.e., A' n = C n A n . Comparing the 
leading coefficients leads to C' nn — C n C n , n , i.e., C n — C' nn C~\ and A„ = 
C n . n C' n '^A' n . By using (7) we obtain 

K n = ^[ X "A„] = £[x™A n \{C n ,nC nn ) — K n {C n ,nC nn ) , 

which implies that C nyn C'~^ = I . Thus, C n>n = C' n n and A n = A' n . D 
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Theorem 2. Let £ be a moment functional. A system of orthogonal trigono- 
metric polynomials of semi-integer degree with respect to the moment functional 
£ exists if and only if A„ 7^ 0, n <G No- 

Proof. Using the expanded form (8) of A„ and the matrices nifcj defined by 
(3), we get 



£[x*A r J J 



£[x fc (C„,„x" + C^-ix"- 1 + • • • + C„, x°) T ] 
m fc,nC„,„ + m fc,n-lC„,„_l + h m fe ,oC„ n- 



It is easy to see that the orthogonality conditions (7) are equivalent to the 
following system of linear equations 



M„ 



u n,0 



a 



T 

n.n — 1 

T 

n.n 



a 









(10) 



where M n is the moment matrix, defined by (4). 

Let us suppose that a system of orthogonal trigonometric polynomials of 
semi-integer degree with respect to the moment functional £ exists. For each 
K n it is unique by Theorem 1. Hence, the system of equations (10) has a unique 
solution, which implies that A n 7^ 0. 

Let us now suppose that A„ 7^ 0. Then for each invertible matrix K n the 
system of equations (10) has a unique solution (C n ^,...,C n>n ). Let denote 
A„ = X)fc=o Cn.fe xfc - The system (10) is equivalent to the following 



£[x fe A^]=0, fc = 0,l,. 



1; £[x"A^] - K n 



i.e., orthogonal trigonometric polynomials of semi-integer degree with respect 
to the moment functional £ exist. □ 

Definition 4. A moment functional £> is said to be regular if A n 7^ for all 

ne N . 

Definition 5. A moment functional L is said to be positive definite if for all 
t e T 1 / 2 , t 7^ 0, the following inequality £[t 2 ] > holds. 

Theorem 3. If a moment functional £ is positive definite, then A n > for all 

ne N . 

Proof. Let us assume that £ is positive definite. Let v be an eigenvector of 
the moment matrix M n , corresponding to an eigenvalue A. For a trigonometric 
polynomial of semi-integer degree n+ \ defined by t(x) = Y^ik=o ^k^' ^ follows 
that v T M n v = £[t 2 ] > 0. On the other hand, v T M„v = A||v|| 2 , which implies 
that A > 0. Therefore, all eigenvalues are positive and then A„ = detM„ > 
0. □ 
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According to Theorems 2 and 3 we have the following result: 

Corollary 1. For a positive definite moment functional H , there exists a system, 
of orthogonal trigonometric polynomials of semi-integer degree with respect to 
L, i.e., every positive definite moment functional is regular. 

Definition 6. Let L be a positive definite moment functional. A system of 
trigonometric polynomials of semi-integer degree {A* (x)}^=q is said to be or- 
thonormal with respect to £ if the following conditions are satisfied 

H[A* m (A* n f} = 8 m , n I, m,neN Q , (11) 

where 8 m ^ n is Kronecker delta function. 

Lemma 5. Let L be a regular moment functional and let {A„} be a system of 
orthogonal trigonometric polynomials of semi-integer degree with respect to L. 
Then L is a positive definite moment functional if and only if all of the matrices 
\x n , n € No, given by (9), are positive definite. 

Proof. If £ is a positive definite moment functional, then for any nonzero vector 
a with real entries, t(x) = a T A„(:r) is a nonzero trigonometric polynomial of 
semi-integer degree n + \ by Lemma 2. Therefore, a T /x„a = £(i 2 ) > 0, which 
means that fi n is a positive definite matrix. 

Let us now suppose that all of the matrices fx n , n € No, given by (9), are 
positive definite. According to Lemma 2, every nonzero trigonometric poly- 
nomial of semi-integer degree n + \ can be represented in the following form 
t( x ) = Sfe=o^( x )> wn ere tk(x) — a^Afe(x), k = 0, l,...,n, and a„ differs from 
the zero vector. Because of orthogonality we get 



z[t 2 ]^j2 L ^ = J2 a k^^ 



k=0 fc=0 

which is positive since all of the matrices fi n , n G No, are positive definite. □ 

Theorem 4. If Z is a positive definite moment functional, then there ex- 
ists a system of orthonormal trigonometric polynomials of semi-integer degree 
{A*(x)} with respect to L. 

Proof. Let {A„} be a system of orthogonal trigonometric polynomials of semi- 
integer degree with respect to £, and let fi n , n G No, be the matrix defined by 
(9). According to Lemma 5, the matrix fx n is positive definite. Let u n be the 
positive definite square root of /A n , i.e., the unique positive definite matrix such 
that /x„ = v n u n (see [8]). Since //„ is a symmetric matrix, the matrix v n is 
also symmetric. Let define A* (x) = v^ 1 A n (x) . Then we have 

£[a;(a;) t ] = iz-^iAnAXii/- 1 = ^V^; 1 = i, 

which proves the assertion. □ 
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Remark 1. It is easy to see that a system of orthonormal trigonometric polyno- 
mials of semi-integer degree with respect to a positive definite moment functional 
XL is not unique. As a matter of fact, i/{A*} is an orthonormal system, then 
for any orthogonal 2x2 type matrix O n , {O n A* } is also an orthonormal sys- 
tem with respect to the same moment functional XL. Moreover, if A* and A* 
are two vectors of orthonormal trigonometric polynomials of semi-integer degree 
with respect to a positive definite moment functional XL, then A* and A* differ 
by multiplication by an orthogonal 2x2 type matrix. 

3 Three-term recurrence relations 

It is well known that orthogonal algebraic polynomials satisfy the three-term 
recurrence relation (see [1], [3], [4]). Such a recurrence relation is one of the 
most important piece of information for the constructive and computational use 
of orthogonal polynomials. Knowledge of the recursion coefficients allows the 
zeros of orthogonal polynomials to be computed as eigenvalues of a symmetric 
tridiagonal matrix, and with them the Gaussian quadrature rule, and also allows 
an efficient evaluation of expansions in orthogonal polynomials. 

For the orthogonal trigonometric polynomials of semi-integer degree with 
respect to a regular moment functional XL, there exists three-term recurrence 
relations in a vector-matrix form. Actually, two kinds of recurrence relations 
exist, the first one with cosine function, and the second one with sine function. 

3.1 Three-term recurrence relation with cosine function 

Theorem 5. Let XL be a regular moment functional and {A n } be a system of 
orthogonal trigonometric polynomials of semi-integer degree with respect to XL. 
Then, 

2cosarA n = 7^A n+ i+a^A n + /3^A n _i, n = 0,l,...; A_i = 0, (12) 

where f3 Q is arbitrary 2x2 type matrix and a^, /3 n and 7^ are 2x2 type 
matrices given by 

7 ^XL[2coszA„A^ +1 ]/x i ;; i , n e N 0) (13) 

ct^ = L[2 cos xAnA^n' 1 , n e N , 
0% = Mn(7n-i) T M^i, n€N. 

Proof. Since the components of 2 cos xA n are trigonometric polynomials of semi- 
integer degree n + 1 + \ , they can be represented as a linear combination of 
orthogonal trigonometric polynomials of semi-integer degree at most n + 1 + 5 
by Lemma 2. Therefore, in a vector notation, there exist 2x2 type matrices 
Cfe, k — 0, 1, . . . , n + 1, such that 

2cosaA.„ = C„+iA„ + i + C n A n -\ \- C A . 
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Multiplying the both hand sides of the previous equation by AjT, k = 
0,1,.. .,n— 2, from the right and applying the moment functional £, due to or- 
thogonality we obtain C^ii k — £[2cosxA„A^] = 0, which implies that Ck = 0, 
since fi k is an invertible matrix. Therefore, the three-term recurrence relation 
(12) holds. 

Let us now multiply the both hand sides of the equation (12) by A J from 
the right and apply the moment functional £. Due to orthogonality we obtain 

£[2cosaA„A^] = a^£[A„A^] = a£/x„, 

which yields the expression for a^- In the similar way multiplying the equation 
(12) by A^ +1 from the right and applying the moment functional L, because of 
orthogonality, we obtain the expression for -y„ . 

To finish the proof, we write the recurrence relation (12) with n+ 1 instead 
of n, transpose the written equation, multiply by A„ from the left and apply 
L. Then, we obtain 

£[2cosaA„A^ +1 ] = fi n P% +1 , 

i.e., 7^/^„ + i = fi n f3 n+1 . Changing n by n— 1, it is easy to get what is stated. □ 

Remark 2. Although the matrix coefficient /3 Q in (12) can be chosen arbitrarily, 
since it multiplies A_i = 0, it is convenient for later purposes to define f3 Q = 
Mo- 

Lemma 6. All of the matrices j^ > n e ^o> an d /3„, n G N, in (12) are 
invertible. 

Proof. Writing A„ and A n+ i in the recurrence relation (12) in the expanded 
forms (8) and comparing the highest coefficients at both hand sides it follows 
that C„.„ = 7„C n+ i.„ + i. Since the matrices C n ^ n and C„+i in +i a re invertible 
by Lemma 3, the matrix -y n , is also invertible for all n € No- The assertion for 
the matrix f3 n , n G N, follows from the last equation in (13) and Lemma 4. □ 

We proved in Theorem 4 the existence of an orthonormal sequence {A* } of 
trigonometric polynomials of semi-integer degree for a positive definite moment 
functional £. For such a case, the recurrence relation can be considered, too. 
The steps in proof are the same as in Theorem 5 with [i n = I, n G No- 

Theorem 6. Let L be a positive definite moment functional and {A^} be a 
system of orthonormal trigonometric polynomials of semi-integer degree with 
respect to £. Then, 

2cosxA* n = f3* n c i 1 A* n+1 + a* n c A* n + {f3* n c ) T A* n _ 1 , n = 0,1,...; A_i = 0, (14) 

where f3* is arbitrary 2x2 type matrix and a*^ and (3* n are 2x2 type matrices 
given by 

< c -£[2cosxA;(A;) T ], /3; c = i:[2cosxA;_ 1 (A;) T ], neN„. (15) 

Remark 3. It is easy to see that each a*^ ' , n G No, is symmetric and all of 
the matrices (3* n , n € N, are invertible. 
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3.2 Three-term recurrence relation with sine function 

Let {A„} be a system of orthogonal trigonometric polynomials of semi-integer 
degree with respect to a regular moment functional £. 

Since the components of 2 sin xA n are trigonometric polynomials of semi- 
integer degree n + 1 + \ , they can also be represented as a linear combination of 
orthogonal trigonometric polynomials of semi-integer degree at most n + 1 + 5 
by Lemma 2. A consequence of this fact is that one can consider the following 
representation 

2sinxA n = 5„+iA„ + i + S n A n -\ \- S A , 

for some matrices Sk, k = 0, 1, . . . ,n + 1. By using the above equation, in 
analogous way as in the proof of Theorem 5, the following result can be proved. 

Theorem 7. Let L be a regular moment functional and {A n } be a system of 
orthogonal trigonometric polynomials of semi-integer degree with respect to L. 
Then, 

2sina;A n = 7fA n+ i + afA n + /3fA n _i, n = 0,l,...; A_i = 0, (16) 

where a„, j3 n and "y„ are 2x2 type matrices given by 

7 f = £[2sina;A n A^ +1 ]/x-i 1 , n e N , (17) 

af = iLpsinxAnA^]/!^ 1 , n e N , 
/3f = Mn(7f-i) T Mn-i. neN - 
The matrix coefficient /3 can be chosen arbitrarily, but we define it as 

Analogously as in Lemma 6, we can prove that all of the matrices 7;?, n G No, 
and j3 n , n e N, arc invcrtiblc. 

With fi n = I, n G No, the following result can be easily proved. 

Theorem 8. Let {A^} &e a system of orthonormal trigonometric polynomials 
of semi-integer degree with respect to a positive definite moment functional L. 
Then we have the following three-term recurrence relation with sine function, 

2smxA* n = /3* n l 1 A* n+1 +a* n s A* n +(f3* n s ) T A* n _ 1 , n = 0,l,...; A_i = 0, (18) 

where a* and (3* n are 2x2 type matrices given by 

cx* n s = L[2smxA* n {A* n ) T ], (3* n S = £,[2sina;A;_ 1 (A;) T ], n e N . (19) 

T/ie matrix coefficient /3q can be chosen arbitrarily. 

Also, each a^ s , n e No, is symmetric and all of the matrices /3* , n € N, 
arc invcrtiblc. 
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3.3 Monic orthogonal trigonometric polynomials of semi- 
integer degree 

In the sequel, by {A„(x)} we will denote the sequence of the monic orthogonal 
trigonometric polynomials of semi-integer degree with respect to a regular mo- 
ment functional L. Thus, A„(i) is a vector of two trigonometric polynomials of 
semi-integer degree, such that the first one is with the leading cosine function, 
and the second one with the leading sine function. We use the following quite 
natural notation 



A n (x) 



ALd*) 



n+ 



where A i(x) and A s ,i(x) have the following expanded forms 



n+ 



A L 



_(x) 



( n+ l) : 



Af i+l2 (x)=sm(n+-y + 



n—i 

E 


c^cos(v+- 


\x + d { ™ ] sm(v + - N 


X 


L/=0 L 






n-1 

E 


f^cosL+ 1 - 


)x + gi n) sin(v+-^ 


),; 


i/=0 L 








, fi n) and g™ 


v = 0, 1, . . . ,n — 1. 





(20) 



(21) 



for some real coefficients cj 1 

For a monic system of orthogonal trigonometric polynomials of semi-integer 
degree {A n } with respect to a regular moment functional £, the matrix 7^ in 
(12) is the identity matrix / (see proof of Lemma 6), hence, recurrence relation 
(12) has the following form 



2cosxA n = A„+i + a%A n + /3^A„_i, n = 0, 1, 



A_i=0. (22) 



Here, we have (3 n = /J, n /j,~i 1 , n e N, /3 = /x . 

When the monic orthogonal trigonometric polynomials of semi- integer degree 
arc in question, the situation with the recurrence relation with sine function is 
something different from the case with cosine function. The reason for this lies 
in the following simple equality 



2 sin a; 



cos(k + \)x 
sin(fc + \) x 



sin(fc + 1 + |).t — sin(fc — |).t 
- cos(fc + 1 + \)x + cos(k — i)x 



In order to obtain the recurrence relation with sine function for the monic 
orthogonal trigonometric polynomials of semi-integer degree we only need to 
see the following equalities: 



sin(fc + 2)2; 
-cos(fc+ ^)x 



cos(fc+ \)x 
sin(fc + ^)x 



P = 



-I. 
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For the monic system of orthogonal trigonometric polynomials of semi- 
integer degree {A„} with respect to a regular moment functional £, the re- 
currence relation (16) has the following form 

2smxA n = -IA n+1 +a^A n + /3^A n _ 1 , n = 0,l,...; A i = 0. (23) 

Since {—I) T = I, from the last equation in (17) and (23) we get here /3„ = 

3.4 Orthonormal trigonometric polynomials of semi-integer 
degree 

If Z is a positive definite moment functional, then by {AJj(x)} we will denote the 
sequence of the orthonormal trigonometric polynomials of semi-integer degree 
with respect to £, given by A* n (x) = i/^ 1 A„(a;), where the matrix v n is the 
positive square root of the matrix fi n , n e No- As it was said, {A n (x)} is a 
sequence of the monic trigonometric polynomials of semi-integer degree with 
respect to £. Then, the recursion coefficients /3* and /3* are given as follows 

(3f = L[2cosxA* n _ 1 (A* n ) T ] = u- 1 _ 1 fi[2cosxA n ^Al]u- 1 (24) 

= ^-i^IAnA^K; 1 = v-^ n v- 1 = ivV«; 

(3* n S = £[2sina;A;_ 1 (A;) T ] = ^ 1 i:[2sinxA„_ 1 A^ I v- 1 (25) 

Some simple properties of the recursion coefficients matrices cc* c ', ck* s , n e 
No, and [3* n , /3* , n e N, of the recurrence relations (14) and (18) are given in 
Subsections 3.1 and 3.2. The following result gives some connections between 
these coefficients. 

Theorem 9. Let {A* (x)} be the sequence of the orthonormal trigonometric 
polynomials of semi-integer degree with respect to a positive definite moment 
functional H , satisfying the three-term recurrence relations (14) and (18). Then 
the recursion coefficients matrices satisfy the following commutativity condi- 
tions: 

Pk /3/c+i = 0k ftk+l 

Pk+l a k+l + a k Pk+\ — ° L k Pk+l + Pk+l a k+l (26) 

{0f ) T /3f + afaf + f3f +1 (Pl S +1 ) T 

= (f3* k s ) T Pf + afaf + [3l s +1 (f3f +1 f, 

for k > 0, where f3* n c = (3^ s = 0. 
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Proof. Using the recurrence relations (14) and (18), there are two different ways 
of calculating the matrices 

£> [4 cos x sin xA* k ( A* k+2 ) T ] , k [4 cos x sin x A* k ( A* k+1 ) T ] , £ [4 cos x sin xA* k (A* k ) T ], 

which lead to the desired commutativity equalities. Thus, using recurrence 
relations and the fact that {A^x)} is orthonormal with respect to £, we have 

£[4cosa;sin2;A£(A£ +2 ) T ] = £[2cosa;A^.2sina;(A^. +2 ) T ] 



L 



{Pl+iK+i + <*fK + (f3l°) T A* k _ 1 



x ((A* k+3 ) T (f3l s +3 ) T + (Al +2 f( a * k s +2 ) T 



(A* k+1 ) T (3f +2 ) 



— L[j3 k+1 A k+l {A k+l ) (3 k+2 \ — @k+ifik+2i 



and, analogously, 

£[4cosa;sina;A^(A^. + 2) T ] = £[2sina;Aj2cosx(A^ + 2) T ] 

which leads to the first equation in (26). 
Further, from 



Pfc+lPfe+2! 



L[4,cosxsm.xA* k {A* k+l ) T ] = £[2cosa;A^.2sina;(A^. +1 ) T ] 



= L 



{df+iK+i + afAi + {pffAl^) 



x ((Al +2 ) T ((3f +2 ) T + (A£ +1 ) T (c^i) T + (A-kfft+i) 
(3f +1 a.* k s +1 + af pf +1 , 



and 



£[4cosa;sina;Aj:(A^ +1 ) T ] = £[2sin.TAJ12cosx(A^ +1 ) T ] 



/3 



fe+i"fe+i 



a k flk + li 



we obtain the second equation in (26). Notice, that we here use the fact that 
matrices ct* k and a* k are symmetric. 
Finally, from 

£[4cosccsina;A^(A^,) T ] = £[2cosxA^.2sina;(A^.) T ] 



£ 



(/3fc+iA* fe+1 + afAl + {f3* k c ) T Al_ l 



x ((Al^fiOll.f + (AD T «) T + (AUflBf) 



flk+liflk+l 



S ^T 



OLu Oil 



(f3f) T f3l S , 



and 



*\Ti 



Z [4 cos x sin xA* k (A* k ) 



we get the third equation in (26). 



£[2sin:rA£2cos2;(A£) J ] 



/3^i(/3fe+i) J +«fe «r + (Pryp 



k > 



D 
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3.5 Christoffel-Darboux formulas 

As a direct corollary of the three-term recurrence relation for algebraic orthogo- 
nal polynomials the Christoffel-Darboux formula can be proved (see [1], [3], [4]). 
According to the fact that we proved three-term recurrence relations for orthog- 
onal trigonometric polynomials of semi-integer degree, a similar formula can be 
expected in this trigonometric case. Actually, since we have two recurrence 
relation, we have two Christoffel-Darboux formulas. 

Theorem 10 (Christoffel-Darboux formulas). Let {A*l be a sequence of or- 
thonormal trigonometric polynomials of semi-integer degree with respect to a 
positive definite linear functional. Then, for all i,i;£l, and for all nonnega- 
tive integers n, the following formula 

Y(A*(x)) T A*(y) = (^iK+iWfKiy) ~ (A^aQHff^A^q/)) 

■<— ^ 2(cos;r — cosw) 

fc=0 v i " 

Wa*( \\ T k* { ~1 — ^ n+1 n+i( x )! A n (yj — (A n (x)j (f3 n+1 A n+1 (yjj 
^-~* 2(sinx — sinw) 

hold. 

Proof. Put cr_i = and 

a k = {f3i c +1 Ai +1 {x)) T A* k {y) - (Al(x)) T (f3l^ 1 A* k+1 (y)), k = 0,1, . . . ,n. 
By using the three-term recurrence relation (14), we get 

a k = (2cosxAl(x)- a l c Al(x)-(f3t c ) T A* k _ 1 (x)^ A* k (y) 

-(A* k (x)) T (2cosyAl(y) - af A* k (y) - (f3 k c ) T A^y)] 
= 2(cosa; - cosy)(A* {x)) T A* k {y) - {A* k {x)) T ((aff - af) A* k (y) 
- ((A*_ 1 ( 2 ;)) T /3* c A*(y) - (AUx)f (/3* c ) T A*_ 1 (y)) . 

Since the all of the matrices a* k c arc symmetric (sec Remark 3), the second 
term on the right hand side of the previous expression of a k is equal to zero. 
The third term of the same expression can be written as follows 

(Al(x)f \f3ff 'AjUfo) - (A* fe _i(z))V fe C At(y) 

= (pf A* k (x)) T A£_i(2/) - (a;.!^))^^ = a fc _i. 
Therefore, we have 

cr fe = 2(cosx-cosy)(Afc(x)) A* k (y) + a k -i, 
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(cosx-cosy)(A£(») A* k (y) = a k - a k -i- 

Summing the previous equality for all k = 0, 1, . . . , n, we get the first formula. 
In the same way, by using the three-term recurrence relation (18), the second 
formula can be proved. □ 
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Abstract 

In this paper we define the concepts of S A m —statistical convergence 
and S^m —statistically Cauchy in probabilistic normed space and give 
some results. The main purpose of this paper is to generalize the results 
on statistical convergence in probabilistic normed space given by Karakus. 
[10] and Alotaibi [1] earlier. 
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1 Introduction and Background 

An interesting and important generalization of the notion of metric space 
was introduced by Menger [12] under the name of statistical metric, which 
is now called probabilistic metric space. The notion of a probabilistic met- 
ric space corresponds to the situations when we do not know exactly the 
distance between two points, we know only probabilities of possible values 
of this distance. The theory of probabilistic metric space was developed 
by numerous authors, as it can be realized upon consulting the list of 
references in [4], as well as those in [15, 16]. Probabilistic normed spaces 
(briefly, PN-spaces) are linear spaces in which the norm of each vector 
is an appropriate probability distribution function rather than a number. 
Such spaces were introduced by Serstnev in 1963 [17]. In [2], Alsina et 
al. gave a new definition of PN-spaces which includes Serstnev's a spe- 
cial case and leads naturally to the identification of the principle class 
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of PN-spaces, the Menger spaces. An important family of probabilistic 
metric spaces are probabilistic normed spaces. The theory of probabilistic 
normed spaces is important as a generalization of deterministic results of 
linear normed space. 

It seems therefore reasonable to think if the concept of statistical con- 
vergence can be extended to probabilistic normed spaces and in that case 
enquire how the basic properties are affected. But basic properties do not 
hold on probabilistic normed spaces. The problem is that the triangle 
function in such spaces. 

In this paper we extend the concept of A m — statistical convergence to 
probabilistic normed spaces and observe that some basic properties are 
also preserved on probabilistic normed spaces. Since the study of conver- 
gence in PN-spaces is fundamental to probabilistic functional analysis, we 
feel that the concepts of A m — statistical convergence and A m — statistical 
Cauchy in a PN-space would provide a more general framework for the 
subject. 

2 Preliminaries 

Now we recall some notations and definitions used in paper. 

Definition 1 ([2]) A function f : R — > R+ is called a distribution func- 
tion if it is non- decreasing and left continuous with inftgm / (t) = and 
sup t6E / (t) — 1. We will denote the set of all distribution functions by D. 

Definition 2 ([2]) A triangular norm, briefly t-norm, is a binary opera- 
tion on [0, 1] which is continuous, commutative, associative, non- decreasing 
and has 1 as neutral element, that is, it is the continuous mapping * : 
[0, 1] x [0, 1] -> [0, 1] such that for all a,b,ce [0, 1] : 

(1) a *1 = a, 

(2) a *b = b *a, 

(3) c *d > a *b if c > a and d > b, 

(4) (a * b) *c = a * (6 * c) . 

Example 3 The * operations a *b = max {a + b — 1, 0}, a *b = a.b and 
a tS6 = min {a, b} on [0, 1] are t-norms. 

Definition 4 ([15, 16]) A triple (X, N, *) is called a probabilistic normed 
space or shortly PN-space if X is a real vector space, N is a mapping from 
X into D (for x £ X , the distribution function N(x) is denoted by N x 
and N x (t) is the value of N x at t £ R) and X is a t-norm satisfying the 
following conditions: 

(PN-1) N x (0) = 0, 

(PN-2) N x (t) = 1 for allt>0 if and only if x = 0, 

(PN-3) N ax (t) = N x (r^j) for all a £ R\ {0}, 

(PN-4) N x+y (s + t)> N x (s) * N y (t) for all x, y G X and s,(6l+. 
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Example 5 Suppose that (X, ||.||) is a normed space [i G D with /i (0) = 
and fj, ^ h, where 

, t<0 

1 , t > ' 



h(t) 
Define 

N x (t) = 



h(t) , x = 

"(iht) ' ^° 

where i € I, t 6 I. 27ien (X, JV, *) is a PN-space. For example if we 
define the functions \i and v on R by 

. . JO , a;<0 /O , £<0 

I 1^ - x>0 [ e * , x>0 

then we obtain the following well-known * norms: 

h(t) , a? = f M*) , £ = 



l t+||a:|| ' x 7= u eV ' 



x/0 



We recall the concepts of convergence and Cauchy sequences in a prob- 
abilistic normed space. 

Definition 6 ([1]) Let {X, N, *) is a PN-space. Then a sequence x — 
(xk) is said to be convergent to I G X with respect to the probabilistic norm 
N if, for every e > and 6 G (0, 1) , there exists a positive integer k such 
that N Xk -i (e) > 1 — 9 whenever k > k . It is denoted by N — Yaax — L 

or Xk — > L asK->oo. 

Definition 7 ([1]) Let {X, N, *) is a PN-space. Then a sequence x — 
(xk) is called a Cauchy sequence with respect to the probabilistic norm N 
if, for every e > and 9 G (0, 1) , there exists a positive integer k such 
that N Xk - Xl (e) > 1 - 9 for all k,l> k . 

Definition 8 ([1]) Let (X, N, *) is a PN-space. Then a sequence x — 
(xk) is said to be bounded in X , if there is a r G R such that N Xk (r) > 
1 — 9, where 9 G (0, 1). We denote by Z^ the space of all bounded sequences 
in PN space. 



3 A TO -Statistical Convergence on PN-spaces 

Definition 9 ([8]) Let K be a subset of N, the set of natural numbers. 
Then the asymptotic density of K , denoted by 6(K), is defined as 

S(K) =limi|{fc<n : fcG K}\ , 
n n 

where the vertical bars denote the cardinality of the enclosed set. 

Definition 10 ([13]) Let A = (A n ) be a non- decreasing sequence of pos- 
itive numbers tending to infinity such that \ n +i < A n + 1, Ai = 0. Let 
K C N. The number 

S x (K) = lim -!- \{n - A„ + 1 < Jfe < n : ke K}\ 
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is said to be the X— density of the set K . If \ n — n for all n £ N then 
every X— density is reduced to asymptotic density. 

The idea of statistical convergence was first introduced by Steinhaus 
in f951 [18] and then studied by various authors, e.g. Salat [14], Fridy 
[9], Et and Nuray [6], Connor [3], Esi [5] and many others and in normed 
space by Kolk [11]. Recently Karakus [10] and Alotaibi [1] have studied 
the concept of statistical convergence in probabilistic normed spaces. 

Definition 11 ([7]) A number sequence x — (xk) is said to be statis- 
tically convergent to the number I if for each e > 0, the set K (e) = 
{k < n : \xk — l\ > £} has asymptotic density zero, i.e., 

lim-|{fc<n: \x k - l\ > e}\ = 0. 
n n 

In this case we write st — lima; = I. 

Definition 12 ([6]) A number sequence x — (xk) is said to be A— statistically 
convergent to the number I if for each e > 0, 

limi|{fc<n: \A m x k - l\ > e}| = 
n n 

where m G N, A°x = (x k ), Ax = (x k -x k+1 ), A m x = (A m x k ) = 
(A"- 1 H-A"- 1 i H i) and 



m / 

u=0 \ 



m 

~Xk = > (-1)" I \XkA 



In this case we say that the sequence x = (x k ) is A m — statistically conver- 
gent to I. 

Definition 13 ([13]) A number sequence x = (xk) is said to be A— statistically 
convergent to the number I if for each e > 0, the set K (e) = {n — X n + 1 < 
k < n : \x k — l\ > £} has X— density zero, i.e., 

lim — \{n - X n + 1 < k < n : \x k -l\> e}\ = 0. 

n X n 

In this case we write st\ — lima; = I. 

Definition 14 ([10]) Let (X, N, *) is a PN-space. Then a sequence x — 
(xk) is said to be statistically convergent to I £ X with respect to the 
probabilistic norm N provided that for every e > and 9 £ (0, 1) 

6{{k£N:N Xk - l (e)<l-8}) = 0, 

or equivalently 

lim - \{k < n : N a „-i (e)<l-0}\=0. 

n n 

In this case we write sIn ~ lima; = /. 



ESI, OZDEMIR: STATISTICAL CONVERGENCE 927 



Definition 15 ([1]) Let (X,N,x) is a PN-space. Then a sequence x — 
(xk) is said to be X— statistically convergent to I £ X with respect to the 
probabilistic norm N provided that for every e > and 9 £ (0, 1) 

S ({n - A n + 1 < k < n : N xh _ t (e) < 1 - }) = 0, 

or equivalently 

lim - 1 - \{n - \ n + 1 < k < n : N x .- t (e) < 1 - }| = 0. 

n A n 

In this case we write st\ (PN) — lima; = I. 

We are now ready to obtain our main results. 

Definition 16 Let (X, N, *) is a PN-space. Then a sequence x = (xk) is 
said to be A m — convergent to I £ X with respect to the probabilistic norm 
N provided that for every e > and 9 € (0, 1) there is a positive integer 
k such that N l \m Xk _ l (e) > 1 — $ whenever k > k . In this case we write 

N&m — lima; — I or Xk ^ I- 

Definition 17 Let (X,N,¥t) is a PN-space. Then a sequence x = (xk) 
is said to be A™ — statistically convergent to I £ X with respect to the 
probabilistic norm N provided that for every e > and 9 £ (0, 1) 

S AT ({n-K + l<k<n: N Amxk _ t (e) < 1 - $ }) = 0, 
or equivalently 

lim -^ \{n - \ n + 1 < k < n : N A m x . _ t (e) < 1 - }| = 0. 

n A„ 

In this case we write stA m (PN) — lima; — I or Xk — > I (5a™)- 

Definition 18 Let (X, N, *) is a PN-space. Then a sequence x = (xk) *s 
said to be A™ — statistically Cauchy in X if for every e > and 6 £ (0, 1), 
there exists a number T = T (e) such that 

5 Ar ({n - A„ + 1 < k < n : N A m Xk _ A m XT (e) < 1 - }) = 0. 

If \„ — n for all n 6N in i/ie Definition 16 and Definition 11 then we 
obtain: 

Definition 19 Let (X, N, «) is a PN-space. Then a sequence x = (xfc) 
is said to be A m — statistically convergent to I £ X with respect to the 
probabilistic norm N provided that for every e > and 9 € (0, 1) 

6 &m ({k<n: N AmXk - t (g) < 1 - }) = 0, 

or equivalently 

lim i |{fc < n : ATa^-* (e) < 1 - }| = 0. 
In this case we write st A m (PN) — lima; = I. In this case we write Xk — > 

l(S A m). 
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Definition 20 Let (X, N, *-) is a PN-space. Then a sequence x = (xk) is 
said to be A m — statistically Cauchy in X if for every e > and 9 G (0, 1), 
there exists a number T = T (e) such that 

S Am ({k<n: N A m Xk _ A m XT ( e ) < 1 - }) = 0. 

If \„ — n for all n £ N and m — 0, then we obtain ordinary statistical 
convergence and statistical Cauchy in a PN-space which were defined by 
Karakus [10]. If we take m — 0, then we obtain A— statistical convergence 
and A— statistical Cauchy in a PN-space which were defined by Alotaibi 

Theorem 21 If a sequence x = (xk) is A™ — statistically convergent in 
PN-space X then st A m (PN) — lim x is unique. 

Proof. Suppose that st A ™ (PN) — limx = l z and st A ™ (PN) — lima? = 
h, h -£ h- Let e > and 6 G (0,1). Choose 7 € (0,1) such that 
(1 — 7) * (1 — 7) > 1 — 0. Then we define the following sets as 

K N ,i (7,e) = {n- X n + 1 < k < n : N A m Xk _ tl (s) < 1 - } , 

K N , 2 (7,e) = {n- X„ + 1 < fc < n : N A m Xk _ l2 (e) < 1 - } . 
Since st A m (PN) — limx = l\ and stA m (PN) — limx = Z2 we have 
5 Afn {K Ni i (7,2)} = and we have 5 Am {K Ny2 (7,e)} = 0, for all e > 0, 
respectively. Now let 

K N ,3 (7, e) = -Kam (7> e ) n ^Jv,2 (7, e) ■ 
Then we observe that 

6^{K N , 3 ( 7 ,e) } = 

which implies 

S &T {N\K N , 3 (j,e) } = 1. 

If fe £ N\iCzv,3 (7, e), we have 

^ll-Ij ( £ ) = Mil-A^HtA"^^) (e) > N h -A™x k (|) * N A m Xk _ h (|) 

> (1 - 7) * (1 - 7) > 1 - 6» . 
Since # was arbitrary, we get 

Mi-la (e) = 1 for alle>0 
which gives l\ — h- Hence st A ™ (PN) — limx is unique. ■ 

Theorem 22 Let (X, N, *) is a PN-space. If N A ™ - limx = J i/ien 
stA m (PN) — limx = Z. _Bm£ converse does not hold. 

Proof. Let s£ A ™ (PN) - limx = I. Then for every 9 € (0, 1) and s > 0, 
there is a number k such that N A m Xk _i (e) > 1 — 9 for all fc > fc - This 
guaranties that the set {n — \ n + 1 < k < n : N A m Xk _ l (e) < 1 — 9 } has 
at most finitely many terms. Since every finite subset of the natural 
numbers has density zero, we can see that 

5 A „ ({n - \„ + 1 < k < n : N A ™ Xk - t (e) < 1 - }) = 0. 

■ 
For converse, we consider the following example: 
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Example 23 Define a sequence x = (xk) by 

m _ f fc , /or n - A n + 1 < k < n 
\ , otherwise 

Let e > and G (0, 1) 

K n (0, e) = {n - A n + 1 < k < n : TVa™^ (e) < 1 - } . 

T/ien 

o" Am (if n (61, e)) — ► as n -^ oo 

t/ws implies that stA m (PN) — lima: = 0, but it is obvious that N A m — 
lima; 7^ 0. 

Theorem 24 Lei (X, N, *) is a PN-space and x = (a:fc) 6e a sequence. 
Then st A m {PN) — lima; = Z «/ and only if there exists a subset K — 
{fci < ki < ...} C N such that S &m (K) — 1 and Na™ — lim n Xk n = I- 

Proof. Suppose that st/\m (PN) — limx = I. Then, for any e > and 

s G N, let 

K(s,e) = In- A n + 1 < k < n : N A ™ Xk -i(e) < 1- - 
and 

T(s,e) = jn- A n + 1 < fc < n : N A ™ Xk -i (e) > 1- ^ } • 
Then o" Am (if (s, e)) = and 

r(l,e) D T(2,e) D T (3, e) D ... DT(j, £ ) D T(j + l,e) D ... (1) 

and 

* A j,(T(s,e)) = l,a = l,2,3,... (2) 

Now we have to show that for k G T(s,e), x = (Xk) is Xk A- Z. 
Suppose that a^ -£> Z. Therefore there is a > such that the set 

{n - A n + 1 < k < n : N A m Xk _ t (e) < 1 - } 

has infinitely many terms. Let 

T(0,e) = {rt-A n + l< k < n : N A m x t (e) > 1-0} and > - (5 = 1,2,3, . 

s 

Then 

5 Ar (T(0,e)) = O. (3) 

By (1) we have 

T(s,e)cT(9,e). 

Hence 8 &m (T(s,s)) = which contradicts (2). Therefore Xk A- I that 
is N A m — limxfc = I. 
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Conversely, suppose that there exists a subset K — {fci < k 2 < ■••} C N 
such that 8 &m (K) = 1 and x k A™ I. Then there exists k £ N such that 
for every 9 £ (0, 1) and e > 



Now 



Therefore 



N A m Xk -i (e) > 1 - 9 for all k > k„. 

,e) = {n-\ n + l<k<n: N A ™ Xk -i (e) < 1 - } 
C N \ {k ko +i,k ko+2 , k ko+3 , ...} . 



S^(T($,e))< 1-1 = 0. 

Hence st A ™ {PN) — lima; — I. u 

Theorem 25 Let (X, N, *) is a PN-space. Then A™ — statistically con- 
vergent if and only if it is A™ — statistically Cauchy. 

Proof. Let x = (x k ) be A™— statistically convergent to I in PN-space X, 
i.e., stA"» {PN) — lima- = L Then for every e > and £ (0, 1), we have 

5 A „ ({n - A n + 1 < k < n : N A ™ Xk -i (e) < 1 - }) = 0. 

Choose a number T — T (e) such that Na™x t -i (e) < 1 — 0. Now let 

Ai (0,e) = {n - A„ + 1 < k < n : N A m Xk _ AmxT (e) < 1 - } , 

A 2 (9, e) = {n - A n + 1 < k < n : N A m Xk _ t (e) < 1 - } 
and 

A 3 (9,e) = {n - \„ + 1 < T < n : N A m XT _ t (e) < 1 - } . 

Then Ai (9, e) C A 2 (9, e) U ^4 3 (9, e) and therefore 

5 A „ (A 1 (9, ej) < S A ^ (A 2 (9, e)) + 5^ (A, (9, e)) . 

Hence x — (x k ) is A™— statistically Cauchy. 

Conversely, let x = (x k ) is A™— statistically Cauchy but not A™— statistically 
convergent. Then there exists a natural number T = T (e) such that the 
set Aj (9, e) has natural denstiy zero. Hence the set 

A i (9,e) = {n- A n + 1 < fc < n : N A m Xk _ A m XT {s) < 1 - 9 } 

has natural density 1, that is, 6 &m (A4 (9,e)) = 1. In particular, we can 
write 

N A m Xk _ A m XT (e) < 2N^m Xk _ t (e) < e (4) 

if N A m x k -i (e) < § . Since a; = (xfc) is not A™— statistically convergent, 
the set A 2 (9, e) has natural density 1, i.e., 

S AT ({« - A n + 1 < fe < n : iV A m Xfc _ ( (e) > 1 - }) = 0. 

Therefore by (4), we have 

S &m ({n - A„ + 1 < k < n : N A m Xk _ A m XT (e) > 1 - }) = 0, 
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i.e., the set Ai (0,e) has natural density 1 which is contradiction. Hence 
x — (xk) is A™— statistically convergent. ■ 

We now show that A™— statistically convergence on PN-spaces has 
some arithmetical properties similar to properties of the usual convergence 

onE. 

Lemma 26 Let (X, N, «) is a PN-space. The following statements are 
true: 

(1) Ifst A ™ (PN)-limx = h andst A ™ (PiV)-limj/ = l 2 , then st A ™ (PN)- 

lim(a; + y) — h +h, 

(2) Ifst A ™ (PN)-]imx = l and/3 £l, then st A ™ (PN) -lim fix = /3l, 

(3) Ifst^m (PiV)-lima; = h and st A ™ (PN)-limy = h, then st A ™ (PN)- 

lim (x — y) — h — h- 

Proof. It is similar to the Lemma 2 of Karakus [10], so we omit it. ■ 

Conclusion 27 The idea of probabilistic norm is very useful to deal with 
the convergence problems of sequences of real numbers. The main purpose 
of this paper is to more generalize the results on statistical convergence 
proved by Karakus [10] and Alotaibi [lj. We have introduced a more wider 
class of A™ — statistically convergent sequences in a PN-space to deal with 
the sequences which are not covered in [10] and [1[. 
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Abstract 

This paper addresses the problem of solving a system of nonlinear 
equations using complex numbers. To this end, second order Taylor ex- 
pansions of the functions of the equations are used to minimize the sum 
of the modula of the errors in the equations. This gives a single mul- 
tivariate equation which is not differentiable in complex space, but is 
differentiable when it is transposed to real space. Using complex num- 
ber's properties we demonstrate the existence of negative eigenvalues 
for the Hessian, in the neighborhood of a null Gradient. A sufficient 
condition for these negative eigenvalues to exist is: when the search 
vector is not a solution and the Gradient is null, then the bilinear form 
associated with second order derivatives is full rank. This result leads 
to an algorithm which avoids first order local minima of the total error 
in the equations. Convergence to a solution at an accumulation point is 
then demonstrated. Indeed, with complex numbers, negative curvatures 
are available when needed. 

Keywords. Systems of nonlinear equations, Second Order Approximation, Global 
convergence, Complex Numbers, Numerical Algorithm, Negative Eigenvalues, 
Physics. 
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1 Introduction 

In a previous paper [13], we have shown that the smaller root of a second order 
Taylor expansion of a function f(z) with complex numbers could always reduce 
the error of an estimate of a root. Convergence to a solution was obtained at 
an accumulation point. This approach was motivated by the Minimum Mod- 
ulus theorem of complex analysis. 

This paper addresses the problem of finding a solution to a system of non- 
linear equations which use complex numbers and it extends the approach of 
[13] to several complex numbers functions. With a system of equations, the 
motivation to use complex numbers is the solvability of a system of polynomial 
equations (see [5, 18]). 

Let present the notation for the problem. We require the functions of the 
equations to have Taylor expansions (see [16]). These functions are denoted 
fk{u), k — 1, ..., n, where u is a vector of complex numbers. The problem is to 
find a solution u such that: 

/*(«)= 0, k = l,...,n (1) 

U = (zi,Z 2 ,...,Zn) (2) 

This problem is equivalent to solving the following single equation (\z\ is 
the modulus of z): 

n 

EI/^)l 2 = o (3) 

fc=l 
Using a second order Taylor expansion of each function fk{u), the equa- 
tion (3) has a complex space representation and a real space representation 
that uses 2n real variables. Combining properties of both representations, we 
demonstrate that, if u is not a solution, then we can always find a vector v 
such that : 

n n 

EI/^)I 2 <EI/^)I 2 ( 4 ) 

fc=i fc=i 

This vector v exists due to negative eigenvalues for the Hessian, in the 
neighborhood of a null Gradient point (an estimate of a solution that is not 
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a solution). A sufficient requirement for these negative eigenvalues to exist is 
that the bilinear form associated with the second order (partial) derivatives 
must have full rank. This leads to an algorithm which avoids first order local 
minima and it converges to a solution if there is an accumulation point. As 
far as we know, the theoretical results of this paper have not been previously 
obtained. 

With real numbers, there is a huge literature on optimization and equations 
solving. For a good review of methods, see [7]. Real space methods invari- 
ably require special conditions such as non nul gradient, convexity, an initial 
estimate vector that is sufficiently close to a solution, symmetric Jacobian, 
Lipschitz continuity, ... Recent papers are [2, 4, 6, 11]. These papers present 
improvements on: efficiency, generality, large scale problems, derivative free 
algorithms. These improved methods for real numbers have not been consid- 
ered, here, but they could be adapted to a complex numbers framework, we 
beleive. 

The following describes the content: Section 1 is an introduction. Sec- 
tion 2 describes a second order Taylor expansion of equation (3). Section 3 
explains how to transpose the formulation of Section 2 to real space, which 
transposition is required. Section 4 presents theoretical results that lead to 
the proposed algorithm. Section 5 gives the proposed algorithm. Section 6 
presents numerical experiments which show the use of negative eigenvalues. 
Section 7 contains convergence results for the proposed algorithm. Section 8 
concludes. 



Second Order Taylor Expansion of Equation 



(3) 



Let develop a second order Taylor approximation to the problem of equation 
(3). The following notations are used: h is a column vector which represents 
a search direction to be determined later, fk(u) is a complex number, f k (u) is 
a row vector of the first order partial derivatives, which is usually called the 
Gradient, f k (u) is a matrix of second order partial derivatives which is usually 
called the Hessian. 
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Let A be a real number such that A G (0, 1]. Let z represent the conjugate 
of z. We have: 

f k (u + Xh) = f k (u) + Xf' k (u)h + ^XWf'Mh + 0(A 3 ) (5) 

1 



f k (u + Xh) = f k {u) + Xf' k {u)h + -X 2 Vf k \u)h + 0(A 3 ). (6) 



\f k (u + Xh)\ 2 = \f k (u)\ 2 + 2XRe( f k (u) f k {u) h ) + 
A 2 [Re ( Jdn) h* f k \u) h) + \f k {u) h\ 2 ] + 0(A 3 ). 



(7) 



In equation (7), 0(A 3 ) represents the error of the approximation due to 
higher order terms (big O notation). Next, we replace summations with new 
functions in order to simplify notations: 

g(u) = (/i(u),..,/») (8) 



g'(u) = J2M u )f'k( 
fc=i 

n 

fc=i 



U 



u 



(9) 



(10) 



Let the Jacobian be called J and \\x\\ denotes the norm of the vector x. 
Then ... 



J 






'1L 



\g{u + Xh)\\ 2 = \\g{u)\\ 2 + 2XRe{g\u)h) + 



A 2 



t ~rt 



Reih 1 g (u) h) + h J J h +0(X 



121 
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In equation (12), note that the gradient g'(u) is a combination of first order 
derivatives and there are 2 bilinear forms of different kinds that correspond 
to the 2 second order terms in equation (12). The following list presents 
important observations: 

1. equation (12) is not differentiable with respect to h. 



g'iu) = g{u) J . That is, g'iu) contains scalar products of g(u) times 
the columns of the Jacobian. In other words, the Gradients /£(«) of the 
equations are weighted by fk{u) to produce the weighted gradient g'iu). 
This means g'{u) will go to when approaching a solution! 



3. Similarly, the Hessians of the equations are weighted by fk{u) to produce 
the weighted Hessian g"(u). 

4. The last second order term in equation (12) can be written, ||Jw|| 2 = 
h J J h = J27=i \fi( u ) ^| 2 an d it is a real non negative number. Con- 
trarily to the other terms, it is not weighted by fk{u). However, this 
term is semi-positive definite and it must be overcome when g'(u) = 0, 
if we want to reduce ||5f(w)|| 2 . 

5. g"(u) is a symmetric matrix that is diagonable. h J J h is an Her- 
mitian matrix and it is diagonable. But these 2 matrices cannot be 
simultaneously diagonalized, in complex space, since they don't neces- 
sarily commute (as far as we know). This problem will be resolved by 
transposing the problem to real space! 

To use effectively equation (12) to iteratively reduce ||g(-u)||, we will ex- 
amine equation (12) from the perspective of real space in Section 3, and from 
the perspective of complex space in Section 4. These perspectives will lead to 
an important theoretical result about the existence of a negative eigenvalue, 
when g'{u) = 0. 

3 Transposition of equation (12) to Real Space 

The algorithm that will be presented needs the transposition to real space of 
equation (12) which transposition will create a symmetric bilinear form. The 
following equations are straithforward manipulations that show how to obtain 
the transposition. For the rest of the paper it is important to understand 
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equation ( 26) below. 

In the following equations, "i" is the square root of -1, the index "r" de- 
notes the real part and the index "i" denotes the imaginary part: 

Let a be a complex row vector and h be a complex column vector. That is, 
a = a r + i di, h = h r + i hi, where a r , a,, h r , hi are real vectors. Then, we have: 

Re(a h) = a r h r — a^ hi (13) 

Let M be a complex matrix, that is, M = M r + i Mi. Then, we have: 

M h = (M r h r - Mi hi) + i (M r hi + M, L h r ) (14) 

h l M h=(h t r + i hi) [(M r h r - Mi hi) + i (M r hi + M { h r )\ (15) 

Re(h l M h) = h r (M r h r - M { hi) - h\ (M r . K + M t h r ) (16) 

h l M h=(h r -i hi) [(M r h r - Mi hi) + i (M r h, t + Mi h r )] (17) 

ReCh 1 M h) = h\ (M r h r - M« hi) + h\ (M r hi + M { h r ) (18) 

Now, let A, B, C, D be n x n sub matrices . Then, we have the following: 



( ht r h l)[CD} ( k h r ) = K A h r + h r B h t + hi C h r + h l t D hi (19) 

In equation (12), g"(u) is a symmetric matrix and the matrix J J is hermi- 
tian. The following theorem proves that the real space transposition of these 
matrices gives a symmetric bilinear form. Note that h J Jh > which means 
we need only to obtain the real part of h J Jh. 

Theorem 3.1. (Transposition of the Real Part of Bilinear Forms) 

a) If M is a symmetric matrix in complex space, then Re(h f M h) when 
transposed to real space becomes a bilinear form with a symmetric matrix. 
Again, in the equations, "i" is the square root of -1, the index "r" denotes the 



PAQUETTE: SEVERAL COMPLEX VARIABLES EQUATIONS 939 



real part and the index "i" denotes the imaginary part: 

b) Similarly, if M is an Hermitian matrix in complex space, then Re(h M h) 
when transposed to real space becomes a bilinear form with a symmetric matrix. 

Proof. Let the real space matrix M 2 represents the complex space matrix M. 

case a) 

Since M is symmetric, M r and Mj are symmetric. Also, from equation (15 
and 18), we have: 

A = M r , B = -Mi, C = -Mi, D = -M r . Since, M r and M t are symmetric, 
A,B,C,D are symmetric. Also, C = B l = B. The result follows. Therefore, 
the matrix M 2 for the case of a symmetric complex matrix is: 



M > = { -k -k ) < 20 > 

case b) 

Since M is Hermitian, M r = M* and M\ = —Mi. Also, from equation 
(17 and 18), we have: A = M r ,B = -Mi,C = M U D = M r . Since, M r is 
symmetric, A and D are symmetric. B l = —M\ = Mi = C. The result follows. 
Therefore, the matrix M 2 for the case of an Hermitian complex matrix is: 



□ 

Using Theorem 3.1, since the above 2 types of matrices are symmetric in 
real space, their sum is also symmetric, which means in equation (12) the sum 
of the 2 second order terms gives a symmetric matrix when transposed to real 
space. This symmetric matrix will be denoted Q for the rest of the paper. Q 
is 2n x 2n. Let rewrite equation (12) in real space with 2n variables, using new 
vectors g^ and h^. 

g'(u) = g'(u) r + i g'(u)i (22) 
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h = h r + i hi (23) 

92 = (9'(u) r !,..., g'(u) r n , -g'(u)i i, ..., -#'(«)* n) ( 24 ) 

^2 — \h r 1, •••, ^r ni hi i, ..., /ij ra ) (25) 

Then, equation (12) becomes (in real space): 

\\g(u + \h)\\ 2 = \\g(u)\\ 2 + 2 A ^ 2 /i 2 + A 2 h\ Q h 2 + 0(A 3 ) (26) 

4 Foundation of the Proposed Algorithm 

This section demonstrates results that lead to the proposed algorithm. First, 
we shows that, if g(u) ^ and g'(u) = 0, the matrix Q of equation (26) has 
a negative eigenvalue, provided a regularity condition is satisfied. Next, we 
shows that, in that case, this is also true in a sufficiently small neighborhood 
of u. 

Definition 4.1 (Sufficient Regularity Condition). We say the equation 
(12) is regular if the following condition is true: if g(u) ^ and g'(u) = 0, 
then we have the symmetric bilinear form h l g"{u) h has rank n (full rank). 

Theorem 4.2. Assume g(u) ^ and g'(u) = 0. Assume the regularity con- 
dition is true (Definition 4-V- Then, the matrix Q in equation (26) has a 
negative eigenvalue. 



Proof. Since g'{u) = g{u) J = 0, this means there is a non zero vector h such 



t -^t 



that J h = 0. This implies that in equation (12), we have h J J h = 0. Also 
by the regularity condition, we have k = h l g"(u) h ^ 0. On the other hand 



let define the constant w as follows: w = \/ — m- Observe that |iu| = 1 and 

w 2 = —jh- Now, let replace h by wh, and denote the real space representation 
of "wh" by h 2w (as in Section 3), then we have: 

^h t J t Jwh = (27) 
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h\ w Q h 2w = Re( (why g"(u) (wh) ) = Re(w 2 h* g"(u) h ) = -\k\ < (28) 

But, if all eigenvalues of Q are non negative, then Q is semi-positive defi- 
nite, that is, h 2 Q h 2w > 0, which is a contradiction ( see Rayleigh Quotients). 
Therefore, Q has a negative eigenvalue. 

□ 

Observe that, in the last Theorem, the rotation w is only available in 
complex space (not available with real numbers) and it is foundamental to 
what follows. The next Theorem examines what occurs in a neighborhood of 
u, when g'{u) = 0. 

Theorem 4.3 (Upper Bound for Minimum Negative eigenvalues). 

Assume the regularity condition is true (Definition J^.l). Let u* be such that 
g(u*) 7^ and g'{u*) = 0. Let Q(u) represents the matrix Q associated with 
u, as in the notations of Section 3. By Theorem \.2, there is a minimum 
negative eigenvalue denoted e* and a normalized eigenvector h 2 , such that 
h\ t Q(u*) h 2t = e* < 0. 

Let {uk}, k — 1, ..., oo be a sequence that converges to u*, that is: 

lim Uk = m* (29) 

fe^oo 



Then, there is an integer N > such that for every k, k > N, the matrices 
Q(uk) have a negative eigenvalue denoted e& such that e& < | e* < 0. 

Proof. Since the elements of the matrix Q are continuous, we have: 

lim h\ Q(uk) h 2t = hi Q(u*) h 2 , = e* (30) 

k—+oo * 

Define d = ^tt > 0. Therefore, there exist an integer N > 0, such that for 
all k > N, we have: 

1^4* Q( u k) h 2t - h\ t Q(u*) /i 2 ,| = \hl t Q(uk) h 2 , - e*| < d (31) 

This means: 

9 
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hi Q(u k ) h 2t <d + e* = j <0 (32) 

By the Rayleigh Quotient (see [12]) and equation (32), we conclude, that 
for k > N, the matrices Q(uk) have a negative eigenvalue e k < y < This 
demonstrates the Theorem. □ 

The next Corollary demonstrates ||g(w)|| can be reduced in all cases. 

Corollary 4.4. Assume g(u) ^ 0. Assume the regularity condition is true 
(Definition 4-V- ht is always possible to reduce \\g(u)\\ in equation (12). 



Proof. If g'{u) 7^ 0, then defining h = —g'(u) , we have g'(u)h = —\\g'(u)\\ 2 < 
0, and it is the dominant term of equation (12) so we can reduce ||p(m)||. 

If g'(u) = 0, by Theorem 4.2 there is a negative eigenvalue of the matrix Q. 
Define h to be the eigenvector associated to the most negative eigenvalue of Q. 
Then we have that, in equation (12), the dominant terms are the second order 
terms which sum is negative. Therefore, in all case there exist a A G (0, 1] and 
a vector h such that \\g{u + A h)\\ < \\g{u)\\ (see [10] for example). □ 

5 An Algorithm for the Minimization of | \g(u) | | 2 

Let first describe what needs to occur to solve equations numerically. On a 
computer, g'(u) is rarely due to floating point errors, but it can be very 
small. On the other hand, an extremelly small g'(u) is still the dominant term 
in equation (12). That means: to bypass first order local minima (that is, 
g'{u) = 0) with equation (12) it is advisable to select properly the sign of h, 
when using negative eigenvalues, as explained in the next paragraph. 

Assume h is an eigenvector associated to the smallest negative eigenvalue 
of Q. Then the sum of second order terms in equation (12) is negative. Also, 
observe that h 2 Q h 2 = {—h 2 ) Q (—^2)- That means we can also make neg- 
ative the first order term in equation (12): if Re(g'(u)h) > then invert the 
sign of h so that we have Re(g'(u)h) < (bilinear forms are insensitive to sign). 

Robust Nonlinear Equations Algorithm 



10 
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To demonstate convergence of the algorithm, we have to handle many cases, 
for generality. 

1. Choose an arbitrary initial value for u. 

2. When it is possible, define hx, ho, h E as follows: 

• Define He to be the eigenvector of Q corresponding to the smallest 
negative eigenvalue of Q. If Re(g' (u)He) > then invert the sign of 
He so that we have Re(g' '{ujUe) < 0. 

• Define Iin with Newton method using equation (26). 
-t 



• Define Hq = —g'{u) . Note that this is called "Gradient Method" or 
"steepest descent" in real space algorithms since we have g'(u)ha = 

-\\g'(u)\\ 2 . 

3. For each possible search vectors h^, ho, He, perform a line search on 
A G (0, 1] using equation (12), and determine the smallest value of | \g(u+ 
A h)\\. Replace u by the best value u + A h of the best search vector. 
Also, the line search is assumed to be exact (see Brent Method in [15]) 
and eigenvectors are normalized. 

4. If ||g(w)|| is sufficiently small, stop. Otherwise, goto 2. 



Let comment the behaviour of the algorithm in practice. First, observe that 
at a solution u, that is, g(u) = 0, we must also have g'{u) = and the matrix 
Q must be semi-positive definite, since otherwhise we could decrease ||p(u)||, 
which is impossible. Newton method is very effective sufficiently near a solu- 
tion. Far away from a solution and at a quasi-local minimum, the Gradient 
Method might be usefull, in the case the smallest eigenvalue is not sufficiently 
negative. Finally, in the case g(u) ^ and ||<7'(w)|| is extremely small, even- 
tually the matrix Q will have an effective negative eigenvalue, which allows to 
bypass local minima g'(u) = (see Corollary 4.4). 



6 Numerical Experiments 

The first problem illustrates the case where g'(u) = 0. Let define 2 polynomial 
equations with random coefficients of the form: 

11 



944 



PAQUETTE: SEVERAL COMPLEX VARIABLES EQUATIONS 



Iteration 


\W(u)\\ 


Method 


Min. Eigenvalue 


Error 










161.9289967856 


1 


0.00000001 


hE 


-6844.8881207667 


139.5100488482 


2 


6768.82970131 


hN 


-4866.9101895053 


38.9670588752 


3 


7589.418620428 


hN 


13844.2960649869 


5.3091793595 


4 


740.5130745734 


hN 


18963.4537234783 


0.1302209352 


5 


17.8679919882 


hN 


18682.9583949293 


0.0000849397 


6 


0.0116490365 


hN 


18675.4013157256 







0.00000001 









Table 1: Example with polynomial equations. At the first iteration, we have 
g'{u) = 0, and only the Negative Eigenvalue Method is usable (the best method 
is hE). 



p(x,y) 



ax 



bx 2 y + cxy + dx 2 + ey 3 + fy 2 + gx + hy + k = (33) 



The constants "a, b,..., k" are random numbers, ajusted to make g'{uo) = 0. 
First, we find an initial vector -u — (^(b Vo) such that the first line of the Jaco- 
bian is null. Also, we select the coefficient k of the second equation such that 
the equation is satisfied. Then, we have g'(uo) = 0. 

In Table 1, the only method available at the first iteration is the negative 
eigenvalue vector which allows to overcome the case g'(uo) = 0. The other it- 
erations converge to a solution using Newton Method. Note that at a solution, 
negative eigenvalues disappear. 

The next example is a 3 equations problem defined as follows. The 3 
variables are denoted u, v, w. We use several polynomials of the following 
type: a u 2 + b v 2 + c w 2 + d. These polynomials are denoted: 



Pk(u,v,w) and qk(u,v,w), k — 1,2, 3 
Also, equations are defined as follows: 

f k (u, v, w) = p k (u, v, w) + sin(q k (u, v, w)) , k=l,2,3 



(34) 



(35) 



12 
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Iteration 


\W(u)\\ 


Method 


Min. Eigenvalue 


Error 










4940.5007323635 


1 


103301750.791628 


hG 


-17753011.692712 


121.9630033916 


2 


40869.7938703847 


hG 


-25073.9462039774 


63.1294232234 


3 


1386.3838747446 


hE 


-9311.6062252306 


55.3218863859 


4 


2177.058115818 


hN 


-807.314995412 


50.6522683543 


5 


681.4418474771 


hN 


-512.280632562 


50.4820296894 


6 


1468.5123798148 


hN 


-549.5316670355 


43.2462993432 


7 


2500.8032714471 


hN 


-684.1680363503 


39.5810959338 


8 


2599.2958570336 


hN 


-308.3897167604 


37.2992915339 


9 


1761.4695413557 


hN 


-288.0966684209 


36.8782650103 


10 


2603.8917652289 


hN 


-408.7169111235 


35.8862917189 


11 


1244.5790333155 


hN 


-176.1049593285 


29.9117083161 


12 


1730.8170262823 


hN 


-287.0042885545 


20.5019629678 


13 


1730.6150214975 


hE 


-18.9056412314 


18.6468392907 


14 


1246.8647374114 


hN 


59.3686869061 


16.6820787436 


15 


2043.5794525719 


hN 


-191.8102552131 


12.10827678 


16 


2085.9658698154 


hN 


226.6209060283 


4.0260689135 


17 


315.6152263362 


hN 


939.1277773846 


0.6902699112 


18 


34.6975381965 


hN 


803.8304208882 


0.0330157275 


19 


1.8750188675 


hN 


782.0564970093 


0.0000839078 


20 


0.0048059319 


hN 


781.0729000976 


0.0000000006 




0.000000032 









Table 2: Example with 3 equations of the type: p(u,v,w)+sin(q(u,v,w)). In 
this case, the best method is most frequently the Newton Method (hN). 
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The coefficients a, b,c,d for the polynomials in the equations are random 
complex numbers and the initial vector is chosen so that the initial error is 
large. The Table 2 shows the behavior of the algorithm with the second prob- 
lem. Observe that all methods are used (the best method is indicated). Also, 
negative eigenvalues exist most of the time, but not always. Finally, negative 
eigenvalues disappear near a solution, as it should. 

7 Convergence of the Algorithm 

Recall that the algorithm always reduces the error ||g(-u)||, by Corollary 4.4, if 
g(u) 7^ 0. It requires functions to have a Taylor expansion and the regularity 
condition must be true (Definition 4.1). Also, observe that a solution might 
not exist: e^ u ^ has no solution. 



Theorem 7.1 (Convergence of the Proposed Algorithm). Assume the 
regularity condition is true (Definition J^.l). Assume also that the vectors u 
in the algorithm creates an accumulation point u*. Then, w* is a solution to 
equation (1). 

Proof. The proof proceeds by contraction, that is, we assume u* is not a solu- 
tion, i.e. (?(«*) 7^ 0. 

Let denote A the set of vectors u used in the algorithm. Since there is an 
accumulation point w*, then there is a subset B of A such that the vectors in 
B converge to u*. 

Let observe that the algorithm can be applied at -u*. In the next para- 
graphs, we create a convergent sequence of vectors u in the algorithm and 
we define a direction vector hk as follows: if g'{u*) ^ then hk = hc k , and 
if (?'(«*) = then hk = hE k - That is, we select only direction vectors of the 
Gradient Method or only direction vectors of the Negative Eigenvalue Method. 

Case g'{u*) ^ 

If g'(u*) ^ 0, then we can apply the Gradient Method at w*, so that 
h* = he* (see Corollary 4.4). Applying the line search we obtain A* such that 
\\g{u* + A* h*)\ | < | !#(«*) 1 1. In this case let denote the vectors in the set B by 

14 
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Uk and the corresponding Gradient Method vectors ha k by h\~. Since g'(u) is 
a continuous function, we have: 

lim Uk = m* (36) 

fc— >oo 

lim hk = h* (37) 



\g(u* + K K)\\ < ||#(w*)|| (3£ 



Case g'(u*) = 

In this case, we will use the vectors He{u) in the algorithm. The real 
space representation of Zib(u) will be denoted h 2E (u). Since g'(u*) = and 
the vectors u in the set B converge to w*, we can apply Theorem 4.3 and its 
notation: for u sufficiently close to u*, we have: 

h 2E (uYQ(u)h 2E (u)<j<0 (39) 

In addition, we have ||/i2 B (w)|| = 1. This means there is an accumulation 
point /i2 B . for the vectors fi2 E (u) associated to the vectors u in B. Therefore, 
there is a subset C of B such that the vectors u in C converge to u* and the 
vectors h 2js (u) associated to these vectors u in C converge to h 2E ■ Let denote 
the vectors u in C by Uk, denote the complex space representation of h 2E {u) 
by hk, and denote the complex space representation of h 2Eit by h*, Then, we 
have: 

lim Uk = m* (40) 

fe^oo 

lim hk = h* (41) 
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Since the vectors h 2E (u) (i.e. hk) satisfy equation(39), then, by the con- 
tinuity of Q(u), hi Ett (i.e. h*) also satisfies equation(39). That means there 
exists A* such that (see the proof of Corollary 4.4): 

\\g(u* + K K)\\ < \\g(u*)\\ (42) 



To summarize, in all cases, we have define the vector /i*, the number 
A* G (0, 1] and we have found a convergent sequence Uk of vectors used in 
the algorithm. Note also that the vectors hk are used in the algorithm and we 
have: 

||<7(tu))|| < lb(w*)||, where w = u* + A* h* (43) 



The following paragraphs derive a contradiction. Define d as follows: 

d=||0(«,)||-||<7HII>O (44) 



Also, define the function e(a) as follows, where a is a short name to rep- 
resent all the elements in vectors u, h and A and "(u, h, A)" denotes also the 
vector a: 

e(a)=e(u,h,X) = \\g(u + \h)\\ (45) 

The function e(a) is continuous, with respect to u, h and A or a, since all 
its elements are continuous. 

Also define Uj as follows (we want ooj to converge to A*), where jo is the 
smallest positive integer such that A* — -i- G (0, 1] : 

Uj = A* - -, j = jo, .», oo (46) 

Note that ooj G (0, 1] and we have ... 

lim uij = A* (47) 

16 
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Now, define aj,j — j , ..., oo and (5 as follows: 

aj = [v,j,hj,u)j) (48) 

P = (u+,h+,K) (49) 

We have: 

lim aj = (3 (50) 

lim e(aj) = e{(3) = \ \g(w) \\ < \ \g(u*) \\ (51) 

Therefore, by continuity, 3N such that Vj > A^ we have: 

| e(a j )-e((3)\ < d/2 (52) 

That means ... 



e( aj ) < e((3) + d/2 = \\g(w)\\ + l -^* )l ll ' /( "' ) 



2 
\g(u*)\\ + \\g(w)\\ 



<\\g(u.)\\ (53) 



i{aj) = \\g(u3+Uj hj)\\ < \\g(u*)\\ (54) 



The last equation (54) is a contradiction for the following reason. First, we 
have ||g(-Uj)|| > ||<7(wj+i)|| > ||<7(wj+2)|| > ••• > I|5'( M *)II- Also, we have found 
ujj G (0, 1] for which \\g(uj +Ujhj)\\ < \\g(u*)\\ which contredicts the fact that 
we have selected the best method in the algorithm, when we have encountered 
the vector Uj. 

Since the case g'(u*) = is impossible and the case g'(u*) ^ is impossible 
we must have g(u*) = 0, that is, w* is a solution to equation (1). □ 
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Corollary 7.2. Assume the regularity condition is true (Definition J^.l). The 
algorithm converges to a solution, or, \\uA\ goes at infinity, always decreasing 
\\g(Uj)\\ without creating an accumulation point. 

Proof. If the algorithm creates an accumulation point, then by Theorem 7. 1 we 
have that -u* is a solution to equations (1). Otherwise the vector norms \\uj\\ 
goes at infinity, always decreasing ||g(wj)|| without creating an accumulation 
point. Decreasing ||<7(mj)II follows from Corollary 4.4. □ 

8 Conclusion 

The paper has presented a new approach for solving numerically a set of non- 
linear equations that uses complex numbers. The proposed algorithm requires 
only the sufficient condition of Definition 4.1. With this condition, there is no 
such thing as a local minimum of ||g(w)|| , if u is not a solution. This follows 
from the existence of negative eigenvalues when g'(u) = 0. Convergence results 
were also obtained. Using real numbers implies, invariably, more restrictive 
conditions. 

To conclude, the algorithm that was presented aims at describing the use of 
the theoretical results of this paper. As mention in the introduction, in the case 
of large scale problems, the approaches of recent papers such as "trust-region" 
(see [2, 4, 6, 11]) should be adapted to the use of complex numbers. Finally, 
an example of question worth investigating might be: in the case there exists 
a solution, is it possible to find a connected path to that solution? Another 
question might be: in the case of multivariate polynomial equations, does the 
algorithm always find a solution? 
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in Orlicz spaces. 
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Abstract. In this work some direct theorems of approximation theory in the Smirnov- 
Orlicz classes, defined in the domains with a Dini- smooth boundary, are proved. 
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1. Introduction, auxiliary and main results. 

Let r be a rectifiable Jordan curve in the complex plane C and let G : — intT , 
G~ := cxtr. Without loss of generality we suppose that G G. Further let T : = 
{w G C : \w\ = 1} , D : = intT , D~ : = cxtT. We denote by w = ipi (z) and w = kpi (z) 
the conformal mappings of G and G~ onto D~ normalized by the conditions 

ipi (0) — , lim z ■ tpi(z) > 

z — *oo 

and 

( \ v ^ 2 ( z ) ^ n 
ip 2 (ooj = oo, lim > 

z— >oo z 

respectively and let z = ipi (w) and z = "02 (w) be the inverse mappings of w = (pi (z) and 
w = tpz (z). 

Let (p also be a continuous function on T. Its modulus of continuity is defined by 

w{t,<p) :=sup{|p(ti)-p(t 2 )| :*i,*2 eT,|ti - t 2 | < *} , t > 0. 

The function ip is called Dini - continuous if 

v ,r ' dt < oo , a > 0. 

A curve T is called Dini - smooth [ 26 , p. 48 ] if it has a parametrization T : h (r) , r G T 
such that h' (r) is Dini - continuous and b! (r) ^ 0. 
If r is Dini - smooth, then [ 30 ] 



< ci < 



tp 2 ( w ) < c 2 < oo, < c 3 < 2 (z) < c 4 < oo (1) 



where the constants C\,C2, and c 3 ,c 4 are independent of \w\ > 1 and z G G _ , respectively 

Let r be a rectifiable Jordan curve and consider a function 
/ G L\ (r). Then the functions / + and / _ defined by 

/+(«): = -L / ^Mrf ? , for 2 G G, 

r(z):=^-.[ ^^rf? , for z G GT 

are analytic in G and G _ respectively and / _ (oo) = 0. The Cauchy singular integral of / 
at a point z G T is defined by 

S r (/) (z) : = lim ^- f ^-<k 
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if the limit exists. The linear operator Sr '■ f — > Srf is called the Cauchy singular operator. 
If one of the functions / + or /~ has the non-tangential limits almost everywhere(a.e.) 
on r, then Srf (z) exist a.e. on T and also the other one has non-tangential limits a.e. on I\ 
Conversely, if Srf (z) exist a.e. on T, then both functions / + and /~ have non-tangential 
limits a.e. on I\ In both cases, the formulae 

f+(z) = S r f(z)+ 1 -f(z), f-(z) = S r f(z)- 1 -f(z) (2) 

and hence 

/ = / + - /" (3) 

hold almost everywhere on T (cf. [7 , p.431]). 

Let T r be the image of the circle {w € C : \w\ = r , < r < 1} under some conformal 
mapping of D onto G. By E p (G) we denote the class of analytic functions / in G which 
satisfy 



sup / \f{z)\ p \dz\<oo 

<r<ur r 



0<r<l 

uniformly in r. The class E p (G), (1 < p < oo) is called the Smirnov class. As observed in 
[12 ], every function in the class E p (G) has non-tangential boundary values a.e. and the 
boundary function belongs to L p (T) (1 < p < oo). The general information about E p (G) 
can be found in [12 , pp.168-185] and [7 , pp.438-453]. 

The problems of approximation theory for the spaces L p (T) and E p (G), (1 < p < oo) 
were studied in [1 ], [2 ], [14 ], [15 ], [16 ], [18 ], [24 ], [25], [29]. 

A function M (x) : R — > R + , where R : = (—00,00) and R + : = (0,oo) is called 
TV-function if it admits of the representation 

rVA 
M(x)= p (£) dt 

Jo 

where the function p (t) is a right continuous and nondccrcasing for t > and positive for 
t > 0, which satisfies the conditions 

p (0) = , p (00) : = lim p (t) = 00. 

t — *oo 



The function 



N{y):= I g{s)ds 



i) 



where 

g(s): = supt, (s>0) 

is defined as complementary function of M (x) [23 , p. 11]. 

Let M be an TV-function and N be its complementary function. By Lm (T) we denote 
the linear space of Lebesgue measurable functions / : T — > C satisfying the condition 

M[a\f(z)\]\dz\ <oo 

r 

for some a > 0. 

The space Lm (T) becomes a Banach space with the norm 



\\f\\ LM{r) : = sup y^\f(z)g(z)\\dz\:geL N (T),p(g;N) 



< 1 



where 



p(g,N): = J N[\g(z)\]\dz\. 
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The norm || • \\ L , r s is called Orlicz norm and the Banach space Lm (T) is called Orlicz 
space. Every function in Lm (T) is integrable on T [27, p. 50], i.e. 

l m (r) c in (r) . 

An TV-function M satisfies the A 2 -condition if 

M(2x) 

lim sup - < oo. 

The Orlicz space Lm (T) is reflexive if and only if the TV-function M and its complementary 
function N both satisfy the A2-condition [27, p. 113]. 

Let T r be the image of the circle {w £ C : \w\ — r , < r < 1} under some conformal 
mapping of D onto G and let M be an TV-function. By Em (G) we denote the class of 
analytic functions / in G which satisfy 

M(\f(z)\)\dz\< oo 

r r 

uniformly r. The class Em (G) is called the Smirnov-Orlicz class. 

If M (x) = M (x,p) : = x p (1 < p < oo), then the Smirnov-Orlicz class Em (G) coincides 
with the usual Smirnov class E p (G). As was noted in [17 ], every function of class Em (G) 
has a.e. non-tangential boundary values and the boundary function belongs to Lm (r). 

The class Em (G~) can be defined similarly. The following hold: 

E M (G)cEi(G), E M (G~) C Ei (G~) . 

The direct and inverse problems of approximation theory in Smirnov-Orlicz classes were 
investigated by several researchers (see, for example, [ 4 ], [ 5 ], [9], [10] and [17] ) 
For <r G r we define the point ft, C-fr € V by 

ft : = V>2 fa is) e lh ) , 

«-/, : - ^2 fa (?) e- lh ) , h e [0, 2tt] . 

(2) 

We define the modulus of continuity w M (/, •) for / € £m (r) as: 

u;^ (/, S) : = sup ||/ ( Ql ) + / ( s _ fc ) - 2/ (?)|| LM(r) , <J > 

Let L be a Dini-smooth curve and let fo '■ = f ° i>2 , fi '■ = f ° 4>i for / € Em (L) . Then 
from (1) we get /„ G L M (T) and h € i M (T) for / e L M (L). 

We use c, ci, C2, C3, ... to denote constants (which may, in general, differ in different 
relations) depending only on numbers that are not important for the questions of interest. 

For a > and b > , we will use the expression a ^b (order inequality) if a < cb. 

The expression a xfe means that a < b and b ^ a simultaneously. 

In this work we use the approximation properties of the Faber polynomials some direct 
theorems for polynomial and rational approximation of functions in certain subclasses of 
Smirnov-Orlicz and Orlicz classes, defined in the domains with a Dini-smooth boundary, 
are proved. In Orlicz class, approximation problem of the function connected to defined 
parameters is examined. 

Boundedness of singular operator Sr plays an important role in approximation theory. 
The boundedness problem of this operator was solved by David [13] in Lebesgue space 

Mr). 

Karlovich [19] proved the boundedness of the operator S-p in Orlicz space by using David 
theorem and Boyd interpolation theorem. In the proof of the main results boundedness of 
singular integral in Orlicz spase is used 

The main results of this work can be given as follows : 
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Theorem 1. Let G be a finite simply connected domain with the Dini-smooth boundary 
r, and let Em (G) be a reflexive Smirnov-Orlicz space on G. Then for every / £ Em (G) 
and any natural number n there exist an algebraic polynomial P n (•, /) of degree at most n 
such that 



\\f-Pn(;f)\\ LM{r) <c 5 w M ^f,^j 



with some constant c 5 > independent of n. 

Theorem 2. Let T be the Dini-smooth curve and / (z) £ Lm (r). Then for the function 

F AB (z) = Af(z) + Bf(z) 

we obtain 

1. If A = B, then for any n £ N there exists an algebraic polynomial P n (z) of degree at 
most n such that 

\\f-Pn\\ LM{r) <ce[2A}w^^,^ 

2. If A y^ B, then for any n £ N there exists rational function R n (z) of degree at most n 
such that 



\ F - R n\\h M {T) < c 7 



(.^mw%^f,±)+{B-A)w<$(f,± 



2. Proofs of main results 

Proof of Theorem 1. Let / £ L M (T). Then by L M (T) C L x (L) we get j £ L x (L). 
Since L is a Dini-smooth curve, we have ,f o ip 2 £ L\ (T). Hence we can associate formal 
series 

n n , 

/(^H^E^ + E-^r (4) 



k=0 fc=l 



We know [29 , pp. 52, 255] that 

Wi ( w ) ~ z — w^ L 

where <pi- (z) are the Faber polynomials of degree k with respect to z for the continuum 
G with the integral representation [29 , pp.35, 255] 

<Pk{z)=±[ Wk f\ {w) dw, Z £G,R>1. (5) 

The detailed information about the Faber polynomials and their approximation properties 
can be found in the monographs [28] , [29] . Let 



Kn (h)= ]T a£ 



(™) ikh 



k=—n 

be an even, nonncgativc trigonometric polynomial satisfying the conditions 

^J K n (h)dh=l, (6) 

r 

\K n (h)\dh<c s , (7) 

7T 

\h\ k \K n (h)\dh<c 9 (k)(n + l)- k , (8) 



APPROXIMATION. ..ORLICZ SPACES 957 



for every natural number n and with some constants c$ > , c g (fc) > (for example, the 
Jackson kernel) 

n(2n 2 + l)(sin§) 

satisfies the above cited conditions, see [14 , p. 203-204]. On the other hand, using (6) — (8) 
we get (see [11]). 

l^ fe 



1*1 + -) \K n {h)\dh<c w {k)n- k , {n= 1,2,3,...). 
Consider the integral 

I{k > z): =2^J r ~ *' ZGG - (9) 

Using the change of variables <j = -02 (e 4 *) and taking into account the relations (4) and (5) 
we obtain 

= J_ r [/ (^ (gC^O)) + / (y, 2 (e'C+M))] ^ (e«) e« dt 

27ri 7_ w V2 (e i4 ) - z 



= ^2a k Wk{z) [e ife/l + e ' 



Since / (h, z) e ii [— 7r, 7r] and if,, (/i) is of bounded variation, by the generalized Parseval 
identity [6, p.225-228], we get 



^- |" I (h, z)dh = J2 (^l h) + Ai fc) ) a k <p k (*) • 
Then by (6) and (9) we have 

A- £ *„ (») ^ J fJ^i±lM dq = £ ( M f ) + A («) w (z) . 



Hence we see that 



P„ (z', /) : = i / #n (/l) dfc / ^4* , z' € G, 

in i J Q J r c — z 



'0 Jr 

is an algebraic polynomial of degree n, where 

*fcto = /(?-*) + /(«>»)■ 

It is clear that 



By (2) a.e. for z € T we obtain 



/(*) = ^/(*0 + Sr/(*0 



/ (z) = ±- / tf„ (/i) f(z)dh+- f K n (h) S T f (z) dh. (10) 

27r Jo "" Jo 



958 
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By (1) and (6) a.e. for zeT we can write 



Pa (Z, J) 



2n 



K n {h) 



-F h (z) + S r (F h ) (z) 



dh. 



(11) 



Then taking the limit z' —>■ z G T along all non-tangential paths inside T and using (10) and 
(11) we have 



f(z)-P n (z,f) = 



1 

2^ 



K n (h) f(z)dh+- I K n (h) [S r (/) (z)} dh 



2Wo 



K n (h) 



-F h (z) + S r (F h ) (z) 



± f^ K n (h)[2f(z)-F h (z)]dh+^ 



dh (12) 

K n (h) [S r (2/ - F h ) (z)} dh 



>0 " n jo 

for almost all z £ T. 

Taking the supremum over all function g e Lm (r) with p (g, N) < 1 in the relation (12), 
we obtain 

11/ - p n (■./)ll i „ ( r) = *W>J\f(*) - p n (*,/)! 1.9 Wl \dz\ 



< sup 



-sup 



< sup 



sup 



4tt 
1 

2ttJ, 
1 



K n (h)[2f(z)-F h (z)]dh 



g(z)\\dz\ 
\g(z)\\dz\ 



r l4tt Jo 



1 



K n (h) [S T (2/ - F h ) (z)] dh 
* K n (h)(\2f(z)-F h (z)\)dh\\g(z)\\dz\ 
K n (h) (\Sr (2/ - F h ) (z)\) dh] \g (z)\ \dz\ . 



it L 2 7r J j 

Here by Fubini's theorem and boundcdncss of singular integral we get 



ll/--P»(-,/)lk, ( r)< 



1 

4?r 



K n (h) {sup / [\2f(z)-F h (z)\]\g(z)\\dz\\dh 



+ ^J K n (h) jsup ^ [\S r (2/ - F h ) (z) |] \g (z)\ \dz\ \ dh 



< 



4tt 



K n (h) 



1 2/ -F, 



h\\L M (T) 



dk+ 2nJ K n(h)[\\S r (2f-F h )(z)\\ LM{r) 



dh 



< cio / K n (h) \\F h - 2/|| LM(r) + \\F h - 2/|| LM(r) 



d/i. 



.,(2 



Using the definition of w M (S, f) and features (6), (8) kernel K n (h) consequently we obtain, 



11/ ^n(")/)||.L M (r) 
1 



< c 12 w<$ [ f 



' r n I K n (h)wf /[ ) (f,h)dh 




(2) 



(13) 



K n (h)(nh + l)dh<c 13 w^> If 



The theorem 1 is proved. 

Now, we investigate the approximation problem of the function 



F AB (z) = Af{z) + Bf{z) 
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in the Dini- smooth curves. In particular, in approximation with the rational function and 
polynomials the function Fab (z), the role of the constants A and B is studied. Similar 
problems in the integral metric were studied in the work [25] . 

Proof of Theorem 2. Let T be a Dini-smooth curve and / £ Lm (r). Since Lm (T) C 
L\ (r) we obtain / £ L\ (r). Hence Cauchy's singular integral S\- (/) (z) exists a.e. on T. 
Then according to the Privalov's theorem [ 7 , p. 431] Cauchy's type integrals / + (z) and 
/~ (z) have non-tangential limits a.e. on I\ 
Then a.e. on T we have 

F AB (t) = Af(t) + B f (t) = A [/+ (t) - r (*)] + B [/+ (t) - f- (*)] 

= (A + B)f+(t) + (B-A)f-(t) (14) 

According to the above equality, for the approximation of function Fab {t), functions / + (£) 
and / _ (t) which are analytic inside and outside of the curve T, respectively, are sufficient 
to approximate. 

Using the property of the kernel K n (h), the function / + can be written in the following 
form: 

/+(*) = - / K n (h)S r f(t)dh+±- f 2K n (h)f(t)dh. 



By Theorem 1 we obtain 



\.f + -Pn 



\L M {T) 



4tt 



( 2 ) If 1 

■ n 



Then we get 



\{A + B). 



(A + B)P n \\ LM{r) <c 14 (A + B)w$ 



f- 



(15) 



Now, we investigate the approximate of the function / (z). For this purpose, the plane 
z is mapped to the plane z' by the mapping z = -^. Then the curve T maps to the curve 
T' and the function / (z) maps to the function f\ (z') — f (-p). We obtain /~ (z) = /+ (z') 
where the function f± is analytic at interior points of the Dini-smooth curve T'. Then by 
the relation (13) there exist an algebraic polynomial P n (z') such that 



f+(z')-P n (z') 



^ ( 2 ) I f 1 

Lm{T) V n 



(16) 



Later A~ (£') = f (t) and since the point z = is an interior point of the curve T, we have 

r 



f+(t>)-P n {t') 



r (*) - ^« 



(17) 



L M (T) 



Lm{T') 

We define the modulus of continuity in the following form: 

u$ (/, 5) = sup ||/ (ft) - / (§L fc ) - 2/ (?)|| LM(r) 

where ft = r/> (^(?) e lft ) the function £> (<p (0) = 0) maps the domain G conformally to the 
D + , the function ip is the inverse function of the tp and 



W M (A><$) = SU P 
|h|<« 



A ?J-/iU-fc -2/W 



iM(r') 



where <^ = ip2 (</?2 (?) e ) , the function y>2 maps outside of the curve V' conformally to the 
outside of the unit circle j and ip2 is the inverse function of the if 2 ■ Using the proof scheme 
in [ 24 ] we get easily 

(18) 



r,(2) 



w M '(f 1 ,d) = w M '(f,6) 



(2) 
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APPROXIMATION. ..ORLICZ SPACES 



Sadulla Z. Jafarov 



Thus by (16), (17) and (18) we obtain 



/" (*) - Pn 



L M (T) 



~(2) / , 1 



Using by (19) we can write 



(B - A) f- (t) -(B-A) P n 



With the use of (3), (15) and (20) we obtain 



L M (T) 



< c 17 (B - A) uJ$ ( /, - 



(19) 



(20) 



Fab (t) - 



(A + B)P n (t) + (B-A)P n {^\\ ^<\\f+(t)(A + B)-(A + B)P n (t)\\ LM(T) 

\ /J L !\,T (V) 



(B - A) r (t) -(B-A) P n 



L M (?) 



< cis (A + B) «$ /, - +c 19 (B - A) w$ /, 



-(2) 



Setting 



R n (t) = (A + B) P„ (t) + {B-A) P n 



we have 



II-PUb (*) - ^ (t)\\ LM{ r) < cis (^ + B) «,&> (7, ^ + Cl9 (B - A) w<$ (j, l - 



Now we study the following cases: 
1. Let A = B; then 



\\Fab (t) - 2AP n (t)\\ LM(r) < 2c 18 Aw$ (j, i) 

and in this case we have polynomial approximation of the function Fab (t) . Specifically, if 
A = \ , B = \ we find 



and thus we have 



2. Let A = B; then 



*Uu (*) = J /(*) + ^ /(*) = /+(*) 



|/ + W- p «W|| iM( r)< c ^M(/^)- 



||P4B (*) - Rn (z)\\ LM(r) < Cl 8 (A + B) U$ f /, -) + C19 (B - A) U$ f /, - 



n 



Specifically, if A = 1 , B = we obtain 



F AB (z) = f (z) , R n (z) = P n (z) + P n (^\ = R ni (z) 



(21) 



Then by (21) we have 



\\f(z)-R n Az)\\ LM{r) <c 18 w^^f,^+c 19 w^^f,^j. 



Let A = -\ and B = \. Thus 



F A B(z) = - 1 -.f(z)+ 1 -f(z) = f-(z) 



(22) 
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and by (22) we reach 



f (z) - R n2 (z)\\ T _, n < c 19 w$ [ f 



\L M (r) - " iy " w 
where 

Rn 2 (z) =Pn(- z 

Thus the proof of Theorem 2 is completed. 

The author is grateful to Prof. Dzh.I. Mamcdkhanov and Prof. D. M.Israfilov for their 
very useful discussions on the paper. 
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Abstract 

In this paper we proved some fixed points of mappings satisfying a new condition 
in cone metric spaces, where some of the main results of Ciric in [4] are recovered. 
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Introduction 



Cone metric spaces were introduced by Huang and Zhang in [5]. The authors 
there described convergence in cone metric spaces and introduced complete- 
ness. Then they proved some fixed point theorems of contractive mappings on 
cone metric spaces. Some definitions and topological concepts were generalized 
in [2] and they proved there that every cone metric space is a topological space, 
they also generalized the concept of diametrically contractive mappings and 
proved some fixed point theorems in cone metric spaces. Furthermore, cone 
metric spaces were studied by many authors (see [1,3,6-11,13,14]). 

In this paper we proved some fixed points of mappings satisfying a new con- 
dition in cone metric spaces, where some of the main results of Ciric in [4] are 
recovered. 
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2 Preliminaries 

Definition 1 Let E be a real Banach space and P a subset of E. Then, P is 
called a cone if and only if 

PI) P is closed, non empty and P ^ {0} 

P2) a,b G R a,b>0;x,yeP=>ax + byeP 

P3) x G P and -x G P => x = 0. 

Given a cone P C E, we define a partial ordering < with respect to P by 
x < y if and only if y — x G P. We write x < y to indicate that x < y but 
x t^ y, while x « y will stand for y — x & IntP. (IntP = interior of P ). 
The cone P is called normal if there is a number K, such that for all x,y £ E, 
< x < y =$> \\ x \\< K \\ y \\ . The least positive number satisfying above 
is called the normal constant of P and we know that there is no normal cone 
with normal constant K < 1. For more information, the reader can refer the 
proof of Lemma 2.1 and its related example are presented in [8]. 

Throughout this article we assume that the cone P is normal with constant 
K and P is a cone in E with IntP ^ and < is partial ordering with respect 
to P. 

Definition 2 [5] A cone metric space is an ordered pair (X,d), where X is 
a set and d : X x X — ► E is a mapping satisfying: 

dl) < d(x, y) for all x, y G X and d(x, y) — if and only if x = y. 

d2) d(x, y) = d(y, x) for all x, y G X. 

d3) d(x, y) < d(x, z) + d(z, y) for all x,y,z G X. 

Definition 3 [5] Let (X, d) be a cone metric space, let {x n } be a sequence 
in X and x G X. If for any c G E with c » 0, there is N such that for all 
n> N, d(x n ,x) « c then {x n } is said to be convergent and {x n } converge 
to x. \ i.e. lim x n = x or x n —> x as n — ► ool. 

Definition 4 [5] Let (X, d) be a cone metric space, {x n } be a sequence in 
X, if for any c G E with c » 0, there is N such that for all n,m > N, 
d(x m ,x n ) « c then {x n } is called a Cauchy sequence in X. 

Lemma 5 [5] Let (X, d) be a cone metric space, P be a normal cone with 
normal constant K. Let {x n } and {y n } be two sequences in X and y n — > y, 
x n — > x as (n — > oo), then d(x n , y n ) -^ d(x, y) as n — > oo. 
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Lemma 6 [5] Let (X, d) be a cone metric space, P be a normal cone with 
normal constant K. Let {x n } be a sequence in X. Then {x n } converge to x if 
and only if d(x n , x) — > as n — > oo. 

Lemma 7 [5] Let (X, d) be a cone metric space, P be a normal cone with nor- 
mal constant K. Let {x n } be a sequence in X. Then {x n } is Cauchy sequence 
if and only if d (x n , x m ) — > as m, n — ► oo. 



3 Main Result 



Let (X, d) be a cone metric space. For xi, x 2 G X the scalar distant d c (xi, x 2 ) 
between xi and x 2 is defined by d c (xi,x 2 ) = \\d(xi,x 2 )\\ . 

Let F be a nonempty closed subset of a cone metric space (X, d).F is called 
a cone metrically convex subset X if: for any x, y G X, A G (0, 1) , then there 
exists z G F such that d c (x,z) = Xd c (x,y) and d c (z,y) = (1 — X)d c (x,y). 

Theorem 8 Let F be a nonempty closed and cone metrically convex subset 
of a complete cone metric space (X, d) with normal constant K > 1 and let 
T : F — > F be a selfmapping on F satisfying the condition: 

mm {Khd c (Tx,Ty), [d c (x,Tx) + d c (y,Ty)}} < (2r+a)m&xld c (x,y), -m(x,y) 

(1) 
for all x, y in F, where r > is arbitrary and a and h are such that 

< a < 2 andh> (2r + a) (2) 

and 

m(x, y) = min {40, Ty), d c (y, Tx)} . (3) 

Then T has at least one fixed point in F. 



PROOF. Let x G X be arbitrary. Since F is convex, for each x, y G X 
and any A G (0,1) , there exists z G F such that d c (x, z) = Xd c (x,y) and 
d c (z,y) = (1 — X)d c (x,y). Thus, we may choose x\ G F such that 

1 r 

d c {x ,xi) = — — -d c (x ,Tx ) and d c (x 1 ,Tx ) = ——d c (x ,Tx ). 



Or, 

d c (x ,Tx ) = (r + l)d c (x ,x 1 ) and d c (xi,Tx ) = rd c (x ,Xi) 
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Similarly, we may choose x 2 G F such that 

d c (xi,Txi) = (r + l)d c (xi,X2) and d c (x 2 ,Txi) = rd c (xi,x 2 ). 

Continuing in this process we can choose a sequence {x n } in F such that, 

d c (x n -i, Tx n _i) = (r + l)d c (x„_i, x n ) 

dcKp^n-i -L -En— l) TCL c \X n — i, X n ). yQ) 

Now, we show that {x n } is a Cauchy sequence. By setting 

From (1) we get 

min{Khd c (Tx n -i,Tx n ), [d c (x n _ u Tx n _i) + d c (x n ,Tx n )]} (5) 

< (2r + a) max j rf c (x n _i, x n ), -d c (x n , Tx n ^) I . (6) 

Using (4), we have 

min {Khd c {Tx n -i, Tx n ), (r + 1) [d c {x n -\, x n ) + 4 (x n , x„+i)]} 

< (2r + a) max {rf c (x„_i, x n ), 4(x n _ h x n )} = (2r + a)d c (x„-i, x n ). (7) 

From (7). 

(I) we get, 

Khd c {Tx n -u Tx n) < (2r + a)d c (x n _i, x n ) (8) 

by triangle inequality we have, 

d(x n , Tx n ) < d(x n , Tx n _i) + d(T.x n _i, Tx„) 
d(x n , Tx n ) - d(x n , Tx„_i) < d(Tx n _i, Tx„) (9) 

by normality, 

||d(x n ,Tx n ) -d(x n ,Ta; n _i)|| < A" ||d(Tx n _i,Tx n )|| 
|||d(x n ,Ta; n )|| - ||d(x n ,Ta; n _i)||| < K \\d(Tx n -i,Tx n )\\ 

\d c (x n ,Tx n ) - d c (x n ,Tx n -i)\ <Kd c (Tx n ^i,Tx n ). (10) 

By using (4), we get 

| (r + 1) d c (x n , x n+ i) - r4(x n _i, x n ) \ < Kd c (Tx n _i, Tx n ) . (11) 
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Case (i), if 

(r + 1) d c (x n , x n+ i) > rd c (x n _i, x n ) (12) 

then from (8) and (11) we have, 

(r + 1) d c (x n , x n+ i) - rd c (x n -i,x n ) < Kd c (Tx n _i, Tx n ) 
h(r + l) d c (x n , x n+ i) - hrd c (x n _i,x n ) < hKd c (Tx n _i, Tx n ) 

< (2r + a)d c (x n - 1 ,x n ) 

and hence 

w v ^ (2r + a) + hr ^ 

h (r + 1) 
Case (h), if 

(r + 1) d c (x n , x n+ i) < r4(.x n _i, x n ), 

then this inequality implies 

r 

On the otherhand, from (7), 
(II) we get, 

{r + l)[d c (x n - 1 ,x n ) + d c (x n ,x n+1 )] < (2r + a)d c (x n -i,x n ). 
Then, we get 



(2r + a) - (r + 1) 

r + 1 

r + a — 1 

< — : — d c (x n _i,x„). (15) 

r + 1 



Set 

( (2r + a) + hr r r + a- ll ,.,„. 

A = max< — — — — , -, — }. (16) 

{ h (r + 1) r + 1 r + 1 j v ' 

Then by (2), A < 1 and so from (13), (14) and (15) in both cases, we have 

d c (x n ,x n+ i) <\d c (x n _i,x n ), < A < 1. 
Hence, by induction, we get 

d c (x n , x n+1 ) < \ n d c (x , xi) . (17) 

By triangle inequality in cone metric space for all m > n we have 

d [x n , x m ) < d [x n , x n+ \) + d [x n+ i, x n+ 2) + ■■■ + d (x m _i, x m ) . 
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By normality of cone metric space, we get 

d c \Xni x m ) < Kd c [x n , x n+ i) + K d c (x n+ i, x n+ 2) + ... + Kd c (x m -i, x m ) . (18) 
Using (17), we get 

d c (x n , x m ) < K\ n d c (x , xi) + KX n+1 d c (x , xi) + ... + KX m ~ 1 d c (x , Xi) 



<K 



A n + A n+i + ... + A r 



d c (x ,x 1 ) 



<K- -d c (x ,xi) 

1 — A 



Since A < 1, and A n — > as n — > oo, and by Lemma 7 we conclude that {x n } 
is a Cauchy sequence. Since X is complete, there exists some «£l such that 

u = lim i„. (19) 

From (4) we conclude that lim Tx n = u, too. Letting x = u, y = x n in (1) 
we obtain 



min{ii7«i c (TM,T;r n ), [4(m,Tm) + d c (x n ,Tx n )}} 
< (2r + a) max <^ d c (u, x n ) , -d c (u, Tx n ) > . 

Letting n tends to infinity and by Lemma 5 we have 

min {Khd c {Tu, u) , d c (u, Tu) } < 0. (20) 

Hence Tu = u. Then the proof is complete. 



Now we state a common fixed point theorem in cone metric space satisfying 
a new condition. 

Theorem 9 Let F be as in Theorem 8 and S,T : F — > F a pair of selfmap- 
pings of F satisfying the following condition: 



min {Khd c (Sx, Ty) , [d c (x, Sx) + d c (y, Ty)]} 
< (2r + a) max <^ d c (x, y) , -m (x, y) > (21) 

for all x, y in F, where r > is arbitrary and a and h satisfy (2) and 

m (x, y) = min {d c (x, Ty) ,d c (y, Sx) } . (22) 

Then S and T have a common fixed point. 
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PROOF. Fix io 6Xas in the proof of Theorem 8, we can choose a sequence 
{x n } in F such that 



d c \%2ni #2n+l) — ~r4 \%2n, SX2 n ) , 

r + 1 

r 

dc (#271+1) SXln) — ~rd c [X2n, Sx2n) (23) 

r + 1 



and 



d c (#2n+l) #2n+2j — TT^c (#2n+l) 7"#2n+l) , 

r + 1 

r 

G^c (#2n+2) 7";T2n+l) = —;d c (#2n+l) ^#2n+l) (24) 

r + 1 

n = 0, 1, 2, .... Proceeding as in the proof of Theorem 8, replacing x = x 2n +2 
and y = x 2n +i in the condition (21), by (23) and (24), we obtain 

dc{X2n+2,X2n+3) ^ Ad c (x2n+1) #2n+2j (25) 

where A is defined as in (16), so it can be shown that {x n } is a Cauchy sequence 
and u = lim x n and so Su = u and Tu = u. The proof is complete. 

n^oo 

Remark 10 It is obvious that a A— contraction mapping also satisfies (1) 
with any a, r and h with a + 2r > A/i. In this case, assumption of cone 
metrically convexity of a space is unnecessary. 
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Distribution of the roots of the second kind Bernoulli 

polynomials 
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Abstract : In [8] , we introduced the second kind Bernoulli numbers and polynomials in the complex 
plane. In this paper, we investigate the zeros of the second kind Bernoulli polynomials B n (x). 

Key words : Bernoulli numbers, Bernoulli polynomials, the second kind Bernoulli numbers and 
polynomials 

1. Introduction 

Many mathematicians have studied Bernoulli numbers and polynomials, Euler numbers and poly- 
nomials (see [1-10]). These numbers and polynomials are used not only in complex analysis and 
mathematical physics, but also in p-adic analysis and other areas. The purpose of this paper is 
to obtain interesting properties of the second kind Bernoulli numbers and polynomials. In order 
to study the second kind Bernoulli numbers B n and polynomials B n (x), we must understand the 
structure of the second kind Bernoulli numbers B n and polynomials B n (x). Therefore, using com- 
puter, a realistic study for the second kind Bernoulli numbers B n and polynomials B n (x) is very 
interesting. It is the aim of this paper to observe an interesting phenomenon of 'scattering' of the 
zeros of the second kind Bernoulli polynomials B n (x) in complex plane. The outline of this paper 
is as follows. We introduce the second kind Bernoulli numbers B n and polynomials B n (x). We give 
some properties of these numbers B n and polynomials B n (x). In Section 2, we describe the beautiful 
zeros of the second kind Bernoulli polynomials B n (x) using a numerical investigation. Finally, we 
investigate the roots of the second kind Bernoulli polynomials B n (x). We make some conclusions 
and discussions for further research in Section 3. 

Throughout this paper, we always make use of the following notations: M. denotes the set of real 
numbers, C denotes the set of complex numbers, Z p denotes the ring of p-adic rational integers, Q p 
denotes the field of p-adic rational numbers, and C p denotes the completion of algebraic closure of 
Q p . Let v p be the normalized exponential valuation of C p with \p\ p = p^ u p^ = p~ x . When one talks 
of g-extension, q is considered in many ways such as an indeterminate, a complex number q G C, or 
p-adic number q G C p . If q G C one normally assume that \q\ < 1. If q G C p , we normally assume 
that \q — l\ p < p^p^ so that q x = cxp(xlog<7) for \x\ p < 1. For 

g G UD(Z P ) = {g\g : Z p — ► C p is uniformly diffcrcntiablc function}, 

the p-adic q-integral was defined by [2] 



i q (g) 



f g(x)d N (x) = Jim -L J2 g(x)q x , (cf. [1, 2, 3, 5, 7, 8]). 



The bosonic integral was considered from a physical point of view to the bosonic limit q — > 1, as 
follows: 

r i pN - x 

h(g) = lim J,( S ) - / g(x)d^(x) - lim -^ £ g(x), cf. [1, 2, 3, 5]) (1.1). 
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By (1.1), we easily see that 

h(gi) = h(g) + .9'(0), cf. [1, 2, 3, 4, 5, 8, 9, 10], (1.2) 

do(x) 
where g x {x) = g{x + l) and g'(0) = — j —\ x=Q . 



In (1.2), if we take g(x) = e ( 2:E + 1 )' ; then we obtain 

e< 2 * +1 )*djui(s) 2t '' 



e 2t _ 1 ' 

for |£| < p~ p- 1 . Let us define the second kind Bernoulli numbers and polynomials as follows: 

; ( 2i+ %(i) = VB^, (1.3) 

*— i TV. 

\ e^ +1+ ^dn 1 (y) = Y,Bn(x) t - 1 . (1.4) 

17 *p n=0 

By (1.3) and (1.4), we obtain the following Witt's formula. 
Theorem 1 (Witt formula). 

r (2x + l) n dri 1 (x) = B n , 

{x + 2y+l) n d^ 1 (y)^B n (x). 

The second kind Bernoulli polynomials B n (x) of degree n in i, are defined by means of the 
following generate function: 

otpt J^EL t n 

F(x,t) = -p- 1 e°* = J2B n (x)- r (1-5) 

e zt — 1 z — ' n! 

In [8], we studied the second kind Bernoulli numbers B n and polynomials B n (x) and investigated 
their properties. The following elementary properties of the second kind Bernoulli numbers B n and 
polynomials B n (x) are readily derived form (1.5)( see, for details, [8]). We, therefore, choose to omit 
details involved. 

Theorem 2 (Distribution relation). For any positive integer to, we obtain 

„ , n „ i v— v „ f2i + x + l — to \ „ 

B n (x) = to"" 1 22 B n ) for n > 0. 

Theorem 3 (Addition theorem). The second kind Bernoulli polynomials B n {x) satisfies the 

following relation: 

l 

i- 



B l (x + y) = J2( )B n (x)y 



n=0 v ■ 

Theorem 4. For n e N, we have 

B n (x) = (-l) n B n (-x). 

Theorem 5 (Difference equation). For any positive integer n, we have 

B n (x + 2) -B n {x) = 2n(x+l)" -1 . 
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2. Zeros of the second kind Bernoulli polynomials B n (x) 

In this section, we display the shapes of the second kind Bernoulli polynomials B n (x) and we 
investigate the zeros of the second Bernoulli polynomials B n {x). For n = 1, • • • ,10, we can draw a 
plot of the second kind Bernoulli polynomials B n (x), respectively. This shows the ten plots combined 
into one. We display the shape of B n (x), —5 < x < 5 (Figure 1). 



Bn(x) 



— — - — -i^> - 


J 


1 


d " 


~ v./ 



Figure 1: Curve of B n (x) 



We investigate the beautiful zeros of the second kind Bernoulli polynomials B n (x) by using a 
computer. We plot the zeros of the second kind Bernoulli polynomials B n (x) for n = 20,30,40,50 
and x £ C (Figure 2). In Figure 2 (top-left), we choose n = 20. In Figure 2 (top-right), we choose 
n = 30. In Figure 2 (bottom- left), we choose n — 40. In Figure 2 (bottom-right), we choose n = 50. 
Stacks of zeros of B n (x) for 1 < n < 50 from a 3-D structure are presented (Figure 3). Our numerical 
results for approximate solutions of real zeros of B n (x) are displayed (Tables 1,2). 

Table 1. Numbers of real and complex zeros of B n (x) 



degree n 


real zeros 


complex zeros 


1 


1 





2 


2 





3 


3 





4 


4 





5 


5 





6 


2 


4 


7 


3 


4 


8 


4 


4 


9 


5 


4 


10 


6 


4 


11 


7 


4 



We observe a remarkably regular structure of the complex roots of the second kind Bernoulli 
polynomials B n (x). We hope to verify a remarkably regular structure of the complex roots of the 
second kind Bernoulli polynomials B n (x) (Table 1). Next, we calculated an approximate solution 
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Im(x) o - 



w m 



10 






5 

x) o 

-5 


• • 

• • 

• • 

• • 


-10 







5 10 15 



-10 -5 5 10 15 



Re{x) 



Re(x) 



Im{x) o - 












Im(x) o 



-10 -5 5 10 15 

Re(x) 






>• » ••• 






••••••* 



-10 -5 5 10 15 



Re(x) 



Figure 2: Zeros of B n (x) for n = 20, 30, 40, 50 



satisfying B n (x), x € R. The results are given in Table 2. 

Table 2. Approximate solutions of B n (x) — 0, a; € 



degree n 


X 


1 


0.0000 


2 


-0.57735027, 0.57735027 


3 


-1.00000000, 0.0000, 1.00000000 


4 


-1.31540744, -0.51932962, 0.51932962, 1.31540744 


5 


-1.5275252, -1.0000000, 0.000, 1.0000000, 1.5275252 


6 


-0.5049186, 0.5049186 


7 


-1.0000000, 0.000, 1.0000000 


8 


-1.494431, -0.5012392, 0.5012392 1.494431 


9 


-1.898212, -1.0000000 0.000, 1.0000000, 1.898212 


10 


-2.147943, -1.499849, -0.50031057, 0.50031057, 1.499849, 2.147943 
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Ira(x) 




Re(x) 



Figure 3: Stacks of zeros of B n (x), 1 < n < 50 



Figure 4 shows the distribution of real zeros of B n (x) for 1 < n < 50. 









• ;•- 



>' 



-6-5-4-3-2-10 1 2 3 4 5 6 

Re{x) 



40 



20 



JO 



Figure 4: Plot of real zeros of B n (x), 1 < n < 50 



3. Directions for Further Research 

Finally, we shall consider the more general problems. Prove that B n (x),x £ C, has Re(x) = 
reflection symmetry in addition to the usual Im(x) — reflection symmetry analytic complex 
functions (see Figures 2, 3). The obvious corollary is that the zeros of B n (x) will also inherit these 
symmetries. 

If B n (x ) = 0, then B n (x* ) = (3.1) 

* denotes complex conjugation (see Figure 2). Prove that B n (x) — has n distinct solutions. If 
B^n+iix) has Re{x) — and Im(x) = reflection symmetries, and 2n + I non-degenerate zeros, 
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then 2n of the distinct zeros will satisfy (3.1). If the remaining one zero is to satisfy (3.1) too, it 
must reflect into itself, and therefore it must lie at (see Figure 4) , the center of the structure of 
the zeros, ie., 

B„(0)=0 Voddn. 

By Theorem 4 and Theorem 5, we obtain B n (l) = B n (—1) = V odd n > 3. Find all the real 
zeros of B n (x) = 0. Prove that B n {x) = has n distinct solutions. Find the numbers of complex 
zeros CB n ( x ) of B n (x) 1 Im(x) ^ 0. Since n is the degree of the polynomial B n (x), the number of 
real zeros Rb^Ix) lying on the real plane Im{x) = is then Rb„(x) = n — CB n ( x )i where CB n t x ) 
denotes complex zeros. See Table 1 for tabulated values of Rs n (x) an d Cs„(a;)- Find the equation of 
envelope curves bounding the real zeros lying on the plane. For related topics the interested reader 
is referred to [3, 5, 6, 7, 8, 9]. 
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demonstrate a remarkably regular structure of the complex roots of q-Genocchi polynomials. Finally, we give a table 
for the solutions of the (/-Genocchi polynomials. 
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1. Introduction 

In the 21st century, the computing environment would make more and more rapid progress. Using 
computer, a realistic study for new analogs of Genocchi numbers and polynomials is very interesting. 
It is the aim of this paper to observe an interesting phenomenon of 'scattering' of the zeros of the 
g-Genocchi polynomials G n . q (x). The outline of this paper is as follows. In Section 2, we study the 
the g-Genocchi polynomials G nq (x). In Section 3, we describe the beautiful zeros of the g-Genocchi 
polynomials G n>q (x) using a numerical investigation. Also we display distribution and structure of 
the zeros of the the g-Gcnocchi polynomials G n . q (x) by using computer. By using the results of 
our paper the readers can observe the regular behaviour of the roots of the g-Genocchi polynomials 
G n ,q{x). Finally, we carried out computer experiments for doing demonstrate a remarkably regular 
structure of the complex roots of g-Gcnocchi polynomials G n ^ q (x). Throughout this paper we use 
the following notations. By Z p we denote the ring of p-adic rational integers. Q denotes the field of 
rational numbers, Q p denotes the field of p-adic rational numbers, C denotes the complex number 
field, and C p denotes the completion of algebraic closure of Q p . Let v p be the normalized exponential 
valuation of C p with \p\ v = p~ v vyp) = p^ 1 . When one talks of g-cxtension, q is considered in many 
ways such as an indeterminate, a complex number q G C, or p-adic number q G C p . If q G C 
one normally assume that \q\ < 1. If q G C p , we normally assume that \q — l\ p < p~p^i so that 
q x = cxp(xlogq) for |a:|p < 1. 

We say that / is uniformly diffcrcntiablc function at a point a G Z p and denote this property 
by g G UD(Z p ), if the difference quotients 

have a limit I = g'(a) as (x, y) — * (a, a). For g G UD(Z p ), the p-adic q-integral was defined by [3,4,5] 
Ig(g) = / 9(x)dn q (x) = lim^ j-^- Y^ 9(x)q x - 
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Now, we consider the case g€ (—1,0) corresponding to q-deformed fcrmionic certain and annihilation 
operators and the literature given therein [3, 4, 5]. The expression for the I q (g) remains same, so it 
is tempting to consider the limit q — > — 1. That is, 

/_!((/) = lim Ug) = f g(x)dfM-i(x) = lim £ g(x)(-l) x . (1.1) 

£ ? 0<x<p N 

If we take gi(x) = g(x + 1) in (1.1), then we easily see that 

I-i(gi) + I-i(g) = 2g(0). (1.2) 

First, we introduce the Genocchi numbers and Genocchi polynomials. The Genocchi numbers G n 
are defined by the generating function: 

2+ °° +n 

G(t) = - T — = J]G n - i , (\t\ < tt), cf. [1, 2, 3, 4, 5] (1.3) 

where we use the technique method notation by replacing G n by G n {n > 0) symbolically. We 
consider the Genocchi polynomials G n (x) as follows: 

Of °° fn 

G(x,t) = ^-e xt = J2Gn(xy-,. (1.4) 

n— 

2. The g-Genocchi numbers and polynomials 

In this section, we define the g-Genocchi numbers G n>9 and polynomials G n q {x) and investigate 
their properties. In (1.2), if we take g(x) — q x e xt , then we easily see that 

I-r{tq x e xt ) = t f q x e xt d\x^{x) = ^~ 



qe l + 1 
Let us define the g-Genocchi numbers G n _ q and polynomials G n ^ q (x) as follows: 



i- 1 (t q y e y t ) = t q v e«dn- 1 (y) = J2 G », q - v (2.1) 

/■ x -t-n 

I_ 1 (tg»e<» + *>«) = t / qVe^+yKdp-^y) = V G„, 9 (x)-. (2.2) 



By (2.1) and (2.2), we obtain the following Witt's formula. 
Theorem 1. For n E N, we have 



n q x x n l dn-i{x) = <?„,«,, n q x {x + y) n L d/j,-i{y) = G n . q (x). 
Jz p Jz v 

Let q be a complex number with \q\ < 1. By the meaning of (1.3) and (1.4), let us define the 
g-Gcnocchi numbers G n . q and polynomials G n ^ q (x) as follows: 

Of °° fn 

<? e "I" J- n=0 "•• 

0+ °° +« 

^^*) = ^TI eXt = E^W^ (2-4) 

n=0 

We have the following remark. 
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Remark. Note that 

(1) G n ,,(0) = G n , q , 

(2) If q -> 1, then G„, g (a;) = G n (x),G n , q = G n , 

(3) If g -► 1, then G g (a;, t) = G(x, t),G q (t) = G(t). 

Here is the list of the first g-Genocchi numbers G n>q . 

r _ n r _ 2 4g _ 6 (_l + g)g 

Go,,-0, G M -— , G 2 , g --^ T ^ ) G 3 ,,- (1 + g)3 , 

_ 8g(l-4g + g 2 ) _ 10(-l + g)g(l-10g + g 2 ) 



By the above definition, we obtain 

■^-^ (! ge J + 1 '-^ n\ *— ' m! 

(=0 * n=0 m=0 



00 / ^ y-n j.l—n \ °° / 

= E I E G "^~" (T^)T J = £ I E 

Z=0 \n=0 v ' / J=0 \n=0 



n) G "^ "«• 



t' 



By using comparing coefficients — , we have the following theorem. 
Theorem 2. For any positive integer n, we have 



fc=0 ^ 



n—k 



Because 

Q ^""^ ^7 -Aft 

—G q (x,t) = tG q (x,t) = 2^ ^ Gn '9( x )^T' 

n=0 



it follows the important relation 

A 

rf.T 

We have the integral formula as follows: 

i-b 



G n ,q\ x ) — nG n -\ t q(x). 



G n _ lq (x)dx = -(G n g (6) - G nq {a)). 
n 

Here is the list of the first g-Genocchi Polynomials G„ i9 (x). 

n ( \ n n ( \ 2 n ( \ 4(-g + .t + gx) 
Go, g (a;) = 0, G hq {x) = ^— , G 2 , g (a;) = ^ - , 2 , 

6(— g + g 2 - 2ga; — 2q 2 x + x 2 + 2qx 2 + q 2 x 2 ) 
G3 ' q{X > = (l + qj 3 ' " ' ' 

Over five decades ago, Carlitz [1] defined g-extensions of the classical Bernoulli numbers B n and 
Bernoulli polynomials B n (x) and proved properties analogues to those satisfied by B n and B n (x). 
Carlitz's g-Bcrnoulli numbers [3 n = (3 n , q can be determined inductively by [1] 

/?0 = 1, q{qP+l) k -P k = \ l ' * k = 1 ' 

y o, if k > i, 

with the usual convention about replacing /3 fc by /?&. For the g-Genocchi numbers, we obtain the 
following theorem. 



980 RYOO: q-GENOCCHI POLYNOMIALS 

Theorem 3. The g-Genocchi numbers G n , q are defined respectively by 

{2 if n = 1 
0, it n > 1, 

with the usual convention about replacing (G 9 ) by G n ^ q in the binomial expansion. 

Proof. From (2.3), we obtain 

2i ^ „ i" 



"2_ -f 71 — 4-n 

1 * — ' n! z — ' n! 

n=0 n=0 

which yields 

2t = (qe* + l)e G<jt = ge (G " +1) * + e G '*. 

Using Taylor expansion of exponential function, we have 

2t = Y,ti (G q + 1)" + (G,) n } *-, - g (G, + 1)° + (G,)° + g (G q + l) 1 + (G,) 1 

n=0 



^{ g (G, + ir + (G 9 n^ 

n=2 



The result follows by comparing the coefficients. 
Since 



oo i , oo oo / i 

E °*<* + rt s ■ ^i e< " + * " £ w's £«"s=£S 

;=0 ^ n=0 m=0 Z=0 \n=0 

;=0 \n=0 v 7 / 

we have the following theorem. 

Theorem 4. g-Genocchi polynomials G n ^ q (x) satisfies the following relation 

G liq (x + y) = ^2( l )G nyq (x)y l - n . 



4-n j-l — n 

G n , q {x)—.y n j- tt 
n\ (I — n)\ 



. n 

n=0 v ■ 



It is easy to see that 



E<w*£ = -?-«■* -E(-DY 2 T e (^r )(rot) 

^ ' 9V n ge* + l m ^ V ; g m e m * + 1 

n=0 y a=0 i 

= 1 E(-i)vEG^f^^f 

m * — ' z — ' \ m I n\ 

a=0 n=0 v 7 

n=0 \ a=0 v 7 / 

Hence we have the below theorem. 

Theorem 5. For any positive integer m(=odd), we obtain 

m— 1 / . 

I + X 



G n , q (x) = m"- 1 ^ (-IfJGn^ (^) for n > 0. 



, m 

4=0 
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From (2.3), we can derive the following equality: 



oo / n 



ri\ G k +l, q n-fc ] ^ 



J2 En ^~\ = ^TT 6 " = ^ 1 ^ v/.-y /.• - i 

n=0 y n=0 \fe=0 v 7 

Hence, we give relation between G„, g and E n ^ q (x), nth g-Euler polynomials as follows: 
Theorem 6. For any positive integer n, we obtain 



fc=0 v 7 



3. Distribution and Structure of the zeros 

In this section, we investigate the zeros of the g-Genocchi polynomials G n ^ q (x) by using com- 
puter. We plot the zeros of G n ^ q (x),q — 1/2, x EC (Figures 1, 2, 3, and 4). In Figure 1, we choose 



Im(x) o 






6 






4 


• 




2 


• 


• 


Im(x) o 


• 


• 


• 


• 


-2 


• 


• : 


-4 


• 




-6 







Re(x) 



-20246 

Re(x) 



Figure 1: Zeros of G n , q (x) 



Figure 2: Zeros of G n!q (x) 
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Figure 3: Zeros of G n , q (x) 



Figure 4: Zeros of G ntq (x) 
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n = 15 and q = 1/2. In Figure 2, we choosero = 20 and q = 1/2. In Figure 3, we choose n = 25 and 
q = 1/2. In Figure 4, we choosen = 30 and q = 1/2. 

Next, we plot the zeros of G n>q (x),x £ C for q = 1/10, 1/100, 1/1000, 1/10000. (Figures 5, 6, 7, 
and 8). In Figure 5, we choose n = 30 and q — 1/10. In Figure 6, we choosen = 30 and q = 1/100. 
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Figure 5: Zeros of G n , q (x) 



Figure 6: Zeros of G n , q {x) 
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Figure 7: Zeros of G n , q (x) 



Figure 8: Zeros of G n>g (x) 



In Figure 7, we choose n — 30 and q = 1/1000. In Figure 8, we choose n = 30 and q = 1/10000. 

In Figures 1-9, G n>q (x),x € C, has Re(x) = 1/2 reflection symmetry. This translates to the 
following open problem: Prove or disprove: G n>q (x),x £ C, has Re(x) = 1/2 reflection symmetry. 
Our numerical results for numbers of real and complex zeros of G n>q (x) are displayed in Table 1. 
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Figure 9: Stacks of zeros G nyq (x),q = 1/2, for 1 < n < 30 



Table 1. Numbers of real and complex zeros of G n _ q (x) 



degree n 


q 


= 1/3 


q 


= 1/2 


real zeros 


complex zeros 


real zeros 


complex zeros 


2 


1 





1 





3 


2 





2 





4 


3 





3 





5 


2 


2 


2 


2 


6 


3 


2 


3 


2 


7 


4 


2 


4 


2 


8 


3 


4 


3 


4 


9 


4 


4 


4 


4 


10 


3 


6 


3 


6 


11 


4 


6 


4 


6 



Plot of real zeros of G n ^ q (x) for 1 < n < 30, q = 1/10, 8/10 structure are presented (Figure 10). 

We shall consider the more general open problem. In general, how many roots does G n ^ q (x) 
have ? Prove or disprove: G n ^ q {x) has n — 1 distinct solutions. Find the numbers of complex zeros 
Cg„ (x) of G n:q (x), Im(x) ^ 0. Prove or give a counterexample: Conjecture: Since n is the degree 
of the polynomial G n ^ q (x), the number of real zeros R Gn (x) tyhig on the real plane Im(x) = is 
then R Gn t x \ = n — 1 — C Gn r x \, where C Gn ^ denotes complex zeros. See Table 1 for tabulated 
values of R Gn ^ and C Gn ( x ) ■ Find the equation of envelope curves bounding the real zeros lying 
on the plane, and the equation of a trajectory curve running through the complex zeros on any one 
of the arcs. We plot the G n , q (x), respectively (Figures 1-10). These figures give mathematicians 
an unbounded capacity to create visual mathematical investigations of the behavior of the roots of 
the G n . q (x). Moreover, it is possible to create a new mathematical ideas and analyze them in ways 
that generally are not possible by hand. The author has no doubt that investigation along this line 
will lead to a new approach employing numerical method in the field of research of the g-Genocchi 
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Figure 10: Real zeros of G n ,q(x) for q = 1/10, 8/10, 1 < n < 30 

polynomials G n ,q{x) to appear in mathematics and physics. For related topics the interested reader 
is referred to [6], [7], [8]. We calculated an approximate solution satisfying G n ^ q (x),x £ C. The 
results are given in Table 2 and Table 3. 



Table 2. Approximate solutions of G n . q (x) — 0, q = 1/2 



degree n 


X 


2 


0.33333 


3 


-0.13807, 0.8047 


4 


-0.42060, 0.22004, 1.2006 


5 


-0.4243 - 0.0718i, -0.4243 + 0.0718i, 0.6547, 
1.5273 


6 


-0.6454 - 0.3244i, -0.6454 + 0.3244i, 0.08542, 
1.0854, 1.7866 


7 


-0.7648 - 0.4958i, -0.7648 + 0.4958i, -0.4719, 
0.5160, 1.528, 1.958 



RYOO: q-GENOCCHI POLYNOMIALS 



985 



Table 3. Approximate solutions of G n , q {x) = 0, q = 1/3 



degree n 


X 


2 


0.25000 


3 


-0.18301, 0.6830 


4 


-0.39606, 0.07357, 1.0725 


5 


-0.43794 - 0.21689z, -0.43794 + 0.21689i, 0.4631 
1.4128 


6 


-0.5860 -0.3815?, -0.5860 + 0.3815i, -0.14190, 
0.8580, 1.7060 


7 


-0.6620 - 0.5900i, -0.6620 + 0.5900i, -0.6265, 
0.25042, 1.2506, 1.9495 
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A note on the second kind Genocchi polynomials 

C. S. Ryoo 
Department of Mathematics, Hannam University, Daejeon 306-791, Korea 

Abstract : In this paper, we introduce the second kind Genocchi numbers and polynomials in 
the complex plane. We also give some properties of these numbers and polynomials. Finally, we 
investigate the zeros of the second kind Genocchi polynomials G n (x). 

Key words : Genocchi numbers, Genocchi polynomials, the second kind Genocchi numbers and 
polynomials 

1. Introduction 

In recent years, many mathematicians have investigated Bernoulli numbers and polynomials, Eulcr 
numbers and polynomials, Genocchi numbers and polynomials. These numbers and polynomials are 
used not only in complex analysis and mathematical physics, but also in p-adic analysis and other 
areas. In this paper, we introduce the second kind Genocchi numbers G n and polynomials G n (x). In 
order to study the second kind Genocchi numbers G n and polynomials G n (x), we must understand 
the structure of the second kind Genocchi numbers G n and polynomials G n (x). Therefore, using 
computer, a realistic study for the second kind Genocchi numbers G n and polynomials G n {x) is 
very interesting. It is the aim of this paper to observe an interesting phenomenon of 'scattering' 
of the zeros of the second kind Genocchi polynomials G n (x) in complex plane. The outline of this 
paper is as follows. We introduce the second kind Genocchi numbers G n and polynomials G n {x). 
We give some properties of these numbers G n and polynomials G n {x). In Section 2, we describe the 
beautiful zeros of the the second kind Genocchi polynomials G n {x) using a numerical investigation. 
Finally, we investigate the roots of the second kind Genocchi polynomials G n {x). 

In complex number field C, the second kind Genocchi numbers G n are defined by the generating 
function: 

Of °° fn _ 

^--^-ESj. (i*i < 2). a) 

n— 

where we use the technique method notation by replacing G n by G n (n > 0) symbolically. 
From (1), we have 



e t _|_ e t z — < n \ 
n—0 



p v -t- f> l *■ — » n I 

which yields 



2t = e (G+l)t + e (G-l)t_ 
Using Taylor expansion of exponential function, we obtain 

00 4-71 

2i=£((G+ir + (G-l) n )-j. 

n=0 

By comparing the coefficients, we have 

(G+ir + (G-ir = \ I ;[" = !' 

10, 11 n ^ 1. 
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We obtain the first value of the second kind Genocchi numbers G n : 

G = 0, d = 1, G 2 = 0, G 3 = -3, G 4 = 0, G 5 = 25, G 6 = 0, G 7 = -427, 

G 8 = 0, G 9 = 12465, Gio = 0, G n = -555731, Gi 3 = 35135945, G 15 = -2990414715, 

Gi 7 = 329655706465, Gig = -45692713833379 G 2i = 7777794952988025, • • • 

In general, it satisfies G 2 = G4 = Gq = ■ ■ ■ = 0. 

We consider the second kind Genocchi polynomials G n (x) as follows: 



It .°°, fn 

G{x,t) = -—— t e xt = J2 G n {x)- (2) 

pZ I p z A ^ T7 ' 



n=0 

By the above definition, we obtain 

00 4-I oj- °° 4-n °° i-m 

Ygax)- = -A—^ xt = YgJ- x Y x mt — 

1=0 n=0 m=0 

Z=0 \n=0 v ; / 2=0 \n=0 v ' I 

t l 

By using comparing coefficients — , we have 



Gn(x) = J2(l) G ^ 



k=0 



-k 



In the special case x = 0, we define G n (0) = G n . From (2), we have 



* 



J2E n (x)- = F(t,x) = 2J2(-I) n e (2n+1+X)t = —2tJ2(-l) n z {2n+1)t 

n—0 n—0 n— 

= e ^y G J = (y G ^±i t ) lYx'*-) 

^ m! ^m+lm! ^ l\ 

m=0 \m=0 / \;=0 / 

_ V^ f V^ Gm+l x n-m n ' | ^_ _ V^ f V^ f " ] ( ^"»+ 1 -"-"» | ^ 

•^-^ \ ^— ^ ?7i+l n!(n — m)! / n! *-^ \ *-^ \mj to + 1 / n! 

n=0 \m=0 K ' / n=0 \ro=0 v 7 / 

Therefore, we give relation between the second kind Eulcr polynomials E n (x) (see [1]) and the second 
kind Genocchi numbers G n . 

Theorem 1. For any positive integer n, we have 

fc=0 v 7 

where E n {x) denotes the second kind Euler polynomials cf. [1]. 
Let m be odd. We compute the following sum 

t n 2i „., r £^\ ,„ 2ie m * 



^ y ' n\ e* + e-* ^ y ' e 2mt + 1 



-e 

> ' R 2UII _|_ "I 

n=0 '"' " ' a=0 

' 2a + x + 1 — m 



e v m 



m ^ ' e mt + e - ' 

a— 

— y(-i) a v g /^ 2a + x + ! - m A ( m< ) n 



(3) 



m 

a=0 n=0 



n=0 V a=0 ^ 
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t n . 

Comparing the coefficient of — - on both sides of (3), we obtain the following multiplication theorem. 

Theorem 2. For any positive integer rn(=odd), we obtain 

G n (x) = m"- 1 ^ (-1) J G„ f 2i + x + 1 ~ m \ for „ > 
i=o \ m / 

Since 

(=0 n=0 m=0 

oo / I „ i_ n \ oo / i /; s \ j 

(=0 \n=0 v ' / Z=0 \n=0 v 7 / 

we have the following addition theorem. 

Theorem 3. The second kind Genocchi polynomials G n (x) satisfies the following relation: 

G l (x + y) = J2( l )G n (x)y l - n . 

n=0 ^ ' 



■EE«.w^ib-EE>w. 



°-G(t,x) = tG{t,x) = V -G n (x)- 
ox z — ' ax n! 

n=0 



it follows the important relation 

— G n (x) = nG„_i(a;). 
drr 

We have the integral formula as follows: 



G n _ 1 (x)dx=-[G n (b)-G n (a) 

n 



Since 



e (-x)(-t) 



= -G(x,t) = V-G„(x)-, 

^^ T7.I 



e * + e* 
e* + e * 

n=0 



we obtain the following theorem. 

Theorem 4. For n £ N, we have 



G„(x) = (_l)"- 1 G„(-:c). 



From (4), we have 

oo , n oo oo 

2 (G„(x + 2) + G n {x)) - = 2tY,(-l) n e (2n+1+x+2)t + 2t £)(-l) n e< 2n+1+x+2 > t 

n— n— n— 



(4) 



2fe (*+i)* = 2i ^(a; + 1)"^ = ^ 2n(x + l)"" 1 ^ 



n=0 n=0 
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Comparing the coefficient of — - on both sides of (4), we get the following theorem. 
Theorem 5. For any positive integer n, we have 

G n (x + 2) + G n {x) = 2n{x + l) n_1 . 

By using computer, the second kind Genocchi polynomials E n (x) can be determined explicitly. 
A few of them are 

Gi(x) = l, G 2 (x)=2x, G 3 (x) = 3x 2 -3, G A (x) = Ax 3 - 12a;, 

G 5 (x) = 5a; 4 - 30a; 2 + 25, G 6 (x) = 6a; 5 - 60a; 3 + 150a:, G 7 {x) = 7x 6 - 105a; 4 + 525a; 2 - 427, 

G 8 (x) = Sx 7 - 168a; 5 + 1400a; 3 - 3416a;, G 9 (x) = 9a; 8 - 252a; 6 + 3150a; 4 - 15372a; 2 + 12465, 

G w (x) = 10a; 9 - 360a; 7 + 6300x 5 - 51240a; 3 + 124650a;, 

Gn(x) = 11a; 10 - 495a; 8 + 11550a; 6 - 140910a; 4 + 685575a; 2 - 555731 



2. Zeros of the second kind Genocchi polynomials G n (x) 

In this section, we display the shapes of the second kind Genocchi polynomials G n {x) and we 
investigate the zeros of the second Genocchi polynomials G n {x). For n = 1, • • • , 10, we can draw a 
plot of the second kind Genocchi polynomials G n (x), respectively. This shows the ten plots combined 
into one. We display the shape of G n (x), —6 < x < 6 (Figure 1). 



Gnix) 




Figure 1: Curve of G n (x) 



We investigate the beautiful zeros of the second kind Genocchi polynomials G n (x) by using a 
computer. We plot the zeros of the second kind Genocchi polynomials G n (x) for n — 10,20,30,40 
and ieC (Figure 2). In Figure 2 (top-left), we choose n = 10. In Figure 2 (top-right), we choose 
n = 20. In Figure 2 (bottom-left), we choose n = 30. In Figure 2 (bottom-right), we choose n = 40. 
Stacks of zeros of G n (x) for 1 < n < 50 from a 3-D structure are presented (Figure 3). Our numerical 
results for approximate solutions of real zeros of G n {x) are displayed (Tables 1,2). 
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Figure 2: Zeros of G n (x) for n = 10, 20, 30, 40 



Table 1. 


Numbers of real and 


complex zeros of G n {x) 


degree n 


real zeros 


complex zeros 


2 


1 





3 


2 





4 


3 





5 


4 





6 


5 





7 


2 


4 


8 


3 


4 


9 


4 


4 


10 


5 


4 


11 


6 


4 



We observe a remarkably regular structure of the complex roots of the second kind Genocchi 
polynomials G n (x). We hope to verify a remarkably regular structure of the complex roots of the 
second kind Genocchi polynomials G n (x) (Table 1). Next, we calculated an approximate solution 
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Im(x) 




Figure 3: Stacks of zeros of G n (x), 1 < n < 50 



satisfying G n (x), i£l. The results are given in Table 2. 



Table 2. Approximate solutions of G n (x) =0,i£ 



degree n 


X 


2 


0.0000 


3 


-1.0000, 1.0000 


4 


-1.7321, 0.0000, 1.7321 


5 


-2.236, -1.000, 1.000, 2.236 


6 


-2.236, -2.236, 0.000, 2.236, 2.236 


7 


-1.000, 1.000 


8 


-2.000, 0.000, 2.000 


9 


-3.000, -1.000, -1.000 -2.000 


10 


-3.000, -2.000 0.000, 12.000, 3.000 


11 


-4.000, -3.000, 1.000, 1.000, 3.000, 4.000 



Figure 4 shows the distribution of real zeros of G n (x) for 1 < n < 35. 



3. Directions for Further Research 



Finally, we shall consider the more general problems. Prove that G n (x),x G C, has Re(x) = 
reflection symmetry in addition to the usual Im(x) = reflection symmetry analytic complex 
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Figure 4: Plot of real zeros of G n (x), 1 < n < 35 
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functions (see Figures 2, 3). The obvious corollary is that the zeros of G n (x) will also inherit these 
symmetries. 

UG n (x ) = 0, then G n (x* ) = (7) 

* denotes complex conjugation (see Figure 2). Prove that G n (x) — has n — 1 distinct solutions. 
If G2n(x) has Re(x) — and Im(x) = reflection symmetries, and 2n — 1 non-degenerate zeros, 
then 2n — 1 of the distinct zeros will satisfy (7). If the remaining one zero is to satisfy (7) too, it 
must reflect into itself, and therefore it must lie at (see Figure 4) , the center of the structure of 
the zeros, ie., 

G„(0) = Vevenn. 

By Theorem 4 and Theorem 5, we obtain G ra (l) = G n (— 1) = V odd n > 3. Find all the real 
zeros of G n (x) = 0. Prove that G n (x) — has n— 1 distinct solutions. Find the numbers of complex 
zeros Cqi x \ of G n (x), Im{x) ^ 0. Since n — 1 is the degree of the polynomial G n (x), the number of 
real zeros Rg„(x) lying on the real plane Im{x) = is then Ra n (x) = (n— 1) — Cg„(k)i where Cg^Ix) 
denotes complex zeros. See Table 1 for tabulated values of Rg„(x) and Cq( x \. Find the equation of 
envelope curves bounding the real zeros lying on the plane. For related topics the interested reader 
is referred to [1, 2, 3, 4]. 
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A numerical computation of the roots of g-Bernoulli 

polynomials 

C. S. Ryoo 
Department of Mathematics, Hannam University, Daejeon 306-791, Korea 

Abstract 

Recently several authors studied the g-extension of Bernoulli numbers and polynomials (see [1-6]). 
In this paper we construct the q-Bernoulli numbers B nq and polynomials B nq (x). We also observe 
the behavior of complex roots of g-Bcrnoulli polynomials, using numerical investigation. By means 
of numerical experiments, we demonstrate a remarkably regular structure of the complex roots of 
g-Bcrnoulli polynomials. Finally, we give a table for the solutions of the q-Bernoulli polynomials. 

Key words - Bernoulli numbers, Bernoulli polynomials, g-Bcrnoulli numbers, q-Bernoulli polyno- 
mials, p-adic g-intcgrals 

1. Introduction 

Many mathematicians have studied Bernoulli numbers and Bernoulli polynomials. Bernoulli poly- 
nomials posses many interesting properties and arising in many areas of mathematics and physics. 
We introduce the g-Bcrnoulli numbers and polynomials. In the 21st century, the computing environ- 
ment would make more and more rapid progress. Using computer, a realistic study for new analogs 
of Bernoulli numbers and polynomials is very interesting. It is the aim of this paper to observe 
an interesting phenomenon of 'scattering' of the zeros of the q-Bcrnoulli polynomials B ntq (x). The 
outline of this paper is as follows. In Section 2, we study the the g-Bcrnoulli polynomials B n ^ q (x). 
In Section 3, we describe the beautiful zeros of the ^-Bernoulli polynomials B nq (x) using a numer- 
ical investigation. Also we display distribution and structure of the zeros of the the g-Bernoulli 
polynomials B nq (x) by using computer. By using the results of our paper the readers can observe 
the regular behaviour of the roots of the g-Bcrnoulli polynomials B n ^ q (x). Finally, we carried out 
computer experiments for doing demonstrate a remarkably regular structure of the complex roots 
of g-Bcrnoulli polynomials B n ^ q (x). 

First, we introduce the Bernoulli numbers and Bernoulli polynomials. The Bernoulli numbers 
B n are defined by the generating function: 



t t 

F(t) = ^-j = ]T B n -, (\t\ < tt), cf. [1,2,3] (1.1) 



where we use the technique method notation by replacing B n by B n (n > 0) symbolically. We 
consider the Bernoulli polynomials B n (x) as follows: 

| °° 4-n 

^)=^e Xt = £ B «fc- (1-2) 

n=0 

Note that B n (x) = Y^k=o (fc)-^ fe2 '™~ fe - ^ n tne special case x = 0, we define B n (0) = B n . 
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2. The g-Bernoulli numbers and polynomials 

In this section, we define the (/-Bernoulli numbers B nq and polynomials B n ^ q (x) and investigate 
their properties. Let q be a complex number with \q\ < 1. By the meaning of (1.1) and (1.2), let us 
define the (/-Bernoulli numbers B n ^ q and polynomials B nq (x) as follows: 

y- °° 4-n 

qe l — 1 *-^ n! 



We have the following remark. 






Remark. Note that 

(1) B„ t ,(0) = B n ,„ 

(2) If q -» 1, then B„,,(») = B n (x),B n , q = B n , 

(3) If g — » 1, then F q (x,t) = F(x,t),F q (t) = F(t). 

Here is the list of the first (/-Bernoulli numbers B n ^ q . 
1 2q 

Bi > q -^TTq> B2 'i--(-i+ q r 

3q 6q 2 4q 24q 2 24q 3 

Bs ^ = ( 1 , ^2 + I 1 , „\3' S4 '9 = " " 



(-1 + 9) 2 (-1 + 9) 3 ' "' 9 (-1 + 9) 2 (-1 + 9) 3 (-1 + 9) 4 ' 

By the above definition, we obtain 



* n=0 r? 

Z=0 \n=0 v 



2=0 * n=0 m=0 

4-1 — n \ 



II 



1 'I\ \ t l 



E E Jv 



J=0 \n=0 



i-r 
/// } l\' 



t l 

By using comparing coefficients — , we have the following theorem. 
Theorem 1. For any positive integer n, we have 



Bn, q (x) = ^ , B fc ,,x' 



fc=0 



-fc 



Because 
it follows the important relation 



— F q (x,t) = tF q (x,t) = J2 ta Bn ' q{?B) nV 

n=0 



—B n , q (x) = nB„_i,,(i). 



We have the integral formula as follows: 

1 
B n _^ q (x)dx = -(B niq (b) - B niq (a)). 
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Here is the list of the first (/-Bernoulli Polynomials G n ,q{x). 
1 2q 2x 

1 + ' 2 ' q ~ ~ (-1 + q) 2 + ^TTq' 



°i,3 ~~ — r~i — ' ^ 2 -9 — ~~ 



3q 6g 2 6qx 3x 2 



3q f_1X^2 + f_1j.„)3 f_1Xn!2 



^4,9 



(-l + «) 2 (-1 + 9) 3 (-1 + 9) 2 -l + «' 

Aq 24q 2 24g 3 12gx 24g 2 .T 12<?x 2 Ax 3 



(-1 + q) 2 (-1 + q) 3 (-l + q) A (-1 + q) 2 (-1 + q) 3 (-1 + q) 2 -1 + q' 
From (2.1), we obtain 



qe l — 1 ^-~> n\ '-^ n\ 

* n=0 n=0 

which yields 

t = (qe* - l)e B « l = qeS 3 ^ - e B ^ . 

Using Taylor expansion of exponential function, we have 

t = Y,{q(B q + l) n -(B q ) n } t -. 
By comparing the coefficients, we have the following theorem. 

Theorem 2. The ^-Bernoulli numbers B n ^ q are defined respectively by 

,„ [ 1, if n = 1. 

q(B q + l) n -B n , q =\ ' ' 

[0, it n > 1, 

with the usual convention about replacing (B q ) by B n ^ q in the binomial expansion. 

Since 

00 4-1 4 °° 4-Tl °° 4-171 

oo / / 



1=0 \n=0 

we have the following theorem. 



jn 4.1 — n 

(=0 \n=0 v ; , 



= EE N» 



Theorem 3. (/-Bernoulli polynomials B ns (x) satisfies the following relation: 

B^ q (x + y) = Y^( l \B n . q (x)y l - n . 



n=0 v ■ 



It is easy to see that 

a + x 

'-^ 4-n 4 i ' "■~- L 

z — ' n! we 1 — 1 to z — ' 



t n t „, 1 "£-, . „ TOt -^- ) ( m *) 



n! «e* — 1 to ^-^ " q m e mt + 1 

71=0 y a=0 y 

771-1 OO / N , .- 

a + x \ (rot) 



^E^ a E B - 



m z — ' ' — ' \ m J n 

a=0 n=0 



771—1 



71=0 \ a=0 v ' / 
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Hence we have the below theorem. 

Theorem 4. For any positive integer to, we obtain 

m— 1 



B n , q (x) = TO"" 1 ^ g'B,,,,- 



j=0 



i + .t 



m 



, for n > 0. 



From (2.2), we can derive the following equality: 

2 (gB„,,(a: + 1) - B n ,,(a;)) - = ^ nx"" 1 -, • 

n=0 ' n=0 

Hence, we obtain the following difference equation. 

Theorem 5. For any positive integer n, we obtain 

qB niq (x + 1) - B n>g (x) = nx n ~ l . 

3. Distribution and Structure of the zeros 

In this section, we investigate the zeros of the (/-Bernoulli polynomials B n q (x) by using com- 
puter. 

Our numerical results for numbers of real and complex zeros of G ntq (x) are displayed in Tablcl. 



Table 1. Numbers of real and 


complex zeros of B n>q (x) 


n 


9=1/3 


q 


= 1/5 


real zeros complex zeros 


real zeros 


complex zeros 


2 


1 


1 





3 


2 





2 


4 


1 2 


1 


2 


5 


4 





4 


6 


1 4 


1 


4 


7 


6 





6 


8 


1 6 


1 


6 


9 


8 





8 


10 


1 9 


1 


9 


11 


10 





10 



We plot the zeros oiB n , q (x),q = 1/3, 1/5, 1/7, l/9x e C. (Figures 1, 2, 3, and 4). In Figures 1- 
4, B nq (x), x e C, has Re(x) = reflection symmetry. This translates to the following open problem: 
Prove or disprove: B ntq (x),x £ C, has Re{x) = reflection symmetry. We shall consider the more 
general open problem. In general, how many roots does B n ^ q (x) have ? Prove or disprove: B n>q (x) 
has n — 1 distinct solutions. Find the numbers of complex zeros Cg^ i x \ of B n ^ q (x),Im{x) ^ 0. 
Prove or give a counterexample: Conjecture: Since n is the degree of the polynomial B nq (x), the 
number of real zeros Rs n (x) lying on the real plane Im(x) = is then Rb u (x) — n ~ 1 ~ Cb„ (x)i 
where Cs n ( x ) denotes complex zeros. See Table 1 for tabulated values of Rs n ( x ) an d Cs n t x )- 
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10 

7.5 

5 

2.5 

Im(x) 

-2.5 

-5 

-7.5 



• • • 

• 

• • • 



10 

7.5 

5 

2.5 

Im(x) 

-2.5 

-5 

-7.5 



• 



Re(x) 




Re(x) 



Figure 1: Zeros of i?20,i/3( a; ) Figure 2: Zeros of #20,1/5(2;) 



7.5 

5 

2.5 

lm(x) 

-2.5 
-5- 



• 

v.. 



-5 5 

Re(x) 




Figure 3: Zeros of -820,1/7(2;) Figure 4: Zeros of B 2 q.\/q(x) 



Find the equation of envelope curves bounding the real zeros lying on the plane, and the equation 
of a trajectory curve running through the complex zeros on any one of the arcs. Stacks of zeros of 
B n ,q{x) for 1 = 1/3, 1 < n < 30 from a 3-D structure are presented (Figure 5). 

We calculated an approximate solution satisfying B ritq {x) 1 i£C. The results are given in Table 
2. 



1010 
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Re(x) 



Figure 5: Stacks of zeros of B nq (x), 1 < n < 30 



Table 2. Approximate solutions of B n ^ q (x) = 0,x € 



n 


9 = 1/3 


9 = 1/5 


2 


-0.5000 


-0.25000 


4 


-1.0800 


-0.6706 


6 


-1.62683145 


-1.049708007 


8 


-2.16108834 


-1.41664879 


10 


-2.6889094 


-1.77828154 


12 


-3.2128087 


-2.1368066 


14 


-3.734055 


-2.4932728 


16 


-4.253382 


-2.848272 


18 


-4.77125 


-3.202173 


20 


-5.28798 


-3.55522 



This shows the distribution of real zeros of B n ^ q (x) for 1 < n < 30(Figure 6). We want to 



-8 -7 



Re(x) 

-5 -4 -3 -2 -1 



30 



20 



10 



Figure 6: Plot of real zeros of B, liq (x),q — 1/3, 1 < n < 30 



find a formula that best fits a given set of data points. The least squares method is used to fit a 
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polynomials or a set of functions to a given set of data points. Using the least squares method, we 
can find a and b such that x = a + bn is the least squares fit to the data given in Table 2. The graph 
of the data points is shown in Figure 6. We obtain x — 0.215291 — 0.273788n. That is, the result 
is the best linear combination of the function 1 and n. The real zero x ~ — oo asymptotically as 
n — ► oo. These figures give mathematicians an unbounded capacity to create visual mathematical 
investigations of the behavior of the roots of the B n ^ q (x). Moreover, it is possible to create a new 
mathematical ideas and analyze them in ways that generally are not possible by hand. The author 
has no doubt that investigation along this line will lead to a new approach employing numerical 
method in the field of research of the (/-Bernoulli polynomials B nq (x) to appear in mathematics and 
physics. For related topics the interested reader is referred to [2], [3], [4], [5], [7]. 
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A note on the g-Hurwitz Euler zeta functions 

C. S. Ryoo 
Department of Mathematics, Hannam University, Daejeon 306-791, Korea 

Abstract 

In [3], we introduced the second kind g-Euler numbers E n and polynomials E n (x). By using E n and 
E n (x), the second kind g-Euler zeta function Cq( s ) an d Q~ Hurwitz Euler zeta functions ( q (s, x) are 
defined. It is the aim of this paper to observe an interesting phenomenon of 'scattering' of the zeros 
of (, q (s,x)) in complex plane. Finally, we investigate the roots of q- Hurwitz Euler zeta functions 
C q {s,x). 

Key words - g-Eulcr polynomials, g-Eulcr zeta function, g-Hurwitz Euler zeta, the second kind 
q-Eulcr numbers, the second kind g-Euler polynomials 

1. Introduction 

Several mathematicians have studied g-Eulcr numbers, q- Euler polynomials, the second kind q- 
Eulcr numbers, and the second kind g-Eulcr polynomials (see [1,2,3,4]). q-Eulcr numbers, q-Eulcr 
polynomials, the second kind q-Euler numbers, and the second kind g-Euler polynomials numbers 
posses many interesting properties and arising in many areas of mathematics and physics. In [3], 
we observed the behavior of complex roots of the second kind g-Euler polynomials E nq (x), using 
numerical investigation. By means of numerical experiments, we demonstrated a remarkably regular 
structure of the complex roots of the second kind g-Euler polynomials E n ^ q (x). In this paper, we 
introduce the second kind q-Euler zeta function C, q {s) and g-Hurwitz Euler zeta functions Q q {s,x). 
In order to study the second kind q- Euler zeta function (, q (s) and q-Hurwitz Euler zeta functions 
C q (s,x), we must understand the structure of the second kind q-Euler zeta function Cg( s ) an d q- 
Hurwitz Euler zeta functions £ q (s,x). Therefore, using computer, a realistic study for the second 
kind g-Euler zeta function £ q (s) and q-Hurwitz Euler zeta functions £ g (s,x) is very interesting. It 
is the aim of this paper to observe an interesting phenomenon of 'scattering' of the zeros of the 
g-Hurwitz Euler zeta functions £ 9 (s,x) in complex plane. Throughout this paper, we always make 
use of the following notations: N = {1, 2, 3, • • • } denotes the set of natural numbers, M. denotes the 
set of real numbers, and C denotes the set of complex numbers 

First, we introduce the second kind q- Euler numbers E n ^ q and polynomials E n ^ q (x). The second 
kind g-Euler numbers E n ^ q are defined by the generating function: 

n t °° -i-n 

w-w+i-T.*-**- (1) 

n— 

We consider the second kind g-Euler polynomials E nq (x) as follows: 

F q (x,t) = -^- -e xt = J2E n , q (x)-. (2) 

qe zt + 1 *— ' n! 

n— 

The following elementary properties of the second kind g-Euler numbers E n ^ q and polynomials 
E ns (x) are readily derived form (1) and (2)( see, for details, [3]). We, therefore, choose to omit 
details involved. 
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Proposition 1.1. For any positive integer n, we have 



v n—k 

k=0 ' ' ' 



Proposition 1.2 (Integral formula). 



E n -i. q {x)dx = -(E nq (b) - E nq (a)). 
n 



Proposition 1.3 (Addition theorem). 



E n , q (x + y) = J2 ( )E Kq {x)tf 



,k 

k=0 



-k 



Proposition 1.4 (Difference equation). 

qE n , q (x + 2) + E n Jx) = 2(x + l) n . 

Proposition 1.5. For n £ N, we have 

E n . q (x) = (-l) n q- 1 E n , q - 1 (-x). 

The outline of this paper is as follows. In Section 2, we introduce the second kind q-Eulcr zeta 
function Cg( s ) an d g-Hurwitz Euler zeta functions £ q (s,x). We derive the existence of a specific 
interpolation function which interpolate the second kind g-Euler numbers E n _ q and the second kind 
q-Euler polynomials E n ^ q (x) at negative integer. In section 3, we describe the beautiful zeros of q- 
Hurwitz Euler zeta functions ( q (s,x) using a numerical investigation. Finally, we investigate the 
roots of the g-Hurwitz Euler zeta functions £ g (s,x). 

2. The second kind q-Euler zeta function 

By using the second kind g-Eulcr numbers and polynomials, the second kind g-Euler zeta 
function and g-Hurwitz Euler zeta functions are defined. These functions interpolate the second 
kind g-Eulcr numbers and q-Euler polynomials, respectively. From (1), we note that 



d k 
d¥ 



F q (t) 



= 2J2{-I) n q n {2n + l) k , (k £ N). 

t=0 n -Q 



By using the above equation, we are now ready to define the second kind g-Euler zeta functions. 
Definition 2.1. Let seC. 

00 ( -\\n n n 

n— 1 v ' 

Note that C?( s ) is a nieromorphic function on C Relation between Cq( s ) an d E^ q is given by the 
following theorem. 

Theorem 2.2. For k £ N, we have 

Cg(-fc) - E Kq . 
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Observe that Cg( s ) function interpolates E^ A numbers at non-negative integers. By using (2), we 



note that 



and 



d k , s 



= 2 ^(-l)"g n (2n + x + l) fe , (fc G N), 

*=0 n —o 



k / co 



r 

i- 

n! 



= Ek, q (x), for fc e N. 



By (4) and (5), we are now ready to define the g-Hurwitz Euler zeta functions. 

Definition 2.3. Let s e C. 

{-l) n q n 



(4) 



(5) 



( q (s,x) = 2j2 



(2n + x + l) 6 



Note that C 9 (s, x ) IS a nieromorphic function on C Relation between ( q (s,x) and Ek,q(x) is given 
by the following theorem. 

Theorem 2.4. For k € N, we have 

C 9 (-fc,x) = E k<q (x). 
Observe that ( q (— k,x) function interpolates Ek,q(x) numbers at non-negative integers. 

3. Zeros of the g-Hurwitz Euler zeta functions 

In this section, we show a plot of Ci/2( s i #)> — 2 < s < 1, — 1 < x < 1 (Fig. 1). For k = 1, • • • ,10, 
we can draw a plot of the C, q {k,x), respectively. This shows the ten plots combined into one. We 
display the shape of Ci/2( _ k, x), —1/2 < x < 1/2 for any positive integer k (Fig. 2). 



S q ( S , X ) 2 ' 




Figure 1: Plot of ( q (s,x) 



The plot above shows Ci/2( s j ;c ) f° r rea l s an d a;, with the zero contour indicated in black (Fig. 
3). Next, we investigate the zeros of Ci/9( — ^, x), k — 15, 20, 25, 30, x £ C (Fig. 4). Stacks of zeros of 
d/9(—k,x) for 1 < k < 30 from a 3-D structure are presented. (Fig. 5). Our numerical results for 
numbers of real and complex zeros of (i/g(—k, x), x e C are displayed (Table 1). 
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Cc, (k. x) 




-O . 4 -O . 2 



O . 2 O . 4 



Figure 2: Curve of C 9 (/c, ^) 



«r«,(s,x) 



1 . 5 - ■ 




Figure 3: Zero contour C 9 (s, a;) 



Table 1. Numbers of real and complex zeros of ( q (~k, x) 



k 


real zeros 


complex zeros 


1 


1 





2 


2 





3 


1 


2 


4 


2 


2 


5 


3 


2 


6 


4 


2 


7 


3 


4 


8 


4 


4 


9 


5 


4 


10 


6 


4 


11 


5 


6 


12 


6 


6 


13 


3 


10 


14 


4 


10 



1016 
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10 








5 


• 
• 









_ • 


*■) 


1* * • •• 






• 






-5 


• 






-10 







10 


• 




5 


• 
• 






• 
• 


• 


x) o 












• 
• 


• 




• 




-5 


• 
• 




-10 







-10 -5 5 10 15 

Re(x) 



-10 -5 5 10 15 

Re(x) 



Im{x) 










• 




10 


• 
• 






5 


• 
• 
• 




• 


Im(x) 


i... 




• 


1 




• 


-5 


• 
• 
• 
• 




• 


-10 


• 


» 





-10 -5 5 10 15 

Re(x) 



-10 -5 5 10 15 

Re(x) 



Figure 4: Zeros of ( q (-k,x), k = 15,20,25,30 



Table 2. Approximate solutions of C, q (—k,x) = 0,x € 



k 


X 


1 


-0.800000000 


2 


-1.400000000, -0.2000000000 


3 


0.4424213586 


4 


-0.93592197, 1.064067194 


5 


-1.89533053, -0.330925657, 1.653905928 


6 


-2.0189980, -1.7570598 
0.2792761594, 2.209536560 


7 


-1.10844760, 0.891552395, 2.729984490 


8 


-2.3025522, -0.496739048 
1.503274016, 3.213706760 
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lm(x) 




Re(x) 



Figure 5: Stacks of zeros of ( q (—k, x) 



Figure 6 show the distribution of real zeros of Ci/9( — k, x ) f° r 1 < fc < 30 

30 



20 



10 



• •••••• 

• ••••• 

• ••••••• 

• •••••• 

• ••••• 
• • • • • • • 

• ••••• 

• • • • • • • 

• • • • • • •• 

• •••••• 

• ••••• 

• •••••• 

• ••••• 

• • • • • 
• • • • 

• • • • • 

• • • • 

• • • 

• t • • •• 

• • • • • 

• • • • 

• • • • • 
• • • • 

• • • 

• • • 



-5 -4 -3 -2 -1 



12 3 4 
Re{x) 



5 6 7 



Figure 6: Plot of real zeros of ( q (—k, x), 1 < k < 30 

We observe a remarkably regular structure of the complex roots of the <^ q (—k,x). We hope 
to verify a remarkably regular structure of the complex roots of the £ q (—k,x) (Table 1). Next, we 
calculated an approximate solution satisfying £ q (—k,x) = 0,i£l. The results are given in Table 
2. Finally, we shall consider the more general problems. Prove that ( q (— k,x)) = has n distinct 
solutions. Find the numbers of complex zeros Cq (—k,x) of C, q {—k, x), Im(x) ^ 0. The number of real 
zeros Rc q (-k,x) lying on the real plane Im(x) = is then R iq (- k ,x) =n- C Cg (_ fe]X ), where C Cq (^ kyX ) 
denotes complex zeros. See Table 1 for tabulated values of R^ (- k ,x) an d C^ (~k,x)- We prove that 
( q (—k,x),x 6 C, has Re(x) — reflection symmetry in addition to the usual Im(x) = reflection 
symmetry analytic complex functions(Figs. 4-5). For related topics the interested reader is referred 
to [2, 3, 4, 5, 6, 7, 8, 9]. 
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On the alternating sums of powers of consecutive odd 

integers 

C. S. Ryoo 
Department of Mathematics, Hannam University, Daejeon 306-791, Korea 

Abstract : By applying the symmetry of the fermionic p-adic q-integral on Z p , which is defined 
Kim [2], we give recurrence identities the second kind Eulcr polynomials and the alternating sums 
of powers of consecutive odd integers. 

Key words : the second kind Eulcr numbers, the second kind Euler polynomials, alternating sums 

1. Introduction 

Eulcr numbers and polynomials were studied by many authors (see for details [1], [2], [3], [4], [5], 
[6]). Euler numbers and polynomials posses many interesting properties and arising in many areas 
of mathematics and physics. In [6], we studied the second kind Eulcr numbers E n and polynomials 
E n (x). By using computer, we observed an interesting phenomenon of 'scattering' of the zeros of the 
second kind Euler polynomials E n (x) in complex plane. We also carried out computer experiments 
for doing demonstrate a remarkably regular structure of the complex roots of the second kind 
Eulcr polynomials E n (x). Throughout this paper, we always make use of the following notations: 
N = {1, 2, 3, • • • } denotes the set of natural numbers, R denotes the set of real numbers, C denotes 
the set of complex numbers, Z p denotes the ring of p-adic rational integers, Q p denotes the field of 
p-adic rational numbers, and C p denotes the completion of algebraic closure of Q p . 

Let v p be the normalized exponential valuation of C p with \p\ p = p~ v p('P> = p _1 . When one 
talks of g-extension, q is considered in many ways such as an indeterminate, a complex number 
q G C, or p-adic number q G C p . If q G C one normally assume that \q\ < 1. If q G C p , we normally 
assume that \q — l\ p < p^p^ 1 so that q x — exp(xlogg) for \x\ p < 1. 

[x] q = [x:q}= 1 ^-, cf. [1,2,3,5] . 

Hence, limg_>i[a;] = x for any x with |a?| p < 1 in the present p-adic case. Let d be a fixed integer 
and let p be a fixed prime number. For any positive integer TV, we set 

X = lhn(Z/ dp N Z), X* = (J (a + dpZ p ), 

N 0<a<dp 

(a,p) = l 

a + dp Z p = {x£X\x = a (mod dp )}, 
where a G Z lies in < a < dp N . For any positive integer N, 

a 

fi q (a + dp N Z p ) - 



[dp N ] q 
is known to be a distribution on X, cf.[l, 2, 3, 5, 6, 7]. For 

g G UD(Z, p ) = {g\g : Z p — ► C p is uniformly diffcrcntiablc function}, 

the p-adic q-intcgral was defined by [1, 2, 3, 5, 6] 



P N -i 
f 1 . 

Iq{g) = / g(x)dn q (x) = ^lin^ p^y ^ ^^ 

Jz P ^°° YP \ x=0 
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The bosonic integral was considered from a physical point of view to the bosonic limit q — > 1, as 
follows: 

h{g) = lim I q (g) = / g(x)dfi 1 (x) = Jim -=■ V g(x) (see [1, 2, 3, 5]). 

"^p ^ cc=0 

We consider the fermionic integral in contrast to the conventional bosonic, which is called fcrmionic 
p-adic q- integral on Z p . That is 

I- q {g) = lim I q (g) = / g{x)dn- q {x). 

i^-i Jz p 

The expression for the I q (g) remains same, so it is tempting to consider the limit q — > — 1. That is 
I-i(g)= lim Ug)= I g(x)d^ 1 (x) = lim £ ^(-l) 35 . (1.1) 

Q^— 1 In? N—>00 Z ' 

J£ " 0<x<p N 

If we take gi(x) = g(x + 1) in (1.1), then we easily see that 

J_i(0i) + J_i( S ) = 2 fl (O). (1.2) 

First, we introduce the second kind Euler numbers E n and polynomials E n (x). The second kind 
Eulcr numbers E n are defined by the generating function: 

F (t) = J^i = I2 E "h- (!- 3 ) 

We introduce the second kind Euler polynomials E n (x) as follows: 

o p t °° +« 

e + 1 * — ' n! 

n=0 

In [6], we studied the second kind Eulcr numbers E n and polynomials E n (x) and investigate their 
properties. The following elementary properties of the second kind Eulcr numbers E n and polyno- 
mials E n (x) are readily derived form (1.1) and (1.2)( see, for details, [6]). We, therefore, choose to 
omit details involved. 

Theorem l.(Witt formula) 

r (2x+l) n dn-i(x) = E n , 



{x + 2y+l) n d»- 1 {y) = E n (x). 
Theorem 2. For any positive integer n, we have 

E n (x) = J2(fjE k x n ~ k . 

Theorem 3. (Distribution relation) For m is an odd positive integer, we have 

E n {x) = m n Y^ (-l) l E n ( 2l + X ^ n 1 ~ m ) for n ^ °- 
i=o \ m / 

Theorem 4. (Addition theorem) The second kind Eulcr polynomials E n (x) satisfies the follow- 
ing relation: 



E l (x + y) = Y J { )E n (x)y l - n 



n=0 
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Theorem 5. (Difference equation) 

E n (x + 2) + E n {x) = 2{1 + x) n . 

2. The alternating sums of powers of consecutive odd integers 

By using (1.3), we give the alternating sums of powers of consecutive integers as follows: 

E^ = ^ = E(-^ (2 " +1)t - 

n=0 ' n=0 

From the above, we obtain 

oo oo k — 1 

_ V^/_ 1 \n e (2n+2fe+l)t + Sp ,-^y-k p (2n+l)t _ V^/^n- 

n— n— n— 

Thus, we have 

fe-i 



fe (2n+l)t 



n (2n+l)t 



_£ ^(_ 1 )n e (2n+l+2/ s) t + !(_!)-* ^(_ 1) n e (2n+l)t = (-1) -fc ^(-1) 

n— n— n— 

By using (1.3) and (1.4), we obtain 

1 OO J.7 1 °° J. 7 °° / fe— 1 \ ,t 

-^E^«^ + ^(-ir fc E^^ = E (-i)- fc E(-i) n (2»+D J 'Ui 

j=0 - 7 ' j=0 ' / ' j=0 \ n=0 / - y ' 



By comparing coefficients — in the above equation, we obtain 



g(-ir(2n + l)^ ( - 1)fc+1 y fc)+ ^ 



n=0 



By using the above equation we arrive at the following theorem: 
Theorem 6. Let k be a positive integer. Then we obtain 

r ,(»-i ) = B-iH2. + iy = ( - 1)W y +J * . 

n=0 

Next, we introduce the symmetry property of the q-deformed fcrmionic integral on Z p . In [2], 
Kim investigated interesting properties of symmetry p-adic invariant integral on Z p for Bernoulli 
polynomials and Eulcr polynomials. By using same method of [2], expect for obvious modifications, 
we obtain recurrence identities the second Eulcr polynomials and the alternating sums of powers of 
consecutive integers. By using (1.1), we have 



/-i(ffn) + (-l)"- 1 /-i(.9) = 2^(-l)"- 1 - fe 5 (fc), 



fc=0 



where n € N, g n {x) = g(x + n). If n is odd from the above, we obtain 

ra-1 3 

J_i(ff„) + I-i(g) =2^(-l)"- 1 - fe 5 (fc) (see [1], [2], [3], [5]). (2.1) 

fe=0 
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It will be more convenient to write (2.1) as the equivalent integral form 

n-l 



j g(x + n)dn-i(x)+ f g(x)d^ 1 (x) = 2j2(-l) n - 1 - k g(k). (2.2) 

JZ p Jl v fe _Q 



Substituting g{x) = e ( 2:E + 1 ) t into the above, we obtain 



« « n— 1 

/ e^ x+ ^+^ t d^ 1 {x)+ e (2x+ V t d^ 1 (x)=2Y,(-iye {2l+1)t - (2-3) 



3=0 

After some elementary calculations, we have 

e^ t d^ 1 ( X ) = ^-, 
e lt + 1 

2e* 



e ( 2(a; +n)+i)* dM _ i(x) = e 



2nl 



e 2t + 1 ' 
By using (2.3) and (2.4), we have 

3 (2(x+n) + l)t dM _ l(a . )+ /" e (2x+l)t dM _ l(x) = 2£a + e^)_ 



]T j / (2a;+l + 2n) m ^_ 1 (a;)+ / (2a: + l) m dM-i(z) 

m=0 \"' Z p -' Z P y 

oo / n-l \ m 

= E h^(-i^(2i + ir ^ 

m=0 \ j=0 / 



nil 



By comparing coefficients — - in the above equation, we obtain 

ml 



(2.4) 



From the above, we get 

; (2(x + n) + l)t dM _ l(a;) + / e (2x + l)t dM _ l(a;) = ^ "" ' . (2.5) 

By substituting Taylor series of e ( 2x + 1 ) t into (2.3), we obtain 



n-l 



in / \ r r it— i 

E(T (2nr ~ / ( 2s + 1 )ViW+/ (2x + irdM-i(x) = 22(-l) J '(2i + l 

fc=0 ^ ' Z p z p j=o 

By using Theorem 6, we have 



SO-1 



(2x+l) fc ^_i(x)+ / (2x + l) m ^_i(a;) =2T m (n- 1). (2.6) 

By using (2.5) and (2.6), we arrive at the following theorem: 

Theorem 7. Let n be odd positive integer. Then we obtain 

' J = £(27^-1))^. (2.7) 

' * ml 



/z e 2 » te dM_i(x) 



m=0 
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Let W\ and w 2 be odd positive integers. By using (2.7), we have 

k k e {wi{2xi+1)+W2( - 2x2+1 ' )+WlW2x)t d^ 1 (x 1 )d^ 1 (x 2 ) 
j z e 2wiW2Xt d/J,-i(x) 

2 e w l t e w 2t e w 1 w 2 xt( e 2w 1 w 2 t I j\ 

- (e 2w ^ + l)(e 2w ^ + 1) 

By using (2.7) and (2.8), after some elementary calculations, we obtain 

(\ r \ /2 f_ e^ X2+1 ^ W2t U^ 1 (x 2 y 

\2k p A Jz,^^-!* 



(2.8) 



(2.9) 



(1 °° j.m \ / °° j.m \ 

- J; E m { W2 x)w?- 2 ]T T ro ( Wl - 1)<^ • 
m=0 ' / \ m=0 ' / 

By using Cauchy product in the above, we have 

00 / rn , s \ m 

a = E E (7)^(^K T «.-i(«'i ^ !)< _i L (2- 10 ) 



m=0 \j=0 

By using the symmetry in (2.9), we have 



(l T , , s s \ ( 2 k e( 2 ^+ 1 )(- it )^_ 1 (x 1 ) > 



(1 °° +m\ / °° 

m=0 ' / \ m=0 



T m («; 2 -lX- 

m 



Thus we have 

00 / rn / \ \ , m 

a = E E 7 £ iM*H("»-«"' h ( 2 - n ) 

4-in 

By comparing coefficients — r in the both sides of (2.10) and (2.11), we arrive at the following 

to! 
theorem: 

Theorem 8. Let W\ and w 2 be odd positive integers. Then we obtain 
m / \ 

E ( ■ ) w T~ :>w 2 E j( w l x ) T m-j(W2 - 1) 

3=0 ^ J ' 

m / \ 

= E ( • ) ty i l0 2 ,_: '- E 'j(^2a;)r m -j(«'i - 1), 

where Ek(x) and T m (k) denote the second kind Eulcr polynomials and the alternating sums of 
powers of consecutive integers, respectively. 

By using Theorem 2, we have the following corollary: 

Corollary 9. Let Wi and w 2 be odd positive integers. Then we obtain 



j=0 fc=0 

m j 



EE ( 7) (y c^"^U'* - 1) 



EE ( 7 (ij^t^-v-^r^^ - 1). 

j=0 k=0 \ -^ / \ / 
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By using (2.8), we have 



^ lW2X t / p (2x 1+ l) Wl t d (a . ) •% ^ 

/ V J Zp e 2wiW2tx dn-i{x) 

, x , Wl-l 



eWl w 2 xt i p ( , 2x 1 +i)w l t rhi ,^,^) I 9 Vc_iy'<.( 2 3 ,+1 )( tt 2t) 



2 ; *d/*-i(*i)) ^(-i^w] (212) 



CO / U>1 —1 



n=0 y j=0 ^ 

By using the symmetry property in (2.12), we also have 



2 J (2x 1 + l)( Wl t) d x 

' ' ' ' / Zp e 2 ^^ te rf/i_i(a;) 

1»2- 1 



= l l e W lW2 Xt J e (2x 2 + l)t«2t d/U _ 1 ( a . 2 ) j 2 ^(-l 

OO I W2 — 1 / 

= E E t- 1 )^ ( u,ia:+ w +1 )S ) W2 

n=0 \ j=0 ^ 



J' e (2j+l)(u>ii) 



(2.13) 



u>2 / " / n! 

— u ' 

i™ 
By comparing coefficients — ■ in the both sides of (2.12) and (2.13), we have the following theorem. 

Theorem 10. Let w\ and W2 be odd positive integers. Then we obtain 

UJl-l , ,. W 2 -l / \ 

J2 (-l)^n [W2X+ (2j+ 1)^1 < = ^ (-1) J 'S„ ( ttfia+(2j + l)^J «#. 
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Abstract 

In this paper we give generalize some common fixed point results for multi- valued con- 
tractive mappings on complete metric spaces. Our results extend recent results of Y. 
Feng and S. Liu and of N. Mizoguchi and W. Takahashi. We show that some com- 
mon fixed point contraction theorems for multi-valued mappings are straightforward 
consequence of our results. 

Keywords. Common fixed point, fixed point, multi-valued map, Mizoguchi and Takahashi's 
theorem, generalized contraction. 

* Corresponding author. Fax: +98-21-66497930. 



1026 

2 Khandani, Vaezpou, Sims 



1 Introduction 



Throughout this paper we denote by N the set of positive integers and by R the set of real 
numbers. 

Let(X, d) be a metric space, we denote by CB(X) , Cl(X) and N(X) the class of all nonempty 
closed and bounded, all nonempty and closed and all nonempty subsets of X respectively. 

For A,B e Cl(X), define 

{maxjsup GB d(x, A),swp veA d(y, B)\ if the maximum exists, 
oo, otherwise, 

where d{x 1 A) = miy^A d(x, y). H is called the generalized Hausdorff metric with respect to 
d (see [4]), which when restricted to CB(X) is a metric. 

For / : X — ► Cl(X) and xq E X, let f°Xo = {xo} and inductively define f n Xo — 
M fn-i x fy for each n G N. The orbit of f at xq is denoted by 0(f, xo) and is defined by 
0(/,xo) = U„>o/ n ^o. 

I : X — > R is called f- orbit ally lowcr-semicontinuous at Xq, if for every convergent sequence 
{%n}%Lo ^ O(f,x ), we have I(£) < liminf„ — .oo I(x n ), where ^ e X and lim„ — >00 x n = £. 
I is f-orbitally lower semi-continuous if it is / — orbitally lower semi-continuous at each point 

xex. 

Nadler [6] Extended the Banach contraction theorem for multi- valued mappings and Nadlcr's 
fixed point theorem itself has been extended in many directions. The following generaliza- 
tion was given by Mizoguchi and Takahashi [5]. 

Theorem 1. (Mizoguchi, Takahashi) Let (X, d) be a complete metric space and let / : X — > 
CB(X). If there exist a function a : [0,oo) — > [0,1) such that limsup r , t+ a(r) < 1 for 
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all t € [0, oo ) and 

H (f x Jy) < a(d(x,y))d(x,y), 
for all i,i/£l, then / has a fixed point. 

Very recently another proof for this theorem was given by T. Suzuki [7]. 
Y. Feng and S. Liu [2] proved the following theorem. 

Theorem 2. (Feng, Liu [2]) Let (X, d) be a complete metric space and let / : X — ► Cl(X). 
If there exist 6, c G (0, 1) such that c < b and for any x G X there is y G fx satisfying the 
following conditions: 

bd(x,y) < d(x,fx) 
and 

d(y,fy) < cd(x,y), 
then / has a fixed point in X provided the function I(x) — d(x, fx) is lower semi-continuous. 

Recently D. Klim and D. Wardowski [3] extended Feng and Liu's theorem in the following 



Theorem 3.( Klim, Wardowski) Let (X,d) be a complete metric space and let / : X 

Cl(X) . Assume the following conditions hold. 

There is a b G (0, 1) such that for each x G X there is y G fx with: 

bd(x,y) < d(x,fx) 



and 
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d{y,fy) < a{d{x,y))d(x,y), 



where a : [0, oo) — > [0, b) is such that limsup r tt+ a{r) < b for all t G [0, oo). Then / has 

a fixed point in X provided I(x) — d(x, fx) is lower semi-continuous. 

T. Kamran [4] extended Mizoguchi and Takahashi's theorem as follows. 

Theorem 4. Let (X, d) be a complete metric space, let a : X — > [0, 1) be a function such 
that limsup t tr+ a(t) < 1 for all r € [0, oo) and let / : X — ► Cl(X) satisfy: 

d(y, fy) < a(d(x, y))d{x, y), (1) 

for all y € fx. 

Then / has a fixed point provided I — d(x, fx) is / — orbitally lower semi-continuous. 

We present extensions of these results to common fixed points of pairs of maps f,g:X — > 
Cl(X) on a complete metric space (X, d) which satisfy various generalizations of contractive 
conditions of the form: 

(I) 

H(fx, gy) < kd(x, y) for each x, y G X with x =/= y 

or in particular, 



(II) 

f d(y, gy) < kd(x, y), for each y G fx, and 

{ d(x, fx) < kd(x, y), for each x € gy, 

for some k € [0, 1). 

It is easy to see that if f,g satisfy (I) then they also satisfy (II), however, as we show by an 
example at the end of the paper, the converse is not true. 
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2 Main Results 



The main purpose of this paper is to study properties of mappings satisfying contractive 
conditions of the type in (II) and and some of their applications. 

First we prove two common fixed point theorems for multi- valued contractive mappings on 
complete metric spaces. The type of contraction considered in the following theorem were 
inspired by M. Abbas and B. E. Rhoades. See [1]. 

Theorem 2.1. Let (X,d) be a complete metric space and let f,g:X — > Cl(X). Suppose 
there exist a constant b G (0, 1), non negative real numbers [3, 7 with b + 2/3 + 27 < 1 and a 
function a : X — ► [0, b) such that /, g satisfy the following conditions : 

d(y,gy) < a(d(x,y))d(x,y) + f3{d{x, fx) + d(y, gy)} + ^d(x, gy), (2) 

for all y G I£ and, 

d(x, fx) < a(d(x, y))d(x, y) + (3{d(x, fx) + d(y, gy)} + jd(y, fx), (3) 

for all x G gy, where 

I'b = {y e fx : bd(x, y) < d(x, fx)}, 

then /, g have a common fixed point provided I(x) = d(x, fx) is / — orbitally lower semi- 
continuous. 

Proof. First we show that every fixed point of / is a fixed point of g and conversely. Let 
z G fz , by putting x = y = z in (1) we get 

d(z,gz) < a(d(z, z))d{z, z) + /3{d{z, fz) + d{z,gz)} + jd(z,gz) = {(3 + j)d(z,gz). 

Hence d(z,gz) = 0, since j3 + 7 < 1. A similar argument shows that every fixed point of g 
is also a fixed point of /. 
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Define: 



A - b+P+1 () 

By assumption < A < 1 so we can choose b < 5 < 1 such that 4 < 1, let y G fx, from (1) 
we have: 

d(y, gy) < a(d(x, y))d(x, y) + (3{d(x, fx) + d(y, gy)} + jd(x, gy) 

< a(d(x, y))d(x, y) + f3{d(x, fx) + d(y, gy)} + jd(x, y) + jd(y, gy). 

Which in turn yields 

d(y,gy) < A(d(x,y))d(x,y), (6) 

for all y G fx, so in particular for all y G l\. Similarly we get 

d(x,fx)<A(d(x,y))d(x,y), (7) 

for all x G gy. Let xq G X, since 5 < 1 there exist x\ G fxo such that 6d(xo, Xi) < d(xo, fxo). 
Since b < 5 we have x\ G 1° and from (6) we get d{x\ 1 gx\) < A(d(x\, Xo))d(x\, Xq), hence 
there is X2 G gx\ such that d{x\,x 2 ) < Ad(xi,Xo), and from (6) we have 

d(x 2 ,fx 2 ) < A(d(x2,xi))d(x2,xi) < A 2 d(x ll x ) < —Ad(x ,fx Q ) < Ad(x ,fx ). 

So there is X3 G fx 2 such that d(x 2 ,xs) < Ad(x 2 ,xi). 

Continuing this process we can iteratively choose a sequence {a^nl^Lo sucn that x 2n G gx 2n -i 
and X2n+i G /^n for which the followings hold for all nonnegative integers n G N. Either 
X n +i = a^n for some nonnegative integer n, in which case the proof is completed, or x n+ i =/= 
x n for all nonnegative integers n and then, 

5d(x 2n ,x 2n+ i) < d(x 2n ,fx 2n ), (8) 

d(x 2n+ i,x 2n+2 ) < Ad(x 2n ,x 2n+ i), (9) 

d(x 2n+2 , fx 2n+2 ) < Ad(x 2n ,fx 2n ). (10) 
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From (9) we get 

d(x 2n , fx 2n ) < A n d(x , fx ), (11) 

for all n=l, 2,3,.. and from (10) we get 

oo oo oo 

'^2d(x n ,X n+ i) = y^ j d(X2 n ,X2n+l) + ^ d(x 2n +l , X 2n+2 ) 
n— n— n— 

oo _. oo , 

< J^ ~?d{x 2n , jx 2n ) + ^ j d (x 2n , fx 2n ) < oo. 

n=Q n=0 

Hence the sequence {x n \ < ^ = Q is Cauchy and since X is complete, there is some z £ X such 

that lim„ >oc x n = z. Now I{x) = d{x, fx) is / — orbitally lower semi-continuous and so 

from (10) we get 

d(z, fz) < liminf d(x 2n , fx 2n ) = 0. 

n >oo 

Thus, since fz is closed, z G /z, so by the first part of the proof z is also a fixed point of g 
and the proof is complete. ■ 

By putting /3 = 7 = in above theorem we have the following corollary. 

Corollary 2.2. Let (X, d) be a complete metric space and let f,g:X — > Cl(X). Suppose 
there exists a constant & € (0, 1) and a function a : X — ► [0,6) such that /, g satisfy the 
following conditions : 

d(y, gy) < a(d(x, y))d(x, y), (12) 

for all y € 1% = {y € fx : 6d(a;, y) < d(x, fx)}, and 

d(#j /x) < a(d(x, y))d(x, y), (13) 

for all x € gy, 

then /, 5 have a common fixed point provided I(x) = d(x, fx) is / — orbitally lower semi- 
continuous. 
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Theorem 2.3. Let (X,d) be a complete metric space and let a : [0,oo) — ► [0,1) be a 

function such that limsup t tr+ a(t) < 1 for all r £ [0, oo). Suppose that f,g:X — > Cl(X) 

satisfy the following conditions: 

d(y, gy) < a(d(x, y))d(x, y) (14) 

for all y £ fx and 

d(x,fx) <a(d(x,y))d(x,y) (15) 

for all x £ gy, 

then / and g have a common fixed point provided I(x) = d(x, fx) is / — orbitally lower 
semi-continuous. 

Proof. (This proof is inspired by T. Suzuki [7]). Define j3 : [0, oo) — ► [0, 1) by 

Then, limsup r >t+ /3(r) < 1 and a(t) < f3(t) < 1 for all t £ [0, oo). 

Let xq £ X and x\ £ fxg from (14) we have, 

d(xi,gxi) < a(d(x ,xi))d(xo,xi) 
So there exists xi £ gx\ such that: 

d(x 1 ,x 2 ) < P(d(x ,x 1 ))d(x ,x 1 ), 
since x 2 £ gxi, from (15) we have 

d(x 2 ,,fx 2 ) < a(d(xo,xi))d(xo,xi). 
Continuing this process we can iteratively choose a sequence {x n }^L 1 such that x 2n € 



1033 
Common fixed point for generalized. . . 9 



gX2 n -i, x 2n +i e fx 2n and, 

d(x n+1 ,x n+2 ) < f3(d(x n .x n+1 ))d(x n ,x n+1 ). (16) 

Since j3{t) < 1 for all t G [0, oo), {d(x ni x„+i)}^L is a decreasing sequence in R and so must 
converge to some nonnegative real number d G R. 

Since limsup t >d+ (3{t) < 1, we can choose r G [0, 1) and v G TV such that, 

/3(d(a; n ,a; n +i)) < r for every n>v. Hence 

^=i{d{x„,x n+ i)) <Ti u n=l (d(x n ,x n+ i)) + T^ =v+1 r n (d(x 1 ,x a )) < oo. 

So {x„} is a Cauchy sequence and since X is complete it converges to some z <E X. Further, 
since x 2n +i e fx 2n , 

d(z,fz) < liminfn — >ced(x 2n ,fx 2n ) < 

liminfn — f00 {d{x 2n , x 2n+1 ) + d(x 2n+ i,fx 2n )) = 0, 

hence z G fz and by putting x — y = z in (13) we get 

d(z,gz) < a(d(z,z))d(z,z), 

so z G gz and this completes the proof. ■ 

The following corollary is theorem 2.1 of T. kamran [4] which is obtained by taking / = g 
in Theorem 2.3. 

Corollary 2.4. Let (X,d) be a complete metric space and let / : X — ► Cl(X). Suppose 
there exists a function a : X — > [0,1) with limsup t >r+ a(t) < 1 for all r G [0, oo) such 
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that: 

d(y, fy) < a(d(x, y))d{x, y), (17) 

for all y £ fx, 

then / has a fixed point provided I = d(x, fx) is / — orbitally lower semi-continuous. 

Some common fixed point theorems can be easily deduced from theorem 2.3. We state some 
of them by way of illustration. 

Corollary 2.5. Let (X, d) be a complete metric space and let a : [0, oo) — ► [0,1) be a 

function such that limsup t >r+ a(t) < 1 for all r £ [0,oo). Suppose /, g : X — ► Cl(X) 

satisfy the following conditions: 

d(y,fy) < a(d(x,y))d(x,gx) for all y £ gx, 

and 

d(x,gx) < a(d(x,y))d(y, fy) for all x £ fy, 

then the fixed point sets of / and g coincide and are nonempty provided either d{x, fx) or 
d(x, gx) are respectively / — orbitally or g — orbitally lower semi-continuous. 

Proof. If y £ gx then, 

d(y,fy) < a(d(x,y))d(x,gx) < a(d(x, y))(d(x, y) + d{y,gx)) = a(d(x,y))d(x,y). 

So, d(y,fy) < a{d{x 1 y))d{x 1 y) for every y £ gx. Similarly, d(x,gx) < a{d{x,y))d{x,y) for 
all x £ fy and so by theorem 2.3 the proof is complete. ■ 

Corollary 2.6. Let (X,d) be a complete metric space and let f,g:X — > Cl(X) satisfy 
the following condition: 

H(fx,gy) < a(d(x,y))m(x,y), 
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where a : X — ► [0, 1) is a function such that, 



limsupa(i) < 1, for all r G [0, oo) 

t *r+ 



and 



m(x,y) = max<! d(x,y),d(x, fx),d(y,gy), - l } , for all x,y e X. 



Then /, g have a common fixed point provided / = d(x, fx) is / — orbitally lower semi- 
continuous. 



Proof. Let y e fx then, 

d(y,gy) < H(fx,gy) 

d(x,y) + d(y,gy) 



< a(d(x, y)) max I d(x, y),d(x, y) + d{y, fx),d(y, gy), 

= a{d{x, y)) max I d{x, y),d(y, gy), ' ' \ 

= a(d(x, y)) ma,x{d(x, y),d(y, gy)}. 
Now, if d{x,y) < d{y,gy) we obtain d(y,gy) < a{d{x,y))d{y,gy), a contradiction, so 

d(y, gy) < a(d(x, y))d(x, y) (18) 

for every y £ fx. Similarly we have 

d(x, fx) < a(d(x, y))d(x, y), (19) 

for every x € gy, so the result follows from Theorem 2.3 ■ 

Theorem 2.7. Let (X, d) be a complete metric space and let f , g : X — > CliX) be 
functions with 

H(fx, gy) < a(d(x, y))d(x, y) + (3(d(x, y)){d(x, fx) + d(y, gy)} 



1036 

12 Khandani, Vaezpou, Sims 



+l(d(x, y)){d(x, gy) +d(y,fx)}, 

for every x, y G X, where a, /?, 7 : [0, 00) — > [0, 1) are functions such that 

a(t) + 20(t) + 27(f) < 1 for every t € [0, 00) 

and 

limsup(a(i) + f3(t) + 7(f)) < limsup(l - (f3{t) + j(t)), 

t >r+ t >r+ 

for every r G [0, 00). 

Then /, g have a common fixed point provided I(x) = d(x, fx) is / — orbitally lower semi- 
continuous. 

Proof. Define 9 : [0,oo) — * [0, 1) by 9(t) = j- -^ ~£/\- Lct ^ e /* then as in thc 

proof above we have, 

d{y,gy) < H(fx,gy) 

< a(d(x, y))d{x, y) + f3{d{x, y)){d{x, y) + d(y, gy)} + j(d(x, y)){d{x, y) + d(y, gy), 

so we have: 

(1 - (/? + j)(d(x, y)))d(y, gy)<(a + /3 + 7 )(d(», y))d(x, y), 

which in turn yields: 

d(y,gy)<6{d{x,y))d{x,y), (20) 

for every y G fx,. Similarly, 

d(x,fx)<9(d(x,y))d(x,y), (21) 

for every x G gy. and the proof now follows from (20), (21) and theorem 2.3. ■ 
We conclude with some examples which help delineate our results. 
Example 2.8. Lct X = [0, 1] and lct k G [0, 1). Define /, g : X — ► Cl(X) by 

f [0, |] if » e [0,|), 

l[f,i] if^e[i,i], 
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and 



gx 



[0,|]} if a? € [0,|), 



< 4 1] if xG [§,!]. 



L5> J "" ^ 13' 

First suppose x G [0, ^), then fx — [0, ~]. So in this case, for every y G /a;, y G gry. If 
x G [j, 1], then /a; = [f, 1] and again for each y G /x, gy — [51 1] an d so y G gy. 
Thus we have shown that d(y,gy) = for each y G /x. In a similar way it can be shown 
that d(x, fx) = for each x G gy. So /, g are contractions of type (II) 

Let x G [0, \) and y G [|, 1]. Then H(fx,gy) = H([0, §], [§, 1]) = |. Thus, choosing x=\ 
and y = I we see that /, g can not satisfy condition (I). Also, it is easy to see that /, g 
satisfy all the conditions of theorem 2.3 and that [|, 1] C Fix(f) f)Fix(g), so theorem 2.3 
is a genuine generalization of theorem 1 due Mizoguchi-Takahashi. 

Example 2.9. Let X = [0, 1], let k G (0, 1) and define / : X — > Cl{X) by 

[0,|] if a: € [0,|), 



fx 



[f,l] ifxG[i,l]. 



It is easy to see that d(y, fy) < kd(x, y) for each y € fx and that / satisfies all the conditions 
of corollary 2.4, indeed / has many fixed points. Choose x G [0, |) and y G [|, 1] such that 
d{x,y) < i^r, then H(fx,fy) = H([0, |], [|, 1]) = |, and we see that / dose not satisfy 
condition (I); 

H(fx, fy) < kd(x, y) for all x, y G X. 

Thus, corollary 2.4 is indeed a generalization of theorem 1. See [4] for another example in 
this regard. 
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1 Introduction 

In 1963, Mcinardus [8] was the first who observed the general principle and 
employed a fixed point theorem to establish the existence of an invariant ap- 
proximation. In 1969, Brosowski obtained its generalization [2]. Using a fixed 
point theorem, Subramanyam [15] obtained another generalization of Mienardus 
theorem. In 1979, Singh [14] extended the results by relaxing some conditions 
such as linearity of the map and convexity of the domain. Further in 1982 Hicks 
and Humphcrics [4] obtained another generalization by reducing the conditions. 
Furthermore, Sahab, Khan and Sessa [12] generalized the result of Hicks and 
Humphcrics using two mappings and stablished a common fixed point of best 
approximation. In another paper Jungek and Sessa [6] weakended the hypoth- 
esis of Sahab, Khan and Sessa. 

On the other hand the concept of affine with respect to a point which is a gener- 
alization of an affine mapping was introduced by Vijayaraju and Marudai [17]. 
Nashine used this concept and the result of Hadzic [3] to present a new fixed 
point theorem for a class of relatively non expansive mappings and as its appli- 
cation, he found the best approximation results for generalized affine mappings 
on a Banach space [9]. In this paper at first we introduce a result on common 
fixed point theory in a Hausdorff locally convex space and then we utilize its 
consequence to prove some corollaries on common fixed points of best approxi- 
mation. Our results will unify, improve and generalized some well known results 
(for example see [9], corollaries 3.3 and 4.3-4.7). We employ a technique due to 
Nashine [9] to prove the first theorem. 
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2 Preliminaries 

Let (X, r) be a Hausdorff locally convex space. A family {p a : a G /} of 
seminomas on X is called an associated family for t if the family {jU : 7 > 0} 
forms a base of neighborhoods of zero for r, where U = P|»=i Ua t and U ai — 
{x : p a .(x) < 1}. A family {p a : a G /} of scminorms on X is called an 
augmented associated family for r if {p a : a G /} is an associated family such 
that max{p a ,pp} G {p a : a G /}, for any a,/3 G /. We will denote by A(t) 
and A*(t), the associated and augmented associated semi norms {p a : a G /}, 
respectively. As a well known result, there always exists a family {p Q : en G /} 
of semi norms on X such that {p a : a E 1} = ^4*(r)(see [7], P. 203). A subset 
M of X is r-bounded in X if and only if each p a is bounded on M. 

For any r-bounded subset M of X we can choose a number A Q > such 
that M C X a U a , where C/ a = {x : p a (x) < 1} and a E I. It is easy to show that 
B = P| AqJ/q, is r-bounded, r-closed, absolutely convex and contains M. Also 
the linear span Xb of B in X is (J n=1 nB and the Minkowski linear functional 
is a norm which is denoted by ||.||b- This means that (Xb, \\-\\b) is a normed 
space with closed unit ball B and for each x G Xb, \\%\\b = s 'up a p a (j L ). To 
see the details one can refer to [7] and [16]. 

Let A and B be two self maps on M. Then A is called: 
i) A* (t)-iioii expansive if for all x,y G M 

p a (Ax - Ay) < p a (x - y), Vp Q G A*{t). 
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ii) „4*(r)-B-non expansive if for all x, y £ M 

Pa (Ax - Ay) < p a (Bx - By), V Pa £ A*(t). 



Throughout this paper for simplicity, we shall call _4*(T)-non expansive (A*(t)- 
B-non expansive) maps to be non expansive (B-non expansive). 
Let {x n } be a sequence in X. Then {x n } is Cauchy if and only for each p a , 
Pa(x n — x rn ) — ► 0asm,n — > oo. For u £ X, the set of best M-approximants 
to u is denoted by Pm{u). i. c. 

P M (u) = {y G M : p a (y - u) = d Pa (u, M), Vp a € A*(t)}, 

where 

d Pa (u, M) = inf{p a (x - u) : x £ M}. 

{X, t) is called an Opial space if for each x £ X, every net {xp} converging 
weakly to x and each p a £ A*(t), we have 

lim inf p a (xp — y) > liminf p a {xp — x), \fy ^ x. 

Any given map T : M — ► X is said to be demiclosed at if for each net 
{xp} in M converging weakly to x and {Txp} converging strongly to 0, we have 
Tx = 0. A mapping T : X — ► X is said to be demicompact if each bounded 
net {xp} in X such that {(/ — T)(xp)} converges, has a convergent subnet. 

Let C be a nonempty convex subset of X and q £ C. A self mapping T on 
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C is said to be affinc if 

T(Xx + (1 - X)y) = XT(x) + (1 - \)T(y), 
for all x, y G C and A G (0,1). Also T is called to be affine with respect to q if 

T(Xx + (1 - X)q) = XT(x) + (1 - X)T(q), 

for all x G C and A G (0, 1). There is an example of an affine mapping with 
respect to a point which is not affinc(scc[17]). 

Throughout this paper we denote by F(T), the set of fixed points of a map 
T : X — > X. Also we need the following theorem due to Hadzic. 

Theorem 2.1 [3] Let X be a Banach space and S,T : X — ► X be continuous 

mappings and let rj be a family of self mappings A : X — ► X such that 

i) A(X) C S(X) n T(X), VA G rj. 

ii) A commutes with S and T , \/A G r\. 

Hi) || Ax — By || < q \\ Sx — Ty ||, 

for any x, y G X and for all A,B^rj where < q < 1. Then for any A G r\, 

S,T and A have a unique common fixed point in X. 

3 Main results 

In this section at first we prove a lemma which will be needed in the proof of 
our main theorem. 

Lemma 3.1 : Let r\ be a family of self mappings on a T-bounded subset M of 
a Hausdorff locally convex space (X, t). 
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i) Suppose that for self mappings S,T : M — ► M 

p a (Ax - By) < qp a {Sx - Ty), 
for all x,y G M, p a G A*(t), A, B G r\ and < q < 1. Then 

\\Ax-By\\ B <q\\Sx-Ty\\ B . 

ii) If (X, t) is complete then (Xb, \\-\\b) is complete. 

Hi) If S,T : X — > X are continuous then S,T are continuous in (Xb, ||-||b)- 

Proof : i) For any x, y G M, by hypothesis we have 

Pa{Ax - By) < qp a (Sx - Ty), 
for all p a € A* (t), A, B e r\ and < q < 1. Then we have 



Ax — By Sx — Ty 
supp a ( ) < qsupp a ( ), 



and so 

\\Ax-By\\ B <q\\Sx-Ty\\ B . 

The other parts can be similarly proved. D 

Theorem 3.2 : Let (X, r) be a Hausdorff locally convex space and C be a 

subset of X . Suppose that S,T : C ► C be self mappings and r\ be a family of 

self mappings A : C — ► C such that A(C) C S(C) ("1 T(C), A commutes with S 
and T, C is p-star shaped with p G F(T) fl F(S), T and S are affine with respect 
to p and for each A, B G r\ we have 

Pa (Ax - By) < Pa (Sx - Ty), Vp Q G A*(t), x^y€ C. (1) 
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Then for each A € r\, F(T) n F(S) n F(A) ^ provided one of the following 

conditions hold. 

i) C is weakly compact, T and S are continuous in the weak topology and T — A 

and S — A are demiclosed at 0. 

ii) T and S are compact, C is r -bounded sequentially compact, S is non expansive 

and A and T are S-non expansive. 

Hi) (X, t) is an Opial space, C is weakly compact, A is continuous in the weak 

topology and T and S are A-non expansive for each A S r\. 

Proof : Choose the sequence {k n } such that < k n < 1 and k n — ► 1 as 
n — > co. For n > 1, for each A G r\ and i£Cwc define 

A n x = k n Ax + (1 - k n )p. (2) 

Since C is p-starshaped with p E F(T), T is affine with respect p and A(C) C 
T(C), we have 

A n x = k n Ax + (1 k n )p 

= k n Ax + (1 - k n )Tp e T(C). 

Hence A n (C) C T(C), for n > 1. Also A commutes with T and then 

A n Tx = k n ATx + (1 — k n )p 
= k n TAx + (1 — k n )Tp 
= T{k n Ax + (1 - k n )p) 
= 1 A n x, 

for each x G C. Thus A n and T are commutative for each n > 1. Similarly 
we can prove that A„ and S 1 are commutative. Also we have A n (C) C S(C). 
Therefore A n (C) C T(C)n5(C) and each A„ commutes with S 1 and T. Moreover 
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for each A n and B n constructed with A and B in r\ we have 

p a (A n x - B n y) = k n p a (Ax - By) 
< k n p a (Sx-Ty), 

for each x, y G C. Hence by Lemma 3.1 we obtain 

\\A n x - B n y\\ B < k n \\Sx - Ty\\ B , 

for each x,y G C. Now, 

i) If C is t- weakly compact, since X is Hausdorff space then C is complete 
in the weak topology. On the other hand if T and S are continuous in the 
weak topology then they are continuous in (X B , \\-\\b) and C is complete in 
(Xb, \\-\\b) by Lemma 3.1. Hence the conditions of theorem 2.1 hold for r\ = 
{A n }%> =1 , S and T. So we have F(T) n F(S) n F(A n ) = {x n }, for each n > 1. 
C is r- weakly compact. Then there exists a subsequence {a; m } of {x n } such 
that x m — ► a; in weak topology. By Lemma 3.1 x, m — ► x in (X^, ||-||s)- By 
continuity of T we have x G F(T). Also from (2) we have 



(T- A)x m = (1 - T^X^m -p). 



The sequence {x m } is r-bounded and also k m — > 1 as m — ► oo. So (T — 
A)x m — > strongly as m — > oo. The dcmicloscness of T — A implies that 
= (T — A)x and hence Tx = Ax. The similar argument shows that Ax = Sx, 
where S - A is dcmiclosed and hence F(T) n F(5) n F(A) ^ 0. Since A G ry is 
arbitrary the proof of i) is complete. 

ii) Since C is r-bounded then {x n } is r-bounded. If T is compact then {Tx n } 
has a subsequent {Tx n .} such that Tx„. — ► a;* G C. But x n . = T n .x ni = 
k n .Tx ni + (1 — fc„. )p. As i — > oo and using the continuity of T we get x* = Tx* . 
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By the similar way we can prove that x* = Sx*. On the other hand by (1) we 
have 

p a {Ax* - Ax ni ) < p a (Sx* - Tx ni ). 

If we get i — > oo, we have Ax* = x*. So F(T) n F(S) n F(A) ^ and the 
proof is complete. 

Hi) If we can show that (T — A) and (S — .A) are demiclosed at for each A <G rj, 
the result will follow from i). Let {a; Q } be a net in C, {xp} be its subsequence 
such that xp — ► .x in the weak topology and (T — A)x@ — > 0. By weakly 
compactness of C, x € C and weakly continuity of A implies that Axp — > Ax 
in weak topology. But T is A-non expansive. Then for each p a £ A*(t), 

p a (Txf3 - Tx) < p a (Axf3 - Ax). 

As (Ax j3 — Txp) — > 0, for each p a , 



liminf p a (Axfj — Ax) > lim inf p Q (Txp — Tx) = liminf p a (Axp — Tx). 



Since X satisfies the Opial's condition and Axp — > Ax in weak topology, so 

Ax = Tx and (T - A)x = 0. By the same way (5 - A)x = 0. D 

Remark 3.2 : In Theorem 3.2(i) if we replace the condition weakly compact 

by sequentially weakly complete for C, the result still holds(see the details of 

Proof). 

The following corollary and its results which has been proved in [1] (Theorem 
2.2), are the special cases of the above Theorem. 

Corollary 3.3 Let D be a closed subset of a normed linear space X. I and T 
self maps of D with T(D) C 1(D) and q G F(I). If D is q-starshaped , closure 
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of T(D) is compact, I is continuous and linear, I and T are commuting and T 
is I-non expansive. Then I and T have a common fixed point. 

As applications of the previous theorem we prove some results in best 
approximation theory. 

Theorem 3.4 Suppose that T, S be self mappings on the Hausdorff locally con- 
vex space (X, t), CCI and r\ be a family of mappings A : X — ► X, invariant 
on C such that A{dC) C C. Let x Q e F(T) n F(S) F(A). D = P c (x ) is non 
empty and p-starshaped with p G F(S) D F(T) , T and S are affine with respect 
to p, T{D) = S(D) = D, each A S r\ commutes with T and S and satisfies the 
following condition 

p a {Ax-By) < Pa (Sx-Ty), V Pa <=A*(t), A,B€r], 

for all x,y e DU {x }. Then D n F(T) n F(S) n F(A) ± %, for all A € r] 

provided one of the following conditions hold. 

i) D is weakly compact, S and T are continuous in the weak topology on D, 

(T — A) and (S — A) are demiclosed at 0. 

ii) D is T-bounded and sequentially compact, T and S are compact, S is non 

expansive and A and T are S-non expansive. 

Hi) (X, r) is an Opial space, D is weakly compact, for each A G r\, A is weakly 

continuous on D and T and S are A-non expansive. 

Proof : Suppose that y E D. Then y e d(C). Since A(dC) C C we imply that 
Ay <G C. On the other hand Txq = Sxq = Axq. Then for each p a e A*{t) and 



10 
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Pa(Ay - x ) = p a (Ay - Bx a ) 
< Pa(Sy-Tx ) 
= Pa(Sy - x ) 
= d Pa (x ,C). 

Then Ay E D. Consequently for each A e rj, A(D) C T(D) = D = S{D). Now 
by Theorem 3.2 the proof is complete. □ 

Corollary 3.5 ([10], Theorem 1.1) : Let X be a normed space andT : X — ► X 
be a linear and non expansive operator. Let M be a T-invariant subset of X and 
xq E F(T). Lf D, the set of best approximations of xq in M, is nonempty 
compact and convex, then there exists a y in D which is also a fixed point of T. 

Corollary 3.6 ([10], Theorem 1.3) : Let X be normed space, T : X — ► X be 
a non expansive mapping, M be a T-invariant subset of X and Xq € F(T). Lf D, 
the set of best approximations of Xq in M is nonempty compact and starshaped, 
then there exists a best approximation of x in M which is also a fixed point of 
T. 

Corollary 3.7 ([10], Theorem 1.4) .' Let L and T be self maps of a normed space 
X with x e F(I) n F{T), M C X with T:dM — ► M and p E F(L). Lf D, the 
set of best approximations of x in M is nonempty compact and p-starshaped, 
L(D) = D, L is continuous and linear on D, L and T are commutating on D and 
T is L-non expansive on D U {^o}, then L and T have a common fixed point in 
D. 

Corollary 3.8 ([12], Theorem 3) : Let T,I : X — ► X be operators on the 
normed linear space X, C be a T-invariant subset of X such that T{dC) C C 
and x G F(T) D F(I). Further L and T are non expansive on D, the set of best 
approximations ofx in C . Let L be linear and continuous on D and L and T are 

11 
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commutating on D. If D is nonempty, compact and starshaped with respect to a 
point q E F(I) and if 1(D) = D, then D n F(T) n F(I) ^ 0. 

The following corollary and its 8 corollaries also will be the results of theorem 
3.4. 

Corollary 3.9 ([13], Theorem 2.1) : Let E be a Hausdorff locally convex space 
and T : E — ► E be p-non expansive, for each continuous seminorm p on E. Let 
C be T-invariant set and y € F(T). Assume that for each continuous seminorm 
p on E, the set D of best C-approximants to y with respect to p is nonempty, 
sequentially complete, bounded and starshaped. Furthermore assume either of 
the following holds : 
i) (I — T)(D) is closed, 
ii) T is demicompact. 
Then T has a fixed point which is a best approximation to y in D. 



For M C X if we define C%j(u) = {x € M : Sx € P M (u)} and D s M (u) 



Pm(u) H Cf /I {u) (see [1]), we can present the following theorem 



Theorem 3.10 Let (X, r) be a Hausdorff locally convex space and S and T be 
self mappings on X. Suppose that M be a subset of X such that T(dM) C M, 
S(dM) C M and u E F(T) n F(S). Suppose that D = D s M (u) ^ and q- 
starshaped with q G F(T) D F(S). S is non expansive on Pm{u) U {u}, T is 
S-non expansive on D U {u} and both are affine with respect to q. Let n be a 
family of self mappings A : X — ► X which commute with S and T and 

Pa (Ax-By) < Pa (Sx-Ty), Vp Q &A*{t), x,yeDU{u}. 

Then F(T)r\F(S)C)F(A) ^ provided S(D) = D = T(D), D is weakly compact, 
(T — A) and (S — A) are demiclosed at and A(D) C D. 



12 
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Proof : Suppose that y £ D. Since T(D) = D we have Ty £ D. According 
to the definition of D, y £ dM and by the hypothesis of T(dM) C M we implies 
that Ty S M. Since T is S-non expansive then for each p a £ A*(t), 

Pa(Ty-u) =p a (Ty-Tu) <p a (Sy-u). (3) 

Since Ty £ M and Sy £ Pm(u), from (3) we infer that Ty £ Pm(u). On the 
other hand S is non expansive on Pm{u) U {u} so for each p a £ A*(t) we have 

Pa(STy - u) = p a {STy - Su) 

< p a (Ty -u) 
= Pa(Ty - Tu) 

< p a {Sy - Su) 
= p a (Sy-u). 

Thus STy £ P M (u). So Ty £ C^(u) and hence Ty £ D. Therefore S and T 
are self mappings on D. Now the condition (1) of Theorem 3.2 holds and hence 
the proof is complete. □ 
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Abstract 

In this paper, the Homotopy Perturbation Method (HPM) which is an approximate analytical 
method has been used to solve the nonlinear coupled viscous Burgers equations with fractional-time 
derivative. With the HPM, the solution can be obtained in the form of a convergent power series 
with terms that can be easily computed. The method does not need linearization and provides an 
analytical solution by utilizing only the initial condition. We also show that the HPM can generate 
highly accurate analytical solutions. 

Keywords: Coupled viscous Burgers equations, Homotopy perturbation method, Time-Fractional 
derivative 

1 Introduction 

The coupled viscous Burgers equations are defined by the following nonlinear partial differential 
equations: 

u t - u__ + r}uu x + 6{uv) x — 0, x _ T, te[0,T], (1) 

v t — v xx + £vv x + n(uv) x = 0, x e T, te[0,T], (2) 



with initial conditions 



and boundary conditions arc 



u(a;,0) = f(x), 


xeT, 


v(x,Q) =g(x), 


xeT, 


u(—L, t) = u(L,t), 


te[0,T\ 


v(-L,t) = v{L,t), 


te[0,T\. 



(3) 

(4) 



(5) 
(6) 

where T = [-L, L], r\ and £ are real constants, 9 and [i are arbitrary constants which depend on parameters 
such as the Peclet number, the Stokes velocity of particles due to gravity and the Brownian diffusivity 
[3] . The coupled system was first derived by Esipov and it represents an idealised model of sedimentation 
of scaled volume concentration of two kinds of particles in fluid suspensions under the effect of gravity 

[8]- 

Khater [9] used the Chebyshev Spectral collocation numerical method to solve coupled viscous Burgers 
equations and obtained approximate solutions. Rashid and Ismail [14] applied a Fourier Pesudo-spectral 
method to solve the system of nonlinear coupled viscous Burgers equations. They compared the obtained 
results with the Chebyshev spectral collocation method in [9]. They also showed that Fourier pesudo- 
spectral method is more accurate and has better convergence rate than the Chebyshev spectral collocation 
method to solve the coupled viscous Burgers equation. Kaya [8] used the approximate analytical Adomian 
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D?u- 


- u xx + rjuu x + 9{uv) x - 


= 0, 


x<=r, 


te[o,T], 


D?v- 


- v xx + £vv x + n(uv) x = 


= 0, 


xeT, 


*G[o,n 
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Decomposition Method (ADM) for solving coupled viscous Burgers equations homogeneous and non- 
homogeneous) for rj = £ = 1 and obtained the solution in the form of a convergent power series with 
less computational work. Abdou and Soliman [1] used the approximate analytical Variational Iteration 
Method (VIM) for solving Burgers and coupled Burgers equations. Abdou and Soliman [1] showed that 
VIM is more effective than ADM. 

In recent years, fractional differential equations have attracted a great deal of attention. They are used 
in many areas of science and engineering such as in electromagnetic theory, traffic flow, electrochemistry 
as well as materials and details are discussed in [2, 7, 13, 15]. The coupled viscous Burgers equations 
with fractional-time of derivative are expressed as the following system of nonlinear partial differential 
equations: 

(7) 
(8) 

with initial conditions 

u(x,0) = f{x), xeT, v{x,0)=g(x), xeT, (9) 

where < a < 1. If a = 1, the system of partial differential equations (1.7)-(1.8) reduce to the system of 
partial differential equations (1.1)-(1.2). 

The Homotopy Perturbation Method (HPM) was developed by He and is described in [4, 5, 6]. This 
method is applied for solving many types of nonlinear partial differential equations. The HPM method, 
as ADM and VIM, does not involve discretization of the variables and hence is free from rounding off 
errors and, further, does not require large computer memory or time. No linearization of nonlinear terms 
are required. In this method, the solution is obtained in the form of an infinite series, which converges 
rapidly to highly accurate solutions. Hence, it is also an approximate analytical method. This method 
uses a technique from topology called the homotopy technique in which a homotopy is constructed with 
an embedding parameter p £ [0, 1], which is considered as a "small parameter" for the perturbation. The 
layout of the paper is as follows. Section 2 discusses some background on fractional calculus while section 
3, constructs the homotopy to the coupled viscous Burgers equations. In section 4, we use the HPM 
for solving three examples of nonlinear coupled viscous Burgers equation with fractional-time derivative. 
Finally, in section 5, we give the conclusions of this study. 

2 Basic Definition 

The following definitions from [16] are used in this paper. Details on fractional derivatives can be found 
in [10,11,12,13]. 

2.1 Definition 

The (left-sided) Caputo fractional derivative of a function f(x) is defined to be 

D a J(x) = D a - m D m f(x) = — [ X (x - t) m - a -\f^(t)dt (10) 

V(m - a) ,/ 

for to — 1 < a < m, m <E N, x > 0, / £ CH\ . 

Note that a real function f(x), x > 0, is in the space C lll fi £ R if there exists a real number p{> ji) 
such that f{x) = x p /i(x), where fi(x) £ C[0, oo). Further, it is said to be in the space C™ if f^ £ C^, 

me N. 

2.2 Definition 

The Reimann-Liouville fractional integral operator of order a > , for / £ C^,/! > — 1 is defined as 
follows 

D~ a f(x) = t^~J X f(t)(x t) a -Ht (11) 

r (") Jo 
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D°f(x) = f(x) 

For f & Cfj, , fi> — 1 , a , /? > and 7 > — 1, the following properties of D~ a are true 

D- a D-' 3 f{x) = D-<- a+ ^f(x) 
D- a D- f3 f(x) = D- f3 D- a f(x) 

- a (<r'1\ — j_VX21_J „a+t 



D- a (x~<) _ 



2.3 Definition 



For the smallest integer m that exceeds a, the Caputo time-fractional derivative operator of order a > 
is defined to be 

I d m u(x,t) - AT 

I — at"- ' a = m e N. 

3 HPM for coupled viscous Burgers equations 

In this section, the HPM is applied on the nonlinear coupled viscous Burgers equations with fractional 
derivative (1.1) and (1.2). We rewrite Eqs. (1.1) and (1.2) as 

D?u = u xx -r]uu x -9(uv) x , xG[-L,L], t £ [0,T], (12) 

D"v = v xx - £vv x - fi(uv) x , x£[-L,L], te[0,T], (13) 

where Df stands for the fractional derivative. We will use the Homotopy perturbation technique. For 
this purpose, we first construct a homotopy 

w(r,p):Tx [0,1] -^R, 

w'(r,p):Tx [0,1] ^R, 

which satisfies 

H(w,p) = (1 - p)(D?w - D?u ) + p(D?w - w xx + V ww x + 9(ww') x ) = 0, 

H(w',p) - (1 - p)(D?w' - D?v ) +p{D?w' - w' xx + ^w'w' x + fx(ww') x ) = 0, 

where p G [0, 1] is an embedding parameter whilst uq and vq are the initial approximations of (3.1) and 
(3.2). We obtain 

Dfw - Dfuo + pD?u + p(-w xx + riww x + 0(ww%) = 0, (14) 



and 

If p — 0, we have 

and if p — 1, then 



D«w' - D?vo + P D?v a + p(-w' xx + tiw'w'x + p{ww') x ) = 0, (15) 

H(w, 0) = D?w - D?u = 0, 
H(w', 0) = D?w' - D?v = 0, 

H(w, 1) = D"w - w xx + r)ww x + 9(ww') x = 0, 
H(w', 1) = Dfw' - w' xx + £w'w x + p{ww') x = 0. 
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We assume that the solutions of (3.3) and (3.4) can be expressed as an infinite series in the following 
form 



E 



WiP 



v ' = E u ^ 



(16) 
(17) 



By substituting the series (3.5) into (3.3) and the series (3.6) into (3.4), we have 



J2 P l D?w, - Dfu + P D?u + P 



i=0 



i=0 



\i=0 / \i=0 

/ oo oo \ 

+e[J2^p i J2 w iP i ) 



v ,=0 i=0 



o. 



and 



J2 P l D a t < - D?v + P D?v + p 



i=0 



■i=() 



\i=0 ) \i__0 

/ oo oo \ 

+ M y, w *p l E w *p l 



= 0. 



(18) 



(19) 



\i=o «=o / __ 

Substituting p = 1 into (3.5) and (3.6) will give in the approximate solutions of (3.1) and (3.2) as follows 

u = lim w = Wo + Wi + w-2 + • • ■ , (20) 

v = lim w' = w' + w[ + w' 2 + ■ ■ • , (21) 

The convergence of the infinite series in equation (3.9) and (3.10) has been discussed by He in [6]. 



4 Numerical Results 

In this section, the HPM will be demonstrated on three examples of nonlinear coupled viscous Burgers 
equations with fractional-time derivative. For our computation and illustration, let the expression 



m— 1 

ip m (x,t) = ^ u k (x,t), 

fe=0 



(22) 



denote the m-term HPM approximation to u(x,t). We compare the approximate analytical solution 
obtained using HPM for our nonlinear coupled viscous Burgers equation with the exact solution (where 
it exists). We define E m (x, t) to be the absolute error between the exact solution and m-term approximate 
HPM solution ip m (x,t). It is defined as follows 



E m (x,t) = \u(x,t) -i/) m (x,t)\. 



(23) 



Example 1: To evaluate the performance of the Homotopy Perturbation Method (HPM) for solving 
coupled viscous Burgers equation with fractional-time derivative, we set rj = £ = —2 , 6 = /i = 1 and 
L = ix. The system of equations then takes the following form [8]: 



D"u = U xx + 1UU X — (uv) x , —IT < X < 7T, t > 0, 

D?V = V xx + 2w x - (UV) X , -7T < X < 7T, t > 0, 



(24) 
(25) 
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with the initial conditions 

u(x, 0) = sin a;, (26) 

v(x,0) = sina;. (27) 

It can be verified that the exact solutions are u(x,t) = e~'sina; and v{x,i) — e~'sina:. Kaya [8] used 
the Adomian Decomposition Method (ADM) for solving (4.3) and (4.4) and obtained the approximate 
solution. According to the HPM, we construct a homotopy as follows 

Dfw - Dfu = p(w xx + 2ww x - (ww') x - Dfu a ), (28) 

Dfw' - Dfv a = p(w' xx + 2w'w' x - (ww') x - D?v ). (29) 

By substituting the infinite series (3.5) and (3.6) into (4.5) and (4.6), respectively, and comparing the 
coefficients of terms corresponding to p, we obtain the following 

D?w - D?u = 0, (30) 

D?w' - D? M = 0. (31) 

Thus, the first terms of the infinite series (3.5) and (3.6) are obtained as follows 

w (x,t) = u (x,t) = f(x), (32) 

w' (x,t) = v (x,t) =g(x). (33) 

Hence, we have the following for other components of the infinite series (3.5) and (3.6) 

D"wi = {w ) xx + 2(w )(w a ) x - (w a w' ) x - D?u , (34) 

D"w[ = {w' ) xx + 2(w' ){w' ) x - (w a w' ) x - D"v - (35) 

Applying the operator D~ a , the inverse of D a in the equation associated with (4.13) and (4.14) and 
using the initial conditions for (4.3) and (4.4) gives 

wi(x,t) = h — — , 

1 {a + 1) 

t a 
w[{x,t) = gi 



r(a + l)' 



where 



For the other terms, we obtain 



/i = fxx + ^ffx - (fg)x, 
.9i = 9xx + %gg x - (fg) x . 



t 2a 
w 2 {x 1 t) = /; 



r(2a + l)' 

w' 2 (x,t) = g 2 -. 



t 2 " 



T(2a + 1)' 

where 

h = (h)xx + 2{f(fi)x + fx.fi] - (fgi + gfi) x , 
.92 = (gi)xx + 1[g{gi) x + g x g 1 ] - (fgx + gfi) x , 
and 

w 3 (x,t) = / 3 



r(3a + l)' 

t 3a 



^ (x ' i)=53 r(3a + l)' 



where 
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./:•, = (h ),, + > ( f(f 2 ) x + h(h) Z { ^ + l l + fafz) - (fn + fm l^ a + ]l + hu j • 



T 2 (a + 1) 



T 2 (a + 1) 



, / / ^ / n r(2a + l) \ ( . . r(2o + l) . 
53 = (S2jxx + 2 .g(.92)x + .91(31)^7^7 — — rr + ff23x - if 92 + figi-^i — rr + hd 



r 2 (a + i) ' *" a j V J131 r 2 ( a + i) 

and so on. The solution of coupled viscous Burgers equation with fractional-time derivative (4.3) and 
(4.4) is then obtained as an infinite series of the form 



*(s,t) = /(s)+f> *° 

f^ 1 (fea + 1 



«0M) =5(«) +X! 



.9/,' 



fc=i 



r(fea + l) 



(36) 
(37) 



Table 1 shows the absolute error £4 for u and u and various variables x and £ in the case of a — 1. From 
the table, it can be seen that for all test points, the HPM provides a very accurate approximation for 
nonlinear coupled viscous Burgers equation. 

Table 1: Absolute error E4 for variables x and t 



t/x 


0.1 


1.1 


2.1 


3.1 


0.1 


4.0779 xlO -7 


3.6403 xlO -6 


3.5259X10- 6 


1.6984X10" 7 


0.3 


3.1769xl0~ 5 


2.8360xl0~ 4 


2.7469xl0~ 4 


1.3231xl0~ 5 


0.5 


2.3600xl0~ 4 


2.1068X10- 3 


2.0406xl0~ 3 


9.8296xl0~ 5 


0.7 


8.7373X10" 4 


7.7998X10" 3 


7.5547X10" 3 


3.6391 xl0~ 4 



Figure 1 and 2 shows comparison between analytical solution obtained for a = 1 with four terms using 
HPM and the exact solution. It can clearly be seen that the HPM is very accurate for this example. 
Figure 3 shows analytical solution obtained for a = 0.7 with four terms using HPM. 



0.4 - 




Figure 1: Comparing the solution of coupled viscous Burgers equation with fractional-time derivative for 
a = 1 (u and v are same )by HPM with four terms and the exact solution at t = 0.5 of example 1. In the 
graph, solid line corresponds to the exact solution and the dotted line corresponds to the HPM solution. 
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0.6 r 




-0.6 L 



Figure 2: Comparing the solution of coupled viscous Burgers equation with fractional-time derivative for 
a = 1 (u and v are same )by HPM with four terms and the exact solution at t = 0.7 of example 1. In the 
graph, solid line corresponds to the exact solution and the dotted line corresponds to the HPM solution. 




Figure 3: The solution of coupled viscous Burgers equation with fractional-time derivative for a = 0.7 at 
t = 0.5 (u and v are same )by HPM with four terms of example 1 
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Example 2: We now consider the coupled viscous Burgers equation with r\ = £ = 2 and L = 10. 

The system of equations (3.1) and (3.2) now takes the form: 



D"u = u xx — 2uu x — 9{uv)x, 
D"v = v xx - 2vv x - n{uv) x , 



-10<z<10, t > 0, 
-10<z<10, i>0, 



subject to initial conditions 



u(x,0) = ciq — 2 A ( — ) ta.nh.Ax, 

\40/i — 1 

2/i- 1 



a( 2e - l . 
2A ( — ) tanh Ar, 



v(x,0)=a , 2e _ 1J -~ K ^_ 1 

The exact solutions of this problem as given in [9, 14] are 

29- 1 



10 < x < 10, 

-10 < x < 10. 



u(x, t) = ao — 2A 



t&nh(A(x - 2At)), -10 < x < 10 , t > 0, 



(38) 
(39) 



(40) 
(41) 

(42) 



,40/z-l/ 
»(», *) = ao (§— y) - 2A ( 4 2 g e ~ 1 1 ) tanh (^ - 2At)), -10 < a? < 10 , i > 0, (43) 

where A = — — — and ao,# and /x are arbitrary constants. In the table 2, we list absolute error £4 

2(2$ — 1) 

for various values of x,t,9 and /1. 

Table 2: Absolute error £4 for variables x and t 



/' 



E 4 (u) 



E 4 (v) 



0.5 


0.5 


0.1 


0.30 


0.5 


0.5 


0.3 


0.03 


1.0 


1.0 


0.1 


0.30 


1.0 


1.0 


0.3 


0.03 



3.8901 xl0~ 5 
5.1636xl0~ 5 
7.6282 xl0~ 5 
LOmxlO" 4 



8.2721xl0~ 6 
8.9130xl0~ 6 
1.4451xl0~ 5 
1.9177xl0~ 5 



Figures 4 and 5 show the comparison between the analytical solution obtained for a = 1 with four terms 
for u and v, respectively, using HPM and the exact solution. It is clear that the HPM is accurate for this 
example. Figure 6 shows analytical solution for v and a — 0.4 with four terms using HPM. 



^ 


























^ 0.0515 

^^> 0.0510 

^^0.0505 

0.0500 


L 










0.0495 




^^ 








0.0490 






^v^ 
















-1.0 


-0.5 




0.5 




l:o 



Figure 4: Comparison of the solution u of coupled viscous Burgers equation with fractional-time derivative 
for a = 1,6 = 0.1, /i = 0.3 and ao = 0.05 by HPM with four terms and analytical solution at t = 0.9 and 
x e [—1, 1] of example 2. In the graph, solid line corresponds to the exact solution and the dotted line 
corresponds to the HPM solution. 
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Figure 5: Comparing the solution v of coupled viscous Burgers equation with fractional-time derivative 
for a = 1,9 = 0.1, /i = 0.3 and ao = 0.05 by HPM with four terms and analytical solution at t = 0.9 and 
x G [—10, 10] of example 2. In the graph, solid line corresponds to the exact solution and the dotted line 
corresponds to the HPM solution. 







0.040 


: 








0.035 


; 








N. 0.030 


; 








0.025" 










0.020 


; ^\ 








0.015 


: ^\ 




-10 


-5 




: 5 


So 



Figure 6: The solution of coupled viscous Burgers equation with fractional-time derivative for a = 0.4 at 
t = 0.9( function v ) by HPM with four terms of example 2 
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Example 3: Wc finally consider the following non-homogeneous and nonlinear coupled viscous Burg- 
ers equation (3.1) and (3.2) with rj = £ i = 6 = /j, = l and L = 10 

Dfu = u xx - uu x - (uv) x + x 2 -2t + 2x 3 t 2 + t 2 , (44) 

1 It t 2 

D?v = v xx - vv x - (uv) x H - + t 2 , (45) 

X X a X* 

with the initial conditions 

u(x,0)=0, (46) 

v(x,0)=0, (47) 

and the exact solutions are given in [8] 

u(x,t) = x t, v(x,t) = —. 

x 

Kaya [8] used the ADM to solve of (4.23) and (4.24). 

According to the HPM, the homotopy to this problem is constructed as follows 

D"w - D^uq = p(w xx - ww x - (ww') x - D"u ), (48) 

D?w' - D?v = p(w' xx - w'w' x - (ww') x - D?v ). (49) 

By substituting the infinite series (3.5) and (3.6) into (4.27) and (4.28), respectively, and comparing the 
coefficients of terms corresponding to p, we obtain 

D?w - D?u = x 2 -2t + 2xH 2 + 1 2 

1 

D?w' Q ~D?u = l--^-^+t 2 . 

X X A X A 

Thus, we have 

w (x, t) = u(x, 0) + D- a (x 2 -2t + 2x 3 t 2 + t 2 ), 

1 2t t 2 



w' (x, t) = v(x, 0) + D- a (^-^--+ t 2 ). 



x r x 
Hence, the following zeroth components are obtained as 



x 2 t a 


2 


r(a + l) 

t a 


T(a + 2) 
2 1 



«+l _i_ f0^3 , i\ * j.a+2 



w (x, t) = — ; -t a+i + <2x 3 + 1, 

v ' ' r(a + l) T(a + 2) v y r(a + 3) 

+ a o 1 1 

w' (x,t) = 



xT(a + l) x 3 T(2 + a) 
Similarly one can obtain the other components as 

r(2a + l) 



w\{x,t) = 2-^- — — — — 2x 

w[(x,t) = 



r(2a+l) r 2 (a + l)r(3a+l) 

2 t 2a 24 t 1+2a 1 



t a+l 


+ (!• 


x 3; T(3 + a) 


-t a + 2 . 


t 3a - 


-12x 2 


1 

T(a + l)r(2a 


*2a+2 + ... 

+ 3) 




t 3a 


8 


r(2 + 2a) 



x 3 r(2a + l) a; 5 r(2 + 2a) x 3 T 2 (a + l)T (3a + 1) x 5 T(l + a)T{2 + a) 



t 



l+3a 



T(2 + 3a) 

The solution of coupled viscous Burgers equation with fractional-time derivative (4.23) and (4.24) is then 
obtained as an infinite series of the form 

oo 

u(x,t) = y^Wk(x,t), (50) 

fc=0 
oo 

v(x,t) = £) «£(«,*). (51) 

fe=0 

10 
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Tables 3 and 4 show respectively the absolute error E4 for u and v for various variables x and t in the 
case of a = 1. From these table, it is seen that at all the test points, the HPM provides a very accurate 
approximation for nonlinear non-homogeneous coupled viscous Burgers equation with fractional-time 
derivative. Figures 7 and 8 show the absolute error between solution obtained using HPM with three 
terms and the exact solution at t = 0.01 and x e (—10, 10) for u and v, respectively. In Figures 9 and 
10 we plotted the solution obtained using HPM with three terms at t = 0.01 and a — 0.7 for u(x, t) and 
v(x, t), respectively. 



Table 3: Absolute error E4 for variables x and t for u(x, i) 



t/x 



t=0.1 



t=0.01 



t=0.001 



2 


4.88994xl0~ 7 


-1 


1.57361 xlO- 6 


6 


3.79539X10- 5 


8 


2.46189xl0~ 4 


10 


9.98390X10- 4 



6.38157xl0~ 13 
2.28398xl0~ 15 
3.13102X10- 14 
5.38195X10- 14 



2 
1 
6 
8 
10 



7.61068X10- 6 
7.12370xl0~ 8 
1.79108X10" 7 
4.39415xl0~ 7 
8.82034X10- 7 



6.66619X10" 11 
1.38848X10" 13 
4.33657xl0~ 15 
7.57382xl0~ 16 
8.17177xl0~ 16 



1.14480X10" 18 
6.42134X10" 19 
6.44246xl0~ 19 
4.26469xl0~ 19 



10 


9.98390xl0~ 4 5.54708xl0" ld 


5.13291 xlO -18 


Table 4: 


Absolute error £4 for variables x and t for v(x,t) 




t/x 


t=0.1 t=0.01 


t=0.001 



6.57348xlO" 1B 
1.31809xl0~ 18 
4.78548X10" 20 
1.70906X10" 20 
5.02395X10" 21 




-10 



10 



Figure 7: Absolute error between HPM solution and the exact solution at t = 0.01 and x € (—10, 10) for 
u(x,t) 



11 



GHOREISHI ET AL: COUPLED VISCOUS BURGERS EQUATIONS 



1065 



5.x 



3.x 



10 




-10 



10 



Figure 8: Absolute error between HPM solution and the exact solution at t = 0.01 and x E (—10, 10) for 
v{x,t) 




Figure 9: The solution obtained using HPM with three terms at t = 0.01, x <E (—10, 10) and a — 0.7 for 
u(x,t) 



-0.02 



Figure 10: The solution obtained using HPM with three terms at t = 0.01, x G (—10, 10) and a = 0.7 for 
v(x, t) 



12 
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5 Conclusion 

In this paper, we discussed the solution of coupled viscous Burgers equation with fractional-time 
derivative using HPM. The results obtained show good accuracy of HPM method. This method was 
tested on three examples and it was shown (via figures and tables) that this method is highly accurate 
and converges rapidly for the case of a = 1. We have solved the viscous Burgers equation for three 
particular cases when a < 1. 
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1. Introduction 

In 1992, Qian [12] considered the following second order nonlinear differential equation 

x" + {f(x)+ g{x)x'}x + h(x) = e{t), (1) 

where /, g and h are continuous functions on 9? = (—00,00) and e{t) is a continuous function on 

<R + =[0,°°). 
Let 



a{x) = exp( g{u)du) 



and 



b(x) =\a{u)f{u)du. 

Subject the above suppositions, Eq. (1) can be transformed to the following system 

x=—-{c(y)-b(x)}, 
a(x) 

y=-a(x){h(x)-e(t)}, (2) 

where a is a positive and continuous function on 9t, b, c and h are continuous functions on 3i, and 
e is a continuous function on SR + . 

Utilizing the preceding acceptations, Qian [12] proved the following theorem 

Theorem A (Qian [12, Theorem 1]). Assume that 
(i) there exists a positive number m such that 
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y 
a{x)\c(y)\ < J c(s)ds + m =C(y) + m for any x, y; 

o 

X 

(ii) *(*)*(*) = ^(x)j«( M )/( M )^ > for all x; 

o 

(ik) C(y) = jc(s)ds > for y * 
o 
and 

y 
lim supC(_y) = lim sup \c(s)ds = oo; 

(rv) £(0 = J |e(s)|<fe, £(°°) < oo, 



(v)//(x) = jV(»/iO)<5fc>0 for x *0. 



Then every solution of (2) is bounded under each of the following hypotheses: 

X 

(vi) lim sup//(x)= lim sup \a 2 (s)h(s)ds = °°; 

II II 

X 

(vii) limsupiZ(x) =limsup \a 2 (s)h(s)ds = oo 



and 



A 

lim sup(-Z?(x)) = lim sup(-[ a(u)f(u)du) 



X 

(viii) lim supH(x) = lim sup [a 2 (s)h(s)ds = oo 



and 

X 

limsup^(x) = lim sup \a(u)f(u)du = °°; 

X—>CX, X->oo J 



(ix) lim sup(signx)b(x) = lim sup(signx)\a(u)f(u)du = oo. 

II II 

By the above theorem, Qian [12] extended and improved some important boundedness results 
obtained in the literature (see Antosiewicz [2], Burton and Townsend [3], Czan [7], Graef [8] and 
Omari and Zanolin [11]). For some recent works on the boundedness and convergence of solutions of 
nonlinear differential equations of second order, we also refer readers to the papers of Constantin [6], 
Jin [9] and Zhou [17], which are generalizations of the results in [12] but in a different direction from 
the one in the present paper. 

In this paper, we consider the following second order non-autonomous and non-linear differential 
equation 

x" + a(t){f (x,x') + g(x,x')x'}x +b{t)h(x) = e(t,x,x'), (3) 

in which a, b, f, g, h and e are continuous functions in their respective domains, and the 
derivative b\i) exists and is continuous. We here investigate the stability of the null solution of Eq. 
(3) when e(t , x, x') = 0, and establish two results on the boundedness and uniform-boundedness of the 
solutions of Eq. (3) when e(t, x, x') ^ 0. It is worth mentioning that, with respect to the observations 
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in the literature, it is not found any research on the stability and boundedness of solutions of Eq. (3). 
To prove our main results we introduce two Liapunov functions. The work in this paper is especially 
motivated by Qian [12], and by the recent works of Constantin [6], Jin [9], Tunc ([13], [14]), C. Tunc 
and E. Tunc [15] and Zhou [17]. It should be noted that Eq. (3) and the assumptions will be 
established here are different from that in the papers mentioned above and that in the literature. 

Instead of Eq. (3), we consider the system 
x' = y, 

y' = - a(t){f(x, y) + g(x, y)y}y - b(t)h(x) + e(t, x, y), (4) 

which was obtained from Eq. (3). 

Consider a system of differential equations 

^ = F(t,x), (5) 

dt 

where x is an n — vector. Suppose that F(t,x) is continuous in (t,x) on IxD, where / denotes 

the interval < t < °° and D is a connected open set in 9?". It is also assumed without loss of 

generality that F(t,0) = and D is a domain such that \\x\\ < H, H > 0. 

Theorem 1. (Yoshizawa [16].) Suppose that there exists a Liapunov function V(t,x) defined on 

< t < °°, \\x\\ > R, where R may be large, which satisfies the following conditions; 

(i) a(\\xl)<V(t,x)<b(\\x\\), where a(r)eCI, a(r) -> oo as r-)" and b(r)eCI (CI 
denotes the families of continuous increasing functions), 

07) V(t,x)<0. 
Then, the solutions of (5) are uniform-bounded. 

Theorem 2. (Yoshizawa [16].) Suppose that there exists a Liapunov function V(t,x) defined 

on < t < °<>, be < H which satisfies the following conditions; 

(i) V(t,0) = 0, 

(ii) a( be ) < V(t, x), where a(r) e CIP, (CIP denotes the families of continuous increasing and 
positive definite functions), 

(Hi) V(t,x)<0. 
Then, the solution x(t) = of (5) is stable. 

Theorem 3. (Yoshizawa [16].) If condition (ii) of Theorem 2 is replaced by 
a(\\x\\)<V(t,x)<b(\\x\\), 
where a(r)e. CIP and b(r)s CIP (CIP denotes the families of continuous increasing and positive 
definite functions). 
Then, the solution x(t) = of (5) is uniform-stable. 

2. Description of Problems 

The first main problem of this paper is the following theorem 

Theorem 4. In addition to the basic assumptions imposed on the functions a, b, f, g, h and 
p, we assume that there exist positive constants b and 5 such that the following assumptions 
hold: 

a(t)>0, b >b(t)>\ forall?e9v + , 9v + = [0,°°), 

2a(t)b(t){f(x,y) + g(x,y)y}+b'(t)>S forallre9l + and x, ye% 
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X 

xh(x) > for all x ^ and j h(s)ds — > +°° as |x| — > oo, 

o 
t 
\e(t, x, y)\ < \p(t)\, exp(j" \p(s)\ds) < oo. 
o 
Then all solutions of Eq. (3) are uniform-bounded. 

Proof. Define Liapunov function 

t X . 

V(t,x,y)=exp(-2\\p(s)\ds){\h(s)ds + ——y 2 +l}. 
o o 2b (t) 

Then, we have 

exp(-2\\p( S )\ds){\h(s)ds + -^—y 2 + \}<V(t,x,y) <\h(s)ds + -^—y 2 +1 



2b(t) 



< OO. 



by exp(j|p(5 , )|(i5') 

o 
Hence, utilizing the assumption b > b(t) > 1, it follows that 

60 x 1 * 1 

exp(-2f|/?(s)|^){f/z(s)^ + y 2 +l}<Va,x,y)< f /z(*)^ + -y 2 +1. 

J J 9Ai J 9 



2Z? n 



Now, in view of the fact h(s)ds — > +oo as be — > oo 5 we arrive at condition (i) of Theorem 1 holds. 
o 
The time derivative of Liapunov function V (t, x, y) along (4) gives that 

J t X , 

—V(t,x,y) = -2\p(t)\exp(-2\\p(s)\ds){\h(s)ds + ——y 2 +1} 
dt J ' ' J 9A><7^ 



+ 



I 

■exp(-2J |p(X)|<is) 

o 

exp(-2J|£>(s)|<is)- 



2b(t) 



Ht) 

ye(t, x, y) 
b(t) 



2b 2 {t) 



t X , 

= -2\p(t)\exp(-2\\p(s)\ds){\h(s)ds + — — y 2 +1} 



2*(0 



-— |— exp(-2| |^)|^) {2fl(0M0{/(x,y) + gU,y)y} + ^(0} J 2 



+ 



exp(-2\\p(s)\ds) 



ye(t, x, y) 



Kt) 
By utilizing the assumptions of Theorem 4 and the inequality \y < 1 + y , it follows that 

, t X -. 

V(t, x,y)<- 2\p(t)\ exp(-2 f \p(s)\ds) { f h{s)ds + — — y 2 + 1} 



dt 



2b(t) 



l — exp(-2\\p(s)\ds) {2a(t)b(t){f(x,y) + g(x,y)y} + b'(t)}y 2 



26 (0 
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+ 



exp(-2J \p(s)\ds) 



\y\\e(t,x,y)\ 



<-2\p(t)\exp(-2\\p(s)\ds) { y 2 +1} — exp(-2[ \p(s)\ds)y 2 

1 ' J ' ' 2b(t) 2b 2 (t) J J ' 



+ 



r 

exp(-2\ \p(s)\ds) 



q + y 2 )\p(t)\ 



< 



-2\p(t)\cx P (-2\\p( S )\ds) -— |— txp(-2\\p( S )\ds)y 2 < 0. 



2^(0 

Then, by Theorem 1, the solutions of Eq. (3) are uniform-bounded. 

Example 1. As a special case of Eq. (3), we consider the following second order non-autonomous 
and non-linear differential equation 

f i \ 

2 + — x + (2-e~'){2x' + x'exp(-l-x 2 -x' 2 )} 



x +{2 + exp(-r)} 



+ 2x 3 = exp 



l + x +x 

l + t 2 +x 2 +x' 2 



(6) 



This equation can be stated as the system 

x = y, 



/ = -{2 + expR 2 )} 



2 + 



\ + x 2 + y 2 



y-{2-e-'){2y + ytxp{-\-x 2 -y 2 )} 



-2x =exp 
Hence, it follows the following 



\ + t 2 +x 2 + y 2 



a(t) = 2 + exp(-t 2 )>2>0, t>0, 

b(t) = 2-e-',t>0, 2>b(t) = 2-e~' >1, 

2a(t)b(t) > 4, b\t) = e~',l> b\t) = e~' > 0, 

f(x,y) = 2+ ' 



-, g(x,y)y = 2 + exp(-l-x -y ), 

l + x + y 



f(x,y) + g(x,y)y = 2 + 



1 +2 + e xp(-\-x 2 -y 2 )>4, 

l + x + y 



2a(t)b(t){f(x, y) + g{x, y)y} + b\t) >\6>5, 

x x 4 

h(x) = x 3 , x 4 = xh(x) > 0, (jc =t 0), J h(s)ds - j s 3 ds = > +<» as |x| — > °°, 



f 



\e(t,x, y) = exp 



1 



o o 

/ 1 A 



l + t 2 +x 2 + y 2 I CXP tl + ? , 



p(0, 



7, , fr i 1 

exp( /?($)<&) = exp -<is 

J „ \il + s 2 



exp( — ) < 00. 
2 



The above discussion shows that all the assumptions of Theorem 4 hold. Thus, we conclude that all 
solutions of Eq. (6) are uniform-bounded. 

For the case e(t,x, y) = in Eq. (3), the second main problem of this paper is the following 
theorem 
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Theorem 5. In addition to the basic assumptions imposed on the functions a, b, f, g and h, 
we assume that there exist positive constants b , 5 and CC such that the following assumptions hold: 
a(t)>0, b >b(t)>0 forall?e9r, 9T = [0,°o), 
2a(t)b(t){f(x,y) + g(x,y)y} + b'(t)>S for all x, y e % 

h(0) = 0, -^ > a for all xe % (x* 0). 

x 

Then the null solution of Eq. (3) is stable. 
Proof. Define Liapunov function 



x 1 

V n (t, x, y) = \ h{s)ds -\ 

J i Oht 



2b(t) 



y 



h(x) 



Evidently, we have V (t,0,0) = 0. The assumptions b > b(t) > and > a imply that 



V (t,x, y)J^- s ds + -^- y 1 > A(x 2 + y 2 ), 

* c /hlt\ 



2b(t) 



where D l =— min{or, b }. 



A straightforward calculation for the time derivative of the function V (t, x, y) along (4) yields 



that 



dt 



V (t,x,y) = -^-{f(x,y) + g (x,y)y}y 2 -^- 
b(t) 2b it) 

1 



— j— {2a(t)b(t){f(x, y) + g(x, y)y} + b\t)}y 2 . 
2b 2 (0 



The assumption 



leads that 



2a(t)b(t){f(x, y) + g(x, y)y} + b\t) > S 



—V (t,x,y)< 1— y 2 <0. 

dt ° ^ 2b 2 (0 

By the above discussion, we conclude that the null solution of Eq. (3) is stable (see also Theorem 2). 

Example 2. Consider the following second order non-autonomous and non-linear differential 
equation 

1 



x" + (3 + e~') 



2 + 



V 



l + x 2 +x' 2 J 



x' + (3 — e '){3x' + x'exp(-l-x 2 -x' 2 )} 



+ 2x + sin.x = 0. 
The associated system of Eq. (7) is the following 

x = y, 

f 1 \ 



(7) 



y' = -(3 + e-') 



2 + 



1 



V 
2x - sin x. 



l + x 2 +y 2 



y -(3-e-'){3y + ycxp(-l-x 2 -y 2 )} 



J 



Evidently, 



a(t) = 3 + e~' >3>0, t > 0, 
b(t) = 3-e", t>0, 3>b(t) = 3-e~' > 2 > 0, 
2a(t)b(t) > 12, b\t) = e~' > 0, f(x, y) + g(x, y)y > 6, 
2a(t)b(t){f(x, y) + g(x, y)y} + b'(t) >12>5, 
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h(x) = 2x + sin x, /i(0) = 0, 

^ = 2 + ^, (**0),^>l = tf. 

Clearly, the above discussion reveals that all the assumptions of Theorem 5 hold. Hence, we arrive 
at the null solution of Eq. (7) is stable. 

For the case e(t,x, j) ^ in Eq. (3), the third and last main problem of this paper is the 
following theorem 

Theorem 6. In addition to the assumptions of Theorem 5, except h(Q) = and b > b(t) > 0, we 
assume that 

b >b(t)>l,\e(t,x,y)\<q(t), 

where qe L (0,°°), L (0,<x>) is space of Lebesgue integrable functions. 

Then, there exists a finite positive constant K such that every solution x(t) of Eq. (3) satisfies 

\x(t)\ ^ 4K, \x\t)\ < 4K for all t>t . 
Proof. For the case e(t, x, y) ^ 0, under the assumptions of Theorem 6, the time derivative of 
the function V (t, x, y) can be disposed as the following: 

—V (t, x, y) < - Sy 2 + — - ye(t, x, y). 
at b(t) 

Hence, plainly, we pursue that 

— V (t,x,y)<— -\y\\e(t,x,y)\<— -(l + y 2 )q(t) 
dt b(ty " ' b(t) 

< J-{1 + D; l V(t, x, y)} q(t) < q(t) + D?q(t)V(t, x, y). 
b{t) 

Integrating the last inequality from to t, using the assumption q e L (0, °°) and Gronwall-Reid- 

Bellman inequality (see Ahmad and Rama Mohana Rao [1]), for a positive constant K l we can 

obtain 

V (t,x,y)<K r 
In view of the above discussion, one can arrive at 

x 2 + y 2 <D; l V (t,x,y)<K, 

where K = K { D^ . Hence, we conclude that 

\x(t)\<4K, \y(t)\<4K, 

for all t > t . 

The proof of Theorem 6 is now complete. 
Example 3. Consider the equation 

( 1 ^ 

x" + (3 + e-') 2 + x' + (2-e-'){2x' + x'exv(-l-x 2 -x' 2 )} 

\ l+x +x ) 

2 

+ 2x + sinx = — . (8) 

1+r +x +x 
Clearly, 

r\ ry °° °° ^ 

e(t,x,y) = - j < T = q(t), \q(s)ds=\- T ds = 7T<™. 

1 + r+jc +y 1 + r J o 1 + 5 

In view of the discussion in Example 2 and the above, it follows that all the assumptions of Theorem 6 
holds. Hence, we conclude that all solutions of Eq. (8) are bounded. 

Remark 1. Theorem 4 raises a new result in the literature on the uniform boundedness of 
solutions of nonlinear differential equations of second order. 
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Remark 2. It is obvious that Eq. (3) considered in the present paper generalizes that investigated 
by Qian [12], and the assumptions established here are different from those in Qian [12, Theorem 1]. 
Another possible generalization was proposed in Zhou [17], where a nonlinear growth suitable for 
global existence (see Constantin [4, 5]) was introduced. This alternative generalization was further 
investigated in the paper by Yin [10], and opens up the possibility of consideration in combination 
with the present approach. 

Further, the assumptions of Theorem 4 can also be easily applied to a general second order 
nonlinear differential equation, Eq. (3), than that considered in Antosiewicz [2], Burton and 
Townsend [3], Czan [7], Graef [8], Omari and Zanolin [11] and Qian [12]. That is to say the 
following: (r, ) Our equation, Eq. (3), includes and improves the equation discussed by Antosiewicz 
[2], Burton and Townsend [3], Czan [7], Graef [8], Omari and Zanolin [11] and Qian [12]. 

(r 2 ) When we compare the assumptions of Theorem 4 with that of Theorem A (proved by Qian 
[12, Theoreml]), it is clear that our assumptions have a very simple form. Also the applicability of our 
assumptions can be very easily confirmed. 

Remark 3. Theorem 5 and 6 give some additional new results to that of Qian [12, Theorem 1]). 
The procedures used in the proofs of Theorem 4, 5 and 6 are very clear and comprehensible. 
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WEAKLY COMPACT COMPOSITION OPERATORS ON 
BERGMAN SPACES OF THE UPPER HALF PLANE 

ZHI JIE JIANG 



Abstract. Let II = {z £ C : Imz > 0} denote the upper half plane in the 
complex plane C. In this paper we prove that there are no weakly compact 
composition operators on Bergman spaces A P (U) for all p (1 < p < oo). 



1. Introduction 

Let H — {z E C : Imz > 0} be the upper half plane in the complex plane C 
and let H(U) be the space of all analytic functions on II. Let dA(z) be the area 
measure on II. For 1 < p < oo the Bergman space A P (LI) consists of all / € H(H) 
such that 

\\f\\ p AP{n) = ^\f(zrdA(z)<oo. 

The Bergman space A P (IT) with the norm || • ||/ip(n) is a Banach space. 

Let if : II — > II be an analytic self-map of II. For / <G H(JT), the composition 
operator C v is defined by 

C v f(z) = f(<p(z)), z e n. 

For some information of Bergman spaces or weighted Bergman spaces of the upper 
half plane and some operators on them see, e.g., [4, 6, 8, 9, 10, 13, 14]. 

During the past few decades, composition operators have been studied exten- 
sively on spaces of analytic functions on the unit disk D or the unit ball B. For 
some recent results see [7, 11, 12, 13, 16, 17]. As a consequence of the Littlewood's 
subordination theorem it is well known that every composition operator is bounded 
on Hardy spaces and weighted Bergman spaces of the open unit disk D. However, 
if we consider the Hardy space, or the Bergman space of the upper half plane, the 
situation is entirely different. There do exist unbounded composition operators on 
these spaces. Moreover, Matache [11] proved that there didn't exist compact com- 
position operators on Hardy spaces of the upper half plane. Shapiro and Smith [14] 
also showed that there were no compact composition operators on Bergman spaces 
of the upper half plane. 

Once boundedness and compactness have been established, the next natural 
question one can ask about any composition operator on Bergman space of the 
upper half plane is: Is it weakly compact? 

Let X and Y be Banach spaces, L : X — > Y be a bounded linear operator. Recall 
that L : X — > Y is weakly compact if it maps bounded sets into relatively weakly 
compact sets. For some results in this topic see [2] and [5]. Since the Bergman 
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space A P (II) (1 < p < oo) is reflexive, the compactness of composition operator on 
A P (U) is equivalent to the weak compactness. Thus, by the results in [14], for the 
case 1 < p < oo we know that there is no weakly compact composition operator 
on A P (U). However, since the space -A 1 (II) is not reflexive, this leads us to wonder 
the question is: Is the compactness of composition operator on A 1 (II) equivalent 
to the weak compactness? In this paper, we are going to investigate this question 
and give an affirmative answer. 

Throughout this paper, constants are denoted by C, they are positive and may 
differ from one occurrence to the other. The notation ixB means that there is a 
positive constant C such that A/C < B < CA. 

2. Auxiliary results 

In this section we prove several auxiliary results which will be used in the sequel. 

In order to deal with the weak compactness of composition operator, we need the 

pseudo-hyperbolic metric on II. Recall that for w, z € II the pseudo-hyperbolic 

metric on II is defined by 

\z-w\ 

p{z,w) = — . 

\z — w\ 

For < r < 1 and w = x + iy £ II, let D(w, r) = {z e C : p(z, w) < r} denote the 

pscudo- hyperbolic metric disk with center w and radius r. It is easy to see that 

z € D{w,r) if and only if z £ B((x, jjr-g j/), jzti ), where B(w,r) is the Euclidean 

disk. For pseudo- hyperbolic metric on II and some related information, see [8]. 

Lemma 2.1 ([8, Lemma 4.4]) For < r < 1, there is a sequence (z n )neN in II 
such that U^ =1 D(z n ,r) = H and there is a natural number N such that each z € II 
belongs to at most N of the sets D(z n ,r). 

Lemma 2.2 Suppose p > 1 and < r < 1, then for any positive Borel measure jj, 
on II the following conditions are equivalent. 

(a) There is a constant C\ > such that 

\f(z)\"dn(z) <C\ f \f(z)\ p dA(z) for all f e A"(TS); 
n Jn 

(b) There exists a constant Ci such that 

p(D(z,r)) < C 2 (Imz) 2 for all zell. 

Proof. Assume that condition (a) holds. For w £ II, setting 

fw(z) = -, — =utt, zen, 

(z — wp/P 
we have 

By an easy calculation, we get 
O 



,, T l2 =Ci / \f w (z)\ p dA(z) > / \f w (z)\ p d»(z) > / \f w {z)\ p dp{z) 

4(Imw) 2 J n J n Jd(w,t) 

> M{\f w (z)\ : z G D(w,r)MD(w,r)) = (1 ~ r) M (D(ti;,r)). 

lo(Imw) 4 

Then /j,(D(w,r)) < C 2 (Imw) 2 and this shows that condition (b) holds. 
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Next assume that condition (b) holds. For each / e A P (H), by Lemma 2.1 and 
\D(z,r)\ x (Imz) 2 , we have 



\ \f(z)\ p d^ Z ) < J2 / \m\ p dKz) 

J™ n =l J D(z n ,r) 



< ^sup{|/(z)|P : z e D(z n ,r)}u(D(z n ,r)) 



n=l 

DC 



< C J2 ^ Zn ^ I \f(z)\'dA{z) 

t~i \D(z n ,r)\ J D(znt ?r±l ) 

< CN sup {^^ : ze n l / l/WW*) 
I |D(z„,r)| J J n 

<d f \f(z)\ p dA(z), 



from which condition (a) holds. 

If the positive Borcl measure /i on II satisfies the conditions in Lemma 2.2, we 
say that fi is a Carleson measure for A P (II). Note that for each / € A P (IT) we have 

H<Vlft-(n) = ^ l/(¥>(*))l p <M(*) = jT |/(«)| p (M o ^(z), 

and denote Ao<p _1 by fi v . Then by Lemma 2.2, it is easy to show that the operator 
C v : A P (H) — ► A P (II) is bounded if and only if n v is a Carleson measure for A P (H). 
As the proof of Lemma 2.2, we can prove the following lemma, which is the little 
oh version of Lemma 2.2. 

Lemma 2.3 Suppose p > 1 and < r < 1, then for any positive Borel measure /i 
on II the following conditions are equivalent. 

(a) The identity map is compact from A P (H) to L p (H,dfj,); 

(b) The limit 

.in, 4^»=0. 
imz^o (hnz) 2 

If the positive Borcl measure /i on II satisfies the conditions in Lemma 2.3, we 
say that \i is a vanishing Carleson measure for A p (n). 

Lemma 2.4 ([2, Proposition 1]) Let X, Y , Z be Banach spaces and letT : X — ► Y, 
5 : X — > Z 6e bounded operators such that \\Sx\\ < \\Tx\\. Suppose that there are 
two linear topologies T\ on X and r 2 on Y such that T is Ti^t 2 continuous, (Bx, 7"i) 
is metrizable and compact and the weak topology ofY is finer than T2- IfT is weakly 
compact, then so is S. 

3. Main results 

Here we formulate and prove the main results of this paper. 

Theorem 3.1 Suppose that the operator C v : A 1 (II) — ► .A 1 (II) is bounded, then the 
following statements are equivalent: 
(i) C v : A 1 (II) -> A 1 (II) is compact; 
(ii) C v : A 1 (TV) — ► -A (II) is weakly compact; 
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p, lp {D{z,r)) 



(til) lim "^ Z 'P> = 0. 

( 7 Imz->0 < Imz ) 

Proof. It is obvious that (i) implies (ii). Now we want to prove that (ii) implies 
(Hi). Assume that the operator C v : A 1 (II) — > A 1 (II) is weakly compact. Let n 
the topology of uniform convergence on compact subsets of II, ti the topology of 
the pointwise convergence, X = Y = .A 1 (II), Z = i 1 (II,/i ¥ ,) and 5 : ^(II) — > 
L 1 (n,/x ¥ ,) given by / h^ /. Then by Lemma 2.4, it follows that S : A 1 (II) — > 
i 1 (LT, /i v ) is weakly compact. 

Suppose to the contrary that (Hi) is not true. Then there exists Eq > and 
(z n )neN C II with Imz„ — > such that /i v (D(z ni r)) > eo(Imz) 2 . For each neN, 
defining 

(z-z„) 4 

we have /„ G A 1 (II) and ||/„|Ui(n) = 7r/4(Imz„) 2 . Taking g n = /„/||/„|Ui(n), 
n G N, we need prove that for each subsequence (ffn/JkeN of (gn)neN the sequence 
(Sg nk )k£H is not weakly convergent in L 1 (II,/i v ). By [1, p. 137], it will enough 
to show that (Sg nk )ken is n °t uniformly integrable, i.e., there exists e > such 
that for every i] > there is a measurable subset A of II such that n v (A) < r\ 
and J A \g nk \djj,,p > e. Take e = £o an d fix an arbitrary 77. Since /z v is a Carleson 
measure, there is a constant C > such that /j, v (D(z, r)) < C(Imz) 2 for all z G II. 
Since Imz„ — > as n — > 00, we can choose fe G N such that ji v (D(z nk , r)) < 77. On 
the other hand, for z G D(z nk ,r), we have |/ nfc (z)| > (Imz n J -4 . Thus, we get 

l^a^OldM^) > |nr~ii M^t^H) ^ II f II ' ( Imz «J £ o 

D(z nk ,r) H/n/tlU^n) H/nJU^n) 

4 
= -£o- 

7T 

Next, we prove that (m) implies (i). Assume that (/ n ) n£ N is a bounded sequence 
by a positive constant M in A 1 (II) and f n — > uniformly on every compact subset 
of II as n — > 00. It is enough to show HC^/nll^fn) -^0 asm 00. Fix a sequence 
(z n )neN in Lemma 2.1. Since |D(z„,r)| x (Imz„) 2 and condition (Hi) holds, then 

lim M^(w)) = 0, 
n^oo |L)(z„,r)| 

as n — > 00. Given e > 0, there is a positive integer iVo such that 

li v (D(z n ,r)) , N . M 

hm -^— r— < e, (n > iV ■ 

By the proof of Lemma 2.2, there is a constant C > such that 

£ / |/ fc (*)|dM*) < ^E w^ir / \h(z)\dA(z) 

<eC f \f k (z)\dA(z) 

<eCN [ \f k (z)\dA(z) 
< eCNM. 
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for all k > 1. Since 



JV -1 . 

lim V / \fk{z)\dn v {z) 

k ^°° ^1 J D(z n ,r 



by uniform convergence, we have 

v,,- I. 



lim sup / 1/fcMAV ^ limsup ( J^ / \fk\d/J, v + ^ / |/fc|d/V 

fc^oo in fc^oo v n=1 JD(z n ,r) n=N J D(z„,r) 

< eCNM. 
Because e is arbitrary, we have 

lim / \fk{z\dn v {z) = 0, 

and hence C v : A 1 (LI) — ► .A 1 (II) is compact. 

As the proof of Theorem 3.1, the following theorem can be proved similarly. We 
omit the detail here. 

Theorem 3.2 Let p > 1 and the operator C v : yl p (II) — ► A P (IV) be bounded. Then 
the following statements are equivalent: 

(i) C v : AP(Il) -> AP(U) is compact; 

(ii) C v : A P (H) -^ A p (Il) is weakly compact; 

(IUJ lm™0 d^) 2 _ U ' 

Remark. By [14], we know that there are no compact composition operators on 
A P (IT) for all p (1 < p < oo). Since A P (II) (1 < p < oo) is a reflexive Banach space, 
the compactness of composition operator on A P (II) is equivalent to the weak com- 
pactness. Although the space ^4 1 (L1) is not reflexive, we prove that the compactness 
of composition operator on A 1 (II) is also equivalent to the weak compactness in 
Theorem 3.1. Thus, in this paper we obtain the following important fact: 
There are no weakly compact composition operators on A P (LI) for all p (1 < p < oo). 
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Abstract. Let w(z) be a harmonic K— quasiconformal self-mapping of 
the unit disk satisfying w(0) = 0, then Heinz inequality can be improved as 
l w z(0)| 2 + |wz(0)| 2 > max {Mjf , jpr } ; where Mr- is a strictly decreasing func- 
tion of K. Moreover, if K £ [1, 1.03], the previous corresponding results in [3] 
are improved. 

Keywords. Harmonic mapping; Quasiconformal mapping; Harmonic quasi- 
invariant measure; Heinz inequality; Schwarz lemma. 

MR(2000) Subject Classification. 30C62, 30F15, 30C20. 

1. Introduction 

Suppose w(z) = U{x, y) + iV(x, y) is a complex function defined in the unit 

t)n- 



disk D = {z : \z\< 1}. If w(z) is continuous in D and if Aw = f^f + f^f = 
at every point of D, then w(z) is said to be harmonic in D. Let 

1-r 2 
p(r,x-<p) 



2ir(l — 2r cos(a; — if) + r 2 ) ' 

denote the poisson kernel, then every bounded harmonic function w defined in 
D has the following representation 

w(z) - P[f](z) = fp(r,x- V )f(e ix )dx, (1.1) 

o 

where z = re lv € D and / is a bounded integrablc function defined on the unit 
circle dD. 

Since I? is a simply connected region, w{z) can also be presented as w(z) = 
h(z) + g(z), here h(z) and g(z) are both analytic function in D. 



"This work is supported by Huaqiao University Science Foundation under Grant 08HZR19 
and Fujian Provincial Natural Science Foundation of China under Grant 2008J0195. 
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In 1952, E. Heinz [1] proved the following theorem. 

Theorem A. Let w(z) be a one-to-one harmonic mapping of the unit disk 
onto itself, normalized by w(0) = 0, then 

K(0)| 2 + K-(0)| 2 >c, (1.2) 

for some absolute constant c > 0. 

Subsequently, in 1959, E. Heinz [2] proved the constant c = 1 — ^ + £. He 
also conjected the sharp value c = ^-, and this was finally verified by R. Hall 

[3] in 1982. 



oc 



Theorem B. Let w{z) = h(z) + g{z) = ^2 a n z n + ^2 b n z n be an univalent 

n— 1 n— 1 

harmonic mapping of the unit disk onto itself then its coefficients satisfy the 
inequality 

M 2 + M 2 >^- (1-3) 

The lower bound -^ is best possible. 

Assuming w(z) = P[f](z) is an univalent harmonic function defined on D, 
with boundary function f(e lt ) — e* 7 '*' . w(z) is called a harmonic A— quasiconformal 
mapping, if there exist a constant k, satisfy 



k = ess sup 

z£D 



w z 



<1, 



where A = y^|. 

If we additionally assume that w(z) is a A— quasiconfoemal mapping, then 
the lower bound in (1.3) is not accurate. In fact, by improving schwarz lemma 
of harmonic quasiconformal mapping, D. Partyka and K. Sakan proved the fol- 
lowing Theorem C in [4] which shown that the constant c in (1.2) can attain 1. 

Theorem C. Given K > 1, let w(z) be a harmonic K— quasiconformal 
self-mapping of D satisfying w(0) = 0, then the inequality 

|a z ^)| 2 + I^WI 2 >^{l+^}max|A^}, (1.4) 

holds for every z € D. 

$ 1/ic (l/72) 2 

Here Lk = — f it — , r .J lt — , 7= — . is a strictly decreasing function 

of A, satisfying lim Lk = L\ — 1, lim Lk = 0, and function (&k(s) :— 
^T 1 I ^-jp- ) , < s < 1. Moreover, Lk has the following lipschz continuity. 

Lemma C. For every A > 1, Lk is a strictly decreasing function of K > 1, 
such that 

\L K2 - L Kl \ < L\K 2 - Ail, A 1; A 2 >1, (1.5) 
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where the constant L = -(1 + 65 In 2). 

The above result in (1.4) can be seen as an extended form on Heinz inequality 
under harmonic quasiconformal mappings. Set Pk = \ { 1 + -^2 } max { -% , L K } , 
if K = 1, then the mapping w(z) coincides with a rotation, so the left side in 
(1.4) equals 1, also the right side equals P\ = 1. Thus the lower bound in (1.4) 
is sharp. However, according to (1.5), we have Lk > 1 — L(K — 1). Only when 
1 < K < 1 + ^jt- = 1-0062, then L K > f. This shows that Partyk and Skan 
improved Heinz inequality [5] only when K G [1, 1.0062]. 

In this paper, by using the quasi-invariance of harmonic measure and the 
representation of boundary values in harmonic quasiconformal mappings, a new 
accurate lower bound Mk on (1.3) has been founded in Theorem 3.1. Further- 
more, when K ncars to 1, Mk also be compared with -^ and Pk in Theorem 
3.2. 

2. Auxiliary results 

The following two auxiliary results play the key role in the proofs of our main 
Theorems. 

Lemma 2.1. Letw(z) = P [f](z) be a harmonic quasiconformal self -mapping 
of D, with boundary function f(e zt ) = e 17 '*'. For every Z\ = e l( - s+t > , zi = 
e i(s-t) g qjj^ se £ g _ ^ s + t) — 7(5 — t), then f{z\) = e tB f(z2) and the inequal- 
ity 

2 w - WK sm 2K (t) < sin 2 °- < 2 W ~ W / K s\n 2 ' K (t) 
holds for every < s,t < 27r. 

Proof. According to the quasi-invariance of harmonic measure [sec 4, (1.9)], 
for every < s, t < 2-7T we have 

t f) t 

$i /x (cos-) <cos- <$ K (cos-). (2.1) 

Since <& 2 K {x) + <f> 2 , K (\/l — x 2 ) = 1, for every < x < 1, we obtain 

tf) t 

$i /K (sin-) <sin- <$ K (sin-). (2.2) 

By the Hiibner inequality [cf.4, (1.22), (1.38)], we have s l/K < $ K (s) < 
a i-i/k s i/k and a i-k s k < $ 1/K ( S ) < s ^. Now, applying (2.1), (2.2) and 

the above two inequalities, we have 

2 w - WK sm 2K {t) < sin 2 - < 2 W - W ' K s\n 2 ' K {t). 



Lemma 2.2. Assume a > 0, set 

tt/4 

A a = / cos(2a;)sin Q (x)da;, (2.3) 
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then 



tt/3 

B a = cos(2x)sin a (x)dx, 

tt/4 



A n < 



1 



l + a/2 



2 y 2 ; 8(1 + a) v 2 



"'" (fr 






(2.4) 



Proof. Applying integration by parts we know that 

tt/4 



A a = I cos(2x) sm. a (x)dx 



tt/4 
1.V2 f ■ a 2 7 

- ( — - ) -a / sin x cos xax 



7r/4 tt/4 

1 \/2 Of /" . a [ ■ a (c, \ A 

- — / sin xdx / sin a; cos (2 a; )dx, 

2 V 2 ; 2 / 2 / V ; ' 



hence A, 



( t/4 \ 

« = T+S72 s(^) a - f / sin" adz). Since ^x < sinx < a;, for 



every ig[0, 7r/4], then 

A a < 

Applying integration by substitution we have 



1 ( l(V2\a _ al 2^f2 \a (tt/4) 1 + ° \ _ 1 [ 1 / \/2\a _ arr / \/2 \a 

l+a/2 ^ 2 V 2 / 2 V tt / 1+a ^ l+a/2 [ 2 V 2 I 8(l+a) V 2 / 



tt/3 



Bn 



cos(2x)sin Q (a:)<iai 



7T/4 



tt/12 



sin(2x) sin Q (a; + 7r/4)dx 



tt/12 

< -( — ) a J sm{2x)dx 



\/2 \/3 _ 1 

1 2 ^ l 4 2 j ' 



ZHU, ZENG: HEINZ INEQUALITY 1085 



3. Main results 

Theorem 3.1. Let w(z) = P [/](<?) be a harmonic K— quasiconformal self- 
mapping onto D satisfying w(0) = 0, then the following inequality 

27 
K(0)| 2 + K(0)| 2 > max{M K , ^} (3.1) 

holds. HereM K = ^-^{p w - w / K A VK + p w - 10K B 2K +^2 w - w / K( 4ff^} 
satisfies lim Mu = Mi = 1. 



Proof. Let w(z) = P[/](z) = /i(z) + <?(z), where h{z) = Y^ a nZ n , g{z) = 

71=1 

OO 

Y b n z n , its boundary function f(e lt ) = e 47 *-*-*. An application of Parser val's 

71= 1 

relation [cf. 6, P^\ leads to the expression 

2tt 
i- / ' e *[7(-+t)- 7 (-t) ]ds = ^ ( | an |2 + | 6n |2 )e 2int 

" =1 

for arbitrary t € R. Taking real parts, we arrive at the formula 

do 

1 - 2J(t) = J2(\ a n\ 2 + K\ 2 ) cos(2ni), (3.2) 



71=1 

where 





Since w(z) is a harmonic quasiconformal mapping, by Lemma 2.1 we have 



yW-WK^K 



: (t) < J(t) < 2 w - w / K sm 2 l K {t). Let 



M(t) 



' cos 2 i-cos 2 (f +t), <t< | 

cos 2 i - cos 2 (^ -t), f < i < f 

, I <t<% 



«3n + \03n\ 



applying (3.2), then 

tt/2 

I M m -2J(t))dt=\a 1 f + \b 1 f-^±^— i (\c 

<|ai| 2 + |6i| 2 . (3.3) 

Since 

tt/2 

8 / M(t)dt= 3 ^, (3.4) 

" 
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and 



7/2 



7r/3 r 



M(t)J(t)dt = 



3 ,„ x \/3 . 

- cos(2i) + — — suit cos £ 

4 2 



J(t)dt 

tt/3 



tt/4 tt/3 

= - / cos(2t) J (t)dt+ - / cos(2t) J (t)dt+ — I sin t cost J (t)dt 

tt/4 

tt/4 tt/3 

< ? • 2 ( 10 - 10 /^) / cos(2i) sin 2 /^ tdt + | • 2 ( 10 - 10K ) / cos(2£) sin 2K trft 



tt/4 



v/3 



r/3 



+ ^. 2 ( 10 - 10 /^) / costsin( 2 /* +1 )^ 





= - • 2 W - W ' K ■ A 2/K + ? • 2 10 - 10K • B 2K + ^ • 2 10 - 10 /^ • ^ 1+ 
by (3.3) and (3.4), we have 



4 - -2/^4' Z '° 2K ' 2 " 2 + 2/if ' 



tt/2 



K(o)l 2 + Mo)| 2 > 



M{t)dt 



16 



tt/2 



M{t)J{t)dt 



> 



3^ 16 



7T 



3 io-io/a j _,_ 3„i 
4 2 A 2/^+4 2 



-io*r „ | ^q10-io/k (3/4) 1+1 / 

B ™ + ^ 2 2 + 2/K 



A 



(3.5) 
According to (1.3) and (3.5), we have |w z (0)| 2 + |w 2 (0)| 2 > max{M K ,^}. 
Particularly, if K -► 1, A 2 = \ - §, B 2 = ^ - jg - \, hence M x = 
w _ ^(^h? - is) = •*■• Here, the lower bound 1 is best possible. 

Theorem 3.2. Let Mk as the definition of the above, then Mk is a con- 
tinuous decreasing function of K. Moreover, when 1 < K < 1.03, Mk > -p?- 



Proof. Applying B 2 k < 0, we can easily obtain that 2 10 W ' K A 



2/K, 



ilO-lOAT 



B 



2 A' 



and 2 10 W / K I 2 ) 2/K — are all strictly increasing functions of K, hence by (3.5) 
we obtain that Mk is strictly decreasing function of K. 
According to Lemma 2.2, A a < 1+ * 2 \{j§-) a 
|). Hence 



air ( V2 \a r> < (V2\a(V3 
8(l+a)y 2 > ' Da — V 2 > \ 4 



M 



A 



3V3 16 

7T 7T 



,10- 



-W/K A 



, 3 9 io-ioa R , V3 9l0 -io/A (3/4) 1+1 / g 
: ^ + 4~ 2 ^a + ^2 2 + 2/x 
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3y3 _ 16 r 3 ol0 _ 10/g I / /9 -.i + i 
~ ix ttV 1 + 1/k{ [/) 



3V3 

3 

+ 4" 
= N K 



l/K _ 



t(V2) 



l/K 



4(^ + 2) 



w-ioK/1 /o) K ( 1 /f >^ ' v3 r>10 _ 10 /j £ -(3/4) 



4 7 j+ 2 2 + 2/if j 



By direct calculating we obtain that if 1 < K < 1.03, then Mk > Nk > j^j • 
Finally, we compare our result (3.1) with (1.4) by the following table. 



K 


1.03 


1.0062 


1.0029 


1 


Pk> 


0.3937 


0.4026 


0.6868 


1 


M K > 


0.6877 


0.8859 


0.9118 


1 



From the above table we can see that Mk is more closer to 1 than Pk when K 
closes to 1. This shows that our result is better than (1.4) at z = 0. 
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Abstract. Let A be a unital C* — algebras, B be a Banach algebra and let X be a Banach 
A— module. By using fixed pint methods, we prove that: 

i) Every almost linear mapping h : A — > B which satisfies h(2 n uy) — h(2 n u)h(y) for all 
u G A + , all y G A, and all n = 0, 1, 2, ..., is a homomorphism. 

ii) Every almost linear continuous mapping d : A — > X is a derivation when d(2 n uy) = 
d(2 n u)y + 2 n ud(y) holds for all u G A+ , all y G A, and all n = 0, 1, 2, ... . 



1. Introduction 

S. M. Ulam [46], in 1940 proposed the following problem: "Given a group G\, a metric 
group (G2,d) and a positive number t, does there exist a 8 > such that if a function 
f : Gi — > G-i satisfies the inequality d(f(xy),f(x)f(y)) < S for all x,y G Gl, then there 
exists a homomorphism T : Gi — > G2 such that d(f(x),T(x)) < e for all x G Gi?". This 
problem solved in the next year for the Cauchy functional equation on Banach spaces by 
D.H. Hyers [30]. It gave rise to the stability theory for functional equations. Subsequently, 
various approaches to the problem have been introduced by several authors. There are cases 
in which each 'approximate function' is actually a 'true function'. In such cases, we call the 
equation is superstable. 

In 1978, Th. M. Rassias [41] formulated and proved the following theorem, which implies 
Hyers' Theorem as a special case. Suppose that E and F are real normed spaces with F a 
complete normed space, / : E — > F is a mapping such that for each fixed x G E the mapping 
1 1 — > f(tx) is continuous on R, and let there exist e > and p G [0, 1) such that 

||/(x + y)-f(x)-f(y)\\<e(\\x\\ p + \\y\n (1.1) 

for all x, y G E. Then there exists a unique linear mapping T : E — » F such that 

\\f(x)-T(x)\\<^ p \\x\\ p (1.2) 

for all x G E. The case of the existence of a unique additive mapping had been obtained 
by T. Aoki [1]. Th.M. Rassias [41] was the first to prove that there exists a unique linear 
mapping T satisfying (1.2). 



"2000 Mathematics Subject Classification. Primary 39B52; Secondary 39B82; 46HXX. 
°Keywords: Alternative fixed point; homomorphism, derivation. 
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In 1990, Th.M. Rassias [42] during the 27th International Symposium on Functional 
Equations asked the question whether such a theorem can also be proved for p > 1. In 1991, 
Gajda [28] gave an affirmative solution to this question for p > 1 by following the same 
approach as in Rassias' paper [41]. It was proved by Gajda [28], as well as by Th.M. Rassias 
and Semrl [44] that one cannot prove a Rassias type theorem when p — 1. In 1994, P. Gavruta 
[29] provided a generalization of Rassias' theorem in which he replaced the bound e(||a;|| p + 
||y|| p ) in ([41]) by a general control function ip(x,y). The paper of Th.M. Rassias [41] has 
provided a lot of influence in the development of what we now call the generalized Hyers- 
Ulam stability of functional equations. During the last decades several stability problems 
for various functional equations have been investigated by many mathematicians; we refer 
the reader to the monographs [5, 31, 32, 33, 35, 43]. (See also [2], [7]- [11], [16]- [26], [27], 
[36], [37] and [38]). 

We recall a fundamental result in fixed point theory (see [40, 45] for more details). 
Theorem 1.1. (The alternative of fixed point [3]). Suppose that we are given a complete 
generalized metric space (Q, d) and a strictly contractive mapping T : Q — > fl with Lipschitz 
constant L. Then for each given x G fl, either 

d(T m x, T m+1 x) = oo for all m > 0, 
or other exists a natural number mo such that 

d(T m x, T m+1 x) < oo for all m>m ; 

the sequence {T m x} is convergent to a fixed point y* of T; 

y*is the unique fixed point of T in the set A = {y G O : d(T m °x,y) < oo}; 

d(y,y") < jhzdiViTy) for all y G A. 

Throughout this paper, let A be a unital C— algebra with unit e, B a unital Banach 
algebra, and let X be a Banach A— module and let G(A) be the set of invertible elements in 
A. 

B.E. Johnson (Theorem 7.2 of [34]) investigated almost algebra *— homomorphisms be- 
tween Banach *— algebras. Recently, C. Park, D.-H. Boo and J.-S. An [39] investigated 
almost homomorphisms between unital C* — algebras. In this paper, by using the fixed point 
methods, we prove that every almost linear mapping h : A — > B is a homomorphism when 
h(2 n uy) — h(2 n u)h(y) holds for all u G A + , all y G A, and all n — 0, 1, 2, ... , and every almost 
linear continuous mapping d : A — > A is a derivation when d(2 n uy) — d(2 n u)y + 2 n ud(y) 
holds for all u G A + , all y G A, and all n — 0,1,2,... . In the other words, we prove 
the superstability of homomorphisms and derivations on unital C*— algebras by fixed point 
methods. 

2. Main results 

We start our work with the following theorem which investigate almost homomorphisms 
on unital C* — algebras. 

Theorem 2.1. Let f : A —> B be a mapping such that /(0) = and that 

f{2 n uy) = f(2 n u)f(y) (2.1) 

for all u G A + , all y G A, and all n = 0, 1, 2, ... . Let cj> : A 2 — » [0, oo) be a function such that 
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IIm/(^) + M/(^) - f(l*x)\\ < 4>(x, y) (2.2) 

for all n £ T and all x,y G A. Suppose that there exists an L < 1 such that cj>(x, y) < 
2L(/>(f, §) /or a// x, y G A. If lim„ /( ^" e) G G(B), i/ien i/ie mapping f : A — > B js a 
/lomomorp/wsm. 

Proo/. It follows from 0(a:,j/) < 2L0(|, §) that 

]im2~ j (j)(2 d x,2 : >y) = (2.3) 

i 

for all i,(/£A 

Put /x = 1,2/ = in (2.2) to obtain 

l|2/(^)-/WI<*,0) (2.4) 

for all x G A. Hence, 

|| \f{2x) - f(x)\\ < ^(2x, 0) < LJ>(x, 0) (2.5) 

for all x £ A. 

Consider the set X :— {g \ g : A — > B} and introduce the generalized metric on X: 

d(h,g) := inf{C G K + : \\g(x) - ft(aj)|| < Cty(x, 0)Va; G A}. 

It is easy to show that (X, d) is complete. Now we define the linear mapping J : X —* X by 

J(h)(x) = ift(2a0 

for all x G A. By Theorem 3.1 of [3], 

d(J(g),J(h))<Ld(g,h) 

for all g,h € X. 

It follows from (2.5) that 

d(f,J(f))<L. 

By Theorem 1.1, J has a unique fixed point in the set X\ :— {h £ X : d(f, h) < oo}. Let H 
be the fixed point of J . H is the unique mapping with 

H(2x) = 2H(x) 

for all x G A satisfying there exists C G (0, oo) such that 

\\H(x)-f(x)\\<C<j>(x,0) 

for all x G A. On the other hand we have lim n d(J n (f), D) — 0. It follows that 

]im±f(2 n x) = H(x) (2.6) 

for all x G A. It follows from (2.2), (2.3) and (2.6) that 
m X -^) + H( X -^)-H{x)\\ 

= \^^\\f(2 n -\x + y)) + f(2 n -\x-y))-f(2 n x)\\ 

<]im±d>(2 n x,2 n y) 
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for all x, y £ A. So 

H(Z±*) + h£^*) = H{x) 

for all x, y € A. Put z — =^-, t = ^^ in above equation, we get 

H{z) + H(t) = H(z + t) (2.7) 

for all z, t £ A. Hence, H is Cauchy additive. By putting y = x in (2.2), we have 

||A*/(f)-/(M*)ll<0M 

for all x £ A. It follows that 

||ff(2/«0 - 2 / itf(*-)|| = lim -^11/(2^2"^) - 2 M /(2 m z)|| < lim -^(2 m 2, 2 m :r) = 

for all [j, € T, and all x G A One can show that the mapping H : A — > B is C— linear. Now, 
we show that H is a homomorphism. To this end, let u £ A + , y £ A. Then by linearity of 
// and (2.1), we have 

H{uy) = lim ^^ = hm[^|^/(y)] = #(«)/(») (2.9) 

for all u G A + , all y G A Since 7? is additive, then by (2.9), we have 

2 n H{uy) = H(u(2 n y)) = H(u)f(2 n y) 
for all u G A + and all y G A. Hence, 

ff(uy) = lim[H(u)^fi] = H(«)ff( tf ) (2.10) 

for all u£A + and all y £ A. 

Now, let a; G A. Then there exist ui,U2,U3,U4 £ A + such that x = ^. j«j. It follows 
from (2.10) that 

4 4 

J=l 3=1 

= j2(H( Ujy )) = j2( H ^ H (y» 

3=1 3=1 

4 

= #£>,■)#(») 

3 = 1 

= H(x)H(y) 

for all y £ A. This means that // is a homomorphism. 
On the other hand, we have 

Hie) = lim f( - 2 "^ £ G(B). 

V ' n 2 n 

Hence, it follows from (2.9) and (2.10) that 

H(e)H(y) = H(ye) = H(e)f(y) 

for all y £ A. Since -ff(e) is invertible, then H(y) — f(y) for all y £ A. This means that / is 
a homomorphism, and the proof of theorem is complete. 

□ 
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Corollary 2.2. Let p £ (0, 1),9 £ [l,oo) be real numbers. Let f : A — > B be a mapping such 
that /(0) = and that 

f{2 n uy) = f(2 n u)f(y) 
for all u £ A + , all y £ A, and all n — 0,1,2, .... Suppose that 

llM/(^p) + ^/(^y 1 ) - fU*>)\\ < e(\\x\\ p + \\y\\ p ) 

for all n £ T and all x,y £ A. If lim n 2 " ^ G(B), then the mapping f : A — > B is a 
/lomomorp/iism. 

Proof. It follows from Theorem 2.1, by putting <j>(x,y) := #(||:r|| p + ||j/|| p ) all x, J/ £ A and 
L = 2 p -\ ' D 

Corollary 2.3. Let p £ (0, §),# £ [l,oo) be real numbers. Let f : A — » B fee a mapping 
such that /(0) = ana! i/iai 

/(2"«») = f(2 n u)f(y) 

for all u £ A + , all y £ A, and all n — 0,1,2, .... Suppose that 

iim/(^) + m/(^) - /(^)ii < e(ii*irii»ir) 

/or all fi € T and all x,y € A. If lim n 2 „ ^ G(B), then the mapping f : A — > B is a 
Ziomomorp/iism. 

Proof. It follows from Theorem 2.1, by putting (p(x,y) := #(||x|| p ||«|| p ) all x,y £ .A and 
L = 2 2p " 1 . D 

Now, we use Theorem 2.1 to investigate the derivations on unital C* — algebras. 

Theorem 2.4. Let A be a C* — algebra. Let f : A —* X be a mapping such that /(0) = 
and that 

f(2 n uy) = f(2 n u)y+(2 n u)f(y) (2.11) 

for all u £ A + , all y £ A, and all n — 0, 1, 2, ... . Suppose there exists a function <f> : A 2 — » 
[0, oo ) such that 

llM/(^) + M/(^) - /(MX)|| < 0(«, 2/) (2.12) 

/or a// /it £ T and all x,y £ A. If there exists an L < 1 such that <fi(x, y) < 2L<?!>(|, |) /or a// 
x, y €z A. Also, if lim n 2 „ = 0, i/ien i/ie mapping f : A — > X is a derivation. 

Proof. It is easy to show that X ©i A is a Banach algebra equipped with the following 
i?i-norm 

||(x,o)|| = ||x|| + || ec || (ae A,x e X) 

and the product 

(xi, ai)(x2,a2) — (xi ■ ai + ai ■ xi, 0102) (ai,02 £ A, x\,xi £ X) . 



1093 



6 S. Kaboli Gharetapeh, M. Aghaei and T. Karirni 

The algebra X ©i A is called a module extension Banach algebra (see [12]- [15]). Now, we 
define the mapping ip/ : A — » X ffii A by a i— ► (/(a), a). It follows from (2.11) that 

W (2 n ^) = (/(2 Il ny),2" W y) 

= (2"u/(y) + /(2"u)»,2"«y) 

= (/(2"«),2"u)(/(y),i,) 

= <p f (2 n u)ipf(y) 

for all w £ A + , all jy € A, and all n = 0, 1, 2, ... . On the other hand, by (2.12), we get 

Hmv/(— ^— ) + m(— ) - mwll 

= IM/(^), ^) + M/(^). ^) - (/(a«0,/«0II 

= IIm/(^) + m/(^)-/(^)|| 
< 0(»,y) 

for all /i G T and all x,y £ A. 
It follows from assumption that 

Um ^e) = Um (*2^e) = = e ^ 

It follows from Theorem 2.1 that ^/ is a homomorphism. Hence, we have 
\\U(xy),xy) = ff(xy) = varphi f (x)(pf(y) 
= (f(x),x)(f(y),y) 

= (f(x)y + xf(y),xy) 

for all x,y £ A. So we conclude that f(xy) = f(x)y + xf(y) for all £,£/ G A This implies 
that / is a derivation. □ 

Corollary 2.5. Let p G (0, 1),$ G [1, oo) be real numbers. Let f : A — > X be a mapping 
such that /(0) = and that 

f(2 n uy) = f(2 n u)y+(2 n u)f(y) 

for all u G A + , all y G A, and all n — 0,1,2, .... Suppose t that 

llM/(^) + M/X^y 1 ) - /(M*)ll < 0(11*11'' + IblD 

for all n € T and all x,y G A. If lim n 2 „ ~ 0> ^ fien ^ e mapping f : A — > X is a 
derivation. 

Proof. It follows from Theorem 2.4, by putting (j>{x,y) := 6>(||:r|| p + |1j/|| p ) all x,y € A and 
L = 2 p - 1 . D 

Corollary 2.6. Lei p G (0, §),# G [l,oo) be real numbers. Let f : A — > X be a mapping 
such that /(0) = and that 

f(2 n uy) = f(2 n u)y + 2 n uf(y) 

for all u G A + , all y G A, and all n — 0,1,2, .... Suppose that 

IIa*/(^) + m/(^) - /(m*)II < e(\\x\\ p \\y\n 
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for all fj, £ T and all x,y £ A. If lim n 2 „ ~ ^> then the mapping f : A — > X is a 
derivation. 

Proof. It follows from Theorem 2.4, by putting cf>(x,y) := #(||2.'|| p ||?/|| p ) all x,y £ A and 

L = 2 2p -\ □ 
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STABILITY OF TERNARY QUADRATIC DERIVATION ON 
TERNARY BANACH ALGEBRAS 

S. Shagholi, M. E. Gordji, M. Bavand Savadkouhi 

Department of Mathematics, Semnan University, 
P. O. Box 35195-363, Semnan, Iran 

Abstract. Let A be a ternary Banach algebra with norm ||.||_4 and B be a ternary Banach algebra with norm 
||.||s. A mapping D : A — > B is called a ternary quadratic derivation if D be a quadratic function, 

D[x, y, z] = [D(x),y 2 ,z 2 ] + [x 2 ,D{y),z 2 ] + [x 2 , y 2 , D(z)] 

for all x,y, z £ A. In this paper, we investigate ternary quadratic derivation on ternary Banach algebras, associated 
with the following functional equation 

f(x + y)+f(x-y)=2f(x)+2f(y). 

Moreover, we prove the generalized Hyers-Ulam-Rassias stability of ternary quadratic derivations on ternary 
Banach algebras. 

1. Introduction 

The study of stability problems for functional equations is related to a question of Ulam [52] concerning the 
stability of group homomorphisms and affirmatively answered for Banach spaces by Hyers [38]. Subsequently, the 
result of Hyers was generalized by Aoki [ ] for additive mappings and by Th. M. Rassias [48] for linear mappings 
by considering an unbounded Cauchy difference. The paper of Th. M. Rassias has provided a lot of influence in 
the development of what we now call a generalized Hyers-Ulam stability of functional equations. We refer the 
interested readers for more information on such problems to the papers [7], [37], [40] and [47]. 
In 1991, Z. Gajda [25] answered the question for the case p > 1, which was rased by Rassias. This new concept is 
known as Hyers-Ulam-Rassias stability of functional equations (see [26] and [39]). The functional equation 

f(x + y) + f(x-y)=2f(x) + 2f(y) (1.1) 

is related to symmetric bi-additive function. It is natural that this equation is called a quadratic functional 
equation. In particular, every solution of the quadratic equation (1.1) is said to be a quadratic function. It is well 
known that a function / between real vector spaces is quadratic if and only if there exists a unique symmetric 
bi-additive function B such that f(x) = B(x,x) for all x (see [2] and [41]). The bi-additive function B is given by 

B{x,y) = \{f{x + y)-f{x-y)) 

Hyers Ulam Rassias stability problem for the quadratic functional equation (1.1) was proved by Skof for functions 
/ : A — ► B, where A is normed space and B Banach space (see [50]). Cholewa [6] noticed that the Theorem 
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of Skof is still true if relevant domain A is replaced an abelian group. In the paper [''] , Czerwik proved the 
Hyers-Ulam-Rassias stability of the equation (1.1). Grabiec [36] has generalized these result mentioned above. 
For more detailed definitions of such terminologies, we can refer to [ ]-[ ] 

A nonempty set G with a ternary operation [.,.,.] : G — > G is called a ternary groupoid and is denoted 
by (G, [.,.,.]). The ternary groupoid (G, [.,.,.]) is called commutative if [xi,X2,X3] = [2^(1), %s(2)s x 8(3)] f° r an 
X\,X2,X3 G G and all permutations S of {1, 2, 3}. If a binary operation o is defined on G such that [x,y,z] = (xoy)oz 
for all x,y,z G G, then we say that [., ., .] is derived from o. We say that (G, [., ., .]) is a ternary semigroup if the 
operation [.,.,.] is associative, i.e., if [[x, y, z] , u, v] — [x, [y, z,u],v] — [x, y, [z, u, v]] holds for all x,y,z,u,v G G 
(see Ref. [5]). 

Definition 1.1. A mapping D : A — > B is called a ternary quadratic derivation on ternary Banach algebras if 

(1) D be a quadratic function, 

(2) D[x, y, z] = [D(x), y 2 , z 2 } + [x 2 ,D(y),z 2 ] + [x 2 , y 2 , D(z)], for all x, y, z G A. 

Recently, M. Bavand Savadkouhi, M. Eshaghi Gordji, J. M. Rassias and N. Ghobadipour in [ ], proved Ap- 
proximate ternary Jordan derivations on Banach ternary algebras. 

For more detailed definitions of such terminologies, we can refer to [1], [> |-[24], [27]-[35], [42]-[46] and [51]. 
The main purpose in this paper is to offer the Generalized Hyers-Ulam-Rassias stability of ternary quadratic 
derivations on ternary Banach algebras associated with the following functional equation: 

f(x + y)+f{x-v)=2f(x)+2f(y). 



2. Stability of ternary quadratic derivations 

We investigate ternary quadratic derivations on ternary Banach algebras. Let A be a ternary Banach algebra 
with norm ||.||a and B be a ternary Banach algebra with norm ||.||b- 

Theorem 2.1. Let f : A — > B be a mapping for which there exists a function <f> : A x A x A — > [0, 00) such that 

00 -. 
J2 4J<t>(2 j x,2 j y,Vz) < 00 (2.1) 

\\f(x + y) + f{x -y)- 2f{x) - 2f{y)\\ B < cj>(x, y,0), (2.2) 

\\f([x,y,z]) - [f(x),y 2 ,z 2 } - [x 2 ,f(y) 7 z 2 ] - [x 2 , y 2 , f(z)])\\ B < </>(x,y,z), (2.3) 
for all X,y,z G A. Then there exists a unique ternary quadratic derivation D : A — > B such that 

\\f(x)-D(x)\\ B < 1 -4>(x,x,0), (2.4) 

for all x £ A. Here, 

00 1 

4>{x,y,z) :=Y,jj<f>(Vx,yy,yz), (2.5) 



43 



for all x,y, z G A. 
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Proof. By putting x = y = in (2.2) we get /(0) = 0. If we replace y in (2.2) by x and multiply both sides of 
(2.2) by i, we get 

ll^-/(*)ll*<*^, (2-6) 

for all x £ A. Now we use the Rassias' method on inequality (2.6) ([-'•">]). One can use induction on n to show that 

ll^2^-/wlls< 42^ ii ' ( 2J ) 

J'=0 

for all x £ A and all non-negative integers n. Hence, 

f(2 n+m x) f(2 m x) 1 n+ ^ 1 0(2J'x, 2%, 0) 



B 



< 



1 ^ 0(2^,2^,0) 

J Z, Jj > ( 2 - 8 -> 



11 2 2 (™+ m ) 2 2m "4 ^ 4i 

for all non-negative integers n and to with n > to and all x G A It follows from the convergence (2.1) that the 
sequence { 22 „ } is Cauchy. Due to the completeness of B, this sequence is convergent. So one can define the 
mapping D : A — ► i? by Set 

D(aO := lim ^g^ (2.9) 

for all igA Replacing x, y by 2 n rc, 2 n y, respectively, in (2.2) and multiply both sides of (2.2) by i, we get 



||£(x + y) + D(x -y)- 2D(x) - 2D{y)\\ 



B 



= lim ^\\f(2 n (x + y)) + f(2 n (x-y))-2f(2 n x)-2f(2 n y)\\ B 

n — >oo 2 

for all x, y £ A and all non-negative integers n. So 

£>(« + y) + D(x -y) = 2D{x) + 2D(y), (2.10) 



\\f(x)-D(x)\\ B <^(x,x,0) 



for all x, y £ A. Moreover, it follows from (2.7) and (2.9) that 

for all x £ A. It follows from (2.3) we get 

\\D([x,y,z])-[D(x),y 2 ,z 2 }-[x 2 ,D(y),z 2 )-[x 2 ,'y 2 ,D(z)}\\ B < lim -^ 

||/([2»:c, 2 n y, 2 n z}) - [f(2 n x), (2 n y) 2 , (2 n z) 2 } - [(2 n x) 2 J (2 n y) , (2 n z) 2 } - [(2 n x) 2 , (Ty) 2 , f(2 n z)]\\ B 

< lim ggj^ (2.11) 

n — >oo 4 

for all x,y,zG A. So 

D[x, y, z] = [D(x),y 2 ,z 2 ] + [x 2 , D(y), z 2 } + [x 2 ,y 2 , D{z% (2.12) 

for all x,y,z £ A. 

Now, let D' : A — > i? be another ternary quadratic derivation satisfying (2.4). Then we have 

\\D(x) - 27(3)11* = ^WW*) - D'(2 n x)\\ B 

< ~(||2)(2V) - ](Tx)\\ B + ||/(2"x) - D'(2"x)\\ B ) 
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which tends to zero asn-*oo for all x G A. So we can conclude that D(x) = D'(x) for all x E A. This proves the 
uniqueness of D. Thus, the mapping D : A — ► B is a unique ternary quadratic derivation satisfying (2.4). □ 

Theorem 2.2. Let f : A ^ B be a mapping for which there exists a function <j> : A x A x A — ► [0, oo) sucft i/iai 

oo 

E^(J44)<oo (2.13) 

j=o 

\\f(x + y) + f{x -y)- 2f(x) - 2f(y)\\ B < <f>(x, y,0), (2.14) 

\\f([x,y,z}) - [f(x),y 2 ,z 2 ] - [x 2 J(y),z 2 ] - [x 2 ,y 2 , f(z)])\\ B < d>(x,y,z), (2.15) 

for all x,y,z G A. T/ien f/iere exists a unique ternary quadratic derivation D : A — > B such that 

\\f{x)-D{x)\\ B <$(~,0), (2.16) 

for all xGA flere, 

oo 

0(x,y,z):=E4^(J,|,|), (2.17) 

/or aZZ x, y, z € A. 

Proof. If we replace y in (2.14) by a; 

||/(2x)-4/(x)|| B <<£(£,£,()), (2.18) 

for all a; € A. It follows from (2.18) that 

l!/W-4/(|)|| B <0(|,|,O), (2.19) 

for all x E A. Now we use the Rassias' method on inequality (2.19) ([--"])■ One can use induction on n to show 
that 

n-1 
3=0 

for all x G A and all non-negative integers n. Hence, 

n+m— 1 

H2 2(rt+m) /(^)-2 2m /(|,)||B< £ ^(^,^,0), (2.21) 

for all non-negative integers n and to with n > to and all a; G A. It follows from the convergence (2.13) that the 
sequence {2 2 ™/(^-)} is Cauchy. Due to the completeness of B, this sequence is convergent. So one can define the 
mapping D : A — > B by Set 

D(a;) := lim 2 2 "/(^) (2.22) 



for all x £ A. Replacing x, y by ^-, ^-, respectively, in (2.14) and multiply both sides of (2.14) by 2 2n , we get 

\\D(x + y) + D(x -y)- 2D(x) - 2D(y)\\ B 

= i 29 "!!^^) + *^) - 2 ^ " 2 ^ )l|s 

for all x, y G A and all non-negative integers n. So 

L>(a; + y) + D(a; - y) = 2L>(ie) + 21%), (2.23) 
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for all x,y £ A. Moreover, it follows from (2.20) and (2.22) that 



\\f(x)-D{x)\\ B <4>(~,0) 



for all x £ A. It follows from (2.15) we get 



\\D([x,y,z}) - [D(x),y 2 ,z 2 ] - [x 2 ,D(y),z 2 ] - [x\y\ D(z)]\\ B < lim 4 3 



II* "2 n ' 2™ ' 2™ ^^2™ 2™ '^2 n 1^2" '•'^2™ 2™ 1^2™' '^2™ '■'^2 n 

< lim 4 3 "(H — ,— ,— ) (2-24) 

- n^oo YK 2 n 2 n 2" 

for all x,y,z £ A. So 

£>[», y, z] = [D(x), y 2 , z 2 ) + [x 2 , D{y),z 2 ] + [x 2 ,y 2 , D(z)), (2.25) 

for all x,y,z £ A. 

Now, let D' : A — ► B be another ternary quadratic derivation satisfying (2.16). Then we have 

\\D(x)-D'(x)\\ B = 2 2n \\D(* n )-D'(* n )\\ B 

<2^(\\D(^)-f(^)\\ B + \\f(^)-D'(^)\\ B ) 

which tends to zero asn-^oo for all x £ A. So we can conclude that D(x) = D'(x) for all x £ A. This proves the 
uniqueness of D. Thus, the mapping D : A —> B is a unique ternary quadratic derivation satisfying (2.16). □ 

From Theorems 2.1 and 2.2 we obtain the following corollary concerning the Hyers Ulam Rassias stability of 
the functional equation (1.1). 

Corollary 2.3. Let p > be given with p ^ 2. Assume 9 be nonnegative real numbers, and let f : A —* B be a 
mapping such that 

||/(a; + y) + f(x - y) - 2f(x) - 2f(y)\\ B < 6(\\x\\ p + \\y\\ p ), (2.26) 

\\f([x,y,z]) - [f(x),y 2 ,z 2 } [x 2 ,f(y),z 2 ] [x 2 ,y 2 ,f(z)])\\ B < 0{\\x\\ p +\\v\\ p + \\4 P ), (2-27) 

for all x,y,z £ A. Then there exists a unique ternary quadratic derivation D : A^ B such that 

f) °° 

\\f(x)-D(x)\\ B <-J2y {p - 2) M P , (2-28) 

3=0 

holds for all x £ X, where p < 2, or the inequality 

00 
\\f(x)-D(x)\\ B <Y J ^ {1 - p) 0\\x\\^ (2.29) 

holds for all x £ X, where p > 2. 

Proof. Assume p < 2. 

One can use induction on n to show that 

,.f{2 n x) " "" J 



f{x)\\ B <-Y,y {p - 2) \\x\\ p , (2.30) 



2 2n J ^-'» a - 2 
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for all x £ A and all non-negative integers n. Hence, 



n-\-m— 1 
22(n+m) 2 2rra lla ~ 2 



m n+m ^_fj^l nn< e n+ f ^yp, (2 .3i) 



for all non-negative integers n and m with n > m and all x € A It follows from p < 2 that the sequence { 22 r» } 
is Cauchy. Due to the completeness of B, this sequence is convergent. So one can define the mapping D : A — > _B 
by Set 

£>(*) := lim ^^ (2.32) 

for all x £ A. Replacing x, y by 2 n x), 2 n y, respectively in (2.27) and multiply both sides of (2.27) by ^sa, we get 

\\D(x + y) + D(x - y) - 2D(x) - 2D(y)\\ B 

_ u f(2 n x + 2 n y) f(2 n x-2 n y) /(2"x) /(2"y) „ 

- ™o II 2^ + 2^ 2 ^>~ - 2 ^HIs 

< lim 2™( p - 2 )6»(||a;f + ||yf) ^0 

n — >oo 

for all x, y £ A and all non-negative integers n. So 

D(x + y) + D(x - y) = 2D(x) + 2D(y), 
for all x, y £ A. Moreover, it follows from (2.30) and (2.32) that 



||/(a:)-I>(a ; )|| B <^ 2i(P " 2,|lrl1 " 

' 3=0 



2- " ^ 



for all x £ A. It follows from (2.27) we get 

\\D([x,y,z})-[D(x),y 2 ,z 2 }-[x 2 ,D(y),z 2 }-[x 2 ,y 2 ,D(z)}\\ B < lim -^ 

n^oo 4 

\\f([2 n x,2 n y, 2 n z\) - [/(2"x), (2 n y) 2 , (Tz) 2 } - [(2"x) 2 , f(2 n y), (2 n z) 2 } - [(2"x) 2 , (2"y) 2 , f(2 n z)]\\ B 
< lim 2 n ( p - 6 '>6(\\x\\ p + \\y\\ p + \\z\\ p ) (2.33) 

n — *oo 

for all x, y, z £E A. So n — > oo in (2.33) and by p < 2, we have 

D[s, y, z] = [D(x), y 2 , z 2 ] + [x 2 , D(y), z 2 ] + [x 2 , y 2 , !>(*)], 

for all x,y,z £ A. 

Now, let £>' : A — ► B be another ternary quadratic derivation satisfying (2.28). Then we have 

||D(aO - D\x)\\ B = ^\\D(2 n x) D'(2 n x)\\ B 

< ^(\\D(2 n x) - f(2"x)\\ B + ||/(2"x) - D'(2 n x)\\ B ) 

OO OO 

< ^ 2 (" + ^( p - 2 )6»||x|| p < ^2^ p - 2 ^||xf 

3=0 j=n 

which tends to zero as n — ► oo for all x £ A. So we can conclude that D(x) = D'(x) for all x £ A. This proves the 
uniqueness of D. Thus, the mapping D : A — > B is a unique ternary quadratic derivation satisfying (2.28). 

Similarly, one obtains the result for the case p > 2. □ 

The following corollary is the Hycrs-Ulam stability of the functional equation (1.1). 
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Corollary 2.4. Assume e be nonnegative real numbers, and let f : A — > B be a mapping such that 

\\f{x + 1J) + f(x -y)- 2f(x) - 2f(y)\\ B < e, (2.34) 

\\f([x,y,z]) - [f(x),y 2 ,z 2 ] - [x 2 ,f(y),z 2 ] - [x 2 ,y 2 , f(z)])\\ B < e, (2.35) 

for all X,y,z € A. Then there exists a unique ternary quadratic derivation D : A^ B such that 

\\f(x) - D(x)\\ B < e, (2.36) 

holds for all x E X. 

Proof. In Corollary 2.3, putting p := and e := |, we obtain the conclusion of the corollary. □ 
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NEARLY TERNARY CUBIC HOMOMORPHISM IN TERNARY 

FRECHET ALGEBRAS 
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Department of Mathematics, Semnan University, 
P. O. Box 35195-363, Semnan, Iran 

Abstract. Let A, B be two ternary algebras. A mapping H : A — > B is called a ternary cubic homomorphism if 
H is a cubic function, which satisfies: 

H([x,y,z}) = [H(x),H(y),H(z)} 

for all x, y, z £ A. In this paper, we investigate ternary cubic homomorphisms on ternary Frechet algebras. 

1. Introduction 

The stability problem of functional equations originated from a question of Ulam [•' ] in 1940, concerning the 
stability of group homomorphisms. In 1941, D. H. Hyers [■ ] gave a first affirmative answer to the question of 
Ulam for Banach spaces. In 1978, Th. M. Rassias [38] provided a generalization of Hyers' Theorem which allows 
the Cauchy difference to be unbounded. In 1991, Z. Gajda [20] answered the question for the case p > 1, which 
was rased by Rassias. This new concept is known as Hyers-Ulam-Rassias stability of functional equations (see 
[1],[2], [21],[22]-[28],[29],[31],[33]-[37] ). 

Jun and Kim [ ] introduced the following functional equation 

f(2x + y) + f(2x -y) = 2f(x + y) + 2f(x - y) + 12/(ar) (1.1) 

and they established the general solution and the generalized Hyers-Ulam-Rassias stability for the functional 
equation (1.1). The function f(x) — x 3 satisfies the functional equation (1.1), which is thus called a cubic 
functional equation. Every solution of the cubic functional equation is said to be a cubic function. Jun and Kim 
proved that a function / between real vector spaces X and Y is a solution of (1.1) if and only if there exists a 
unique function C:XxXxX^Y such that f(x) — C(x, x, x) for all x £ X, and C is symmetric for each fixed 
one variable and is additive for fixed two variables. For more detailed definitions of such terminologies, we can 
refer to [4],[6],[7],[10]-[14],[16] and [18]. 

Definition 1.1. A mapping H : A — > B is called a ternary cubic homomorphism between ternary algebras A, B 
if 

(1) H is a cubic function, 

(2) H([x,y,z\) = [H(x),H(y),H(z)], for all x,y,z £ A. 
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Recently, M. Eshaghi Gordji and M. Bavand Savadkouhi, in [9], investigated approximate cubic homomorphisms 
on Banach algebras. For more detailed definitions of such terminologies, we can refer to [3], [8], [15], [17] and [19]. 



Definition 1.2. A topological vector space X is a Frechet space if it satisfies the following three properties: 

(1) it is complete as a uniform space, 

(2) it is locally convex, 

(3) its topology can be induced by a translation invariant metric, i.e. a metric d : X x X — ► M. such that 
d{x, y) = d{x + a,y + a) for all a,x,y G X. 

For more detailed definitions of such terminologies, we can refer to [5] . Note that a ternary algebra is called 
ternary Frechet algebra is it is a Frechet space with a metric d. 

2. Stability of ternary cubic homomorphisms 

we investigate the ternary cubic homomorphisms in ternary Frechet algebras. 

Theorem 2.1. Let A and B be two Frechet algebras by metrics d\ and d 2 , respectively. Let f : A — > B be a 
mapping for which there exist a function <fi : A x A x A — ► [0, oo) such that 

oo _. 

J2^J^ J x,^y,Vz)<oo (2.1) 

3=0 

d 2 (f(2x + y) + f(2x - y),2f(x + y) + 2f(x - y) + I2f(x)) < cf>(x, y, 0), (2.2) 

d 2 (f([x, y, z}), [f(x),f(y), f{z)]) < <j>(x, y, z), (2.3) 

for all x,y,z € A. Then there exists a unique ternary cubic homomorphism H : A^ B such that 

d 2 (f(x),H(x))<^4>(x,0,0), (2.4) 



for all x £ A. Here, 



(x,y,z):= ^^(2^,2^,2^), (2.5) 



3=0 

for all x,y,z G A. 

Proof. By putting x — y = in (2.2), we get /(0) = 0. If we putting y — in (2.2), we get 

d 2 (2/(2a;),16/(a;))<0(s J O > O), (2.6) 

for all x e A. Now multiply both sides of (2.6) by yg, we get 

f{2x) ^,0,0) 
d 2 (-23— ,/(»))< - A , (2.7) 

for all x G A. Now we use the Rassias' method on inequality (2.7) ([-H]). One can use induction on n to show that 

*(^,/ ( .))<i£«s^, p,) 

3=0 
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for all x G A and all non-negative integers n. Hence, 



/(2"+ m x) f(2 m x) 1 "+^ 1 0(2^,0,0) 

2( - 93(n+m) ' 03m > - 1 « Z^ 03j ' ^ ' 



23(n+m) ' 2 3m 16 / - 1 2 3j ' 



for all non-negative integers n and to with n > to and all a; € A It follows from the convergence (2.1) that the 
sequence { 23 „ } is Cauchy. Due to the completeness of B, this sequence is convergent. So one can define the 
mapping H : A — > B by Set 



F(x) := lim ^— i (2.10) 

n — >oo / OM 



for all x € A. Replacing x, y by 2™x, 2 n y, respectively, in (2.2) and multiply both sides of (2.2) by ^sk, we get 
d 2 {H{2x + y) + H(2x - y),2H{x + y) + 2ff(x - y) + l2H(x)) 
= lim 7 Ld 2 (f(2 n (2x + y)) + f(2 n (2x - y)),2f(2 n (x + y)) + 2/(2"(x - y)) + 12/(2"x)) 



< lim 



2 3 " 
0(2"x,2«2/,O) 



2 3n 

for all x, j/ G A and all non-negative integers n. Taking the limit as n — > oo we obtain 

H(2x + y) + H(2x - y) = 2H(x + y) + 2H (x - y) + \2H{x), (2.11) 

for all x,y € A. Moreover, it follows from (2.8) and (2.10) that 

d 2 (f(x),D(x))<^(x 1 0,0) 
16 

for all x G A. It follows from (2.3) that 
d 2 (^([x,y,z]),[^(x),ff(y),ff^)]) = lim -Lrf 2 (/([2"x, 2 n y, 2 n z]), [/(2"x), /(2"y), /(2"z)]) 

n — »oo z 

< lim fl 2 "*.^ 2 "*) (2 .1 2 ) 

for all x,y,z G A So 

H([ar, i/,«]) = [#(x),#(y), #(*)], (2.13) 

for all x, y, z G A 
Now, let .H 7 : A — > B be another ternary cubic homomorphism satisfying (2.4). Then we have 

d 2 (H(x) 1 H'(x)) = ^d 2 (H(2 n x),H'(2 n x)) 
< ^ n (d 2 (H(2 n x),f(2 n x)) + d 2 (f(2 n x),H'(2 n x))) 

which tends to zero as n — > oo for all x G A So we can conclude that H(x) = H'(x) for all x G A This proves the 
uniqueness of H. Thus, the mapping H : A — > B is a unique ternary cubic homomorphism satisfying (2.4). □ 

Theorem 2.2. Let A and B be two Frechet algebras by metrics d\ and d 2l respectively. Let f : A —> B be a 
mapping for which there exist a function <f> : A x A x A — » [0, oo) such that 

oo 
3=0 

d 2 (f(2x + y) + f(2x - y),2f(x + y) + 2/(x - y) + 12/(x)) < 0(x, y, 0), (2.15) 
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d 2 (f([x, y, z\), [f(x),f(y)J(z)}) < <j>{x, y, z), (2.16) 

for all x,y,z G A. Then there exists a unique ternary cubic homomorphism H : A^ B such that 

d 2 (f(x),H(x))< 1 -4>(^0,0), (2.17) 

for all x £ A. Here, 

oo 

0(x,y,z):=^2 3 >(|,|,^), (2.18) 

3=0 

for all x,y, z € A. 

Proof. Putting x = y = in (2.15) to get /(0) = 0. If we putting y = in (2.15), we have 

d 2 (2f(2x),16f(x)) < <j>(x,0,0), (2.19) 

for all x G A. Replacing x by | in (2.19) and multiply both sides of (2.19) by \ to get 

ci 2 (2 3 /(|),/W)<^(|,0,0), (2.20) 



for all x G A. By induction on n, we have 



n-l 



d 2 {2^f{^)J{x))< 1^2^(^,0,0), (2.21) 

i=o 
for all a; G ^4 and all non-negative integers n. Hence, 

_. n+m— 1 

^( 23( " +m) /(^),2 3 ™/(|,))<- 2 2^X^,0,0), (2.22) 

for all non-negative integers n and to with n > m and all a; £ A. It follows from the convergence (2.14) that the 
sequence {2 3n /(^ r )} is Cauchy. On the other hand B is complete, the the sequence {2 3n /(^ r )} is convergent. 
So one can define the mapping H : A — > B by Set 

ff(s) := lim 2 3 "/(^) (2.23) 

for all x G A. Replacing x,y by ^r, ^r, respectively, in (2.15) and multiply both sides of (2.15) by 2 3 ™, we get 

d 2 (H(2x + y) + H(2x - y),2H(x + y) + 2H(x - y) + 12H(x)) 

= }™J 3nd ^^ + f^)^Hr) + V^r) + W(|r)) 

for all x, y G A and all non-negative integers n. Hence, we have 

H(2x + y) + H(2x - y) = 2H(x + y) + 2H(x - y) + 12H(x), (2.24) 

for all x,y € A. It follows from (2.21) and (2.23) that 

d 2 (f(x),H(x))< 1 -4>(^,0,0) 
for all x G A. By (2.16), we get that 
d 2 (H([x, y,z}), [H(x),H(y),H(z)]) = Jim 2^d 2 (f([^, ±£\), [/(|-), /(|-), /(A)]) 
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for all x, y, z G A. Hence, 

H([x,y,z}) = [H(x),H(y),H(z)}, (2.26) 

for all x,y, z G A. The rest of proof is similar to the proof of Theorem 2.1. □ 

By Theorem 2.1 we solve the following generalized Hycrs Ulam Rassais stability of ternary cubic homomor- 
phisms. 

Corollary 2.3. Let A and B be two ternary Banach algebras. Suppose f : A —>■ B is a mapping for which there 
exist a function <p '■ A x A x A — > [0, oo) such that 

oo 1 

^^(2^,2^,2^) < oo (2.27) 

3=0 

\\f(2x + y) + f(2x -y)- 2f(x + y) - 2f(x - y) - 12f(x)\\ < <f>(x, y, 0), (2.28) 

\\f([x, y, z\) - [f(x),f(y),f(z)}\\ < <f>(x, y, z), (2.29) 

for all x,y, z G A. Then there exists a unique ternary cubic homomorphism H : A — ► B such that 

\\f(x) - H(x)\\ < ^0(3,0,0), (2.30) 

16 



for all x G A. Here, 

oo 

ml T it 7] \ 

2 3 ^ 



x,y,z) :=]T ^(2^,2^,2^), (2.31) 



/or aZZ x,y, z £ A. 

Proof. It follows from Theorem 2.1. by putting ^2(2;, J/) = ||# — 2/|| for all i,i/€i. D 

By Theorem 2.2 we have the following. 

Corollary 2.4. Let A and B be two ternary Banach algebras. Suppose f : A — > B is a mapping for which there 
exist a function <f> : A x A x A — > [0, 00) such that 

00 

||/(2x + y) + /(2a: - y) - 2f(x + y) - 2f(x - y) - I2f{x)\\ < cj>{x, y, 0), (2.33) 

\\f([x,y,z]),[f(x),f(y),f(z)]\\<<f>(x,y,z), (2.34) 

for all x,y,Z G A. Then there exists a unique ternary cubic homomorphism H : A—t B such that 

||/ (x )_#(x)||<^(|,0,0), (2.35) 



for all x £ A. Here, 

00 

kv.11. 7.) := X^^rht . , 

1 23 23 23 



^' z ) := E 2 ^^oT'^ ( 2 - 36 ) 



3=0 
for all x, y, z G A. 

Also, by Theorems 2.1 and 2.2 we solve the following Hycrs -Ulam-Rassais stability of ternary cubic homomor- 
phisms. 



1111 



6 S. Shagholi, M. E. Gordji, M. Bavand Savadkouhi 

Theorem 2.5. Let A and B be two Frechet algebras by metrics d\ and d 2 , respectively. Suppose p > be given 
with p ^ 3. Assume 9 be nonnegative real numbers, and let f : A —> B be a mapping such that 

d 2 (f(2x + y) + f(2x - y),2f(x + y) + 2f(x - y) + 12/(x)) < 6(di(x, Of + d 1 (y, 0) p ), (2.37) 

d 2 (f([x, y, z]), [f{x), f(y), f{z)]) < 0(d!(x, 0) p + di(y, Of + d^z, Of), (2.38) 

for all X,y,z £ A. Then there exists a unique ternary cubic homomorphism H : A^ B such that 

d2(f(x),H(x))< e -0^- , (2.39) 

holds for all x G X, where p < 3, or the inequality 

d 2 (f(x),H(x))< e -0^ , (2.40) 

holds for all i£i, where p > 3. 

Proof. Assume p < 3. 

By putting x = y = in (2.37) we get /(0) = 0. If we putting y = in (2.37) and multiply both sides of (2.37) by 

Tg, we get 

d 2 ( fi ^,f(x))<° 6 d 1 (x,0y, 

for all x € A. One can use induction on n to show that 

M^-JW) < ^W^^Of, (2.41) 

3=0 



for all x € A and all non-negative integers n. Hence 

■(2(™+™) x ) /(2 m a 

23(n+m) ' 2 3m ^ ~ 16 



*( f ^?.^)^T 1 ^*<x.o)', (-) 



j=m 



-f(2"x)- 



for all non-negative integers n and m with n > m and all a; € A. It follows that the sequence { 2 3" } ^ s Cauchy. 
Due to the completeness of B, this sequence is convergent. So one can define the mapping H : A — > _B by setting 

F(z) := lim ^^ (2.43) 

n — >oo Z 

for all x € A Replacing cc, y by 2 n x, 2 n y, respectively in (2.37) and multiply both sides of (2.37) by ^r, we get 

d 2 (H(2x + y)+ H(2x - y),2H{x + y) + 2H(x - y) + 12H(x)) 

J f f(2 n {2x + y)) f(2 n (2x-y)) J(2 n (x + y)) J(2 n (x-y)) 10 /(2"a:) , 

= i™ rf2( 2^ + 2^ ' 2 2^ + 2 2^ + l2 ^2^ ] 

< lim 2"( p - 3 )6»(d 1 (x,0) p + (ii(y,0) p )^0 

n — >oo 

for all x, y G A and all non-negative integers n. So 

H(2x + y) + H(2x - y) = 2H(x + y) + 2ff (a; - y) + 12H(x), 
for all x,y € A. Moreover, it follows from (2.41) and (2.43) that 

d 2 (f(x),H(x))< 6 _ 2p) di(x,0f 
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for all x € A. By (2.38), we have 
d 2 (H([x,y,z]),[H(x),H(y),H(z)]) = lim -^d 2 (f([2 n x,2 n yXz}), [f(2 n x), f(2 n y)J(2 n z)}) 

< lim 2 n ( p - 9 '>9(d 1 (x,0) p + d 1 (y 7 0)P + d 1 (z,0y>) (2.44) 

n — *oo 

for all x,t/,2;G A So n — ► oo in (2.44) and by p < 3, we have 

fq^M) = [#(*), #(y), #(*)], 

for all x, y, z G A 

To prove the uniqueness property offf, let H ' : A — > _B be another ternary cubic homomorphism satisfying (2.39). 

Then we have 

d 2 (H(x),H'(x)) = ^d 2 (H(2 n x),H'(2 n x)) 

< ^(d 2 (H(2 n x),f(2 n x)) + d 2 (f(2 n x),H'(2 n x))) 

a o"(p-3) 

< — — — d 1 {x,0) p 
- 2(8 -2P) x ' 

which tends to zero as n — > oo for all x € A. So we can conclude that -ff(x) = H'(x) for all .t G A Similarly, one 

obtains the result for the case p > 3. □ 

Corollary 2.6. Lei A and B will be two ternary Banach algebras. Suppose p > be given with p ^ 3. Assume 9 
be nonnegative real numbers, and let f : A — > B be a mapping such that 

11/(2* + y) + /(2s - y) - 2f(x + y) - 2f(x - y) - 12/(x)|| < 9{\\xf + ||yf), (2.45) 

||/([x, y, z]) - [/(x), f(y),f(z)}\\ < 0(\\x\\* + \\y\\ p + \\z\\"), (2-46) 

for all x,y,z G A T/ien i/iere exists a unique ternary cubic homomorphism H : A^ B such that 

\\f(x)-H(x)\\< 2{8 _ 2p) \\x\\ p , (2.47) 

holds for all x G X, where p < 3, or the inequality 



||/(»)-g(g)||< 2(2p _ 8) NI P , (2.48) 



holds for all x G A, where p > 3. 



Proof. In Theorem 2.5, by putting d\(x,y) = ||x — j/|| and d 2 (x,y) = \\x — y\\ for all x,y G A, we obtain the 

conclusion of the Theorem. □ 

The following corollary is the Hycrs TJlam stability of the functional equation (1.2). 

Corollary 2.7. Let A and B will be two ternary Banach algebras. Assume e be nonnegative real numbers, and 
let f : A — > B be a mapping such that 

||/(2a; + y) + f(2x -y)- 2f(x + y) - 2f(x - y) - 12/(x)|| < e, (2.49) 

\\f([x,y,z})-[f(x)J(y)J(z)}\\<e, (2.50) 

for all x,y,z G A Then there exists a unique ternary cubic homomorphism H : A—t B such that 

\\f{x)-H{x)\\<e, (2.51) 
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holds for all x E X. 

Proof. In Corollary 2.6, by putting p := and e :— |, we obtain the conclusion of the corollary. □ 
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ON COMMON FIXED POINT THEOREMS WITHOUT 
COMMUTING CONDITIONS IN TVS-CONE METRIC SPACES 

ERDAL KARAPINAR, UGUR YUKSEL, 



Abstract. In this manuscript, some common fixed point theorems without 
any commuting conditions investigated in TVS-valued metric spaces. 



1. Introduction and Preliminaries 

Topological vector space valued metric space, namely TVS-cone metric spaces 
(in short TVS-CMS), is a generalization of the notion of the metric space that is 
introduced by Du [T3] . TVS-cone metric spaces is also a generalization of the notion 
of the cone metric spaces (in short CMS) that is obtained by replacing real numbers 
with an ordered real Banach space in the definition of metric (see e.g. [2TJH3H3]). 
Lately, many results on fixed point theorems have been extended to cone metric 
spaces (see e.g. [15, [19], [23], [5], [16], (3], [6], [22]). 

Recently, Du |13] showed that Banach contraction principles in usual metric 
spaces and in TVS-CMS are equivalent. The author also deduce that generalization 
of some fixed point theorems (e.g. Kannan type |15j . Chatterjea typc[9J, given in 
[H |2] [19] ) on usual metric space to TVS-cone metric space can be established easily. 

In this manuscript, some common fixed point theorems that require no commut- 
ing conditions (see [8]) are generalized from real- valued metric space to Banach- 
valued metric spaces. The method used in |13] is not sufficient to get such simple 
establishment in the main result of this paper. 

Throughout this paper, (E, S) stands for real Hausdorff locally convex topolog- 
ical vector space (t.v.s.) with S its generating system of seminomas. A non-empty 
subset P of E is called cone if P + P C P, XP C P for A > and P n (-P) = {0}. 
For a given cone P, one can define a partial ordering (denoted by < or <p) with 
respect to P by x < y if and only if y — x G P. The notation x < y indicates that 
x < y and x ^ y while x « y will show y — x G intP, where intP denotes the 
interior of P. Throughout this manuscript, cone P will be assumed to be closed 
and intP ^ as well. Continuity of the algebric operations in a topological vector 
space and the properties of the cone imply the relations: 

intP + intP C intP and XintP C intP (A > 0). 

Definition 1. (See |10j . |12j . |13j ) For c G intP, the nonlinear scalarization func- 
tion 4> c : E — > R is defined by 

4> c {y) = inf{£ G R : y G tc - P}, for all y G E. 
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Lemma 2. (See [TO] . [12] , [15] ) For eac/i (eR and y e E, the following are 
satisfied: 

(?) c (y) <t-^yEtc-P, 
(ii) 4> c (y) >t^y<£tc-P, 
(Hi) 4> c (y) ~>t^>y^tc~ intP, 
(iv) <fi c (y) < t -^ y E tc — intP, 

(v) 4> c {y) is positively homogeneous and continuous on E , 
(vi) ify x Ey 2 + P, then <t) c (y 2 ) < <l>c(yi), 
(vii) (j) c (yi + y 2 ) < (j) c (yi) + <f>c(y 2 ), for all y x ,y 2 E E. 

Definition 3. Let X be a non-empty set and E, as usual, be a Hausdorff locally 
convex topological space. Suppose a vector-valued function p : X x X — ► E satisfies: 

(Ml) < p(x, y) for all x, y G X, 

(M2) p(x, y) — if and only if x = y, 

(MS) p(x, y) = p(y, x) for all x, y € X 

(M4) p(x, y) < p(x, z) + p(z, y), for all x,y,z E X. 

Then, p is called TVS-cone metric on X, and the pair (X,p) is called a TVS-cone 
metric space (in short, TVS-CMS). 

Note that in [T3], the authors considered £ as a real Banach space in the def- 
inition of TVS-CMS. Thus, a cone metric space (in short, CMS) in the sense of 
Huang and Zhang [14J is a special case of TVS-CMS. 

Lemma 4. (See [13 J Let (X,p) be a TVS-CMS. Then, d p : X x X -> [0, oo) 
defined by d p — ip c o p is a metric. 

Remark 5. Since a cone metric space (X,p) in the sense of Huang and Zhang 
[14] , is a special case of TVS-CMS, then d p : X x X — ► [0, oo) defined by d p — <p c od 
is also a metric. 

Definition 6. (See 13JJ Let (X,p) be a TVS-CMS, x E X and {x„}^° =1 a sequence 
in X. 

(i) {x n }^L 1 TVS-cone converges to x E X whenever for every << c E E. 
there is a natural number M such that p(x n ,x) << c for all n > M and 
denoted by cone — linin^oo x n = x (or x n — > x as n — > ooj, 
(ii) {x n }'^L 1 TVS-cone Cauchy sequence in (X,p) whenever for every << c E 
E, there is a natural number M such that p(x n , x m ) << c for all n,m > M , 
(in) (X,p) is TVS-cone complete if every sequence TVS-cone Cauchy sequence 
in X is a TVS-cone convergent. 

Lemma 7. (See [T5JJ Let (X,p) be a TVS-CMS, x E X and {x n }^ =1 a sequence 
in X. Set d p — 4> c op. Then the following statements hold: 

(i) If {x n }^—i converges to x in TVS-CMS (X,p), then d p (x rll x) — ► as 

n — > oo, 
(ii) If {xn}^Li * s Cauchy sequence in TVS-CMS (X,p), then {x n } < ^ =1 is a 

Cauchy sequence (in usual sense) in (X,d p ), 
(Hi) If(X,p) is complete TVS-CMS, then (X,d p ) is a complete metric space. 

Remark 8. Note that the implications in (i) and (ii) of Lemma M are also con- 
versely true. Regarding (i) we prove that ifx n — * x in (X, d p ) then x n — * x in (X,p). 
To this end, suppose e >> is given. Then find q E S and 5 > such that q(b) < S 
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which implies b << e. Since — — > in (E, S) find e — — such that eq(c) = q(ec) < S 
and hence ec << e. Now, find an Uq such that d p (x n ,x) — 4> c op(i„,i) < e for all 
n > uq. Hence, by Lemma\E (iv) p(x n ,x) << ec << e for all n > uq. The proof 
of the converse of implication (ii) is similar. Now it is possible to say that (Hi) of 
Lemmayhis immediate from (i) and (ii). 

Proposition 9. (See [T3] j Let (X,p) is complete TVS-CMS andT : X -» X satisfy 
the contractive condition 

p(Tx,Ty) <kp(x,y) (1.1) 

for all x,y G X and < k < 1. Then, T has a unique fixed point in X. Moreover, 
for each x G X , the iterative sequence {T n x\ ( ^L l converges to fixed point. 

Definition 10. (See [7],) A subset A of an order vector space {X, r) via a cone P 
is said to be P—full if for each x,y S A we have {a S E : x < a < y} C A. A cone 
P of a topological vector space {X, t) is said to be normal whenever r has a base of 
zero consisting of P— full sets. 

Theorem 11. (See [7 ) (a) A cone P of a topological vector space (X,t) is normal 
if and only if whenever {x a } and {y a }, (with the same index set) are two nets in 
X with < x a < y a for each a G A and y a — ► 0, then x a —> 0. 

(b) Let {X, t) be an ordered locally convex space. A seminorm q on X is called 
monotone if q{x) < q{y) for all x,y G X with < x < y The cone of (X, t) 
is normal if and only if r is generated by a family of monotone r— continuous 
seminorms. 

In particular, if P is a cone of a real Banach space E, then it is called normal if 
there is a number K > 1 such that for all x, y G E: < x < y => \\x\\ < K\\y\\. The 
least positive integer K, satisfying this inequality, is called the normal constant of 
P. 

The following two lemmas generalizes Lemma 1 , Lemma 4 and Lemma 5 in |14j . 

Lemma 12. (see [4]^ Let (X,p) be a cone metric space over a locally convex space 
(E,S), where S is the family of seminorms defining the locally convex topology. Let 
{x n } be a sequence in E. Then 

(i) x n — > x in {X,p) if and only if p{x n , x) — ► in (E, S). 

(ii) x n is Cauchy in (X,p) if and only if lim m! „_» 00 p(x„,x m ) = in (E,S). 

Proof, (i) Suppose {x n } converges to x. Let e > and q G S be given, choose 
c >> such that q(c) < e. This is possible by taking c = 2 £ ?° ■ , where c is an 
interior point of P. Then there is an % such that p(x n ,x) << c, for all n > n . 
Then by normality of the cone P we have q(p(x n , x)) < q(c) < e for all n > uq. This 
means p{x n ,x) — ► in (E,S). Conversely, suppose that p(x n ,x) — > in (E,S). 
For c G E with c >> find 5 > and p G S such that q(b) < 5 implies b « c. 
For this 5 and this p find an no such that q(p{x ni x)) < 6 for all n > uq and so 
p{x n , x) « c for all n > n Q . Therefore x n — ► x in (X,p). 

(ii) The proof is similar to that in (i) . □ 

Lemma 13. (see ^\) Let {X,p) be a TVS-cone metric space over a normal cone 
of a locally convex space (E,S), where S is the family of seminorms defining the 
locally convex topology. Let {x n } and {y n } be two sequences in X and x n — » x, 
y n ^y. Thenp(x n ,y n ) — ► p(x,y) in(E,S). 
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Proof. Let e > and q E S be given. Choose c E E with c >> such that 
q(c) < —. Since x n — > a; and y n — ► y, one can find an no such that for all n > no, 
p{x n , x) « c and p(y n , y) « c. Then for all n > n a we have 



p(x n ,y n ) < p(x n ,x) + p(x, y) + p{y, y n ) < p(x, y) + 2c, 



and 



P(x,y) <p{x,x n )+p(x n ,y n )+p(y n ,y) < p(x n , y n ) + 2c. 
Hence 

< p(x, y)+2c- p(x n , y n ) < 4c 
and so by the normality of P we obtain 

q(p(x n , y n ) - p(x, y)) < q(p(x, y)+2c- p(x n , y n )) + q(2c) < 6q(c) < e. 
Therefore p{x n ,y n ) -> p(x, y) in (E, S). 



D 



2. Main Results 

Definition 14. Let (X,p) be a TVS-CMS and S, T be two self-mappings on (X,p). 
A point z E X is said to be common fixed point of S and T if Sz = Tz = z. 

Theorem 15. Suppose (X,p) is a complete TVS-CMS and T, S are self mappings 
on X. If there exists r E [0, 1) such that 

p(T m x,S n y)<rM(x,y) (2.1) 

for any x,y E X and some m,n E N , where 



M{x,y) E lp{T m x,x),p{S n y,y),p{x,y),-[p{T m x,y)+p{S n y,x)\ 
then T and S have a unique common fixed point z E X . 



Proof. Let T and S be two self-mappings on X that satisfy (2.1|. To prove that 
T and S has a common fixed point, first we need to get T m z = S n z = z, for 



m,n satisfying (|2.l|). For this purpose, take S = I in (|2.1|), where / is an identity 

(2.2) 



mapping on X . So, one can get 

p{T m z, z) = p{T m z, I n z) < rM{z, z) 
where 

M{z,z) E {p{T m z,z),p{I n z,z),p{z,z),\[p{T m z,z)+p{I n z,z)]} 



[p{T m z,z),p{z,z),Q,\[p{T m z,z)+p{z,z)]} 
= {p{T m z,z),Q,\p{T m z,z)} 



(2.3) 



The case M(z, z) = trivially give s the result. Thus M(z, z) = p(T m z, z) or 
M{z,z) = \p{T m z,z). Due to (J2~2|), we have either p{T m z, z) < rp(T m z,z) or 



p(T m z,z) < 7jP(T m z,z). In any case, we have p(T m z,z) — 0, or equivalently, 

T m z = z. 



Analogously, one can obtain S n z — z with the same z satisfying (2.2 1. Hence 

T m z = S n z = z. 



(2.4) 



We claim that z is a common point of S and T. By (2.1 1, (2.2) and (2.4), 

p(Tz, z) = p(TT m z, S n z) = p(T m Tz, S n z) < rM(Tz, z) (2.5) 
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where 

M(Tz, z) £ {p(T m Tz, Tz),p(S n z, z),p(Tz, z), \ [p(T m Tz, z) + p(S n z, Tz)} } 
= lp(TT m z,Tz),p(z,z),p(Tz,z),±lp(TT m z,z)+p(z,Tz)}} 
= {p(Tz,Tz),0,p(Tz,z),l [p(Tz,z)+p(z,Tz)}} 
= {p(Tz,z),Q}. 

Hence, M(Tz,z) = p(Tz,z). (The case M(Tz,z) = trivially gives the result.) 



Due to (2.5), we have p{Tz,z) < rp(Tz,z) which implies that p(Tz,z) = 0, or 
equivalently, Tz — z. Analogously, one can obtain Sz = z. Hence, Tz — Sz = z. 

For the uniqueness of the common fixed point z, assume the contrary. Suppose 
w is another common fixed point of S and T. Then 

p(z, w) = p(T m z, S n w) < rM(z, w), 
where 

M(z,w) £ {p{T m Tz,z),p{S n w 1 w) 1 p{z 1 w),\[p{T m z,w)+p{S n w,z)]} 
= \p(z,z),p(w,w),p(z,w), \ \p(z,w) +p(w,z)}} 
= {0,p(z,w)}. 

Since the case M(z, z) = trivially gives the result, then M(z, z) — p(z, w). There- 
fore p(z,w) < rp(z,w). By < r < 1, p{z 1 w) = which yields z — w. Hence, z is 
unique common fixed point of S and T . □ 

Theorem 16. Let (X,p) be a complete TVS-CMS over normal cone P. Suppose 
that T , S , F and G are self mappings on X , and each of F and G is continuous. 
Suppose also that T, F and S, G are commuting pairs and that 

T(X) c F(X), S(X) c G(X). 

If there exists r£ [0, 1), and m, n in N such that 

P (T m x,S n y)<rM(x,y) (2.6) 

for any x, y in X , where 

M(x,y) e L(T m x,Gx),p(S n y,Fy),p(Gx,Fy)^lp(T m x 7 Fy)+p(S n y,Gx)} 

then T, S, F and G have a unique common fixed point z in X . 

Proof. Fix x £ X. Since T(X) C F(X) and S(X) C G(X), we can choose x\, x 2 
in X such that y\ — Fx\ — Txq and j/2 = Gx 2 = Sx\. In general, we can choose 
%2n— l) %2n in X such that 

V2n-i = Fx 2n -i = Tx 2 „-2, Vin = Gx 2n = Sx 2n -i n = 1, 2, • • • . (2.7) 



We claim that the constructive sequence {y n } is a Cauchy sequence. By (2.6) 
and EJ 



d{V2n+i,V 271+2) = d{Fx 2n+l ,Gx 2n+2 ) = d(Tx 2n ,Sx 2n+1 ) < rM(x 2n ,x 2n+1 ), 

(2.8) 
where 

M(x 2ni x 2n+ i) £ {p(Tx 2n ,Gx 2n ),p(Sx 2n+ i,Fx 2n+ i),p(Gx 2n ,Fx 2n+ i), 
\ [p(Tx 2n ,Fx 2n+ i) +p(Sx 2n+ i,Gx 2n )} } 
= {p{Tx 2rn Sx 2n _i),p{Sx 2n+1 ,Tx 2n ) 1 p{Sx 2n _ 1 ,Tx 2n ), 

\ [p(Tx 2n ,Tx 2n ) + p(Sx 2n +l, Sx 2n -l)} } 

= {p(Tx 2n , Sx 2 n-l),p(SX2n+l,Tx 2 n), ^p(Sx 2n -l, Sx 2n )}. 
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Due to the fact that p(Sx 2n -i, Sx 2n +i) < p{Sx 2n ^i,Tx 2n ) + p(Sx 2n+ i,Tx 2n ), 
wekveM(a: 2n ,3;2 n+ i) € {p{Tx 2ni Sx 2n _ 1 ),p{Sx 2n+ i 1 Tx 2n )}. Butii M(x 2n ,x 2n+1 ) 
p{Sx 2n+ll Tx 2n ) then by ^7 



p{Sx 2n+ i 1 Tx 2n ) < rp(Sx 2n+1 ,Tx 2n ), r G [0,1). 

which implies p{Sx 2n+ll Tx 2n ) = 0. Thus, M(x 2ni x 2n+1 ) = p(Sx 2n -i,Tx 2n ), 
therefore 

p(Sx 2n+1 ,Tx 2n ) < rp{Sx 2n _ 1 ,Tx 2n ). 

Analogously, p(Sx 2n+1 ,Tx 2n+2 ) < rp(Sx 2n+1 ,Tx 2n ). 
Thus, we have 

P(y n +i,y n ) < rp(y n ,y n -i), n e N. (2.9) 



To show {y n } is a Cauchy sequence, let n > m. Then by (2.9 1 and triangular 
inequality, one can obtain 

p(y n , y m ) < p{y n , y n -i) + p(y n -i, y n +i)-\ 1- p(y m -i, y m ) 

< r n p(y , yi ) + r n - r p{y Q , y x ) + • • • + r m p(y , y x ) (2.10) 

< jz^p(yo,yi)- 

To show {y n } is a Cauchy sequence take << c. Then, one can find 5 > 
and q € S such that q(b) < S =4> b « c. Since jzzpP(yo,yi) — > as m — > oo then 
l(T^p(yo,yi)) < 8 f° r a h m > Mq for some natural number Mq. Hence we have 
£zkP{yo,yi) « c Thus, {y n } is a Cauchy sequence. 

Since {X,p) is complete, {y n } converges to a point z £ X. Consequently, the 
subsequences {T m x 2 n\,{S n x 2n ~i\,{Gx 2n } and {Fx 2n -i} converge to z. 

By taking into account Lemma [12] and Lemma |13| and regarding that T, F 
and S, G are commuting pairs and the continuity of G and F, the sequences 
{FFx 2n ^i}, {S n Fx 2n -i} tend to Fz, and the sequences {GGx 2n }, {T m Gx 2n } tend 
to Gz, as n — > oo. 

Due to Lemma [T2| and Lemma |13| we have 

p(Gz,Fz) = lim p{T m Gx 2n ,S n Fx 2n - 1 ) < r lim M(Gx 2n ,Fx 2n ^), 

n — >oo n — >oo 

where 

M(Gx 2n , Fx 2n -i) G {p(T m fo 2n , GGiitaJ.p^Fajan-i, FFx2„-i),KGGx 2n) i^^n-i), 
| [p(T m Gx 2 „, J FFx 2 „_ 1 ) + p(GGz 2 „,S"Fx 2 „_ 1 )] }. 



Regarding Lemma 12 and Lemma [13| one can get linin^oo M(Gx 2n , Fx 2n -\) 
d s {Gz,Fz). Thus, d s (Gz,Fz) < rd s (Gz,Fz), that is, Gz = Fz. 
Analogously, one can get 

T m z = S n z = Fz = Gz = z. 



T m z = ^z = z. (2.11) 

We claim that z is a common fixed point of T and 5. By Lemma [L2| Lemma [13| 



and (2.111 



p(Tz, z) = p(TT m z, S n z) = p(T m Tz, S n z) < r lim M(Tz, z), (2.12) 
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where 



M(Tz,z) <= {p{T m Tz,GTz),p{S n z 1 Fz),p{GTz,Fz),\[p{T m Tz,Fz)+p{S n z,GTz)]} 
= \p{TT m z,TGz),p(z,z),p(TGz,z),\[p{TT m z,z) + p{z,TGz)]} 
= {p(rz,Tz),0,p(rz,z),i [p(Tz,z)+p(z,Tz)]} 
= p(Tz,z). 



Hence, (2.12[) is equivalent to p(Tz, z) < rp(Tz, z) which yields that piTz, z) = 0, 



that is, Tz — z. Analogously, one can get Sz = z. Thus, we observe 

Tz = Sz = z. (2.13) 



Combining (2.11 1 and (2.131, we obtain Gz = Fz = Tz = Sz = z. 

We assert that z is unique. Suppose the contrary. Thus, there is another common 
fixed point w of S, T, F, G. Then p(z, w) = p(T m z, S n w) < rM{z, w), where 

M(z,w) e {p{T m z,Gz),p{S n w,Fw),p(Gz,Fw),\[p{T m z,Fw)+p{S n w,Gz)]} 
= {p(z,z),p(w,w),p(z,w),l [p(z,w)+p(w,z)}} 
= {0,p(z,w)} 
= p(z,w). 

Since the case M(z, z) = trivially gives the result, then M(z, w) = p(z, w). Thus, 

j)(z,w) < rp(z, w). 

Therefore p{z, w) — 0, that is, z = w. Hence z is the unique common fixed point 
of S, T, F,G. O 
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Coupled fixed points for a class of contractions in 
partially ordered spaces and applications 

Jiandong Yin* 
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Abstract 

We introduce the concept of a mixed g— comparable mapping and prove the 
coupled coincidence and coincidence point theorems for a class of nonlinear con- 
tractive mappings in this paper. An application of our obtained results is given. 
The presented results extend and improve the recent results due to V. Lakshmikan- 
tham and Ljubomir Ciric [V. Lakshmikantham, Ljubomir Ciric, Coupled fixed point 
theorems for nonlinear contractions in partially ordered metric spaces, Nonlinear 
Anal. 70(2010) 4341-4349] and Bhaskar and Lakshmikantham [T. Gnana Bhaskar, 
V. Lakshmikantham, Fixed point theorems in partially ordered metric spaces and 
applications, Nonlinear Anal. 65(2006), 1379-1393]. 

Key 'words: Coupled coincidence; Partially ordered set; Mixed g— comparable 

mapping 

2000 MR subject classification: 47H10 54H25 

1 Introduction and preliminaries 

The Banach contraction principle, as a classical and powerful tool in nonlinear anal- 
ysis, is applicable to many nonlinear problems and has been generalized to some weaker 
situations, see [1-12]. In 2006, Bhaskar and Lakshmikantham [13] introduced the no- 
tion of coupled fixed point and obtained several coupled fixed point theorems and fixed 
point theorems in a metric space endowed with a partial order. Based on [13], V. Laksh- 
mikantham and Ljubomir Ciric [14], in a complete metric space endowed with a partial 
order, proved coupled coincidence and coupled common fixed point theorems for a mixed 
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g— monotone mapping. The presented theorems generalized the recent fixed point theo- 
rems in [13]. However, in [14], the mapping g must be continuous and commute with the 
mixed g —monotone mapping F. 

The aim of this paper is to extend and improve the results of Lakshmikantham and 
Ljubomir C*iric [14] and to generalize the notion of a mixed g— monotone mapping. On 
the basis of [14], we prove several coupled coincidence and coincidence theorems for two 
mappings under certain conditions. The presented theorems extend and improve some 
results in [13] and [14]. And an application of our obtained results is given in section 3. 

For convenience, we start by inducing some definitions. 

Let (X, <) be a partially ordered set and F : X x X -+ X and g : X — > X. 

Definition 1.1. ^ We say that F has the mixed g-monotone property if F is monotone 
g -non- decreasing in its first argument and is monotone g -non-increasing in its second 
argument, that is, for any x,y G X, 

X!,x 2 G X, g(x 1 ) < g(x 2 ) => F(x 1 ,y) < F(x 2 ,y) 
and 

Vi,V2 E X, giyi) < g(y 2 ) => F(x,y±) > F(x,y 2 ). 

Definition 1.2. ^ An element (x,y) G X x X is called a coupled coincidence point of 
F and g if F{x, y) = g(x) and F(y, x) = g(y) . 

Definition 1.3. x G X is called a coincidence point of F and g if F(x,x) = g(x). 

Definition 1.4. x,y G X are called comparable if x < y or y < x holds. 

Definition 1.5. A sequence {x n } C X is called comparable if for each n > 0, x n , x n+ i 
are comparable. 

Inspired with Definition 1.1 we introduce the following concept of a mixed (^-comparable 
mapping. 

Definition 1.6. We say that F has the mixed g-comparable property if for any xi, x 2 , yi,y 2 G 
X, if g(xi), g(x 2 ) are comparable and g(yi), giy-z) are comparable implies that F(x\,yi), 
F(x 2 ,y 2 ) are comparable. 

Remark 1.1. Clearly, That F has the mixed g-monotone property implies that F has the 
mixed g-comparable property. Thus the mixed g-comparable property is a generalization 
of the mixed g-monotone property. 



YIN: COUPLED FIXED POINTS... 1 125 



2 Main results 

In this section, we always assume that (X, <) is a partially ordered set with a metric 
d on X such that (X, d) is a complete metric space. F : X x X — > X and g : X — > X 
are two mappings. We begin with the following theorem that establishes the coupled 
coincidence point theorem of F and g. 

Theorem 2.1. Suppose that there is a function tp : [0, +00) — > [0, +00) with tp(t) < t and 
lim r ^ t + < t for each t > and also suppose that F has the mixed g— comparable property 
and 

d(F(x, y),F(u, „)) < <p ( d (9(x),9(u)) + d(g(y),g(v)) ^ (ju) 

for all x,u,y,v G X for which g(x), g{u) are comparable and g(y), g(v) are comparable. 
Assume that g(X) = X and X has the following properties: 

(i) if a comparable sequence x n — > x, then x n , x are comparable for all n; 

(ii) if a comparable sequence y n — ¥ y, then y, y n are comparable for all n; 

(iii)if {z n } C X is a comparable sequence, then for any m and I, z m , Z\ are comparable. 
If there exist x ,y G X such that g(x ), F(x ,y ) are comparable and F(y ,x ), g(yo) 
are comparable, then there exist x, y G X such that 

F(x,y)=g(x) and F(y,x) = g(y), 

that is, F and g have a coupled coincidence point. 

Proof. By a proof similar to that of Theorem 2.1 in [14], we can construct sequences {x n } 
and {y n } in X such that 

g(x n+1 ) = F(x n ,y n ) and g(y n +i) = F(y n ,x n ) for all n > 0. (2.2) 

Next we show that 

g(x n ),g(x n+ i) are comparable for all n>0 (2-3) 

and 

g{y n ),g(yn+i) are comparable for all n > 0. (2.4) 

We shall use the mathematical induction. Set n — 0. Since g(xo), F(xo, yo) are comparable 
and F(y ,xo), g(yo) are comparable, and as g{x\) = F(xo,yo) and g(yi) = F(y ,xo), we 
get that g(xo), g(xi) are comparable and g(yo), g(yi) are comparable. Thus (2.3), (2.4) 
hold for n — 0. Suppose now that, for some fixed n > 0, (2.3) and (2.4) hold. Then, 
since g(x n ), g{x n+ \) are comparable and g(y n ), giUn+i) are comparable, and as F has the 
mixed g— comparable property, from (2.2), 
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g(x n+1 ) = F(x n ,y n ) is comparable to g(x n+2 ) = F(x n+1 ,y n+1 ). (2.5) 

Similarly, we can prove that g(y n +i),g(y n+ 2) are comparable. Hence, by the mathematical 
induction we conclude that (2.3) and (2.4) hold for all n > 0. By the property (iii) of X 
and a same proof to Theorem 2.1 in [14], we can also prove that {g(x n )} and {g{y n )} are 
Cauchy sequences. 

Since X is complete and g(X) = X, there exist x, y G X such that 

lim g(x n ) = g(x) and lim g(y n ) = g(y). (2.6) 

From the given properties (i) and (ii) of X, we obtain that, for any n, g(x n ), g(x) are 
comparable and g{y n ), g{y) are comparable. It follows from (2.1) that 

a(t?( \ T7( \\ ^ f d(9M,9(x)) + d(g(y n ),g(y)) \ 
d(F(x n ,y n ),F(x,y))<<p[ . (2.7) 



Since (p(t) < t and lim r ^ t+ (p(r) < t for each t > 0, then lim r ^o+ V 9 ( r ) = u - Taking n — > oo 
in (2.7), we have 

lim F(x n ,y n ) = F(x,y). 

n— >oo 

Noting g(x n+ i) = F(x n , y n ) and (2.6), we get F(x, y) = g(x). Similarly, we have F(y, x) = 
g(y). Thus (x,y) is a coupled coincidence point of F and g. □ 

Remark 2.1. In Theorem 2.1, F need not commute with g and it is not necessary to be 
continuous for g. Therefore Theorem 2.1 extends and improves Theorem 2.1 in [14]- 

Corollary 2.1Suppose that F has the mixed g— comparable property and assume there 
exists a k e [0, 1) with 

d(F(x,y),F(u,v)) < ^[d(g(x),g(u)) + d(g(y),g(v))] (2.8) 

for all x,u,y,v G X for which g(x), g(u) are comparable and g(y), g(v) are comparable. 
Also suppose g{X) = X and X has the following properties: 

(i) if a comparable sequence x n —¥ x, then x n , x are comparable for all n; 

(ii) if a comparable sequence y n — > y, then y, y n are comparable for all n; 

(iii)if {z n } C X is a comparable sequence, then for any m and I, z m , Z\ are comparable. 
If there exist Xo,yo G X such that g(xo), F(xo,yo) are comparable and F(yo,xo), g{yo) 
are comparable, then there exist x, y G X such that 

F(x,y)=g(x) and F(y,x) = g(y), 

that is, F and g have a coupled coincidence point. 
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Proof. Taking tp(t) = k ■ t with k G [0, 1) in Theorem 2.1, we obtain Corollary 2.1. □ 

Recall that (X, <) is a partially ordered set and d is a metric on X such that (X, d) is 
a complete metric space. Further, we endow the product space X x X with the following 
partial order: for (x, y) , (u, v ) G X x X, (w, v) < (x,y) -^ x > u,y < v. 

Theorem 2.2. In addition to the hypotheses of Theorem 2.1, suppose that for every 
(x,y), (y*,x*) G X x X, there exists (u,v) G X x X such that (F(u,v),F(v,u)) is 
comparable to (F(x,y),F(y,x)) and (F(x*,y*),F(y*,x*)), and F is commutable with g, 
that is, g(F(x,y)) = F(g(x),g(y)) for all x,y G X . Then F and g have a unique coupled 
common fixed point, that is, there exists a unique (x, y) G X x X such that 

x = g{x) = F(x, y), andy = g(y) = F(y, x). 

Proof. Taking a proof similar to that of Theorem 2.2 in [14] and following from Theorem 
2.1, we can obtain Theorem 2.2 easily, so we omit its proof. □ 

In the rest of this section, we consider the existence and uniqueness of a solution for the 
equation F(x,x) = g(x). Recall that F : X x X -^ X has the mixed monotone property 
if F is monotone non-decreasing in its first argument and is monotone non-increasing in 
its second argument, that is, for any x,y G X, 

xi,x 2 e X] xi < x 2 ^ F(xi,y) < F(x 2 ,y) 
and 

2/1,2/2 £ X;y x <y 2 ^ F{x,y x ) > F(x,y 2 ). 

Theorem 2.3. Let F : X xX — > X be a mapping having the mixed monotone property on 
X and g : D C X — >■ X satisfy g(D) = X and the following condition (C): for x,y G D, 
g(x) < g{y) implies x < y. Assume that there is a function (p : [0, H-oo) —¥ [0, +oo) with 
ip(t) < t and lim r ^ i + < t for each t > such that 

d(F( X ,y),F(u,v)) < „ ( <W*).s(«)) + dW.v)Mv)) ) , Vx > „,, < , (2 . 9) 



Assume also that X has the following properties: 

(i) if a non- decreasing sequence x n — > x, then x n < x, Vn; 

(ii) if a non-increasing sequence y n — > y, then y < y n , Vn; 
Moreover, if there exist xo,yo G D such that g(xo) < F(xo,yo) < F(y ,xo) < g(yo)- Then, 
there exists a unique x* G K such that F(x*,x*) = g(x*), where 

K = {x G D : g(x ) < g{x) < g(y )}. 
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Proof. Similarly as in the proof of Theorem 2.1 in [14], we obtain two sequences {x n }, {y n } 
in D such that, for each n, 

g(x n +i) = F(x n , y n ),g(y n +i) = F(y n , x n ) (2.10) 

and 

g(x ) < g{xi) <••• < g(x n ) <■■■ < g(y n ) < ■■■ < g(yi) < g(y ), (2.11) 

which together with the condition (C) implies that 

x < xi < ■ ■ ■ < x n < ■ ■ ■ < y n < ■ ■ ■ < yi < y . (2.12) 

Moreover, {g(x n )} and {g{y n )} are Cauchy sequences in X. Since X is complete and 
g(D) = X, there exists x,y G D such that 

lim g(x n ) = g(x) and lim g(y n ) = g(y). (2.13) 

It follows from (2.11) and hypothesis (i), (ii) that, for any n, 

g(x n ) < g(x) and g(y) < g(y n ). (2.14) 

Thus 

x n < x, y <y n (2.15) 

as g satisfies the condition (C). 

On the other hand, from (2.9) and (2.12), we have also 

d(g(x n ),g(y n )) = d(F(x n _i,y n _i),F(y n _i,a; n _i)) 

< t-p(. d (g(. x n~i),g{.yn-i))) 

< ■■■<<p n (d(g(x ),g(yo))). 

It is known that (p(t) < t and lim r ^ t+ (p(r) < t implies linin^oo tp n (t) = for each t > 0. 
Hence, noting (2.13), we obtain that 

g(x)=g(y). (2.16) 

Now, we prove that g is an injection. Indeed, if g(z\) = g(z 2 ) for zi,z 2 G D, then 
g{ z i) ^ g{ z 2)- The condition (C) yields z\ < z 2 . Similarly, it holds that z 2 < Z\. So 
z\ = z 2 , i.e. g is an injection. It follows from (2.16) that x = y. Set x* = x = y, then for 
each n, it holds that g(x n ) < g(x*) < g(y n ), that is x* G K, and x n < x* < y n . Moreover, 
lim„^ 00 g(x n ) = g(x*) and lim n ^ 00 g(y n ) = g(x*). 
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Next we prove that F(x*,x*) = g(x*). In fact, from (2.9), we obtain, for each n > 0, 
that 

d{F(x*,x*),g(x*)) < d(F(x*,x*),g(x n )) + d{g(x n ),g(x*)) 

= d(F(x* , x*), F(x n - 1 ,y n - 1 )) + d(g(x n ),g(x*)) 

< <P\ o I +d(g(x n ),g(x )). 



Since <p{t) < t and lim r ^ i+ (p(r) < t for each t > 0, then lim r _ > o+ <£>(r) = 0. Letting 
n — ?> oo in the above inequality and noting (2.13), we get F(x*,x*) = g(x*), that is x* is 
a coincidence point of F and g. 

Suppose that there exists another element y* G K such that F(y*,y*) = g(y*), then 
similarly as in the proof of g(x n ) < g(x*) < g(y n ), one can show that 

g(x n ) < g(y*) < g(y n ),Vn > 0. 

Hence, x n < y* < y ra ,Vn > 0. Now using (2.9), we have 

'd{g{x n ),g{y*)) + d{g{y*),g(y n )) 



d(g(x n +i),g(y*)) = d(F(x n , y n ), F(y*,y*)) < <p 

(2.17) 
Similarly, we can get 

A( i \ i *\\ At-pt \ T?i * *w ^ fd(g(y n ),g(y*)) + d(g(y*),g(x n )y 
d(g(yn+i),g{y )) = d{F(y n , x n ),F(y ,y))<<p[ 

(2.18) 
Combining (2.17) and (2.18), we obtain that 

d{g{x n+1 ),g{y*)) + d{g{y n+1 ),g(y*)) < / d{g{y n ) , g(y*)) + d{g{y*),g{x n )) \ 



Since lim r ^ + <p(r) = u an d lim^oo g(x n ) = g(x*) and lim^oo #(?/„) = g(x*), taking 
n — )> oo in (2.19), we get 

d(g(x*),g(y*)) + d(g(x*),g(y*)) = 0. (2.20) 

Thus g(x*) = g(y*) and x* = y* as g is an injection. This makes end to the proof. □ 

Corollary 2.2. Let F : X x X — > X be a mapping having the mixed monotone property 
on X and j:DcI->I satisfy g(D) = X and the condition (C). Assume that there is 
a k G [0, 1) with 

d(F(x,y),F(u,v)) < ^[d(g(x),g(u)) + d(g(y), g(v))], Vx > u,y < v. (2.21) 
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Assume also that X has the following properties: 

(i) if a non- decreasing sequence x n — > x, then x n < x, Vn; 

(ii) if a non-increasing sequence y n — > y, then y < y n ,Vn; 
Moreover, if there exist xo,yo G D such that g(xo) < F(xo,yo) < F(y ,xo) < g(yo)- Then, 
there exists a unique x* G K such that F(x*,x*) = g(x*), where 

K = {x G D : g(x ) < g(x) < g(y )}. 



Proof. Taking tp{t) = k ■ t with k G [0, 1) in Theorem 2.3, we obtain Corollary 2.2. □ 

Remark 2.2. Set D = X and g = I in Theorem 2.3, we obtain the unique fixed point of 
F , where I : X — > X is the identity mapping on X. 



3 Applications 

Let X = [0, H-oo), then (X,d) is a complete metric space under the usual metric 
d(x,y) = \x — y\ on R, where R denotes the set of real number. Endowed X with the 
usual order as x < y <=$ x — y < 0, then (X, <) is a partially ordered set. Suppose now 
that F(x,y) = x 2 H — aVj an d d{ x ) — 4x 2 for any x, y G X, then F:Ixl4lisa 
mixed monotone mapping and g : X — > X satisfies g(X) = X and the condition (C). Let 
uq = 0,t>o = 1, then 

g( Uo ) = < F(u ,v ) = - < F(v ,u ) = 2 < g(v ) = 4. 

Now for any x, y, u, v G X, x > u, y < v, we have 

1 1 

\F(x,y) — F(u, v)\ = \x 2 H — — u 2 — 



l/ 2 + l v 2 + 1 



^ I 2 2| 



f 2 — I/ 2 



(j / 2 + 1 )( u 2 + 1 ^ 



< |[b(^) -g(u)\ + |^(f) -^(y)| ]• 

Taking k — |, it follows from Corollary 2.2 that there is a unique x* in [0, 1] such that 
F{x*,x*) = g{x*). 
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Abstract 

The non-symmetric algebraic Riccati equation arising in transport theory 
can be rewritten as a vector equation and the minimal positive solution of the 
non-symmetric algebraic Riccati equation can be obtained by solving the vector 
equation. In this paper, based on the relaxation technique, we propose a relaxed 
Newton-like method containing a relaxation parameter for solving the vector 
equation. Some convergence results are presented. The convergence analysis 
shows that sequence of vectors generated by the relaxed Newton-like method is 
monotonically increasing and converges to the minimal positive solution of the 
vector equation. Finally, numerical experiments are reported. 

Key words: Non-symmetric algebraic Riccati equation; M-matrix; Transport 
theory; Minimal positive solution; Relaxed Newton-like method. 

AMSC(2000): 15A24, 65F10, 82C70 

1 Introduction 

In transport theory, sometimes, it should solve the following integral equation 

+ )X(V, v) = c 1 + - / v ' J du ( 1 + - / duo 



fi + a v — a J \ 2 J _ a uj + a J \ 2 J a uj — a 

(1.1) 
where < c < 1, < a < 1, and X(fi, v) is a real- valued scattering function on 
the domain Q = (/x, v)\[/,, v) G [—a, 1] x [a, 1], see [1,27]. By discretizing the equation 
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(1.1), the following nonsymmetric algebraic Riccati equation (NARE) (see [15-17] and 
the references cited therein) can be obtained: 

XCX -XE-AX + B = 0, (1.2) 

where A, B,C,E e R nxn have the following special form: 

A = A - eq T , B = ee T , C = qq T , E = D- qe T . (1.3) 

Here and in the following, e = (1, 1, ..., 1) T , q — (q±, q 2 , ...,q n ) T with q t = Ci/2u>i, 

1 



A = diag(<5i, S 2 , ..., S n ) with Si 



cui(l + a)' 

£> = diag(di,d 2 , — ,dn) with ^ = -, 

cuiAl — a) 



;i-4) 



and 



n 



< u n < ... < U2 < ui < 1, y, Ci — 1, Ci > 0, i — 1, 2, ..., n. (1.5) 

i=i 

The form of the Riccati equation (1.2) also arises in Markov models [30] and in 
nuclear physics [8, 15], and it has many positive solutions in the componentwise sense. 
There have been a lot of studies about algebraic properties [25,27] and iterative methods 
for the nonnegative solution of the nonsymmetric algebraic Riccati equations (1.2), 
including the basic fixed-point iterations [5,9,12,16,28], the Schur method [19,29], the 
Matrix Sign Function method [10,26], the doubling algorithm [11] and the alternately 
linearized implicit iteration method [2], and so on; see related references therein. The 
existence of positive solutions of (1.2) has been shown in [15] and [17], but only the 
minimal positive solution is physically meaningful. So it is important to develop some 
effective and efficient procedures to compute the minimal positive solution of Equation 

(1-2). 

Recently, Lu [23] has shown that the matrix equation (1.2) is equivalent to a vector 
equation and has developed a simple and efficient iterative procedure to compute the 
minimal positive solution of (1.2). The fixed-point iteration methods were further 
studied in [1,3] for solving the vector equation. In [1], Bai et. al. proposed two 
nonlinear splitting iteration methods: the nonlinear block Jacobi and the nonlinear 
block Gauss-Seidel iteration methods. In [3] Bao et. al. proposed a modified simple 
iteration method for solving the vector equation. Furthermore, the convergence rates 
of various fixed-point iterations [1,3,23] were determined and compared in [13]. The 
Newton method has been presented and analyzed by Lu for solving the vector equation 
in [24]. It has been shown that the Newton method for the vector equation is more 
simple and efficient than using the corresponding Newton method [12] directly for the 
original Riccati equation (1.2). And other variable Newton methods for the vector 
equation were further studied in [21,22]. 



1134 LI ET AL: RELAXED NEWTON-LIKE METHOD 



Based on the relaxation or extrapolation technique [1,6,7,14,20,31], in this paper, 
we further study the Newton method and propose a relaxed Newton-like method to 
solve the vector equation. The convergence analysis shows that the sequence of vectors 
generated by the relaxed Newton-like method is monotonically increasing and converges 
to the minimal positive solution of the vector equation, which can be used to obtain 
the minimal positive solution of the original Riccati equation. 

For convenience, firstly, we give some definitions and notations. For any matrices 
A = [aij] and B = [b id ] G R mxn , we write A > B(A > B) if a i:j > b itj (a i:j > b id ) 
holds for all i,j. The Hadamard product of A and B is defined by A o B = [o^j • bij]. 
I denotes the identity matrix with appropriate dimension. A real square matrix A is 
called a Z-matrix if all its off-diagonal elements are non-positive. Any Z-matrix A can 
be written as si — B with B > 0. u T denotes the transpose of a vector u. 

The following Lemma will be used later. 
Lemma 1.1 [4] For a Z -matrix A, the following statements are equivalent: 

(1) A is a nonsingular M -matrix; 

(2) A is nonsingular and A^ 1 > 0; 

(3) Av > for some vector v > 0. 

The rest of the paper is organized as follows. In Section 2, we review the Newton 
method and some useful results, and present the relaxed Newton-like method. Some 
convergence results are given in Section 3. Section 4 and 5 give numerical experiments 
and conclusions, respectively. 

2 The relaxed Newton-like method method 

It has been shown in [23,24] that the solution of (1.1) must have the following form: 

X = T o (uv T ) = (uv T ) o T, 

where T = [tij] = [1/(5? + dj)] and u, v are two vectors, which satisfy the vector 
equations: 

u — uo (Pv) + e, 

„ ' (2.1) 

v — v o (Pu) + e, 

where P = [pij] = [qj/(St + dj)], P = \pi,j] = [Qj/(5j + dj)]. Define w = [u T ,v T ] T . The 
equation (2.1) can be rewritten equivalently as 

f(w) = w-woVw-e = 0, (2.2) 

where 



V 



P 
P 
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The minimal positive solution of (1.2) can be obtained via computing the minimal 
positive solution of the vector equation (2.2). 

The Newton method presented by Lu in [24] for the vector equation (2.2) is the 
following: 

w fe+ i = w fe - /'K)-7M, k = 0,1,2... (2.3) 

where for any w G R 2n , the Jacobian matrix f'(w) of f(w) is given by 



f(w) = I 2n - G(w), with G(w) 



H 2 (v) G 2 (u) 



(2.4) 



where G\{v) = diag(Pf), G 2 (u) = diag(Pw), Hi(u) = [u o p 1 ,u o p 2 , ...,u o p n ] and 
H 2 (v) = [v o p 1 ,v o p 2 , ...,v o p n ]. For i = 1, 2, ...,n, pi and pi are the ith column of P 
and P, respectively. Obviously, when w > 0, G(w) > and f'(w) is a Z-matrix. 

In [22], Lin et. al applied the modified Newton method presented in [18] for solving 
the vector equation (2.2), the modified Newton method is given in [22] as follows: 

Algorithm 2.1 (The modified Newton method) For k = 0, 1, 2, ..., 



w k = w k + f'(w k ) 1 f{w k ), 
w k +i = Wk ~ /'(Wfe) _1 /(*fc)- 



(2.5) 



The numerical experiments has been shown in [22] that the modified Newton 
method has a better convergence than the Newton method [24]. Based on the re- 
laxation or extrapolation technique [1,6,7,14,20,31], here, we introduce a relaxation 
or extrapolation parameter A, and give the following relaxed Newton-like method: 

Algorithm 2.2 (The relaxed Newton-like method) For k = 0,1,2,... and appro- 
priate real parameter |A| < 1, the relaxed Newton-like method is defined as follows: 

w k = w k + f'{wk)~ l f{w k ), 

w k = (1 - X)w k + Xw k , (2.6) 

w k +i = w k - f{w k )~ l f{wk)- 



Remark 2.1 In fact, the relaxed Newton-like method contains three Newton type 
methods [21,22,24]. When A = — 1, the relaxed Newton-like method becomes the 
Newton- Shamanskii method [21]. When A = 0, the relaxed Newton-like method be- 
comes the Newton method [24]. When A = 1, the relaxed Newton-like method becomes 
the modified Newton method [22]. 

Before we give the convergence analysis of the relaxed Newton-like method, let us 
now state some results which are indispensable for our subsequent discussions. 
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Lemma 2.1 [24] For any vectors w + ,w £ R , we have 

f(w+) = f(w) + f(w)(w+-w) + -f"(w)(w+-w,w+-w). (2.7) 

In particular, if w + = w*, the minimal positive solution of (2.2), then 

= f(w) + f'(w)(w* -w) + -f"( w )( w * -w,w* -w). (2.8) 

Furthermore, for any y > or y < 0, 

f"(w)y 2 < (2.9) 

and f"(w)y 2 is independent of w. 
By (2.8), we have 

f(w) = f(w)(w - «;.) - \f"{w){w - w*) 2 , (2.10) 

and 

f'(w)(w - w.) = f(w) + l -f"{w){w - w*) 2 . (2.11) 

Lemma 2.2 [24] If < w < w* and f(w) < 0, then f'(w) is a nonsingular M -matrix. 

3 Convergence analysis of the relaxed Newton-like 
method 

Now, we analyse the convergence of the relaxed Newton-like method (2.6). 

Theorem 3.1 Given a vector Wk € R 2n . Wk+i are obtained by the relaxed Newton-like 
method (2.6). If < wu < w* and f{wk) < 0, then Wk < Wk+i < w* and f(wk+i) < 0, 
moreover, f'(wk+i) is a nonsingular M-matrix. 

Proof. Since Wk < w* and f(wk) < 0, by Lemma 2.2, we can easily obtain that 
f'(wk) is a nonsingular M-matrix. By Lemma 1.1, we have f'iwk)^ 1 > 0. 

By Eq. (2.6), we obtain that 

w k = w k + \f'(wk)~ 1 f{wk), Wk+i =w k + f'iwkj^iXfiwk) - f(w k )]. 

Let e k = w k - w*, h k = f'(w k )~ 1 f(w k ), r k = f'(wkY l [\f{w k ) - f(w k )], then e k < 
h k < 0, 

w k = w k + Xh k , w k+ i =w k + r k (3.1) 
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It follows from (2.7) that 

f{wk) = f(w k + A/ifc) 



= f(w k ) + \f(w k ) + ^f"(w k )(\h k ) 2 

= (\ + l)f( Wk ) + l -f\ Wk )(\h k f. (3.2) 

By Eq. (3.2), we have 

\f(w k ) - f(w k ) = -f(w k ) - l -f\w k ){\h k f > 0, 

it means that r k > 0, i.e.,w k +i > w k . 

By Eqs. (2.9), (2.11), (3.1) and (3.2), we have the following error vectors equation 

efe+i =e k + r k 

= i> fc ) _1 [/K) + l -f"(w k )e 2 k ] + /'KrWM - /(«*)] 

= /'K)- 1 ^ + l)f(w k ) - f(w k ) + \f"{w k )el] 
= lf'(w k )- l f"(w k )[el-(\h k ) 2 ] 
<lf(w k )- l f"(w k )[el-hl]<0. 



Hence, w k+ i < w*. 

By Eqs. (2.7), (2.11), (3.1) and (3.2), we have 

f(w k+1 ) = f(w k + r k ) 



= f(w k ) + f'(w k )r k + -f"(w k )r 2 k 

= (A + l)f(w k ) - f(w k ) + \f\w k )rl 

X x 

= ^f\w k )r 2 k - -/"(w fc )(A/i fe ) 2 

<^"K)[^-^]- (3-3) 



It is easy to know that 

r k + h k = f'iwk)- 1 ^ + l)f(w k ) - f(w k )] 
= f'(w k )- 1 {~f"(w k )(\h k f]>0, 
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which means that r\ — h\ > 0. Therefore, f(wk+i) < 0. By Lemma 2.2, it can 
be concluded that f'(wk+i) is a nonsingular M- matrix. The proof of the theorem is 
completed. □ 

Remark 3.1 In fact, there always exists the initial vector w k such that < w^ < w* 
and f(wk) < 0, for example w k = 0. The sequence of vectors generated by the relaxed 
Newton-like method is monotonically increasing and converges to the minimal positive 
solution of the vector equation. Moreover, the range of the parameter A may be larger, 
the relaxation parameter A can be chosen such that it satisfies A 2 < min{-^-, -£}. The 
numerical experiments also show this point. 

4 Numerical experiments 

In this section, we give numerical experiments to illustrate the effectiveness of the 
relaxed Newton-like method presented in Section 3. In order to show numerically the 
feasibility and effectiveness of the relaxed Newton-like method, we list the number 
of iteration steps (denoted as IT), the CPU time in seconds (denoted as CPU), and 
relative residual error (denoted as ERR) for different parameter A. The residual error 
is defined by 

uoo [ \\u k+ l - U k \\ 2 \\Vk+l-V k \\ 2 

ERR = max < — - - , — - - 

I ||Wfc+l||2 ||ffc+l||2 

where || • H2 is the 2-norm for a vector. All the experiments are run in MATLAB 7.0 on 
a personal computer with Intel(R) Pentium(R) D 3.00GHz CPU and 1 GB memory, 
and all iterations are terminated once the current iterate satisfies ERR < n-eps, where 
eps = 1 x 10" 16 . 

In the test example, the constants c, and Wi, % — 1,2, ...n, are given by the numerical 
quadrature formula on the interval [0, 1], which are obtained by dividing [0, 1] into ^ 
subintervals of equal length and applying a Gauss-Legendre quadrature with 4 nodes 
to each subinterval; see the Example 5.2 in [12]. 

We test several different values (c, a). In Table 1, we list ITs, CPUs and ERRs 
for the relaxed Newton-like method with different relaxation parameter A. Figure 1 
and Figure 2 describe the CPU time with different A and different n. From these 
Tables and Figures, we can see that the relaxed Newton-like method is effective with 
appropriate relaxation parameter A. Especially, when (c, a) is very close to (0, 1), the 
relaxed Newton-like method has a better convergence results. 

5 Conclusion 

In this paper, based on the relaxation or extrapolation technique, we have proposed 
a relaxed Newton-like method for solving the minimal positive solution of the non- 
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Table 1: Numerical results different pairs of (c,a) and A 





\ 


n=256, (c, a) 


n=512, (c, a) 




(0.9999,0.0001) 


(0.999,0.001) 


(0.999,0.001) 


(0.99,0.01) 


-1.4 


IT 


8 


7 


7 


6 


CPU 


0.4370 


0.4060 


2.8910 


2.5000 


ERR 


5.9786e-15 


1.8973e-15 


1.7734e-15 


1.7586e-15 


-1 


IT 


9 


8 


8 


6 


CPU 


0.5000 


0.4530 


3.3120 


2.2970 


ERR 


3.1694e-15 


1.5532e-15 


1.7769e-15 


2.4157e-15 





IT 


12 


10 


10 


9 


CPU 


0.6570 


0.5940 


4.0630 


3.5780 


ERR 


1.3377e-15 


1.4118e-15 


2.2549e-15 


1.5605e-15 


1 


IT 


9 


8 


8 


6 


CPU 


0.4840 


0.4680 


3.1090 


2.3290 


ERR 


1.4923e-15 


1.6885e-15 


1.5937e-15 


2.4313e-15 


1.4 


IT 


8 


7 


7 


6 


CPU 


0.4380 


0.4060 


2.7030 


2.9060 


ERR 


2.8412e-15 


1.4318e-15 


1.7675e-15 


1.7058e-15 



CPU time with difference, ct),n=128 




0.7 
0.65 



CPU time with difference, a),n=256 



0.45 
0.4 
0.35 
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-1.5 -1 -0.5 



0.5 1 1 .5 



Figure 1: CPU time for different (c, a) and A. 
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CPU time with difference. a),n=512 
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CPU time with difference, a),n=1024 
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Figure 2: CP[/ tame for different (c, a) and A. 

symmetric algebraic Riccati equation arising in transport theory and have given the 
convergence analysis. The convergence analysis shows that the iteration sequence gen- 
erated by the relaxed Newton-like method is monotonically increasing and converges 
to the minimal positive solution of the vector equation. Numerical experiments show 
that the relaxed Newton-like method is feasible and effective for the nonsymmetric al- 
gebraic Riccati equation, especially, when (c, a) is very close to (0, 1). Since the relaxed 
Newton-like method containing a relaxation parameter A, hence, the determination of 
the optimum value of the relaxation parameter A such that the relaxed Newton-like 
method has a better convergence rate needs further to be studied. 

References 



[1] Z. Z. Bai, Y. H. Gao and L. Z. Lu. Fast iterative schemes for nonsymmetric algebraic 
raccati equations arising from transport theory. SIAM J.Sci.Comput., 30 (2) (2008), pp. 
804-818. 

[2] Z. Z. Bai, X. X. Guo and S. F. Xu. Alternately linearized implicit iteration methods 
for the minimal nonnegative solutions of the nonsymmetric algebraic Riccati equations. 
Numer. Linear Algebra AppL, 13 (8) (2006), pp. 655-674. 

[3] L. Bao, Y. Q. Lin and Y. M. Wei. A modified simple iterative method for nonsymmetric 
algebraic Riccati equations arising in transport theory. Appl. Math. Comput., 181 (2006), 
pp. 1499-1504. 

[4] A. Berman, R. J. Plemmons. Nonnegative Matrices in the Mathematical Sciences. SIAM, 
Philadelphia, PA, 1994. 

[5] D. A. Bini, B. Iannazzo and F. Poloni. A fast Newton's method for a nonsymmetric 
algebraic Riccati equations. SIAM J. Matrix Anal. Appl, 30 (2008), pp. 276-290. 



LI ET AL: RELAXED NEWTON-LIKE METHOD 1 141 



[6] Z. H. Cao. A convergence theorem on an extrapolated iterative method and its applica- 
tions. Appl. Numer. Math., 27 (1998), pp. 203-209. 

[7] F. Chen, Y. L. Jiang. A generalization of the inexact parameterized Uzawa methods for 
saddle point problems. Appl. Math. Comput., 206 (2008), pp. 765-771. 

[8] B. D. Ganapol. An investigating of a simple transport model. Transport Theory Statist. 
Phys., 21 (1992), pp. 1-37. 

[9] C. H. Guo. Nonsymmetric algebraic Riccati equations and Wiener- Hopf factorization for 
M-matrices. SI AM J. Matrix Anal. Appl, 23 (1), (2001), pp. 225-242. 

[10] X. X. Guo and Z. Z. Bai. On the minimal nonnegative solution of nonsymmetric algebraic 
Riccati equation. J. Comput. Math., 23 (2005), pp. 305-320. 

[11] C. H. Guo, B. Iannazzo and B. Meini. On the doubling algorithm for a (shifted) nonsym- 
metric algebraic Riccati equation. SIAM J. Matrix Anal. Appl, 29 (2007), pp. 1083-1100. 

[12] C. H. Guo and A. J. Laub. On the iterative solution of a class of nonsymmetric alge- 
braicRiccati equations. SIAM J. Matrix Anal. Appl, 22 (2) (2000), pp. 376-391. 

[13] C. H. Guo and W. W. Lin. Convergence rates of some iterative methods for nonsym- 
metric algebraic Riccati equations arising in transport theory. Linear Algebra Appl, 432 
(2010), pp. 283-291. 

[14] A. Hadjidimos, A. Yeyios. The principle of extrapolation in connection with the accel- 
erated overrelaxation method. Linear Algebra Appl, 30 (1980), pp. 115-128. 

[15] J. Juang. Existence of algebraic matrix Riccati equations arising in transport theory. 
Linear Algebra Appl, 230 (1995), pp. 89-100. 

[16] J. Juang and I. D. Chen. Iterative solution for a certain class of algebraic matrix Riccati 
equations arising in transport theory. Transport Theory Statist. Phys., 22 (1993), pp. 
65-80. 

[17] J. Juang and W. W. Lin. Nonsymmetric algebraic Riccati equations and Hamiltonian- 
like matrices. SIAM J. Matrix Anal. Appl, 20 (1) (1999), pp. 228-243. 

[18] J. S. Kou, Y. T. Li and X. H. Wang. A modification of Newton method with third-order 
convergence. Appl. Math. Comput., 181 (2006), pp. 1106-1111. 

[19] A. J. Laub. A Schur method for solving algebraic Riccati equations. IEEE Transactions 
on automatic control, 24 (1979), pp. 913-921. 

[20] C. J. Li, Z. Li, X. Y. Nie, D. J. Evans. Generalized AOR method for the augmented 
system. Inter. J. Comput Math., 81 (2004), pp. 495-504. 

[21] Y. Q. Lin and L. Bao. Convergence analysis of the Newton-Shamanskii method for a 
nonsymmetric algebraic Riccati equations. Numer. Linear Algebra Appl, 15 (2008), pp. 
535-546. 

10 



1 142 LI ET AL: RELAXED NEWTON-LIKE METHOD 



[22] Y. Q. Lin, L. Bao and Y. M. Wei. A modified Newton method for solving non-symmetric 
algebraic Raccati equations arising in transport theory. IMA J. Numer. Anal., 28 (2008), 
pp. 215-224. 

[23] L. Z. Lu. Solution form and simple iteration of a nonsymmetric algebraic Riccati equation 
arising in transport theory. SIAM J. Matrix Anal. Appl., 26 (3) (2005), pp. 679-685. 

[24] L. Z. Lu. Newton iterations for a non-symmetric algebraic Riccati equation. Numer. 
Linear Algebra Appl, 12 (2005), pp. 191-200. 

[25] L. Z. Lu and M. K. Ng. Effects of a parameter on a nonsymmetric algebraic Riccati 
equation. Appl. Math. Comput., 172 (2006), pp. 753-761. 

[26] L. Z. Lu and C. E. M. Pearce On the mstrix-sign-function method for solving algebraic 
Riccati equations. Appl. Math. Comput., 86 (1997), pp. 157-170. 

[27] V. Mehrmann and H. G. Xu. Explicit solutions for a Riccati equation from transport 
theory. SIAM J. Matrix Anal. Appl, 30 (4) (2008), pp. 1339-1357. 

[28] N. J. Nigham and C. H. Guo. Iterative solution of a nonsymmetric algebraic Riccati 
equation. SIAM J. Matrix Anal. Appl, 29 (2) (2007), pp. 396-412. 

[29] C. Paige and C. V. Loan. A Schur decomposition for Hamitonian matrices. Linear 
Algebra Appl, 41 (1981), pp. 11-32. 

[30] L. C. G. Rogers. Fluid models in queueing theory and Wiener-Hopf factorization of 
Markov Chains. Ann. Appl. Probab., 4 (1994), pp. 390-413. 

[31] Y. Z. Song, L. Wang. On the semiconvergence of extrapolated iterative methods for 
singular linear systems. Appl. Numer. Math., 44 (2003), pp. 401-413. 



11 



JOURNAL OF COMPUTATIONAL ANALYSIS AND APPLICATIONS.VOL. 13, NO.6, 1 143-1 156, 201 1 , COPYRIGHT 201 1 EUDOXUS PRESS, LLC 



The W l ^-Seminorm Estimate for the Discrete Derivative 
Green's Function for the 5D Poisson Equation* 

Jinghong Liu 1 , Qiding Zhu 2 

(^Department of Fundamental Courses, Ningbo Institute of Technology, 

Zhejiang University, Ningbo 315100, China) 

E-mail: jhliull29@sina.com 

(^College of Mathematics and Computer Science, Hunan Normal University, 

Changsha 410081, China) 
E-mail : qdzhu@hunnu. edu. en 

Abstract 

In this paper, we first introduce the definitions of the regularized deriva- 
tive Green's function dz/G* z and the discrete derivative Green's function 
dz/G z for the Poisson equation in five dimensions. Then the VF 1 ' 1 - 
seminorm estimate for dz,e.G* z is derived. Finally, applying the triangle 
inequality and the error estimate of the finite element approximation, we 
obtain the T / F 1,1 -seminorm estimate with order 0(\ ln/i|s) for dz/G z . 

Keywords: regularized derivative Green's function; discrete derivative 
Green's function; 5D Poisson equation; finite element ; W 1,1 -seminorm 
estimate 

1. INTRODUCTION AND PRELIMINARIES 

It is well known that estimates for the Green's function play very important 
roles in the study of the superconvergence (especially, pointwise superconver- 
gence) of the finite element method (see [1-8]). For one- and two-dimensional 
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elliptic problems, one have obtained many optimal estimates for the Green's 
function (see [1]). For three-dimensional elliptic problems, the W^^-seminorm 

2 

optimal estimate with order 0(|ln/i|5) for the discrete Green's function and 
the H^ 1 ' 1 -seminorm optimal estimate with order 0(| In /i| 3) for the discrete 
derivative Green's function were derived too (see [5, 9]). Recently, we stud- 
ied four-dimensional elliptic equations, and obtained the estimate for the four- 
dimensional discrete derivative Green's function. It might seem that in current 
practical applications of the finite element method there is no need for simplicial 
higher-dimensional elements. Nevertheless, it is well known that for example in 
areas like financial mathematics, particle physics, statistical physics and general 
relativity, higher-dimensional PDEs need to be solved (see [10]). Therefore, it 
is meaningful to study the estimates for the Green's function in four and up 
space dimensions. In this paper, we will derive the iy 1 ' 1 -seminorm estimate 
with order 0(\ ln/i|s) for the discrete derivative Green's function for the five- 
dimensional Poisson equation, which may be used in the study of the pointwise 
superconvergence of the derivative for the finite element method. 

In this paper, we shall use the symbol C to denote a generic constant, which 
is independent from the discretization parameter h and which may not be the 
same in each occurrence and also use the standard notations for the Sobolev 
spaces and their norms. 

We consider the following problem: 

Cu = — Aw = / in Q, u = on <9f2, (1.1) 

where fi C TZ 5 is a bounded polytopic domain and diU = d Xi u(xi, X2, ^3, X4, X5), 
i = 1,2, 3, 4, 5 stand for usual partial derivatives. Let {T h } be a regular family 
of uniform partitions of fl (see [10]). Denote the space of continuous piecewise 
linear polynomials with respect to this kind of partitions by S h (Q) and let 
Sq = S h (Q)nHQ(Q). Discretizing the above equation using Sq as approximating 
space means finding Uh G Sq such that a{uh , v ) = (/ , v ) for all v G Sq, where 

a(uh , v ) = / Vuh ■ Vi> dx\dx2dxzdx^dx^, 
Jn 

and 

(f,v)^ffvdx 1 dx 2 dx 3 dx A dx B . 

Jn 
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This gives the Galerkin orthogonality relation 

a{u-u h , v) = Vv E S%. (1.2) 

For every Z G Q, we define the discrete derivative S function d z ^5 z £ 5*0 
and the L 2 -projection P^u G S'q such that (see [1]) 

(v,d z/ 5 z ) = d e v(Z) VveS%, (1.3) 

(«-P fc w, u) = VweSj, (1.4) 

where £ G 7£ 5 and \£\ = 1. dev(Z) stands for the onesided directional derivative 

dev(Z) = hm "(S + ff)-"^) AZ = \AZ\i. 
v ; Iazho |AZ| ' ' 

Remark 1. Since AZ = \AZ\£, that is, AZ is of the same direction as L Thus, 
provided that the direction I is given, the above limit exists, and hence that no 
matter what direction is given, dgv(Z) is well defined. 

Let d Z /G* z G H 2 (fi)r\HQ (Q) be the solution of the elliptic problem £d Z /G z = 
dz,e^z- We may call d z ^G* z the regularized derivative Green's function, and de- 
note by dz,eG z (the so-called discrete derivative Green's function) the finite 
element approximation to d z ^G* z ■ Thus, 

a(d z ,eG z - d z/ G h z ,v) = V.G S* (1.5) 

The main result of this work is the following estimate: 

d Zjt G h z \^<C\hih\l. 

2. THE W 1 ^-SEMINORM ESTIMATE FOR THE FIVE-DIMENSIONAL 
DISCRETE DERIVATIVE GREEN'S FUNCTION d z/ G z 

To derive the estimate for the discrete derivative Green's function, we introduce 
the weight function defined by 

= 0(X) = (|X-X| 2 + # 2 )~ f VXgO, (2.1) 

where X G f2 is a fixed point, 9 = 7/1, and 7 G [5, +00) is a suitable real 
number. 
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For every a G TZ, we give the following notations: 
\V n v\ 2 = £ |/A; 2 ,|V^V^ = 



a \V n v\ 2 dxY ,\\v u2 



m, <fi a , Q 



V lV n d 2 



n=0 



where /3 = (PufafaP^Ps), \P\ = Pi + Pi + Pa + Pi + Ps, and # > 0, i 
1, 2, 3, 4, 5 are integers. In particular, for the case of m — 0, we write 



IHI^,n= (j n ^>n dX 

We assume that there exists an q (1 < q < oo) such that 

C : W 2 ' 9 (fi) n Wo' q (Q) ► L q {Q) {Kq< q ) 

is a homeomorphism (see [1]). It means that for all v G W 2 ' q (Q) fl W ' 9 (Q), we 
have the so-called a priori estimate: 



Mkg.n < C(q)\\Cv\\ 0tq<n , 



(2.2) 



where C(g) denotes a positive constant only depending on q. Next, we give 

some lemmas used in the proofs of our main results. 

Lemma 2.1. For <fi the weight function defined by (2.1), we have the following 

estimates: 

|V n a | < C(a,n)(j) a+ % , a G K, n = 1,2. (2.3) 

Proof. From (2.1), 



hi0 Q = — odn(|X-X| 2 + # 2 ). 



Thus, 



Further, 



V0° 



-5q;t 



X-X 



|X -X 



2 _L/32 • 



(2.4) 



V0° 



5|o; 



IX -XI 



IX -X| 



<5|a|(|X-XM + ^)-2 



It follows that 



|V0 a | <5\a\<f) a+ ^ =C(a)0 a+ i 
which shows that the result (2.3) holds when n — 1. 



(2.5) 
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When n — 2, the operator V 2 is the Hessian matrix of second derivatives. 
We set X = (xi,X2,Xs,X4,x 5 ),X = (x 1 ,X2,x 3 ,x i ,x 5 ). From (2.4), we have 

di<p a = — 5a(xi — Xj)0 a+ 5, i = l,...,5. 

Hence, 

df<p a = -5a<p a+2 s +5a(5a + 2)(x i -x i ) 2 <j) a+ l, i = l,...,5, (2.6) 

djd k (j) a = 5a(5a + 2)(xj — Xj)(x k — x k )(f) a+ ^, j < k. (2.7) 

Combining (2.6)-(2.7) yields 

5 5 

|V 2 a | 2 = E E I^Wf < [25a 2 (5a + 2) 2 + 50a 2 |5a + 2| + 25a 2 ]0 2a+ t, 
j=i k=j 

namely, 

|V 2 Q |<C(a)0 a+ i, 

which shows that the result (2.3) holds when n = 2. □ 

Lemma 2.2. For (ft the weight function defined by (2.1), we have the following 

estimates: 

[ <f) a dX < C{a - i)-i0-s(°-i) Vet > 1, (2.8) 

Jn 

and 

/ (j)dX < C(k)\\n9\, 9 < k < 1. (2.9) 

Proo/. Set D = diam(fi) and B(X,D) = {X e TZ 5 : \X - X\ < D}. When 
ct > 1, we have 

/ <j) a (x)dx < f <j) a (x)dx <c f D — r dr g 

Jn ~ JB(X,D) ~ Jo ( r 2 + 6)2)fa 

< C/ 7 / ^ <C(a-l)- 1 g- 5 (°- 1 ). 
Jo (r 5 + 6» 5 ) a ~~ v ' 

The proof of the result (2.8) is completed. 
In addition, when a, — 1, 

/0(x) rf x < c/ D rHr w <cj D dr " 

Jn ~ Jo (r 2 + 2 )1> ~ Jo 



o ( r 2 + #2)§ - J r 5 + 9 5 
< c(\\n9\+ -\n(D 5 + 9 5 ] 
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where we used the fact that $ 5 < 1 in the last inequality. Thus, 

/ (j)(X)dX < C(k)\\ne\, 9<k<l, 
Jn 

which is the result (2.9). □ 

With the similar arguments in [5], we may derive 
Lemma 2.3. For dz,e$z the discrete derivative 5 function defined by (1-3), we 
have the following estimates: 



\d z/ S h z (X)\<Ch- e e- Ch ^ x - z \ 



(2.10) 



where X, Z G f2, and C is independent of h, X, and Z. 

Lemma 2.4. For dz^z the discrete derivative S function defined by (1-3), and 

for all a > 0, we have 



d 7 ,8 h r 



Z,IP Z 

3 



<Ch^ 



h 
'Z,£0 Z 



dzjS 



^ 
u, 3 



<c. 



(2.11) 
(2.12) 



Proof From (2.10), 



dzA 



Set h 1 r — t, then 



dzA 



< G J ( I X - Z? + 9 2 ) 2 h- 12 e~ Ch \ x ~ z \dX 



< c 



r 2 + e 2 ) 2 h- 12 -- Ch ~ Lr - 4 



r dr, 



<Ch 



5a-7 



(t 2 +1 2 y 



H A dt < Ch 5 



The proof of (2.11) is completed. Similarly, the result (2.12) may be proved. □ 
Lemma 2.5. For P^w the L 2 -'projection of w G W 1,q (Q) fl C(Cl), and 1 < q < 
oo ; we have the following stability estimate: 



\\Phw\\i, q <C\\w\ 



!,<?■ 



(2.13) 



Proof. Denote by Uu G Sft the interpolant of w, and then by the triangle 
inequality, the interpolation error estimate and an inverse inequality, we have 

\\w - P h w\\ 1>q < C\\w - IIw||i i9 + Ch^WTlw - P h w\\ , q 

< C\\w\\ 1>q + Ch^WUw - w\\o !q + Ch~ l \\w - P h w\\ , q 

< CWwW^ + Ch-^w-PhwWo^. 

(2.14) 
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Similar to the proof of Lemma 2.5 in [5], we may derive 

\\Phw\\ , q < ClMka, (2-15) 



\- 2 - 
q 



where t 

For an arbitrary v G Sft , replacing w with w — v in (2.15) gives 

\\PhW - v\\ 0tq < C<\\w - v\\ , q , (2.16) 

where we used the fact that P^v = v for all v G Sq . Thus, applying the triangle 
inequality and (2.16) results in 

\\w - P h w\\ 0>q < \\w-v\\ , q + \\P h w-v\\ , q < (l + C7*)||«;-u|| M . (2.17) 

Taking v = Hw in (2.17), and using the interpolation error estimate, we have 

\\w - P h w\\ , q < C\\w - Uw\\ 0tq < Ch\\w\\ ltq . (2.18) 

Combined with (2.14) yields 

\\w-P h w\\ hq <C\\w\\ hq . (2.19) 

The result (2.13) follows from (2.19) and the triangle inequality immediately. □ 
Lemma 2.6. Let w G W 1,5 (Q), then we have 

IHIo l9 <C'g5|H|i,5, (2.20) 

where q » 1. 

Remark 2. This lemma may be found in [2]. 

Lemma 2.7. For dz,eG* z the regularized derivative Green's function, we have 

the following W 1,1 -seminoma estimate: 

\d z ,eG* z \ 1:1 <C\\nh\*. (2.21) 

Proof. Set g = dz/G* z , and thus, 

Igll^f^dX-WVgWl-i. (2.22) 

Furthermore, 

IIVi/II}-! < a(g,<p- 1 g) + C\\g\\l_ l 

< (d z/ 8 z ,<f>- 1 g) + C\\g\\l_ i (2.23) 

< \\dzM\ r+G \\g\\ }■ 
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Nevertheless, from an inverse estimate, the stability estimate (2.13), a priori 
estimate (2.2), (2.20), the Sobolev Embedding Theorem [11], and the Poincare 
inequality, 

IMl!-| = i&'h , 9) = a (w , g) = {pz,t$z , w) = d e P h w{Z) 

5 5 

^ \ P h W \l,oo ^ CK " q \ P K W \\,q ^ Ch~v\w\ 1>q 

< Ch~vq$ \\w\\2 5 < Ch~vq$ \\(p~^g\\o,5 (2.24) 



< Ch iq& ||0 5g\\ 2 5 

< Ch-lql\\C(d>-h)\\ o,|, 



3 

where £u> = <^> — & c/ in f2, and w\qq, = 0. Taking q — | ln/i| in (2.24) yields 

IMl'a < Clings ||£(rt)|| a. (2.25) 



3 



(2.26) 



Further, 

||£(0-!<?)|| Oii < C(||0-^||o,|H-||r5V 5 || O)i H-||0-^|| o| 

= C(\\<f>-ld z , e 6 h z \\ 0j i + ||0-iv ff || O) 5 + 110-^Ho,; 

Obviously, 

'(2.27) 

n0-^iio,i = (X ri| ^ |§rfx )' - {iJ dx T Un rii9i2dx y • (2 ' 28) 

From (2.9), (2.12), and (2.25)-(2.28), 



,4 . 9 . ,9 



■") 



\\q\\ 3 < Clln/il 5 + C|ln/i| 1 ° IIV0IL-1 +C\\nh\ 10 \\q\\ 3 

< C\\nh\* +C\1nh\& ||V^||^i+e||^|| 2 3 + C(e) |ln/i| 2 

Taking e = | in (2.29) gives 

||<7||J_3 <C7|ln/i|§+C|ln/i|ra||V^-i. 

Combined with (2.23) yields 

IIY7/7H 2 <r \\F) AMI 2 -ur^WnW 2 . 
IIVplU-i S \\Oz,e°z\\, -i + u \\g\\ a-l 



(2.29) 



3 

"5 
.9 .9 



< ||9 z ^|| 2 _ 7 H-C|ln/i|B+C|ln/i|ra||V 5 ||^i (2.30) 

5 

< ll^W.r+Clln/ilt+^llV^IIJ- ! +C(77)|ln^|« . 

5 ^ 
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Taking rj = | in (2.30) and applying (2.11), we obtain 

\\Vg\\*<C\\nh\ 9 s. 



(2.31) 



Finally, the result (2.21) follows from (2.9), (2.22), and (2.31) immediately. □ 
Lemma 2.8. For Uu G Sft the interpolant of u, there hold the following inter- 
polation error estimates: 

\u - Uu\ n ^ e < Ch 2 ~ n \u\ 2 ^ e Ve G T h , 



\V n (u-Uu)\^ te <Ch 
h 



2-n 



V 2 u 



(2.32) 
Ve G T h , (2.33) 

Iff" , c 

"v - U(rv))\^ < C* h Q (\v\^ +l ^ + \Vv\^ Vv G S*, (2.34) 

where a,/3 G R, C* = C*{a,f3), n = 0, 1, 2, s = 0, 1, $ > 5\a\h, 1 < p < oo ; C 

is independent of a, h and u. 

Remark 2. The proof of Lemma 2.8 is almost the same as that of Lemma 4 in 

[1] (seep.HOin [1]). 

Lemma 2.9. For dz,eG* z and dz/G z , the regularized derivative Green 's function 

and the discrete derivative Green's function, respectively, we have the following 

estimate: 



h 

z,e^z ~ u z,e^z 



Ov.lGn, — dv.iG 



<C|ln/i|To. 



(2.35) 



Proof. For simplicity, we write g = dz/G* z , and g^ = dz/G z . Obviously, 

\g ~ 9h\ 2 hl < / <f>dX ■ \g - g h \\ A -i . (2.36) 

Moreover, similar to the proof of (2.43) in [5], we have 



|<7-<7hlL-i<C7i 2 V 2 g 



n II n 2 

C\\g -9h\\,-s ■ 



(2.37) 



Further, 



\9-9h\\.-l 



(g- 9h), g~ 9h) = a(w, g-g h ) = a(w - Uw, g - g h ) 



< ^\g~ gh\\^-i+C(e)\w-Y\.w\\ ( ,. 



(2.38) 



where Cw = <p '>{g — gh)- Applying the weighted interpolation error estimate 
(2.33) yields 

\\g - 9h\\ 2 i <e\g- g h \l A -i + C{e)h 2 '~ " 



V 2 w 



(2.39) 



9 
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From the Holder inequality and (2.8), 



V 2 w 



< I I <f) a dX 
In 



V 2 w 



<C9' 



5(a-l) 



V 2 w 



where 1 < a < +oo. Taking a = ^- (0 < ji < 1) yields 



V 2 w 



3+H 



<ce 



-2+m 



V 2 w 



1-\x 



In addition, from a priori estimate (2.2), and the Sobolev Embedding Theorem 
[11], we have 



\^ 2 wt < cq- 2 ^ iv 2 w|n _ul < cr 2+ " 

2 



*(g-9h) 



o, 



2-ii 



< ce- 2+ ^ 

< C6- 2+ ^ 



*{g-gh) 



< ce- 2+ ^ 



£(<f> f '(g-9h)) 



' 6 — fj, 



£{g - 9h) 



+ 



6 — fj. 



^( g - gh/ 



+ 



5 (g-gh) 



6 — /J. 



It is easy to prove 



~ Y '£(g-gh] 



6— (J, 



' 5 d z ,eS z 



< Ch-v. 



(2.40) 
(2.41) 



6—fj. 



Moreover, 



*V(g-gh) 



— 4 1U 

s -"|V(^-y h )|«-"dJL" 



l-M 



< f / (j)—»dX 

< C9-»\g-g h \ 2 



t-i 



|V(^-^)| 2 rfX 



namely, 
Whereas, 



V(<? - 9ft; 



0. 



<cr"|</-<7 fc |' _!. 



(2.42) 



6 — /i 



5 (g-gh) 



6— m 

- , ID \ ~~ 5~ 

~ M l9-9>ir~ M o-X" 



< 



»!-M dX 



1-M 



s^-^oX 



< cr^ || 5 - ^||1 = 



10 
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namely, 

\<t>~Hg-9h) 

Combining (2.39)-(2.43) yields 



<Ce-»\\g-g h \ 



(2.43) 



9- 9h\\l-z < e\g - g h \\ ,_! + C(e)n/ x (l + \g - g h \\ _i + \\g - g h 



><p 5 



(2.44) 
Taking an e G (0, 1) such that < 4eC < 1, and Choosing 7 e [5, +00) such 
that < C{e)^f~ 1 < min(e, |), we then have 



|ff-5h||!-* <4e|ff-^ fc |i ._i + l. 



Combining (2.37) and (2.45) yields 



\g-9h\l 4> -i<Ch 2 V 2 g 



+ c. 



(2.45) 



(2.46) 



In addition, 

2 



V^ 



< C 

< c 

< c 

< c 

< c 

= c 

< c 



r 1 |v 2 s 

V 2 fc 



dX 



0^5 v 2 5- 



dX 



dX + 



gV 2 <p- 



dX + 



V0"2 -Vg 



dX 



1 Ii2 1 i2 

9 ! + 9 3 



W 5 ^) + IMI 2 ! + \g\ 2 ■ 



i/- 11 2 1 11 II 2 1 1 I 2 

LflL-i + 1+9 3 



dzA 

dzA 
dzA ' 



_ x + IMI^-i +a(g, (f) *g) 



, + \\g\\U + (^z, ^9) 



l 1 + C \\9\\l-^ 



namely, 



V 2 ^ 



< c 



dzA 



z,eo z 



1 /^ II II 2 

1 +C\\g\\ 1 

-1 (h 5 



(2.47) 



11 
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I I 9 

We will now estimate \\q\\ _i. Since 

1 ' " ' ' (j) 5 
9 1 L 

Ibll^-i = (0 _5 # , sO = a (^ , 9) = (dz,eSz , v ) = d t P h v(Z) 

< \Phv\ ltO0 < Ch'l \P h v\ hq < Ch'l\v\ hq 

< C/i~ig5||u|| 2) 5<C/i"fgl||^-^||o ) 5 ( 2 - 4 8) 

< Ch~*q*\\£((f>-*g)\\ 5. 



lo.f 



where Cv = <p $g in f2, and v\ga = 0. Thus, taking q — \ \nh\ in (2.48) yields 

NlJ-i^Clln/ilill^-^llo,.. (2.49) 

Further, 



IW^)|| 0> | < c(ll^^|| Oii + ||v^|| Oji + ||0^|| O 5 
= c7(||^-ia z ^|| . + ||v^||o5 + ||^</|| 



(2.50) 



Similar to the proof of (2.11), we easily obtain 

||0"^^4|| O) |<C/i- 2 . (2.51) 

Moreover, from a priori estimate (2.2), and the Sobolev Embedding Theorem 
[11], we have 



II V0llo.fi <C|| ff || 2) | < C\\d z/ 5 h z \\ 0/i <Ch-\ (2.52) 

As for ||05g|| o 5, we get 



'**"*• = {L^ dx f £ (i/ dx )" (j0~'w <ur ) i £ c,rl M ^ 



(2.53) 



From (2.49)-(2.53), 



namely, 



\g\\ 2 i < Ch~ 2 \\nhfi + ChT 1 \hyhft \\g\\ i 

l»ll^-5 — II 1 II IliMI^-g 

< Ch- 2 \lnh\^ +Ch- 2 \\nh\^ + - lloll 2 = 

— I i r> \\J II j,- j 



bll-i < C^ 2 |ln/i|5. (2.54) 

12 
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From (2.11), (2.47), and (2.54), 

V 2 g 2 <C7i- 2 |ln/i|5. (2.55) 

4> 1 

Finally, the result (2.35) follows from (2.9), (2.36), (2.46), and (2.55). □ 

Combining (2.21) and (2.35), and applying the triangle inequality, we get 
the following result. 

Theorem 2.1. For dz/G\ G Sq the discrete derivative Green's function, we 
have the following estimate: 



dz.e.Gy, 



<C|ln/i|5. 
1,1 — 
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Abstract 

In this paper, we study the existence of extremal solutions for im- 
pulsive fuzzy differential equations with periodic boundary value in n- 
dimensional fuzzy vector space (En) 71 - Our result is an extension of the 
result of Rodriguez-Lopez [Fuzzy Sets and Systems 159 (2008) 1384] to 
n-dimensional fuzzy vector space. 



1 Introduction 

The concept of fuzzy set was initiated by Zadeh [8] via membership function 
in 1965. Many authors have studied the fuzzy equations. Fuzzy differential 
equations are a field of increasing interest, due to their applicability to the 
analysis of phenomena where imprecision is inherent. 

In [2] , Rodriguez-Lopez studied the existence and approximation of extremal 
solutions for fuzzy differential equation by using monotone iterative technique in 
one dimensional fuzzy vector space E 1 . Nieto and Rodriguez-Lopez [6] studied 
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existence of extremal solutions for quadratic fuzzy equations. Rodriguez-Lopez 
[1] proved the existence of solutions for impulsive fuzzy differential equations 
with periodic boundary value using monotone method in one-dimensional fuzzy 
space. 

In this paper, we study the existence of extremal solutions for impulsive 
fuzzy differential equations with periodic boundary value in n-dimcnsional fuzzy 
vector space {E^) n . First we consider the following equation: 

^M = f i (t,x i (t)), t€[0,T}, 

Xi (0) = Xi(T), (1) 

Xi(tt) = h(xi(tk)), ty^tk, fc = l,2, ■■■,m, i = l,2,--- ,n, 

where T > 0, J = [0,7], = to < h < ■ ■ ■ < t m < t m+ i = T„ E% is the set of 
all upper semi-continuously convex fuzzy numbers on R with E l N ^ E J N (i ^ j), 
fi : [0,T] x E l N — > E l N is nonlinear regular continuous fuzzy function, /& G 
C(E l N ,E l N ) are bounded functions. 

2 Preliminaries 

In this section, we give basic definitions, terminologies, notations and Lemmas 
which are most relevant to our investigated and are needed in later sections. All 
undefined concepts and notions used here are standard. 

A fuzzy set of R n is a function u : R n — > [0, 1]. For each fuzzy set u, we 
denote by [u] a — {x e R n : u(x) > a] for any a G [0, 1], its a-level set. Let u,v 
be fuzzy sets of R n . It is well known that [u] a — [v] a for each a e [0, 1] implies 
u — v. Let E n denote the collection of all fuzzy sets of R n that satisfies the 
following conditions: 

(1) u is normal, i.e., there exists an x$ € R n such that u(xo) = 1; 

(2) u is fuzzy convex, i.e., u(Xx + (1 — X)y) > mw.{u(x) , u(y)} for any 
x,y€R n ,0<X<l; 

(3) u{x) is upper semi-continuous, i.e., u(xo) > linifc^oo'u(xfe) for any Xk G 
R n {k = 0,1,2, ■■■), x k ->x ; 

(4) [u]° is compact. 

We call u € E n a n-dimension fuzzy number. 

Wang ct al. [4] defined n-dimensional fuzzy vector space and investigated 
its properties. 

For any m G E, i = 1,2, • •• ,n, we call the ordered one-dimension fuzzy 
number class u\, Uz, ■ ■ ■ , u n (i.e., the Cartesian product of one-dimension fuzzy 
number u\, Ui, ■ ■ ■ , u n ) a n-dimension fuzzy vector, denote it as (u\, u%, ■ ■ ■ , u n ), 
and call the collection of all n-dimension fuzzy vectors (i.e., the Cartesian prod- 



uct E x E x ■ ■ ■ x E) n-dimcnsional fuzzy vector space, and denote it as (E) n . 

Definition 2.1 [4] If u G E n , and [u] a is a hyperrectangle, i.e., [u] a can be 
represented by fl^i [<z> u ?rl lc -> l u w u ir] x [ u 2V u 2r\ X ■ ■ ■ X [<j, < r ] for every 
a G [0, 1], where uf t ,uf r G R with uf t < uf r when a G (0,1], i = 1, 2, • • • , n, then 
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we call u a fuzzy n-cell number. We denote the collection of all fuzzy n-cell 
numbers by L(E n ). 

Theorem 2.2 [4] For any u E L(E n ) with [u] a = nLiK^S-] ( a e I ' 1 ])' 
there exists a unique (ui,U2, ■ ■ ■ , u n ) E (E) n such that [ui] a — [w^,uf r ] (i — 
1,2, • • • ,n and a E [0, 1]). 

Conversely for any (ui,«2, ■ ■ ■ ,u n ) E (E) n with [ui] a — [uf t ,uf r ] (i = 
1, 2, • • • , n and a E [0, 1]), there exists a unique u E L(E n ) such that [u] a = 

nr=i[«s,«g.](«G[o,i]). 

Note 2.3 Theorem 2.1 indicates that fuzzy n-cell numbers and n-dimcnsion 
fuzzy vectors can represent each other, so L(E n ) and (E) n may be regarded 
as identity. If (u\,U2, ■ ■ • ,u n ) E {E) n is the unique n-dimension fuzzy vector 
determined by u E L(E n ), then we denote u = (u\, U2, ■ ■ ■ , u n ). 

Let {E l N ) n = E 1 N xE 2 N x---x E%, E l N (i = 1, 2, • • • ,n) is fuzzy subset of R. 
Then (E^) 71 C (E) n . 

Definition 2.4 Let u, v E (E l N ) n (i = 1, 2, • • • , n) 

n n 

Tl -I ley 

= (^(d H (M tt ,N Q )) 2 ) 

where dn is the Hausdorff distance. 

Definition 2.5 The complete metric doo on (E l N ) n is defined by 
doo(«(t), «(*))= sup d e ([«(t)] a , [v(t)] a ) 

0<a<l 

for any u,v E (E l N ) n . 

Definition 2.6 Let u, v E C([0,T},(E i N ) n ) 

Hi(u,v) = sup doo(u(t),v(t)). 

0<t<T 

Definition 2.7 [4] The derivative x'(t) of a fuzzy process x E (E l N ) n is defined 

by 



C , (t)] a = li[(*3) , (*),« r ) , (*)] 



2=1 



provided that equation defines a fuzzy x'(t) G (E l N ) n . 
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Definition 2.8 [4] The fuzzy integral J. x(t)dt, a,b G [0,T] is defined by 
J x(t)dt] a = f[[f x%{t)dt,J xf r (t)dt 

provided that the Lebesgue integrals on the right hand side exist. 

Definition 2.9 [1] Let x,y G E 1 . We say that x < y if and only if xf < yf 
and x" < y" for every a G [0, 1]. 

Definition 2.10 Let x = (xi,x 2 , • ••,»„), y = (2/1,2/2, ■ ■ ■ ,2/n) € (£},)". We 
say that a; < n 2/ if for Xj, j/j G 2?jy, j = 1, 2, • • • , n, 

Xi <i 2/i- 

Definition 2.11 [5] Let x, 2/ G £ n . If there exists z G -E" such that x = y + z 
then we call x, y having H-diffcrence and y is called the H-diffcrence of x and y, 
denoted x — y. 

Definition 2.12 Let x G (E l N ) n . We say that x is an equicontinuous w.r.to a 
if for any e > there is a (5 > such that if a,/3 G [0, 1], \a — j3\ < S implies 

d H ([x(t)r,[x(t)f)<e. 

Theorem 2.13 [7] Let B C C([0, T], (£^) n ) be compact and {{x„} : x G B} C 
B. If {{x„} : x G B} is bounded and equicontinuous, then any sequence in B 
has a uniformly convergent subsequence. 

Instead of the equation (1), we consider the problem: 

^ = Mxi(t) + Fi(t,Xi(t)), t€[0,T], 

Xi{0) = Xi{T) G £^, (2) 

x i(tt) = h{xi{tk)), t^tk, fc = l,2,---,m, i = 1,2, •••,n, 

where real number M, M > 0, T > 0, J = [0,T], = t < <i < ■ ■ ■ < *m < 
im+i = T, E^y is the set of all upper semi-continuously convex fuzzy numbers on 
R with E l N ^E 3 N (i ^ j), Fi(i,Xi(i)) = fi{t, Xi {t)) - Mxi(t), J fc G C^Efr) 
are bounded functions. 

To define a solution for the impulsive fuzzy differential equations, we consider 
the following space : 

Hi = Ixi : J — > E l N : (x l ) k G C{J k ,E l N ),J k = (i fe ,i fc +i], and there exist 
x,(0+), Xj(T~), Xi(t k ), with Xi(i7;) = #*(*&), (fc = 1,2, • • • ,ra, i = 1,2, • • • ,n)\, 

@i = Ixi G C(J,E l N ) : [xi)' k G ^(Ji^Elf),^ = (tk,tk+i], and there exist 
x^(0+), x' t (T-), x[(t+), x' J (t-)(fc=l,2,--.,m, i = 1,2, • • • ,«)}, 

Let n{ = fi 4 PI C ([°> T ]> ^), ®'i = 6i PI C'dO, T], £•,), * = 1, 2, • • • , n, and 
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Assume the following: 

(HI) F(t,x) < n F(t,y) for t E J, x,y E (E%) n , a{t) <„ x <„ y < n b{t). 

(H2) Given there exist 8\ > such that, for a, (3 E [0, 1], with \a — (3\ < 6\, 



i = l,2,---,n, 

dn([ai n (0)] a ,[oi n (0)]"l -- 



/3^ £ 



3cy/n' 



(H3) Given there exist 62 > such that, for a, (3 E [0, 1], with \a — j3\ < 62, 
i = l,2,---,n, 

d H ([F t (t,x t (t))] a ,[F t (t,x t (t))f) < : 



3cy/nt 



(H4) Given there exist £3 > such that, for a, (3 £ [0, 1], with \a — /3\ < S3, 
i = l,2,---,n, 



dH\\ 2_^ h{ai(n-i)(tk)) , I 2^ Ik(ai(n-l)(tk)) 



0<t k <t 0<t k <t 



P\ e 

< 



3c\/n 



(H5) There exist finite constants hi (i — 1, 2, • • • , n) such that 

d H ([F l (t,x l (t))} a ,im,y l (tW) < hidH([xi(t)] a ,[ yi (t)] a ). 

(H6) There exists dik, k = 1, 2, • • • , m, i = 1, 2, • • • , n, such that 

d H ([h(xi(t k ))] a , [h( yi (tkW) < d ik d H ([xi(t)} a , [y t (t)] a ), 



where T,™ =1 d ik = d t . 

(H7) Given there exist 5 > such that, for s,t E [0,T], with |s — i| < <5, 

£ 



fe([*i(*)] a ,[a:i(t)] c 



< 



c^n(TH + D) ' 
where i = 1, 2, • • • , n. 

(H8) For i= 1,2, ■■-,«, 

iJ = mai{fe,}, D = ?nax{(ii}. 

(H9) 4 is <„-nondecreasing in [a(i fc ), 6(i fc )]„, i.e., J fe (ar) <„ 7 fc (j/) for o(i fe ) < r 
x < n V < n b(tk), k = 1, 2, • • • , m. 

(H10) c(l + #T + L>) < 1. 
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3 Existence of Extremal Solutions 

In order to we prove existence of extremal solutions for equation in n-dimcnsional 
fuzzy vector space, we define 

/ = (/l>/2, ' ' ' , fn), 
X \X\^ X2i ' ' ' ^ X n j 1 

F = (Fi,F 2 , ■ ■ ■ ,F n ), 
a;(0) = (»i(0),a;2(0),-",a;n(0)), 

x(T) = (cCi(T), x 2 (T), • • • , x n {T)), 

then /, x, F, x(0),x(T) G (E* N Y\ i = 1, 2, • • • , n. 

We consider the following impulsive fuzzy differential equation whit periodic 
boundary value in fuzzy vector space (E l N ) n : 

*p = f(t,x(t)), te [0,1*1, 

x(0)=x(T), (3) 

x{tl) = I k {x{t k )), tj^t k , fc=l,2,---,m, 

where T > 0, J = [0,T], = t < h < ■ ■ ■ < t m < t m+1 = T, f : 
[0,T] x (E l N ) n — > (E l N ) n is nonlinear regular continuous fuzzy function, I/, e 
C((£'] v )™, (-E^)™) are bounded functions. 

Definition 3.1 For the partial ordering <„, a function a € (E l N ) n is a <„-lower 
solution for (3) if 

a'(t) <„/(*, a(*)), *e[0,T], 

a(0) <„ o(T), 

a(*fe ) <n lfc(a(*fe)), fc = l,2,---,m, 

we define a < n -upper solution 6 € {E l N ) n as a function satisfying the reverse 
inequalities. 

Instead of the equation (3) , we consider the following equation : 

x'(t) = Mx(t) + F(t, x{t)), t e [0, T], 

x(0)=x{T), (4) 

x(t% ) = h{x{tk)), t^tk, k = l,2,---,m, 

where M is a positive constant, F(t,x(t)) = f(t,x(t)) — Mx(t). 
Definition 3.2 If x is a solution of (4) , then x is given by 



x(t) = S(t)x(0) + / S(t-a)J'(*,a;(a))d*+ ^ S(t- t k )I k (x(t k )), 
•'° o<t k <t 



where 5(t) = exp{/ * Mdt} is continuous with \S(t)\ < c, c> 0, for all t € [0, T]. 
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Theorem 3.3 If hypotheses (H5)-(H6), (H10) are hold. Then equations (4) 
have a unique solution x € 9'. 

Proof For each x(t) e 9' , define (Gx)(t) e 9' by 

(Gx)(t) = S(t)x(0) + f S(t-s)F(s,x(s))ds+ J^ S{t-t k )I k {x{t k )). 
•'° o<t k <t 

Thus Gx : [0,T] — ► 9' is continuous, so G is a mapping from 9' into itself. By 
some properties of dn and hypotheses (H5)-(H6), we have following inequalities. 
For i,i;6 9', 



d H ([(Gx t )(tT,[(Gy l )(t)] a 



ds, 



= d H ([s{t) Xi {0)+ S(t- s )F l (s 1 x l (s))ds+ J2 S(t-t k )I k (xi(t k )) 

S{t) yi {0)+ I S{t-s)F i {s,y i {s))ds+ ^ S(t - t k )I k { yi {t k ))\ a ds^ 
<d H ([S(t)x t (0)} a ,[S(t) yi (0)} a ) 

+ J d H ([S(t - s)Fi(s, Xi(s))] a , [S(t - S )Fi(s, yi (s))} a )ds 
+d H {[ Yl s (t-tk)h{xi{t k ))] a , [ Yl S{t - t k )I k {y t {t k )) 



0<t k <t 

<crf H ([^(0)] a ,[j/,(0)] a 



o<t k <t 



-chi J dH[[xi(s)} a ,[ yi (s)} a )ds + cd i d H {[x i (t)] a ,[y i (t)} a 



Hence 



H x {Gx,Gy) 

= sup doo (<?£(*),<?&/(*) 

te[o,T] v 



sup sup d £ [[Gx(t)] a ,[G y (t)] a 

t£[0,T] 0<a<l 



= sup sup dir( TTl^i (*)]". TT^W]' 

t£[0,T]0<a<l \" £=1 

n 

< sup sup (y2(cdH({xi(Q)] a ,{ yi (Q)] a 

te[0,T]0<a<l K i=1 K V 

+c^ / d H {[ Xl ( S )} a , [ yi (s)] a )ds + cdid H ([xi(t)] a , [yi(t)] a "~^ 



1164 KWUNETAL 



Existence of Extremal Solutions for Impulsive Fuzzy Differential Equations 8 



<(V( C sup sup d H ([xi(0)] a ,[yi(0)] a 

K Z~1 *e[0,T]0<a<l V 

r-l 



+chi sup sup / d H ([xi(s)] a , [yi(s)] a )ds 

te[0,T]0<a<l Jo v ' 

+cd t sup sup dH([xi{t)] a ,[yi{t)} a )) ) 

te[o,T]o<a<i v '' ' 

2 \ 1/2 



<c(l + HT + D)(y^( sup sup d ff ([^(i)] Q ,[ yi (i)] ( 

K ~l K t<£[0,T]0<a<l v 

n 

< c (l + ffT + i}) sup sup (V(dff([»i(t)] a ,|jK(t)] c 
te[o,T] o<q<i v i=1 v v 



2 \ 1/2 



<c(l + #T + L>) sup sup d e ([x(t)] a ,[j/(t)] a 

<c(l + HT + D) sup doo(x(t),y(i)) 
te[o,T] ^ ' 

<c(l + HT + D)H 1 (x,y). 

By hypotheses (H10), G is a contraction mapping. Using the Banach fixed point 
theorem, equations(4) have a unique fixed point x £ 0'. 
We can now employ Theorem 2.2 with 

B = {{a n } '■ a £ B,a < a n < b}. 

Then the set B is closed bounded convex. 

Theorem 3.4 Let a, b <G 6' be, respectively, <„-lower and < n -upper solutions 
for problem (4) with a < n b on [0, T] and hypotheses (H1)-(H10) are hold. There 
exist monotone sequences {a n } f p, {&«} 4 7 in fJ', where ao = a, foo = &> and 
p, 7 are the extremal solutions to equation (4) in the fuzzy functional interval 

[a, b] n := {x € £1 : a < n x <„ 6 on J}. 

Proof For a fixed ry G [a, 6] n , we consider the problem 

x'{t) = Mx(t) + F(t,T 1 (t)), te[0,T], 

x(0)=x(T), (5) 

x(4) = I k (v(tk)), t^t k , fc = l,2,---,ro, 

which has, by Theorem 3.1, a unique solution a;,, S 0'. We define 

.4 : [a, 6]„ -» n' 

which satisfies: 

(i) A([a,b] n )C [a,b] n , 

(ii) A is <„-nondccrcasing. 
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We prove that A is < n -nondecreasing. Aa > n a, and Ab < n b. Indeed, let 
r\i C €E [a, b] be such that r\ < n £, then Arj and AC, are functions in 0' and 

(Av)'(t) = M v (t) + F(t,r)(t)) 

<„ MC(t) + F(i, C(i)) = MO'W. f G [0,T], 

(^)(t+) - / fc (r?(i fe )) <„ / fc (C(tfc)) - (A)(4), fc = 1, 2, ■ ■ ■ ,m, 

(^)(0) = (^)(T) <„ (^C)(T) - (.40(0), 

so we obtain that Ar\ < n A( on [0,T]. Moreover, let Aa € G', which satisfies, 
by the properties of the <-lower solution and the partial ordering, 



a'(t) < n Ma(t)+F(t,a(t)) = (Aa)(t), t€ [0,T], 
4) < n h{a{t k )) = (Aa)(t+[ 

and 



a(tt)< n Ik(a(tk)) = (Aa)(tt), fc = l,2,---,m, 



o(0) <„ a(T) <„ (Aa)(T) = (Aa)(0) 

then a <„ Aa on [0,T]. Similarly, 6 >„ .46 on [0,T]. 

This proves that A : [a, b] n — ► [a, 6] n and .4 is nondecreasing. Define the 
sequences {o„},{6„} such that a$ — a, 6 = 6, a„ +1 = 4.a„ and b n +\ = 
*46„, for i = 1, 2, • • • , n. It can be proved that {a n } is nondecreasing, {b n } is 
nonincrcasing, and 

Note that a n is the solution to 

x'{t)=Ma n ^ 1 {t) + F{t,a n - 1 {t)), te [0,T], 

a(0) = x(T), 

x ( t t) = h(a n -i(tk)), k = 1) 2, • • • ,m, 

and 6„ is the solution to 

a; / (t) = M6„_i(i) + F(i,6„_i(i)), te [0,T], 

s(0) = ar(T), 

ff(*fc ) = h{b n -i{tk)), k = 1, 2, • • • , m. 

A solution to (4) is a fixed point of .4 and conversely. We prove that {a n } and 
{b n } are uniformly cquicontinuous in C([0,T],(E l N ) n ). In consequence, there 
exist convergent subsequences {a„.} — ► p, {V,} — * 7 m C([0,T], (E l N ) n ), hence, 
by monotonicity {a n } -> p, {&„} — > 7 in C([0,T], (2^) n ), that is, {a n } -» 
p, {6 n } — ► 7 in 51'. In order to apply given in Theorem 2.2, we have to prove 
that {a n }, {b n } are equicontinuous in C([0, T], (E l N ) n )). Indeed, for each n € N, 
using the integral representation of a n in [0,T], we obtain 

a n {t) = S{t)a n {0) + J S{t-s)F{s,a n _ 1 {s))ds+ ^ S{t - t t )4(a„-ife)) 
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for t <G [0, T]. The set {{a n } : n € N} is uniformly cquicontinuous in the variable 
t, a. By hypotheses (H2)-(H4), for t e [0,T] fixed, then for a,/3 e [0, 1], with 
\a- (3\ < mm{8i,d2,S 3 }, 



d e ([a n (t)] a ,[a n (t)f 

n 

= d H (l[[a m (t)} a ,l[[a l n(t)f 



2 \ 1/2 



1=1 

X)( rf ff( ^)«»(0)+ / 5(i-s)F i (s,a i( „_ 1) (s))ds 



+ X! ^ - tk)h(ai( n -i)(tk)) 

0<t k <t 

S(t)a in (0) + / 5(t- s)-Fi(s,a;( n _i)(s))ds 






+ ^2 S ( t ^ t k) I k{ai{n-l){tk)) 
0<t k <t 

(j2(cd H ([a in (0)] a ,[a in (0)f) 

+c J d ff ([F 4 K ( „_ 1) ( S ))] Q ,[F J (a j(rl _ 1) ( S ))]' 3 )d S 



E 



/3\ \ 2s 1/2 



0<t fc <t 0<t k <t 



2\ 1/2 



cfs 



— ' vSc^/n 7 3c\/nt Bc-^n 



2 \ I/ 2 



<£. 



Thus the set {{a n } : »i G N} is uniformly equicontinuous in the variable a € 
[0, 1]. And for k = 1, 2, • • • , m, i = 1, 2, • • • ,n, 



dff([Oi n (tr)] a ,[oi n (t)] a ) 

= d ff ([S'(o')a i „(0) + / S(c7-T)Fj(r,ai(„_i)(r))dT 

+ E S ( a ^ (J k)h(a^ n ^ 1 )(crk)) 

0<<Tfc<CT 



S , (t)a i „(0)+ / 5(i- s)F i (s,a i ( n _ 1 )(s))ds 

o 
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+ X! S (t-tk)h{ai(n-i){tk)) 



0<t fc <t 

ft 



ds 



<cd H (j [F(T,a l(n _ l} (T))} a dT,j [F( S ,a l(n _ 1} ( S ))} a d S ) 

+cd l d H ([I k (a t{n _ 1) (a k ))] a 1 [I k {a l{n _ l) (t k ))] a 

Then by hypotheses (H5)-(H8), for given 6 > 0, a, t e [0, T], \a - t\ < 6, 

Hi(a n (a),a n (t)) 

= sup d 00 [a n {(7).,a n (t)\ 
te[o,T] v ' 



= sup sup d e [[a n {(j)) a ,[a n {t)) a 
te[o,T]o<a<i 



< sup sup (y2(cd H ( [^(T,a 4 („_i)(r))] Q dr, / [F (s,a l( „_ 1) (s))] a ds 
te[o,T]o<a<i v i=1 v v Jo Jo 

+cd l d ff ([/ fc (a l( „_ 1) (cr fc ))] a ,[4(a i („_i)(i fc ))] Q 



-(^2\ cTh i SU P SU P rf ff([ a *(n-i)(CT)] Q ,[a i( „_ 1) (i)] a ) 
K ~i K te[o,T]o<a<i v ' 

+cdj sup sup dH([ai(„-i)(cr)] Q ,[a i („_ 1) (i)] Q ) ) J 

tefO.T10<a<l V JJJ 



te[0,T]0<a<l 

2 \ !/ 2 



<c(TH + D)(y2( sup sup dii([a i(Tl _i)(<r)] Q ,[a i(Tl _ 1) (t)] a 

V ~~J V *6[0,T]0<a<l V 

< c( T g+ ^)(x:( ; + ) 2 ) 1/2 

<£■ 

Thus the set {{a n } : n £ N} is uniformly equicontinuous in the variable t G 

In consequence, {{a n } : n € N} is uniformly equicontinuous in the variable 
a £ [0,1], £ € [0,T]. This proves that {{a n } : n € N} is uniformly equicontin- 
uous in C([0, T], (E t N ) n )). And proceeding similarly and also for {&„}. Hence 
{a n },{b n } E B. Next, we have to prove that p,j are solution to (4). To check 
that p is a solution to (4) , we prove that 

P {t) = S(t) P (0) + J S(t- s)F{s, p{s))ds + J2 s ( f - tk)h{p{t k )), t e [0, T], 
•'° o<t k <t 
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that is, 

p'(t) = Mp(t) + F(t,p(t)), te[0,T], 

P(0) = p(T), 

p{t+) = I k { P {t k )), fc = l,2,---,m. 

and p is a solution to (4). The previous problem have solution since p € CI', 
and a < n a n < n b on [0,T], for every n, hence, a <„ p < n b on [0,T]. For 
k = 1,2, • • • ,m, we prove that limit of the following expression is zero as n 
tends to +oo. 



,(a n (t),p(t) 



sup d e ([a n {t)} a ,[S(t)p{0) + f S{t-s)F{s,p{s))ds 

0<Q<1 v Jo 



J2 S(t-t k )I k (p(t k ))] a 



0<t k <t 



n ft 

sup (y2(d H ([a m (t)] a ,S(t)[p i (0)] a + S(t-a)[Fi(a,Pi(a))] a d8 

0<a<l ^t~ , V V Jo 



[ J2 s(t - t k )i k ( Pt (t k ))] a 

0<t k <t 



2 \ !/ 2 



< sup (^U([fl,(„-i)(o))r,[p,(o))] n 



+cj dH([J , i(*,o i(n _i ) (*))] a ,[F i (a )/(>i (s))] Q )ds 

-d*([ J! S (*-^) J fe(«i("-i)(^))] a '[ S 5 (*-*fc) 7 *(/ i(**))] aN ^'' 

o<t k <t a<t k <t 



^ „ SU P, (E (c^([a,(„-i)(0))] Q ,[ft(0))] a 

+c/l, / d H [[ai( n -i){s)} a ,[pi{s)] a )ds 



o 

, 2 \ 1/2 

cdid H { [ann~i){tk)] a , [Pi(tk)] a ' ' 



-. I Y, ( „sup, cdH([a i( „_i)(0))] a , [pi(0))} a 

+ sup c/ij / d_H-([a l( „_i)(s)] a , [pi(s)] a )ds 

0<a<l JO V ' 



0<c _ 

- sup cdid H [[ai( n -i)(t k )] a ,[pi(t k )] a ' ' 

0<a<l V 
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<(V( sup cd H ([a iin -i ) (0))] a ,\p i (0))] a * 

+ sup cH djj([ai( n _i)(s)] a ,|>j(s)] a )ds 

0<a<l Jo V ' 



, 2 \ 1/2 

sup cDd H [[a i / n ^ 1) (t k )} a ,[p i (t k )] a ' ' 

0<a<l 



Hence 



Hi{a n ,p) 

= sup doo(an(*),p(*) 
te[o,T] v 

= sup sup dJ[a n (t)} a ,[S(t)p(0)+ [ S(t-s)F( S ,p( S ))ds 

te[0,T]0<a<l V Jo 

+ ]T s(t-t k )h( P (t k ))} a ) 

0<t k <t 

n 

< Sup (V( Sup Cdfff^n-i)^))] 01 ,^^))] ) 

t£[0,T] V ~^ V 0<a<l V y 

+ sup off / djj([ai( n _i)(s)] a ,|>i(s)] a )ds 

0<«<1 JO v ' 

( \\ 2 \ 1 /2 

+ sup cDd H [a i („_i)(ifc)] Q ,[p i (ifc)] Q 

0<Q<1 



<(y;(c sup sup rf H f[a !( n-i)(o))r,[ft(o))r 

V ~L V te[0,T]0<a<l V 

+c# sup sup / rfff([a i( „_ 1) (s)] Q! ,[p i (s)] Q )rfs 

tG[0,T]0<a<l Jo V ' 

+cD sup sup d ff ([a l( „_i)(t fe )] a ,[ / 9 J (t fe )] Q ) ) ) 
tefo,Tlo<a<i v JJ J 



te[o,T] o<a<i 

2 \ !/ 2 



<c(l + T#+.D) sup sup ( y)djj([oi( n _i)(s)] Q ,[pi(a)] 

t£[0,T]0<a<l V i=1 V 

Therefore since rf^([a i („_ 1 )(s)] Q , [/Qi(s)] Q ) — > as n — ► +oo for all i = 1, 2, • • • , n, 
Hi(a n ,p) — ► 0. 

Using that /& and F are continuous the convergence of a„_i towards p, we 
obtain that p is a solution to (4). For function 7, we follow a similar proce- 
dure. Finally, if a; is a solution to (4) such that a <„ x <„ b, using that A is 
nondecreasing, we obtain 
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then 



P <n x < n 7- 



In conclusion, as x is existing between p and 7, x is extremal solution for 
equation (4). 
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Abstract 

In this paper, we study the e-approximate controllability for the semi- 
linear fuzzy integrodifferential control system in E N by using the concept 
of fuzzy number whose values are normal, convex, upper semicontinuous 
and compactly supported interval in E]^. 



1 Introduction 

The exact controllability has limited applicability. Approximately controllable 
system are more abundant. For the background of the approximate controllable, 
see George [1], Kwun ct al. [2], Naito [3], Park ct al. [4], Zhou [5]. George [1] 
studied the approximate controllability of the time varying semilinear system 
using the method of semigroups and the integral contractor. Kwun et al. [2] 
studied the approximate controllability for semilinear delay integrodifferential 
equations with nonlocal initial value. Park et al.[4] studied approximate con- 
trollability of second order integrodifferential systems. Naito [3] showed that 
the reachable trajectory set of the semilinear system is equivalent to that of its 
corresponding the linear system. Zhou [5] discussed the approximate controlla- 
bility for the abstract semilinear control system. But the above cited results of 
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the approximate controllability for the functional differential equations did not 
consider the fuzzy differential equations. 

In this paper, we study the e-approximate controllability for the following 
scmilincar fuzzy integrodifferential control system in E^: 



dx(t) 



= A 



x(t) + J G(t- s)x(s)ds 
o 



+ f(x(t)) + Bu{t), 0<t<T, (1) 



dt 
x(0) = xo, (2) 

where the state x(t),0 < t < T, takes values in X(c E\j) and the control u(-) 
is in another space Y(c E^). B is a bounded linear operator from Y to X. 
A : [0, T] — > X is fuzzy coefficient, E]^ is the set of all upper semi-continuously 
convex fuzzy numbers on R. f : X — ► X is nonlinear regular fuzzy function. 
G(t) is n x n continuous matrix such that — 4r^ is continuous for x G X and 
t e [0,T\ with \\G(t)\\ < k, k> 0, x € C([0,T] : X) is initial value. 

In section 2, we study the existence and uniqueness of fuzzy solutions for 
the equation (l)-(2). 

In section 3, we define solution mapping W and find approximate control- 
lability conditions for the semilinear fuzzy integrodifferential equation (l)-(2). 
To show the approximate controllability, we follow the method of Zhou [5] . 

2 Existence and uniqueness of fuzzy solution 

In this section we consider the existence and uniqueness of fuzzy solutions for 
the semilinear fuzzy integrodifferential equations (l)-(2)(u = 0). 

We denote the suprimum metric D on E 1 ^ and the suprimum metric H\ on 
C([0,1] : E%). 

Definition 2.1 Define D : E 7 ^ x E 1 ^ -^ [0, oo) by the equation 
D(u,v)= sup d H ([u] a ,[v] a ), 

0<a<l 

where du is the Hausdorff metric defined by 



du(A, B) = max ( sup inf \a — b\, sup inf \a — b\ 

Definition 2.2 Let x,y E C([0,1] : E%) 

Hfay) = sup{D(x(t),y(t)) : t G [0,1]}. 
Definition 2.3 The norm ||u|| of a fuzzy number u £ E r ^ is defined by 

j| M j|=^KA- {0} )-||M ||= sup \a\. 

a£[u]° 
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Definition 2.4 The fuzzy process x : [0,T] — > E]^ is a solution of equations 
(l)-(2) without the nonhomogeneous term if and only if 



(x?)(t)= mm {A? (t)y(t)+ I G(t-s)x?(s)ds], i,j = l,r}, 
(i°)(t)=max{i4f(*)[x?(t)+ f G(t- s)x?{s)ds\, i,j = l,r}, 



and 



(xf)(0) = x% l , (x«)(0)=x« r . 



(HI) The nonlinear function / : X — > X satisfies a global Lipschitz condition, 
there exists a finite constants k > such that 



d H ([f(x(t)T, [f(y(t))] a ) < kd H ([x(t)F,[y(tT)- 



(3) 



(H2) S(t) is a fuzzy number satisfying for y e £^, S'(t)y <= C^IO,! 1 ] 
^jv) fl C ([°i T \ '■ E n) thc equation 



It S(t)y = A 



S(t)y+ / G(i - s)S{s)yds 



such that 



= S(t)Ay + J S(t- s)AG(s)yds, t <= [0, T], 
Jo 



[S{t)] a = [snt),s?{t)], S(0) = I 



and S"(i) (i = Z,r) is continuous. That is, there exists a constant c > such 
that |5f (i)| < c for all i € [0,T]. 

(H3) ckT <1. 

If a; is an integral solution of (l)-(2)(u = 0), then a; is given by 



x(t) = S(t)x + S(t-s)f(x(s))ds. 
Jo 



(4) 



Theorem 2.5 Let T > 0, and hypotheses (H1)-(H3) hold. Then, for every 
x (e C([0,T] : X)), equation (l)-(2)(u = 0) has a unique solution x G C([0,T] : 
X). 

Proof For each £(*) € C([0, T] : X), t e [0, T] define 



($C)(t)=S(t)x + / S(t-«)/(£(s))ds. 

Jo 

Thus, ($£)(*) : [°> r ] -> C([0,T] : X) is continuous, and $ : C([0,T] : X) 
C([0,T}:X). 
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It is obvious that fixed points of <I> are solutions for the problem (l)-(2). For 
£(t),r)(t) £ C([0,T] : X), we have 

M[(<&0(*)r[(<MWn 

<d H ([f S(t- s )f(as))dsY,[f S(t-s)f( V ( S ))dsY) 



o 



Therefore, 






D(($0(*). (*»?)(*))= sup d H ([(*0(*)] a ,[(*»?)(*)] a ) 

a£(0,l] 

< C fc / sup ^([cooiM^n^ 

Jo a£(0,l] 

= cfc / D(e(a),»y(a))d*. 

Jo 



Hence 



Hi(^,$» ? )= sup r>((*0(*), (*»?)(*)) 

te[o,T] 

< cfc sup / D(£(s),rj(s))ds 

te[o,T] Jo 

KckTH^r]). 

By hypotheses (H3), $ is a contraction mapping. By the Banach fixed point 
theorem, (l)-(2) (u = 0) has a unique fixed point x £ C([0,T] : X). 

3 e- Approximate controllability 

In this section, we study e-approximatc controllability for the equations (l)-(2). 
We consider a unique solution of equations (l)-(2), for each u £ Y; 



x{t;u)=S{t)x + S(t-s)(f(x(s)) + Bu(s))ds, (5) 

Jo 

and we also define the continuous linear operator S from X to C([0,T] : X) by 

(Sp)(t) = J S{t- s)p(s)ds, pel, < t < T. 
Jo 

We define a solution mapping W from Y to C([0,T] : X) by 

(Wu)(t) =x(t;u). 
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The reachable sets of a nonlinear system are used to be compared to the reach- 
able sets of its corresponding linear system (/ = in (5)). Put 



K T (0) = iz{T) e X; z(T) = S(T)x + S(T - s)(Bu)(s)ds, uey\ 

and the reachable set Kt{J) in X by 

K T {f) = [x(T;u) e X; x(T;u) = S(T)x 

+ f S(T- s)(f(x(s)) + (Bu)(s))ds, u e r}. 

Lemma 3.1 Let u, xq G E\j. Then under hypotheses (H1)-(H2), the solution 
mapping (Wu)(t) — x(t;u) of (5) satisfies 

Hi(x,X {0} ) < (cff 1 (x ,A' {0} ) + C rff 1 (B,A' {0} )- J ff 1 ( U ,A' {0} ))exp( C fcT). 

Proof From hypotheses and system (5), we have 

\\x(t)\\ < c\\x \\ + ck \\x(s)\\ds + c ||B||||it(s)||ds 
Jo Jo 

<c||a;o||+c||B||||«(t)||t + cfe / \\x(s)\\ds. 

Jo 

From Gronwall's inequality we have 

IK*)|| < (c||»oll + c||B||||«(t)||t)exp(cfcT). 
Hence 

Hi(x,X{ y) = sup ||x(i)|| 

te[o,T] 

< (cH 1 (x ,X {0} ) + <a'H 1 (B,X {0} )-H 1 (u,X {0} )}exp(ckT). 

Lemma 3.2 Let u\ and u 2 be in E\. Then under hypotheses (H1)-(H2), the 
solution mapping (Wu)(t) — x(t;u) of (5) satisfies 

Hi(x(t;ui),x(t; u 2 )) < cT exp(ckT)Hi(Bui, Bu 2 ). 

Proof From hypothesis and system (5), we have 

d ff ([a:(t;«i)] a ,[*(*;«2)] a ) 

<c f d H ([B Ul ] a ,[Bu 2 ] a )ds + ck f {[x{s;u 1 )] a ,[x{s;u 2 )] a )ds. 
Jo Jo 

Hence, by Gronwall's inequality, we get 

d H ([x(t; Ul )] a , [x(t; u 2 )] a ) < ctd H ([B Ul } a , [Bu 2 ] a ) exp(cfci), 
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D(x(t;ui),x(t;u 2 )) = sup d H ([x(t; wi)] Q , [x(t; u 2 )] a ) 

a£(0,l] 

< ctexp(ckt)D(Bui,Bu2). 



Hence 



Hi(x(t;ui),x(t;u2)) = sup D(x(t;«i),x(t;w2)) 

te[o,T] 

< cTexp(cfcT)ifi(Bui,Bu 2 ). 

Definition 3.3 The system (5) is called e— approximately controllable on [0, T] 
if Kt{J) = X, that is for any given e > and ^el there exists some control 
v E Y such that 



#! (fr - S(T)x , Sf(x(s; v)) + SBv) 



< e. 



The range space of the operator B is denoted by Xb and its closure is 
denoted by Xb- We assume the following hypothesis; For every arbitrary given 
e > and p(-) e X, there exists some u(-) e Y such that 

(H4) Hi (Sp, SBu) < s, 



(H5) Hi I Bv, X{o} ) < qi-ffi (p, A{o} ) where gi is a positive constant inde- 
pendent of p(-), 

(H6) the constant q\ satisfies 

QikcT 



1-fccT 

(H7) {5(i) : £ G i?+} is compact. 

First of all, we introduce some necessary Lemmas before proving the main 
theorem. 



Lemma 3.4 Under hypotheses (H4)-(H7), we have Kt(0) = X. 
Proof It is sufficient to prove 

X C K T (0) 
i.e., for any given e > 0, £t € X there exists v € Y such that 

Hifo - S(T)x ,SBv) <e. 

As £ T e X, S , (T)x e X, there exists p e C([0,T] : X) such that 

m= S(T - s)p(s)ds, 
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where r]i = £t — S(T)xq. By hypotheses (H4) and (H5) there exists a function 
v e Y such that 

Vi= [ S(T - s)p(s)ds = f S(T- s)Bv(s)ds. 
Jo Jo 

Since r\\ — £t — S(T)xq, 

£t = S(T)x + J S{T- s)Bu(s)ds. 



Therefore 



Ct G ^t(O). 

Hence 

X C Jf T (0). 



Lemma 3.5 Let x(£ : uq) and suppose that (H1)-(H7) hold. Then for T > 
there exists a constant < M < 1 such that 

Hi(/(a:(t : vi)),/(a:(t : %))) < - [ ^H 1 (Bv 1 ,Bv 2 ). 
Proof By hypothesis (H6), S(t) is compact, we put Hi(S(i),X{ yj < c. 



H 1 i y f(x(t:v 1 ))J(x(t:v 2 )) / 

< kH\(x(t : vi),x(t : v^)) 

<kHjf S(t-s)f(x(t:v 1 ))ds+ ( S(t - s)Bv 1 (s)ds, 

I S(t - s)f(x(t : v 2 ))ds + J S(t- s)Bv 2 (s)ds) 
Jo Jo ' 

< kdrHJf(x(t: vi)),f{x{t: v 2 ))) + kcTH 1 (Bv 1 ,Bv 2 ). 

So we obtain 

/ \ kcT 

ffi (/(*(* : vi)),f(x(t : v 2 ))) < - _ — gi^i, Bv 2 ) 

where M = kcT < 1 . 

Theorem 3.6 Under hypotheses (H1)-(H7), K T (0) = X T (/) proved that T < 

l 

(gi + l)fcc- 
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Proof Since, by lemma 3.4, Kt(0) = X , it is sufficient to show that 

K T (0) C K T (f). 



Let £t € -Kt(O). Then for any given e > there exists uGi - such that 



Fi(£r-S(T)a:o,sW) < 



£ 

22' 



Assume tii £ 7 is arbitrary given. By hypothesis (H4)-(H5), there exists some 
v 2 G Y such that 



Hi (sBu, Sf(x(s : vi)) + SBv 2 ^j < 



£ 
22' 



Since from (H4)-(H5) and lemma 3.5, we can take w 2 £ Y such that 

H 1 (sf(x(s:v 2 )),Sf(x(s:v 1 )) + SBw 2 ) < |, 
and so 

ffi(SBtU2,# { o } ) < gifcffi (/(*(* : !*)),/(»(« : Vl ))) 

*&*(*** ■)■ 

Thus we may define t>3 = «2 — W2 in Y , which has the following property; 

H x (i T - S{T)x , Sf{x{s : v 2 )) + SBv 3 ^j 

= H 1 (fr - S(T)x + Sf(x(s : Vl )) + SBw 2l 

Sf{x{s : v 2 )) + SBv 2 + Sf{x{s : vi))) 
< ffj (fr - S(T)a;o, S/(*(a : «i)) + SBt*) 

+H, (SBW 2 + Sf(x(s : Vl )),Sf(x(s : i; 2 ))) 

Define v n = v„_i — w n _i. Then, by induction, we have 

#1 (fr - S(T)x ,Sf(x(a : «„)) + SBv n+1 ) <(! + ... + -^) 



£ 



£ 

<2' 



Also, we get that 



Ih[Bv n+ i,Bv n ) < X _ H 1 [Bv l! .Bi l ,^ ). 
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Since T < - — xYTfcj) the sequence {Bv n } is cauchy sequence and so convergent 
to some point in X. Therefore, for any given e > 0, there exists some integer 
N such that for all N < n we have 

Hi(sBv n+u SBv n ) < £ - 
and so 

H x (Zt - S{T)x , Sf{x{s : v n )) + SBv n ^ 

< Hi U T - S{T)x , Sf{x{s : «„)) + SBv n+1 ) + H x (sBv n+1 ,SBv r 



( 1 1 \ £ 

for all N < n. That is, £t S Kt{J)- Therefore, the system (5) is e-approximately 
controllable on [0,T]. 
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Abstract We define the topological conditional pre-image entropy and the measurable conditional pre-image 
entropy for topological dynamical systems, and prove a variational principle for the topological conditional 
pre-image entropy. 
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1 Introduction 

By a topological dynamical system (TDS for short) (X, T) we mean a compact metric space X 
with a continuous surjective map T from X to itself. Entropies arc fundamental to our current 
understanding of dynamical systems. In 1958, Kolmogorov [1] introduced the concept of measure- 
theoretic entropy h^(T) to ergodic theory. The topological entropy ht op (T) of T is a measure of its 
dynamical complexity, which was first defined by Adler, Konheim and McAndrew [2], and later was 
given several equivalent definitions by Bowen and others (see [3, 4]). Topological entropy measures 
the maximal exponential growth rate of orbits for an arbitrary topological dynamical systems, and 
measure-theoretic (or metric) entropy measures the maximal loss of information of the iteration of 
finite partitions in a measure-preserving transformation, the relationship between these two kinds of 
entropy has gained a lot of attention. In 1969 Goodwyn [5] showed that h^(T) < h top (T) and later 
Goodman [6] proved sup h^(T) > ht op (T), where the suprcmum is taken over all invariant measures, 
completing the classical variational principle. For a short proof, see [7]. 

When the mapping T under consideration is a homeomorphism, extending this procedure into the 
past instead of the future results in the entropy h top (T) of the inverse mapping, which equals h top (T). 

T Corresponding author. 
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However, when the map is not invertible, different ways of extending the procedure into the past lead 
to several new entropy-like invariants for non-invertible maps. 

Recently, the pre-image structure of maps has become deeply characterized via entropies (see 
[8, 9, 10, 11, 12]). Several important pre-image entropy invariants, such as pointwise pre-image 
entropy, pointwise branch entropy, partial pre-image entropy and bundle- like pre-image entropy, etc., 
have been introduced and their relationships with topological entropy have been established. This 
was shown to be a new tool for studying the topology and dynamics of compact metric spaces. Later, 
Cheng-Newhouse [13] defined a pre-image entropy on a compact metric space and a measure-theoretic 
(or metric) pre-image entropy on a measure space, and proved analogs of many known results for 
topological and measure-theoretic entropies. In an earlier paper with F.Zeng and K.Yan [14], the 
authors defined and studied a new invariant called pre-image pressure which is a generalization to 
Cheng-Newhouse pre-image entropy for a dynamical system. 

In this paper we define and study two new kinds entropy-like invariants and a variational principle 
relating the two invariants. More precisely, in section 2, we define the topological conditional pre- 
image entropy, which is a generalization to the topological entropy and Cheng-Newhouse pre-image 
entropy for a dynamical system (AT, T) , and introduce the measurable conditional pre-image entropy. 
In section 3, we prove a variational principle for topological conditional pre-image entropy. 

2 Notations and Basic Properties 

In this section we main introduce some notations and basic properties of topological and measurable 
conditional pre-image entropy. 

Let (X,T) be a TDS and B(X) be the collection of all Borcl subsets. In this artical, a cover of 
AT is a finite family of Borcl subsets of X, whose union is X. A partition of AT is a cover of X whose 
elements are pairwise disjoint. Denote the set of partitions by Vx, the set of covers by Cx and the 
set of open covers by C x . Given a,/3€ Cx, a is said to be finer than /? (write a >- (3) if each element 
of a is contained in some clement of /?. Let a\/ j3 — {A n B : A £ a,B £ /?}. Given integers to, n £ N 
with to < n and a £ Cx, set a™ = V"=m T %a - 

Let (A", T) and (Y, S) be two TDSs. A continuous map n : X — > Y is called a factor map between 
(X, T) and (Y, S) if it is onto and ttT — Sir. In this case we say (X, T) is an extension of (Y, S) or 
(Y, S) is a factor of (AT, T). If 7r is also injective then it is called an isomorphism. 

For a £ C x and K C A, let N(a\K) denote the smallest cardinality of all finite subset of a to 
covers K. For any n £ N, we consider the Bowen-Dinaburg metrics generated by T: 

dl(x,y):= max d(T i (x),T i (y)). 

0<i<n— 1 

For e > 0, n £ N and K C X. A subset E of K is said to be (n, e)-seperated with respect to T if 
x,y £ E,x 7^ y implies d£(x, y) > e. Denote the maximal cardinality of any (n, e)-separated set of K 
by s(n, e, K) . A subset F of K is said to be an (n, e)-spanning set of K if each x £ K, there is a y £ F 
such that d£(x, y) < e. Denote the minimal cardinality of any (n, e)-spanning set of K by r(n 7 e, K). 
Using the standard techniques (see [15], for example), we have the following properties for any 
compact subset K of X. 

(1) If e > 0, then for any n £ N, 

r(n,e,K) < s(n,e,K) < r(n, ^,K). 

(2) If a is an open cover of X with the Lebesgue number 5, then for any n £ N, 

N(a-- l \K)<r(n 7 6 -,K). 
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(3) If e > and a is an open cover of X with diam(a) < e, then for any n € N, 

s(n,e,K) < Nia^lK). 

Let w : (X, T) — ► (y, S) be a factor map between TDS. We now proceed by defining the topological 
conditional pre-image entropy of (X, T) with respect to (Y, S). For a e C° x , y e Y and n e N, let 

V(«rt) = log sup TVK-^T-^tt- 1 ^))). 

y£Y,k>n 

It is easy to see that a n — H pre (aQ~~ \Y) is a non-negative sub-additive sequence. Then the conditional 
pre-image entropy of a with respect to (Y, S) is defined by 

h pre {T,a\Y) := lim -H pre {a^ l \Y) = inf -H^a^Y). 

n-*tx n n>l n 

Moreover, the topological conditional pre-image entropy of (X, T) with respect to (Y, S) is defined by 

hpre(T,X\Y) := sup hpre(T,a\Y). 

a ec° x 

The following result is evident and we omit the detail proof. 

Lemma 2.1 Let ir : (X, T) — > (y, S*) 6e a factor map between TDS. Then 

(1) Ve(^^l^) = limlimsupilog sup r(n,z,T- k (*- x (y))). 

(2) Ve(r,X|y) = limlimsupilog sup s(n, ^T^tt- 1 ^)))- 

(3) Ve(^^l^) = limliminfilog sup rfocT-^Ti-Hv))). 

£^0 n-^oo y eY,k>n 

(A) h pre (T, X\Y) = limlimmf^log sup s(n, e, T~ k (n' 1 (y))) . 

£ ^ n->oo " j/er,fe>n 

Theorem 2.2(Power rule) Let tt : (X,T) — ► (7,5) 6e a factor map between TDS. Then 
h pre (T m , X\Y) — m ■ h pre (T, X\Y) for all positive integers m. 

Proof Let e > 0. Since for all K C X and all k > 0, each (nm, e)-spanning set for K with respect 
to T is also a (n, e)-spanning set for K with respect to T m . It follows that 

-log sup r(n, e,T- km {v-\y)))<— log sup rfrro.e.T-^Tr-^y))). 

^ y£Y,k>n nm y£Y,k>nm 

By Lemma 2.1, ^. pT - e (r m , JsT|y) < m • /i pre (r, X\Y). 

On the other hand, since T is uniformly continuous, V e > 0, 35 > such that d(x,y) < S implies 
max d(T l (x),T l (y)) < e for all x, ye X. 

0<i<m— 1 

Let n > 0, k > n and y e Y . Write k = k\vn — l\ and n + l\ = n\m — I2, here < h, I2 < rn. 
If F is a (m, <5)-spanning set for T~ feim (7r _1 (2/)) with respect to T m , then we claim that T ll (F) is 
a (n, e)-spanning set for T~ fc (7r _1 (2/)) with respect to T. In fact, let x e T~ k (ir~ 1 (y)), there exists 
X\ e T~ kim (ir~ l (y)) such that T ll (xi) — x. Since F is a (ni , <5)-spanning set for T~ kim (Tr~ 1 (y)) with 
respect to T m , there is yi € F such that 

max d(T im (a; 1 ),T i,n (y 1 ))<<J, 

0<i<n±— 1 
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which implies max ^(T^xi), T%x)) < e. Let y = T h (y x ), then y £ T h (F) and 

0<z<7iim— 1 

max d(T\x),T l (y)) < e, 

0<i<n 

and the claim is thus confirmed. Hence 

r(n,e ) T ) T- fc (7r- 1 (»))) < r(n 1 ,d,T m ,T- k - m (7r- 1 (y))), 

which follows that 

-log sup r{n,€,T,T- k (ir-\y)))< -log sup r(n 1 ,6,T m ,T-^ m (w- 1 (y))). 

n k>n, y eY ri\m — l\ — li fci>m,Ae£ 

Therefore, m ■ h pre (T,X\Y) < h pre (T m ,X\Y). I 

Let (X, T) be a TDS. Denote by M(X) the set of all Borel probability measure on X, M{X, T) C 
A4(X) the set of T-invariant measures. Then both A4(X) and A4(X,T) are convex, compact metric 
spaces endowed with the weak*-topology 

If ir : (X, T) — > (Y, S) is a factor map between TDS. We define the infinite past c-algebra related 
to B(Y) as B~ = C\^ =a S- n {B{Y)). It is not hard to see that ff M (a# -1 |7r _1 ( B_ )) (the definition sec 
[15]) is a non-negative sub-additive sequence whenever /i £ A4(X,T) and a £ Vx- We define the 
conditional pre-image entropy of a with respect to (Y, S) by 

h pre . p (T,a\Y) := lim ^(aJTV" 1 ^"))- 

n — *oo Ti 

The measureable conditional pre-image entropy of (X, T) with respect to (Y, S 1 ) is defined by 

h pre ^(T,X\Y) = sup h pre ^{T,a\Y). 

aev x 

Theorem 2.3(Powcr rule) For each reN, h pre ^(T r , X\Y) = r ■ h pre ^{T , X\Y) . 
Proof First we show that h pre ^(T r , a^ 1 \ Y) = r ■ h pre _ p (T, a\Y) for all a £ Vx- In fact, we have 
r-h pre , li (T,a\Y)= Hm — H^a^- 1 ^- 1 ^-)) 



1 '" x 

= hm -^(Vr^K- 1 )!,- 1 ^-)) 

= Ve,,(T r ,ar 1 |F). 



By definition, we have 



r - • h pre ^(T,X\Y) = r • sup h pre ^(T,a\Y) = sup h pre ^{T r ,a r \Y) 

a£Vx a£Vx 



SUp V.M( r . Q l^) - Ve,^*^)- 
aEPx 



3 Variational Principle 
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In this section, we prove a variational principle for conditional pre-image entropy. 

Let ( be an arbitrary measurable partition of the Lebesgue space X and let X\q be the factor 
space. Let the factor map ir : X — > X\q be n(x) = C, where x E C E (. It is well-known that there 
is a decomposition of ji E Ai(X,T) relative to the partition £: \x = J x , /ucd7r*/j. Moreover, we can 
choose the measure fj,c such that (ic(C) — 1 f° r each C G (. 

Lemma 3.1([16]) Let ( be a partition of (X , B , (j) . Then for any finite partition a of X, 

ff„K|[C])= / ff w («o _1 )<*W, 

Jx\c 

where [Q denote the a-algebra generated by (. I 

Lemma 3.2([17]) Let r\ = {B , B\, ■ ■ ■ , B^} be a partition of X such that [3 = {B UBi, ■ ■ ■ ,B U 
Bk} is an open cover of X. Then 



N ( V T ~ ir n\ Y ) < N (\f T- { I3\Y) • 2", 



j=0 i=0 

for any subset Y of X. I 

Theorem 3.3(Variational Principle) Let it : (X,T) — ► (Y,S) be a factor map between two TDS. 
Then 

h pre (T,X\Y) = sup hpre tli (T,X\Y). 

fj,eM(X,T) 

Proof (1) Let (j, E M(X,T). We show in this part that h pre ^(T,X\Y) < h pre (T,X\Y). 

Let a = {A\,A2, ■ ■ ■ ,Ad} be a finite Borel partition of X. Choose e > such that delogd < 1. 
Since /i is regular there exist compact sets Bj C Aj, 1 < j < d, with /i(Aj\Bj) < e. Let r\ be the 
partition 77 = {Bo, Bi, • • • , Bj} where Bo = X\ 1J =1 Bj. We have /u(-Bo) < <^ e ! an d 






d 

'Ml 

M#o) 



= -n(Bo) E ^r f 3 ° ^ ^ B ^ logd< delogd < L 



For each z 7^ 0, _B U Bj = X\ [L^ -Sj i s a open set so /3 = {i? U Si, S U B 2 , • • • ,B L) B d } is an open 
cover of A". For each n > l,fc > n and y € Y, we have iV^T"^?!-- 1 ^))) < AT(/J"|T- fe (7r- 1 (j/))) • 2 n 
by Lemma 3.2, and H^rfc' 1 ) < log N {ri n \T- k {it- 1 (y))) where C" = T~ k (V^ 1 (y)) . Hence, by Lemma 
3.1,£or^={7r- 1 (l/):yey} ) 

HM- 1 \n- 1 (S- k B(Y)))= f H^W-^dw 

JX\T- k (, 

^logsupTV^lT-^Tr- 1 ^))) 
<log( sup N{^\T-i{i:-\y)))-2 n ). 

j>n,A££ 
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Letting k — > oo, divide by n and letting n — > oo, we obtain that 

W( T - ^l^) ^ Ve( r > W + ^g 2 < Ve(^, *W + ^g 2. 

Therefore, h pre ^(T,a\Y) < /i pre>M (T,r ? |F)+F ([1 (a|r ? ) < /i pr - e (T, X|r)+log 2+1. This implies /i pre ^(T,X|F) < 
h pre {T, X\Y) + log 2 + 1 for any continuous map T with zz e M(X, T). It therefore hold for T™ so 

U ■ hpreA T > X \ Y ) ^ U ■ h Pre(T, X\Y) + log 2 + 1 

by Theorem 2.2 and Theorem 2.3. Hence h pre . M (T,X\Y) < h pre {T,X\Y). 

(2) Let e be given. We shall find some fi € M(X, T) with h pre ^(T, X\Y) > h pre (T, X\Y, e), where 

hpre(T, X\Y, e) = limsup -log sup s(n, e,T~ k (ir~ 1 (y))). 

71— ►oo ^ k>n,y£Y 

Choose sequences rij — > oo, fc» > Ui, Xi € F such that 

Ve(T,X|F,e)= Inn llogr(n 4 , £ ,T,r- fe -(7r- 1 (y 4 ))). 

Let £i be an (ni,e)-separated set for T~ ki (ir~ 1 (yi)) of cardinality s(rii,e,T,T~ ki (TT~ 1 (yi))). Letting 
S x denote the point mass at point x G X, let 



<*> = ■^jw. E s * 



CardEj 

xeEi 



and 

Ui-l 



-E <j '° r 



We may assume without loss of generality that fi = Hindoo /Xj. We know that /x € .M (X, T). 

We choose a finite partition a = {B\ , B^, • • • , Bj} of (X, B) such that for each A £ a, n(dA) = 
and diam(A) < e. 

Let C = {E <G B~ : fi(E) = 0}. For any a- algebra A of subsets of Y with C C A, there 
is an enlarged a- algebra Ac defined by A <G Ac if and only if there are sets B, M, N such that 
A = BuM,BeA,NeC and M C TV. The cr-algebra B^" is the /i-completion of B~ . Let 
fi fe = {S- k B{Y)) c . We have that 

Letting B°° = C\ k>1 B k , it is easy to get rcB c C B°° and S^'S* C B l+k ,Vl > 1. Moreover, we 
have that ^(a"!!"^-) > ^(a^^B 00 ) and ^(a^-'B 00 ) > ^(a"^-^**) for all i. 
Use the techniques of [13], we have 

fl^aS-V" 1 ^") > limsup^^a^-V -1 ^ 00 ), 

i — ►oo 

and 



fii-i 

n. 



1 rij — 1 

^(etf-V 1 !?*) > - E ^ T-«(«o _1 k _1 B fc ')- 



;=o 



Since <ii is supposed on T '(ir (yi)) and each clement of a^ contains at most one element of Ei 
By definition of ctj, we have 

^(a^lTT" 1 ^) = fl- (Ti (a n '|T- fc '(7r- 1 (i/ j ))) - logCard(Ei). 
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Fix q € N with 1 < q < n^. For < j < q — 1 put a(j) = [(n, — j)/q], here [6] denotes the integer 
part of b > 0. Fix < j < q — 1, we have 

«0')-i 
a n * = \/ T-f^+^a 9 V \/ T~ l a, 
r=0 ies 

and S 1 has cardinality of at most 2q, where 

S = {0, l,--- ,3- 1,3 + a{j)q,3 + a(j)q+l,--- ,m - 1}. 
Therefore, 

log Car dEi = ^(a"'!^ 1 ^) 

o(j')-i 

< ^ iJ ffi (r-^ + ^a«|7r- 1 ^)+^(V T_ia l 7r_1 ' 8fe ') 
r=0 zes 



»0')-i 

< J2 H^(T- < - rq+ ^a q \T- < - rq+: >K- 1 B k >) + 2qlogd 

r=0 
o(j)-l 

< J2 H a%oT - {rq+]) {a q \^- 1 B^)+2q\ogd 

r=0 

Summing up over j from to q — 1 we get 

71,-1 

qlogCardEi < J^ ^,oT-' (o'Itt - ^**) + 2q 2 log d. 

1=0 

Now divide by rij and use previous claims to get 

— log Car dEi < fr w .(a 9 |7r -1 iB fci ) + — logd 

<^(^|7r- 1 S 00 )+ 2 ^-logd, 

and 

2o 2 
g- Ve(r,-X"|y,e) <limsup[ff Mi (a <? |7r- 1 B <x> ) + — logd] 

< ^(a^Tr-^-). 

Dividing by q and letting g — > oo we have h pre (T, X\Y, e) < hpre^T, a\Y) < h pre ^(T, X\Y). The 
theorem is proven. I 

We remark that Theorem 3.1 generalizes the topological variational principle for entropy given in 
[15] and pre-image entropy given in [13]. 

Corollary 3.3 (Variational principle for topological entropy [15]) Let T : X — ► X be a continuous 
map of a compact metric space X. Then 

h top (T) = sup hfi{T). 

neM(x,T) 
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Proof It follows immediately from Theorem 3.1 by taking (Y, S) to be the trivial system. I 

Corollary 3.3 (Variational principle for pre-image entropy, [13]) Let T : X — > X be a continuous 
map of a compact metric space X. Then 

h P re(T) = sup h pre ^(T). 
neM(x,T) 

Proof It follows immediately from Theorem 3.1 by taking the isomorphism ir : (X, T) — * (Y,S). I 
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INTEGRAL ON Z p ASSOCIATED WITH GENOCCHI AND 
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Abstract In this paper, we give a new construction of q-Genocchi numbers and polyno- 
mials which are related to ^-Bernoulli numbers and polynomials. We derive some interesting 
relation between Bernoulli and Gcnocchi polynomials. 
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1. Introduction 

Let p be a fixed odd prime number. Throughout this paper, the symbol Z, Z p , Q p , 
and C p denote the ring of rational integers, the ring of p-adic integers, the field of p-adic 
rational numbers, and the completion of algebraic closure of Q p , respectively. Let N be the 
set of natural numbers and Z + = N U {0}. The p-adic absolute value in C p is normalized 
in such that \p\ p = 1/p. When one talks of q-extension, q is variously considered as an 
indeterminate, a complex number q G C or a p-adic number q G C p . If q G C, one 

normally assumes \q\ < 1. If q € C p , then one normally assumes \q — l\ p < p^p^ 1 so that 
q x = cxp(ir log q) for \x\ p < 1. In this paper, we use the following notations : 

1 - n x 1 - (-q) x 

[x] g = T -^ and [x]- q = ^ , ( see [1-18]). 



For a fixed odd positive integer d with {p, d) = 1, set 

X = X d = limZ/dp N Z, Xi =Z p , 

N 

X* = U (a + dpZ„), 

(a,p) = l 

a + dp N Z p = {xeX\x = a (mod dp N )}, (see [19-23]), 
where a G Z lies in < a < dp N . The distribution is defined by 

a 

H q (a + dp N Z p ) = , (see [6, 13]). 

Let C/D(Z p ) be the space of uniformly differentiable function on Z p . For / G UD(Z p ), 
the p-adic ^-integral on Z p is defined as 

P N -i 

W) - / f{x)df* q {x) - ^ r4i- E /W^' ( see t 6 < 13 D' 
Ji, p ^°° IP \q x=0 
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2 
and 



p -1 



/_,(/) = f f(x)dn- q (x) = Jim oT -^ — Y, /(*)(-«) X . ( see I 7 ' 8 > 9 D 
As the notations of p-adic invariant integral on Z p , we define 



and 



/(/) = lim /,(/)= / f(x)d»(x), 



/_!(/) = Km /_,(/) = / f(x)d^ 1 (x). 



Thus we note that if f n (x) = /(.t + n) for n € N, then 

ra-l 

/_!(/„) + (-l)"" 1 /.^/) = 2 2(-l) n_1 "VW (1) 

and 

n-1 

/(/„) = /(/) + £/'M, 

where f(£) = ^ (see [8]). 

The purpose of this paper is to give a new construction of g-Genocchi numbers and 
polynomials which are related to (/-Bernoulli numbers and polynomials. From these num- 
bers and polynomials, we derive some interesting relation between Bernoulli and Genocchi 
polynomials. 

2. ^-Extension of Genocchi numbers and polynomials 
From (1), we note that for d <G N with d = (mod 2), 

d-l 

2tY, (-i) £- V* 

tf eViW= l =\ dt _ , (2) 

and 

d-i 



2*e(-i: 



f-i 



c: 



oc 



1=0 _ 2t _ ^ ^Y ^ 

e d*_l _ e t + i - Z^ Un n r 

where G n are the n-the Genocchi numbers. Thus, we note that 

Go = and f x n diiUx) = -^±1. 
Jz p " + 1 

It is not difficult to show that 

2* < £(-l)'-V 
£ "°„ 1 = t e xt dn^(x) (3) 



^E(-l)^ 1 / e^*d„(x), 
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where d € N with d = (mod 2). 

It is well known as Witt's formula formula for Bernoulli polynomials that 

f (x + y) n dn(y) = B n (x), (see [20, 21]), (4) 

where B n (x) are the n-th Bernoulli polynomials. 
By (2), (3) and (4), we see that 

*-^ n+\ n\ z -^ /■» n! 

n=0 n=0 JMj v 

00 o _ ~ | i /■ j-n 

- »lE(-i)'- , sii/ I (*+fl- H *w)a < 5 > 

71=0 ^=0 ^p 

n=0 fcO 

By (5), we obtain the following lemma. 

Lemma 1. For d £ N with d = (mod 2) and n G Z + , we /lave 

^^^^(-ir 1 ^^^). 

From (1), we easily obtain the following proposition. 
Proposition 2. (i) For neN with n = (mod 2), we /iawe 

n-l 



2 /I— 1) X sinai? = —tan -(cos an — 1) + sin; 



and 

n-l 



2 V~X — 1) £ * cosai? = (cos an — 1) + (sin an) (tan -). 



(ii) For n G N wii/i n = 1 (mod 2) , we ftawe 

n-l 

2 VV— l) £ sina£ = tan -(cos an + 1) + sin an 
and 

n-l 



2 \J(— l) £ cosa^ — (cos an — 1) + (sin an) (tan -). 

For n G N, let C p n = {£|£ p = 1} be the cyclic group of order p n . The p-adic locally 
istant space, T p , is d 

For q € T p , we have 



constant space, T p , is defined by T p = lim C p n = U C„ 

n^oo n>l 



2i£ 1 (-i) £ ~ye £t 

* / aV^a>-i(y) = l= \ dt = e* (6) 

7z„ o e - 1 
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where d€N with d = (mod 2). By (6), we easily see that 



'.X 



2*E(-1)*-Ve ft 

q d e dt -1 ge* + l ^ ' 9V ; n 



E G «^)^ (7) 



where G„ i(? (x) are the n-th g-Genocchi polynomials (see [1, 10, 11 14 ]). 
From (7), we note that 

2tE(-l)<-Ve* oo d -i 

where B nq d{ 1 -^) are twisted Bernoulli polynomials (see [14]). 
By (6), (7) and (8), we see that 

yG n , q {x)^ = t/ gV^+^^y) 

]T(-l) £ -y J ^y e ^ +x+d ^ t dfi{y) (9) 



n=0 

d-1 



2 



£=0 

d-l 



ra=0 fcO 



From (6), (7) and (8), we also have that 



- E^Et-^v^^ — -f — — >V 



n=0 £=0 

Therefore we obtain the following theorem. 
Theorem 3. For d E N with d = (mod 2), we have 



d»2(-l)'-V / ^(^+ 2 /)" +1 dM(y), 



where G n+ \ tq [x) are the n-th Genocchi polynomials. Moreover, we have 

Gn+M = r d J2(-iy-WB n+1 , q 4 l -±^) and G 0>g (x) = 0, 

where n E N. 

Let meN with m = 1 (mod 2). Then we have 
,. m—l „ 

/ qy(x + y) n dn- 1 (y)=J2(-l) a q a q m * '(x + a + my) n '^_i(y) 

Jx a=0 Jz p 

= —-{m n E (-ilYD- 1 )'" 1 ^ / i my {— f^- + y) n+1 dM(y)}. 



a=0 £=0 
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Therefore, we obtain the theorem. 



Theorem 4. For d € N with d = (mod 2) and m G N with m=\ (mod 2), we have 

I 

d 



d-1 , m-1 d-1 f , x+a 

£=0 a=0 1=0 



Moreover, we have 

ra—1 



G n+1 , q (x) = m n ^(-l)VG„+i, r (— ), 

a=0 

which is the distribution relation for q-Genocchi polynomials. 

Let x be the Dirichlet's character with even conductor d GN, and take f(x) — x(x)e tx q x . 
Then we have 

2tJ2e at (-l) a X (a)q a 

t / q x X (x)e tx d^ 1 (x) = a ~° d dt . (10) 

Jx Q e - 1 

Now, we define the generalized q-Genocchi numbers attached to x as follows : 
2tJ2e at (~l) a x(a)q a oo 



a=0 



q d e dt 



From (10) and (11), we note that 



^n+l,x,q 



G , x , q = and n+ f q = / q x X {x)x n d l X- 1 {x). 
n + t Jx 



In (10), it is easy to show that 



2tJ2e at (~irx(a)q a d -i 

- = 2£(-l)° X (a) / q x X (x)e xt d»(x), (12) 



q d e dt - 1 — i j x 



a=0 

where q G T p , d gN with d = (mod 2). It is well known that 

q x X(x)x n dn(x) = B ntXtq , (13) 

x 

where B n _ Xtq are called the n-th twisted generalized Bernoulli numbers attached to \ (see 
[20, 21]). From (11), (12) and (13), we obtain the following theorem. 

Theorem 5. For n G N and d GN with d = (mod 2), we have 

Go, x , g = and °^ - £(-l)«x(a)B„ iJM . 

We also derive the following corollary. 
Corollary 6. For n G Z + and m G N with m = 1 (mod 2), we have 

rn—l 
a=0 
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ON THE g-EXTENSION OF THE TWISTED GENERALIZED 
EULER NUMBERS AND POLYNOMIALS ATTACHED TO x 

Y. H. KIM, B. LEE, AND T. KIM 

Abstract In this paper, we study the generating function for the twisted generalized 
q-Eulcr numbers and polynomials attached to Dirichlet's character \ an d we derive some 
interesting identities related to these numbers and polynomials. 

2000 Mathematics Subject Classification : 11B68, 11M38, 11S80 

Key words and phrases : g-Eulcr numbers, q-Euler polynomials 

1. Introduction 

Let p be a fixed prime number. Throughout this paper, the symbols Z p ,Q p ,C and C p 
denote the ring of p-adic rational integers, the field of p-adic rational numbers, the complex 
number field and the completion of algebraic closure of Q p , respectively. Let N be the set 
of natural numbers and Z + = N U {0}. Let v p be the normalized exponential valuation of 
C p with \p\ p = p- v v(P> = 1/p. Let UD(Z p ) be the space of uniformly differentiable on Z p . 
For n e Z + , let C p n = {(\( p = 1} be the cyclic group of order p n and let T p be the space 
of locally constant space, i.e., 



T p = lim C p n = II C pI . . 



n>0 

When one talks of g-extension, q is variously considered as an indeterminate, a complex 
number q € C, or p-adic number geC p . If q G C, one normally assumes \q\ < 1. If q € C p , 
one normally assumes |1 — q\ p < 1. We use the notations as follows: 

- - 1 "** and - - 1 "*-*)' 



L J " 1-q' L ^ 1 + q 

Recently, g-Euler numbers and polynomials arc introduced in [1-37]. These g-Euler num- 
bers and polynomials contain the interesting properties related to study the von Staudt- 
Clausen's theorem in the p-adic number field (sec [15]). In this paper, we study the gen- 
crating function for the twisted g-Eulcr numbers and polynomials attached to Dirichlet's 
character \ and we derive some interesting identities related to these numbers and polyno- 
mials. 

2. ON THE TWISTED g-EULER NUMBERS AND POLYNOMIALS 

For / e UDCZ p ), let us consider the p-adic g-intcgral in the fcrmionic sense as follows: 

/_,(/) = lim jjy- J2 f(x)(-Q) X = f f(x)d»- q (x), (see [1-18]). 

Let /i(x) be a translation with f\{x) = f(x + 1)- Then we have 

/_,(/!) = -/_,(/) + [2],/(0). (1) 
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2 

For n e N, let f n (x) = f(x + n). Then we see that 

ra-1 

q n I- q (.fn) + (-l)"" 1 /-^/) = [2], ^(-^""'"V/W- (2) 

1=0 

For £ e T p , we note from (1) that 

/ e^ + ^Cdn- g (y) = - T —e xt = J2 E ^^)- r (see [10-35]), (3) 

where E n ^{x) are the n-th twisted Euler polynomials. 

Let us consider the generating function of the twisted g-Euler polynomials E n ^ q ^(x) as 
follows: 

F qX (x,t)= f e^+^q-yCdfi-M 

= y ( [2] g Y(A,_ 1)V *^_yi 

^(l-«)"^W l j? l + C^n! 
= [2], J2(- 1 ) m C m e [m+x]qt 

DC 



(4) 



v— ^ t n 

= Y, E ^dx)- r 

n=0 

From (4), we note that 

limF,, c (x,t) = lim[2], £ C (-l)^ m+x ^ = ir^—e xt . (5) 

q -*i q -*i ^ Ce* + 1 

By (4) and (5), we see that 

lim E n>q> {(x) = S„ iC (x). 

From (4), we note that 

[2], ^ ^ 1 ix 



E, 



-w = 7T^B-')' r 



(1 - «)" fcj v ' 1 + C«< 



For d a fixed positive integer with (p,d) = 1, d = 1 (mod 2), let 

X = X d = limZ/rfp w Z, Xi=Z p , 

N 

X* = (J (a + dpZ p ), 

0<a<d Pl 
(o,p) = l 

a + dp N Z p = {x(zX\x = a (mod cip^)}, 
where a € Z lies in < a < dp^. 
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Let x be the Dirichlct's character with conductor d with d = 1 (mod 2). Then we 
consider the generating function of the generalized g-Eulcr numbers attached to x a s follows: 

F q , x , ( (t) = I q-'xWe^Cdn-tix) 



x 



oo r,.-, d— 1 " / \ 1 +« 

E([2]«£>(*)(-i) fc c*[*]j)£ 



n=0 fe=0 



(6) 



— / r 

n=0 

From (6), we note that 



y^° 'y °|^ 



where E nx ^ are the n-th twisted Eulcr numbers attached to x- By (6) and (7), we see that 

Km ^ n ,x,C.9 = E n ,x,C- 
Comparing the coefficients on the both sides of (6), we have 

oo 

tfn,x,C,«=[2] g 5>(*)(-l)*C fc [*]? 

fc=0 



(8) 



Finally, we define the generating function of the generalized twisted g-Euler polynomials 
attached to x, E n>Xt ^ tq (x) as follows: 

/ X^^e^l^^^y)^^^^^)-. (9) 

Thus, we have 

oo n oo r,.-, a— i n / \ I i 

n=0 "• n=0 ^ ^ a=0 £=0 W + ^ Q 

OO OO ,^, 



rf-1 



1) n}' 

n=0 fc=0 

(10) 
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4 

By (10), we easily see that 



e ^m = ^£x(a)(-irc£ (^^(-^Y^u 



a=0 £=0 



,-„■< 



E(?)« fa ^.x.c,«N?- < (") 



= [2]^ x (fc)(-l) fe C fc [x + fc]^. 

fc=0 

Let d € N with d = 1 (mod 2). From (2), we note that 



x(x)q- x C d+x ^ d+x ^d^ q (x) + / X (x)q- x Ce [x] " t d f i- q (x) 
x Jx 

d-i (12) 

= [2] g ]T(-l)* X MCV^. 
Thus, we have 

n=0 ' n=0 f=0 

Therefore, we obtain the following theorem. 

Theorem 1. Let d G N wzi/i d = 1 (mod 2) and let x be the Dirichlet's character with 
conductor d. Then we have 

d-i 

C d E n , xX , q (d)+E n , x , Cq = [2} q J2(-^x(i)C e [i} q - 

e=o 
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Abstract. Recently the symmetry identities for the generalized twisted Euler polyno- 
mials attached to x hi complex number held are studied in [7] . These symmetry identities 
are interesting and valuable. In this paper, we investigate the symmetric properties for 
the p-adic invariant integral on Z p . From these symmetric properties, we derive the differ- 
ent proof for the symmetry identities of the generalized twisted Euler polynomials which 
was treated in [7]. 
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51. Introduction 



Let p be a fixed odd prime number. Throughout this paper, Z p ,Q p ,C, and C p 
will, respectively, denote the ring of p-adic rational integers, the field of p-adic rational 
numbers, the complex number field, and the completion of algebraic closure of Q p 
(see[l-13]). Let v p be the normalized exponential valuation of C p with \p\ p = p~ v p(p~> = 
p~ x . Let N be the set of natural numbers and let Z + =NU {0}. 

Assume that UD(Z) is the space of uniformly differentiable functions on Z p . For 
/ G UD(Z p ), let us start with the expression 

£ f(j)v(j+P N % P )= E /C?)(-i) J , 

0<j<P N 0<j<p N 

representing a p-adic analogue of Riemann type sums for / (see [2,4,6,8,11]). The 
integral of / on Z p will be defined as limit (n — > oo) of those sums for / (see [2,4,6,8,11]). 
The p-adic invariant integral on Z p of the function / G UD(7j p ) is defined as 



1(f) = I f(x)dx=hm E /(^C" 1 )*. C 1 ) 

x=0 



(see [2,4,6,8,11]). Let C p ™ = {C|C P — 1} be the cyclic group of order p n and let 
T p = lim^^oo C p n = U n >oC p ™. Then we note that T p is the locally constant space in 
the p-adic number field. 

Let d be a fixed positive odd integer with (p, d) = 1. We now set 

X = X d = %mZ/dp N , X 1 = Z p 



X* = (J a + dpZ 



N 

Pi 



0<a<dp 
{a,p)—l 

a + dp N Z p = {x E X\x = a (mod p N )}, 

where a G Z lies in < a < dp N . It is well known that f x f(x)dx = f z f(x)dx (see 

[1,2,4,6,8,11]). 

From (1), we note that 

J(/i) = -/(/) + 2/(0), (2) 
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where fi(x) = f(x + 1) (see [8,11, 15, 16, 17]). By iterative method, we have 



ra-1 



/(/») + (-i) n -^(/) = 2 ^(-lr- 1 -^/), (3) 

1=0 

where f n (x) = f(x + n). Recently several authors have studied the Euler numbers 
and polynomials (see [1-17]). In this paper, we study the properties of symmetry for 
the p-adic invariant integral on Z p . By using these symmetric properties for the p-adic 
invariant integral on Z p , we give a different proof of the symmetry identities for the 
generalized twisted Euler polynomials attached to x which was treated in [7]. 



2. AN IDENTITY OF SYMMETRY FOR THE 
GENERALIZED TWISTED EULER POLYNOMIALS 



Let x be the Dirichlet character with conductor d(— odd ) G N. From (3), we note 
that 



2Et;(-i) a ex (q)e a \ xt 

v £ d e dt + 1 



ex(y)e {x+v)t dy = ~^ a=u ;, ;; ,v v ^ e 3 *, (4) 



for £ E T p . Then we define the generalized twisted Euler polynomials attached to x as 
follows: 

i d e dt + 1 ^ ' 4 ' xV ' n\ K ' 

n=0 

In the special case x — 0, E n> ^ x = E n ^ }X (0) are called the generalized twisted Euler 
numbers attached to x- 

By (5), we see that 

2Eti(-i) a ex(q)e Qt cXt 

l zd c dt 



£d e dt + I 

2 (i-t-r^EtiRry-Ma)^ 

1 + C~ d e dt -\-£- d ) 



-e 



xt 



r\ °° in 

~ Ew-rvw (6) 



n=0 
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From (5) and (6), we have 

2 

where H UtX (— £ _1 , x) are called the n-th generalized Frobenius-Euler polynomials at- 
tached to x- 

For n G N with n = l(mod2), let 

n 

Tk,s, x (n) = £(-l)'x(0' fc - (7) 

1=0 

By (3) and (4), we obtain 

id-1 



f X {x)e {nd+x)t & d+x) dx+ I X (x)e xt C xt dx = 2 ]T X (l)(-l) l £ l e 
Jx Jx l=0 



(8) 



Thus, we easily see that 



x ( x } e (nd+x)t£{nd+x) dx + / x ( x } e xt£Xt dx 

: Jx 

2 j x e xt ^ x x(x)dx 

C pndxtCndx fjrr. 

OO fc 

= 2^T fc ^M-l)-. (9) 

fc=0 

The generalized twisted Euler polynomial of order k are also considered as follows: 

where fcsN. By (4) and (5), we see that 

/ x{.x)^x n dx = E n ^ x , and / X (y)^ v (x + y) n dy = E n ^ x (x). (11) 
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From (11), we note that 



rr.n-1 



1=0 ^ ' 

= d n j2(- i rz a x(a)E nX 4 at "' 



a=0 



where E n ^(x) are called the n-th twisted Euler polynomials. Therefore, we obtain the 
following lemma. 

Lemma 1. For £ G T p , deN u>i£/i <i = l(mod2), we have 



d-i 



E n ^ x (x) = d n J2(- 1 ) a x(a)C a E nX 4 



a + X-. 



d 

a=0 



From (8) and (9), we obtain the following proposition. 
Proposition 2. For tieN with n = l(mod2), we have 

l -{C d E k ^ x {nd) + E k £ >x ) = T k £ iX (nd - 1) 



Let wijWzd G N with w\ = l(mo<i2), 102 = l(mo<i2), and d = l(mod2). Then we 
have 

Ix Ix x(xi)x(x 2 )^ WlXl+W2X2 e ( - WlXl+WlX ^ t dx 1 dx 2 

r tdwiWzX pd/U]\WlXt Are 
r\t dw\W2,tpdw\W2, _|_ 1 \ /o— 1 

= f__ 5 Tj^ V^ y('a")(-l") £ Wia e Wia * 



v a=0 

/'/-I 
X 

.6=0 



J2x(b)(-l) b C 2b e W2bt • (12) 
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By (9), we have 

2j x x(x)t x e xt dx) ~ t k 

r , dwiXedwiX t dx = 2^ 2T k,i,x(dwi - 1)^. (13) 

Jx s ■ £=0 

Let us define the p-adic functional J x ^(w\,W2\x) as follows: 

J Y £(tUi,w;2k) = — — ? — ^ j n • (14) 

From (12), we can derive 

J Xj t(wi,W2\x) 



2( e dw 1 w 2 t£dw 1 w 2 I \) e w l 



W 2 xt 



d-1 



___r 5 I __r (\^ y(a)(-l) a £ Wia e Wiat ) 

fdw 1 d e w 1 dt_^l\ftW2d e w 2 dtj r iyZ_^ A ^^ I s > 

d-1 

(J2x(b)(-l) b C 2b e W2bt ). (15) 



d-l 

X 

6=0 

Thus, J Xj ^(wi,W2\x) is symmetric in w± and -u^- By (13) and (14), we obtain the 
following: 

J x ^(w 1 ,w 2 \x) 



-( f rtx^^'^'Xdx,) ( 2 fxX(x2)^e^dx 2 

2Vx V f x ^v )1 w 3 x e dw 1 w a xt dx 



'X 



J2 E m ^i, x {w2x)w^— \y^T k ^2, x (d Wl - 1)^- 

vm=0 '/ \fe=0 



oo / n 



2. I 2. *W-,*M m!(n _ m)! ™ ! ) ^ 



n=0 \m=0 

oo / n 



~- E ( E ( j^i.xh^K^^n-m^.X^l - !) ) ^- ( 16 ) 

n=0 \m=0 ^ ' / 

From the symmetric of J x ^(wi, W2\x) in w\ and w 2 , we note that 

J x ^{wi,w 2 \x) 

= E E (^)^m,€-",x(«'l^)«" m r»-m,€-i,x(d«' 2 " 1) "j. (17) 

n=0 \m=0 ^ ' / 

By comparing the coefficients on the both sides of (16) and (17), we obtain the following 
theorem. 
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Theorem 3. Let wi, W2, d G N with w\ = 1,102 = 1, owd rf = l(mod2). TTien we have 

^ ( ]-E m ,^i,x(«'2^)«'r« ; 2~ mT "-m,^2, x ((iWl - 1) 

~-o ^ m ' 

m— n \ / 



m=0 



m=0 



We also derive some identities for the generalized twisted Euler numbers. Taking 
x = in Theorem 3, we have the following corollary. 

Corollary 4. For £ G T p , i«i,W2 G N with w\ = 1, w 2 = l(mo<i2), we have 
E [ r ^E rn ^ 1 , x wX l w^- rn T n - m ^^ x {dw l - 1) 

m=0 ^ ' 

J^ ( n \E m ^ 2iX w^w 7 l~ rn T n _ m ^^ x (dw2 - 1). 

„ \ lib I 



m=0 



Now we consider another identities for the generalized twisted Euler polynomials 
using the symmetric property of J x ^(wi,W2\x) in w\ and w 2 - By (8), (9) and (14), we 
see that 

J X) t-{wi,w 2 \x) 

- w lW2 xt r \ (i l Y x(x2)t W2X2 e W2X2t dx 2 

I -,,/„ \ twiXi „wixit j„, \ i JX ^v z/s z 



(W\W 2 Xt r \ /' 

— 2— y xi^or 1 ^ 1 " 111 '^! : 



/tdvj\'W'2.Xpdw\W2xtAj. 



dwi — 1 



J2 (-1) 1 X(1)C 21 I x{xi)t, WlXl e Wl{xi+W2X+ ^ l)t dx 1 
i=o ^ x 

oo /dwi — 1 \ n 

= E E (-l) , x(0r a '^-i,x(«'2a; + -0^ -• (18) 

fro V fr wi y n! 

From the symmetric property of J x ^(wi,W2\x) in wi and it>2, we can derive the follow- 
ing equation. 

oo /d w 2 — l \ ,fc 

j x ,€(«'i^k) = E E x(0(-i)'rV, x (^+^M if- (iQ) 

fc=0 V z=o 2 / 
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By comparing the coefficients on the both sides of (18) and (19), we obtain the following 
theorem. 

Theorem 5. For £ G T p , let w±,W2 and d be the odd positive integers. Then we have 

dwi — 1 

"J E x(0(-i)'r a '£fc,€-i,x(«**+— o 

i=o Wl 

dw2 — l 

= w k 2 E x(0(-i)'r ii ^fc-i,^,x(«'i^ + — o, 

7=t W2 



for fc G Z_|_. 

If we take x = in Theorem 5, we also derive the interesting identity for the 
generalized twisted Euler numbers as follows: for d,Wi,wz G N with d = l,iw = 
1, iU2 = l(mod2), 

dwi — 1 

dw2~ 1 

= «4 E x(0(-i)'r i '^*-u- a>x («'ix+— /). 
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Algorithm for a New System of Variational Inclusions with 
5-monotone Operators in Banach Spaces* 

Jiu-ping Xu 1 , Xue-ping Luo 2 and Nan-jing Huang 2 t 

1. College of Business and Management, Sichuan University, Chengdu, Sichuan 610064, P.R. China 
2. Department of Mathematics, Sichuan University, Chengdu, Sichuan 610064, P.R. China 

Abstract. In this paper, we introduce and study a new system of variational inclusions 
involving B-monotone operators in Banach spaces. By using the proximal mapping 
technique associated with i3-monotone operator, we construct a new iterative algorithm 
for solving the system of variational inclusions in Banach spaces. Under some suitable 
conditions, we prove the convergence of iterative sequences generated by the algorithm. 

Key Words and Phrases: B-monotone operator; proximal mapping; a system of 
variational inclusions; iterative algorithm; convergence. 

1 Introduction 

It is well known that the variational inequality theory plays an important role in many fields, such 
as mechanics, physics, optimization and control, nonlinear programming, economics and transportation 
equilibrium, and engineering sciences, etc. Because of its wide applications, variational inequality 
problems have been generalized in various directions for the past years. Variational inclusions, as the 
generalization of variational inequalities, have been widely studied in recent years. One of the most 
interesting and important problems in the theory of variational inclusions is the development of an 
efficient and implcmcntablc iterative algorithm. Various kinds of iterative algorithms have been studied 
to find solutions for variational inclusions. Among these methods, the resolvent operator techniques 
for solving variational inclusions have been widely used by many authors. For details, we refer to 
[1, 3-11, 15, 17-21, 23, 25-34, 36-38] and the references therein. 

Recently, Xia and Huang [34] introduced a new notion of general i7-monotonc operator and used 
it to study a class of variational inclusions involving the general if-monotone operator in Banach 
spaces. Ding and Feng [3], Feng and Ding [11] further studied the general H- monotone operator with 
applications to some variational inclusions. By employing the proximal mapping, they introduced 
some new classes of variational inclusions with general -ff-monotone and A-monotone operators and 
constructed some iterative algorithms for solving such classes of variational inclusions in Banach spaces. 
On the other hand, Sun, Zhang and Xiao [24] introduced a new class of M-monotone operators in 
Hilbcrt spaces. By using the resolvent operator for M-monotone operator, a proximal point algorithm 
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and Exploitation (Southwest Petroleum University). 
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is constructed to solve variational inequalities in Hilbcrt spaces. Zou and Huang [37, 38] introduced and 
studied a new class of H(-, -)-accretive operators in Banach spaces. They showed some properties of the 
resolvent operator associated with H{-, -)-accretive operator and obtained some applications for solving 
variational inclusions in Banach spaces. Very recently, Luo and Huang [21] introduced and studied a 
new i?-monotone operator. As an application, they studied the existence of solutions for a new class of 
variational inclusions in Banach spaces and the convergence of the sequence generated by the algorithm. 
They also gave some examples to illustrate their results. 

Motivated and inspired by the research works mentioned above, in this paper, we introduce and 
discuss a new system of variational inclusions involving B-monotone operators in Banach spaces. By 
using the proximal mapping technique associated with i?-monotone operator due to Luo and Huang 
[21], we construct a new iterative algorithm for solving the system of variational inclusions in Banach 
spaces. Under some suitable conditions, we prove the convergence of iterative sequences generated by 
the algorithm. The results presented in this paper improve and extend some known results in Feng and 
Ding [11] and Xia and Huang [34]. 

2 Preliminaries 

Let X be a real Banach space with the topological dual space X* and {u, v) be the pair between 
u E X* and v E X. Let 2 X and CB(X) denote the family of all subsets of X and the family of all 
the nonempty closed and bounded subsets of X, respectively. Let D(-, •) be the Hausdorff metric on 
CB{X) defined by 

D(A,B) =max{sup inf ||a;-y||, sup inf ||x-y||}, VA,B E CB{X). 

Definition 2.1. ([34]) Let A : X — > X* be a single-valued mapping. A is said to be 
(i) monotone if 



(A(x)-A(y),x-y)>0, V^yel; 



(ii) strictly monotone if 



(A(x)-A(y),x-y)>0, Vx,y E X, 
and equality holds if and only if x = y; 

(iii) 7- strongly monotone if there exists a constant 7 > 0, such that 

(A(x) - A{y),x- y) > y\\x - y\\ 2 , Vx, y E X; 

(iv) m-relaxed monotone if there exists a constant m > 0, such that 

(A(x) - A(y),x -y}> -m\\x - y\\ 2 , Vx, y E X; 

(v) (5-Lipschitz continuous if there exists a constant <5 > 0, such that 

p(»)-^(y)||<<y||x-i/||, Vx,yEX. 

Definition 2.2. Let T : X -> 2 X " , M : X x X -> 2 X * be multi- valued mappings, and f,g : X —> X 
be single- valued mappings. 
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(i) T is monotone if 

(u — v, x — y) > 0, Vx, y E X,u E Tx, v E Ty; 

(ii) T is strictly monotone if 

(u — v, x — y) > 0, Vx, y E X, u E Tx, w <G Ty, 

and equality holds if and only if x = y; 

(iii) T is r- strongly monotone if there exists a constant r > 0, such that 

(m — v,x — y) > r\\x — y\\ , Vx, y E X, u E Tx, v E Ty; 

(iv) T is s-relaxed monotone if there exists a constant s > 0, such that 

(u — v,x — y) > — s\\x — y\\ , Vx, y E X,u E Tx, v E Ty; 

(v) M(f, •) is said to be a-strongly monotone with respect to / if there exists a constant a > 0, such 
that 

(u -v,x-y)> a\\x - y\\ 2 , Vx, y,w E X,u E M(f(x),w),v E M(f(y),w); 

(vi) M(-,g) is said to be /3-rclaxcd monotone with respect to g if there exists a constant /? > 0, such 
that 

(u-v,x-y) > -f3\\x - y\\ 2 , Vx,y,w E X,uE M(w,g(x)),v E M(w,g(y)); 

(vii) M(-,-) is said to be a/3-symmetric monotone with respect to / and g if M(f, ■) is a-strongly 
monotone with respect to / and M(-,g) is /3-relaxed monotone with respect to g with a > /? and 
a = (3 if and only if x = y. 

Lemma 2.1. ([22]) Let X be a complete metric space and T : X — ► CB(X) be a multi- valued mapping. 
Then for any e > and for any given x,y E X , u E T(x), there exists v E T(y) such that 

d(u,v)<(l + s)D(T(x),T(y)), 

where D(-, ■) is the Hausdorff metric on CB(X). 

Definition 2.3. Let X be a Banach space. A multi-valued mapping A : X — > CB(X) is said to be 
D-Lipschitz continuous if there exists a constant i > such that 

D(A(x),A(y))<t\\x-y\\, Vx, y e X, 

where £>(•, •) is the Hausdorff metric on CB(X). 

Definition 2.4. ([21]) Let X be a Banach space with the dual space X* . Let f,g:X^X,B:X^ X* 
be single-valued mappings, and M : XxX — > 2 X be a multi- valued mapping. The mapping M is said to 
be B-monotone if M is a/3-symmetric monotone with respect to / and g, and (B + XM(f, g))(X) = X* 
for every A > 0. 

Lemma 2.2. ([21]) Let X be a Banach space with the dual space X* . Let f,g:X—>Xbe single- valued 
mappings, B : X — > X* be a strictly monotone mapping and M : X x X — > 2 X be a _B-monotone 
mapping. Then (£? + \M(f,g))~ 1 is a single-valued mapping. 
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Based on Lemma 2.2, we can define the following proximal mapping R^r. .\ \- 

Definition 2.5. ([21]) Let X be a reflexive Banach space with the dual space X*. Let f,g : X — > X 
be single-valued mappings, B : X — > X* be a strictly monotone mapping and M : X x X — ► 2 X be a 
7?-monotone mapping. A proximal mapping i?^-/. .-, \ : X* — ► X is defined by 

fl&(.,),A0O - {B + \M{f,g))-\x*), Vx* G X*. 

Lemma 2.3. ([21]) Let X be a reflexive Banach space with the dual space X* . Let f,g : X — ► X be 
single-valued mappings, B : X — > X* be a strictly monotone mapping and M : X x X — > 2 X be a 

t M(-,-),A 



B-monotone mapping. Then the proximal mapping 77j^/ .-, A : X* — > X is Lipschtiz continuous with 
constant A(a 1 _ /3) , i.e., 

Pm(.,),a(**) - <(.,),A(y*)H ^ x&hp) l]x * ~ y * 1 yx%y * e x *- 

Remark 2.1. Some interesting examples concerned with the 7?-monotone operator and the proximal 

L M(-,-),A 



mapping Rf^,. .-, A can be found in [21]. 



3 A new system of variational inclusions 

In this sections, we shall introduce a new system of variational inclusions involving B-monotone 
operators in Banach spaces. Let X\,X 2 be reflexive Banach spaces, and X*,X| be the dual space of 
Xi,X 2 , respectively Let F : Xi x X 2 -► Xf, G : X x x X 2 -► X%, B x : X 1 -> Xf , B 2 : X 2 -► X|, /i,#i : 
X x -► Xi, .f 2 ,32 : X 2 -► X 2 be single-valued mappings. Let S : X x ^ CB(X{), T : X 2 -► C5(X 2 ) be 
multi-valued mappings. Let Mi : X\ x Xi — > 2 A_1 be a Si-monotone mapping and M 2 : X 2 x X 2 — ► 2 Aa 
be a 7? 2 -monotone mapping. We consider the following system of variational inclusions: 

Find (x,y) G Xi x X 2 , u G S(x), w G T(y) such that 

f 6F(« 1 t))+Jfi(/i(j ! ) ) s 1 (i)), 
\ OeG(u,t;) + M 2 (/ 2 (|,),0j(y)). 

Some special cases of problem (3.1) are as follows: 

(i) If <7i and g 2 are identity mappings, then the problem (3.1) reduces to the following problem 
considered by Feng and Ding in [11]: find (a;, y) G X\ x X 2 , u G S(x), v G T(y) such that 

f OGF(«,v) + Mi(/i(a:),x), 
\ 0GG(«,v) + M 2 (/ 2 (y),i/). 

(ii) If 5 and T are identity mappings, for each (x,y) E X\ x X 2 , M\(fi(x),gi(x)) = M\(x) and 
M 2 (f 2 (y), g 2 (y)) — M 2 (y), then the problem (3.1) reduces to the following problem: find (x,y) G 
Xi x X 2 such that 

f oe^j/J + M^), 

\ 0GG(a;,j/) + M 2 (y). 

(iii) If Xi = X 2 , a; = y, 5 = T = 7 is an identity mapping, /i = / 2 , gi = g 2 , F(-, •) = G(-, •) = F(-), 
for each (x,y) G Xi x X 2 , Mi(/ 1 (a;),S'i(a;)) = M 2 (f 2 (y),g 2 (y)) = M 1 (/ 1 (.t)), then the problem 
(3.1) reduces to the following problem considered by Xia and Huang in [34]: find x G X such that 

0eTX.x) + A7 1 (/ 1 (a;)). 
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Lemma 3.1. Let Xi,X 2 be reflexive Banach spaces, and X*, X 2 be the dual space of Xi,X 2 , respec- 
tively. Let F : Xi x X 2 — ► X* , G : Xi x X 2 — » X 2 , /i , g\ : X\ — ► Xi , / 2 , 52 : X 2 — » X 2 be single- valued 
mappings, 5 : X\ — ► CB(X\), T : X 2 — ► CB(X 2 ) be multi- valued mappings. Let B\ : X\ — > X^ and 
B2 : X2 — * X| be strictly monotone mappings. Let Mi : Xi x X\ — ► 2 Xl be a Si-monotone mapping 
and M 2 : X 2 x X 2 — > 2 X 2 be a i? 2 -monotone mapping. Then (x, j/) G Xi x X 2 , u E 5(x), w E T(y) is a 
solution of problem (3.1) if and only if 



x = R^.^^B^x) - \F(u,v)], 



I v = R M 2i .,)J B ^y) - pG(u,v)], 

where 

ueS(x), v€T(y), Rf} lMtX = {B 1 + \M 1 {f 1 ,g 1 ))- 1 , R% ( .. )p = {B 2 + pM 2 {f 2 ,g 2 ))- 1 
and A > 0, p > are constants. 

Proof. The conclusion can be drawn directly from the definition of the proximal mapping. This 
completes the proof. 

Based on Lemmas 3.1 and 2.1, we can construct an iterative algorithm for solving problem (3.1) 
as follows: 

Algorithm 3.1. For any given (xo,yo) E X\ x X2, uq E S(xo), vq E T(yo), we can define iterative 
sequences {x n }, {y n }, {u n }, {v n } by 

x n+ i = Rm ± (. . )x [Bi(x n ) - XF(u n ,v n )] (3.3) 

and 

Vn+i = R^ 2{ .. )p [B 2 (y n ) - pG(u n ,v n )} 7 (3.4) 

where 

U n E S(x n ), ||W„+1 - U n \\ < (H —)D(S(x n +l),S(x n )), 

n + 1 

v n E T(y n ), \\v n +i - v n \\ < (H —)D(T(y n+1 ),T(y n )), 

n + 1 

for all n = 0, 1, 2, • • • , and A > 0, p > are constants. 

4 Convergence analysis 

Definition 4.1. ([11]) Let S : X 1 -> OB(Xi), T : X 2 -*■ CB(X 2 ) be multi-valued mappings. A 
single- valued mapping i* 1 : Xi x X 2 — > XJ is said to be 

(i) £i-Lipschitz continuous in the first argument with respect to S, if there exists £1 > such that 

||F(ui,-) - F(u 2 ,-)ll < £i||«i - W2II, Vxi,x 2 E Xi,ui E S(xi),u 2 E S(x 2 ); 

(ii) ^2-Lipschitz continuous in the second argument with respect to T, if there exists £2 > such that 

||.F(-,t>i) - F(-,v 2 )\\ < &\\vi - v 2 \\, Vj/1,2/2 e X 2 ,«i e T(y 1 ),v 2 E T(y 2 ). 
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Definition 4.2. ([11]) Let S : X x ->• CB(X 1 ) and T : X 2 ^ CB(X 2 ) be multi-valued mappings. A 
single- valued mapping G : X\ x X 2 — > -X"^ is said to be 

(i) /ii-Lipschitz continuous in the first argument with respect to S, if there exists ji\ > such that 

\\G(ui, •) - G(u 2 , Oil < A«i||mi - u 2||, Va;i,a;2 e ^i,«i e 5(xi),w 2 e 5(x 2 ); 

(ii) /j 2 -Lipschitz continuous in the second argument with respect to T, if there exists /i 2 > such that 

||G(-,vi) - G(-,w 2 )|| < A*2||vi - v 2 \\, Vyi,y 2 e X 2 ,Vi € T(y 1 ),v 2 e T(y 2 ). 

Now we give some sufficient conditions which guarantee the convergence of the iterative sequences 
generated by Algorithm 3.1. 

Theorem 4.1. Let X\, X 2 , fi,gi, f 2 ,g 2 ,Bi, B 2 be the asme as in Lemma 3.1. Let B\ be <5i-Lipschitz 
continuous and B 2 be 5 2 -Lipschitz continuous. Let M\ : X\ x X\ — ► 2 Xl be a i?i-monotone mapping 
and M 2 : X 2 x X 2 -» 2 X * be a B 2 -monotonc mapping. Let S : X 1 -> GB(Xi), T : X 2 -> CB(X 2 ) 
be Z)-Lipschitz continuous with constants As > 0, Ay > 0, respectively. Let F : Xi x X 2 — > X* be 
A^-Lipschitz continuous in the first argument with respect to S 1 and AF 2 -Lipschitz continuous in the 
second argument with respect to T, and G : X\ x A 2 — ► A| be Acj-Lipschitz continuous in the first 
argument with respect to S and AG 2 -Lipschitz continuous in the second argument with respect to T. If 

J ° < W^M (Si + AA Fl A s ) + ^A Gl A s < 1, 
I ° < ^&) ( J 2 + ^ a g 2 At) + ^A F2 A T < 1, 

then the iterative sequences {a;„}, {y n }, {u n } and {v n } generated by Algorithm 3.1 converges strongly 
to x,y,u,v, respectively and (x,y,u,v) is a solution of problem (3.1). 

Proof. By (3.3) and Lemma 2.3, we have 

\\x n +i ~x n \\ = ||i?^ i( . ; . )A [Bi(a;„) - XF(u n ,v n )} - i?^ i( . . } A [Bi(a;„_i) - AF(u„_ 1; u„_i)]|| 

< ||-Bi(a; n ) - \F(u ni v n ) - B^Xn-i) + XF (u n -i,v n -i) || 

A(ai-ft) 

< (||B 1 (x„)-Bi(a; n _i)|| + A||FK,v„)-FK_i,u„_i)||). (4.2) 

A(ai-ft) 

By the Lipschtiz continuity of B\, F, S and T, we have 

||Bi(x„) - Bi(a;„_i)|| < <Ji||a; n - x n -i\\ (4-3) 

and 

\\F(u n ,v n ) - F (w n _i, v n _i) || 

< ||F(u„,i;„) - F(u n _i,v n )|| + ||F(w n _i,v n ) - F(w„_i, u„_i)|| 

< X Fl \\u n - u n -i\\ + X F2 \\v n - V„-l\\ 

< X Fl (l + -)D(S(x n ),S(x n -i)) + Af 2 (1 + -)D(T(y n ),T(y n ^)) 

n n 

< (l + -)A jFl A 5 ||x„-x„_ 1 || + (l + -)A F2 A T ||y n -y„_ 1 ||. (4.4) 
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It follows from (4.2), (4.3) and (4.4) that 



||x„ + i — a;„|| < [6 1 + AA Fl A s (l + -)]||x n - x n _i|| 

A(ai-/3i) n 

+ AF a Ar(l+-)||l/n-y n -i||- (4-5) 

In a similar way, by (3.4) and Lemma 2.3, we have 

||2/n+i - 2/n|| 
^ W R M 2 (;-),p[ B 2(yn) ~ pG(u n ,V n )}- RM 2 (.,.),pi B 2(Vn-l) ~ pG(u n -l, V n -l)] || 

< \\B2(y n ) - pG(u n ,v n ) - B 2 (y n -i) + pG(u n -i,v n -i) || 

p(a 2 -/3 2 ) 

< - {\\B 2 {y n )-B 2 {y n _ 1 )\\+p\\G{u n ,v n )-G{u n - U v n . 1 )\\). (4.6) 

p(ct 2 -0 2 ) 

By the Lipschtiz continuity of B 2 , G, S and T, we have 

\\B 2 (y n ) - B 2 (» n _i)|| < S 2 \\y n - y„_i|| (4.7) 

and 

||G(u n ,v n ) - G(u„-i,v n -i) || 

< ||G(u n ,v„) - G(u„-i,v„)\\ + \\G(u n -i,v n ) - G(u n -l,V n -l)\\ 

< A Gl ||w„ - u„_i|| + A G2 ||u„ - u n _i|| 

< A Gl (l + -)D(S(x n ),S(x n -i)) + A G2 (1 + -)D(T(y n ),T(y n ^)) 

n ' n 

< (l + -)A Gl A 5 ||x„-x„_ 1 || + (l + -)A G2 A T ||y„-y„_ 1 ||. (4.8) 

n n 



It follows from (4.6), (4.7) and (4.8) that 



||s/w+i — S/nll < A Gl Ag(l + -)||ar„ -a; n _i|| 

a2 —0 2 n 

+ - [fc + pA G2 A T (l + -)]\\y n - y n ^\\. (4.9) 

p(a 2 -02) n 



Now, (4.5) and (4.9) imply that 



where 



\\x„+i - x n \\ + \\y n +i -y n \\ 

< { - [Si + AA Fl A 5 (l + -)] + — !— A Gl A s (l + -)}\\x n - Xn -i\\ 

A(ai-/3i) n a 2 -(i 2 n 

+{ [5 2 + /5A G2 A T (1 + -)] + A F2 A T (1 + -)}\\y n - y n -i\\ 

p(a 2 -[3 2 ) n ai-/3i n 

< ^n(||arn-x n _i|| + ||y n -y n _i||), (4.10) 



9 n = max{ [Si + AA Fl A s (l + -)] + A Gl A s (l + -), 

A(ai-/3i) n a 2 -/3 2 n 

-[6 2 + pA G2 A T (l + -)] + A F2 A T (1 + -)}. 



p(a 2 -0 2 ) n ai-ft 
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Letting n — > oo, we obtain # n — ► 0, where 

6> = max <^ (S 1 + XX Fl X s ) H A Gl A 5 

-(<5 2 + p\ G2 X T ) -\ X F2 X T 



p(a 2 -fh) on-0i 

By (4.1), we know that < 9 < 1 and so {x„} and {y n } are both Cauchy sequences. Thus there exist 
x G X\ and y G A 2 such that x n — > x and y„ — > y as n — > 00. Now we claim that w„ — > u G S(x). In 
fact, it follows from the Lipschtiz continuity of S and Algorithm 3.1 that 

\\u n+ i -u n \\ < (1 + -)£>(5'(.T„ + i),5 , (a;„)) < (1+ -)As||a; n +i - ar n ||. 
n n 

Since {x n } is a Cauchy sequence, {u„} is also a Cauchy sequence. In a similar way, one can show that 
{v n } is a Cauchy sequence. Thus, there exist u G Xi and v G X 2 such that u n — > u and n„ -» u as 
n — > 00. Further, 

d(u, 5(x)) < ||u- u n || +d(u„,5(x)) 

< || U - U „||+ J D(5(x„),5(x)) 

< ||u — u n \\ + A5||x n — x|| — > 0, asn-> 00. 

Since S'(x) G CB(X), it follows that w G S'(x). Similarly, we can show u G T(y). By the continuity of 
Bi,B 2 , F, G, S, T, R^ , s A , i? M 2 , s and Algorithm 3.1, we have 

I y = J Rf/ 2( ,. ) , p [s 2 (y)-pG( u ,«)]. 

By Lemma 3.1, {x,y,u, v) is a solution of problem (3.1). This completes the proof. 



Remark 4.1. Theorem 4-1 improves and extends some corresponding results due to Feng and Ding 
[11] and Xia and Huang [34] ■ 
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A STUDY OF UNIQUELY REMOTAL SETS 

R. KHALIL 1 AND M. SABABHEH 2 

Abstract. A well known open problem in approximation theory is whether 
a uniquely remotal set in a normed space is necessarily a singleton. In this 
article, we introduce the concept of isolated remotal points, and prove that a 
non singleton closed bounded set with an isolated remotal point, in any normed 
space, cannot be uniquely remotal. In fact, we prove, in this article, that 
unique remotality with respect to only one point guarantees the singletoness 
of the underlying set. Stronger results in Hilbert spaces will be presented 
generalizing previous well known results. 



1. Introduction 

Let X be a normed space and let E be a closed bounded subset of X. For 
x G X, we define the farthest distance from x to E by sup{||x — e|| : e G E}, and 
denote it by D(x,E). If this distance is attained, that is, if an element e6fi 
exists with D(x, E) = \\x — e\\, then E is said to be remotal with respect to x, and 
e is called a remotal (or farthest) point of E. If E is remotal with respect to every 
x G X, then E is called remotal. We denote the set {e6E: \\x — e\\ = D(x, E)} 
by F(x, E), and define the set of farthest points of E by F(E) = U xe xF(x, E). 
If, for some x G X, F(x, E) is a singleton, then E is called uniquely remotal with 
respect to that x. If E is uniquely remotal with respect to each x G X, then E 
will be called uniquely remotal. 

For x, y G X we denote the set {(1 — t)x + ty : < t < 1} by [x, y] or [y, x\. The 
sets (x, y) and [x, y) are understood accordingly 

A longstanding conjecture in the study of remotal sets is the following: 
Conjecture 1: If a closed bounded subset E of the normed space X is uniquely 
remotal, then E is a singleton. 

Some partial answers to the above conjecture were given in some studies, we refer 
the reader to pQ, [2] and [3] for some results. 

In this article, we give an affirmative answer to the above conjecture in some 
classes of uniquely remotal sets. Most importantly, we prove that unique remotal- 
ity of the set E can be replaced by its unique remotality with respect to only one 
point. Then, it happens that Hilbert spaces are very willing spaces to obey our 
new conditions, hence stronger results are proved in Hilbert spaces. To achieve 
our goal, we shall introduce two new concepts; "first elements" and "isolated re- 
motal" points. These two concepts seem to be strongly related to the study of 
remotal sets, in general. 
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2. Main Results 

In this section we prove our main results. Some Lemmas and Definitions are 
given first. 

Definition 2.1. Let E be a non-singleton closed bounded subset of the normed 
space X, and let e G F(E). We say that e has a first element x e , or that x e is a 
first element of e, if e G F(x e , E) and if e G" -F(z, -E 1 ) for any z G (e, x e ). If E is a 
singleton, say E = {e}, then by convention e is a first element of e. 

In our first result, we prove that every element e G F(E) does have a first 
element. 

Theorem 2.2. Let E be a closed bounded subset of the normed space X and let 
e G F(E) be arbitrary. Then e has a first element. 

Proof. Let x G X be such that e G F(x,E); where such an x exists because e G 
F(E). If i? is a singleton, then by convention e is a first element of e. So, assume 
that E is not a singleton. Define t* = sup{£ G [0, 1] : e G F((l - t)x + te,E)}, 
and let x e — (1 — f )x + t*e. We assert that x e is a first element of e. For, 
let (t n ) C [0,1] be such that e G F((l — t n )x + t n e,E) and t n — > £*. Then, 
||(1 — t n )x + t„e — e|| = -D((l — t n )x + t n e, -E). If we take the limit of both sides 
as n — > oo we get 

|| (1 - i*)x + t*e - e|| = D((l - t*)x + t*e, E) 

because D(x, E) is a continuous function of x. This shows that e G -F((l — £*)# + 
t*e, E). It remains to show that if z G (e, x e ) then e G" F(z, E). So, let 2; G (e, x e ), 
then 

2; = (1 — t)x e + te; for some t G (0, 1) 

= (l-t)[(l-t*)x + t*e]+te 

= (l-t)(l-t*)x + (t + t*(l-t))e 

= (1- (t + t* - tt*)) x + (t + 1* -tt*)e 

= (1 — X)x + Ae; 

where A = t + 1* - tt*. Since < t < 1 and < t* < 1 we infer that < A < 1 
and A > £*. Hence, if e G F(z,E) we would have t* > A because t* is the 
supremum of such values like A. But this contradicts the fact that A > t*. That 
is, e &F(z,E). D 

The following two propositions follow immediately from the definition, hence, 
we left the proofs to the reader. 

Proposition 2.3. Let e be a remotal point of the closed bounded subset E in the 
normed space X . Then e is a first element of e if and only if E is a singleton. 

Proposition 2.4. Let E be a closed bounded subset of the normed space X and 
let F' be a nonempty subset of F(E). Then, an element x* G X is a first element 
of every e G F' if and only F' C S(x*,D(x*,E)); the sphere centered at x* with 
radius D(x*, E). 
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It happens that the concept of Chebyshev center is somehow related to the new 
concept of first elements. Recall that a center c of a non-empty bounded subset 
E of the normed space X is an element of X such that D(c, E) = inf^x D(x, E). 
If such an element exists, the number D(c,E) is called the Chebyshev radius of 
E. 

Proposition 2.5. Let E be a closed bounded subset of the normed space X and 
let c be a center of E. If e G F(c,E) then c is a first element of e. 

Proof. Observe that by assumption e G F(c,E). Further, for any x G (c, e) we 
have, trivially, ||x — e|| < \\c — e\\. By the definition of the center, \\c — e\\ < 
D(x, E) for all x G (c, e). Since ||x — e|| < \\c — e|| < D(x, E) when x G (c, e), 
||x — e|| 7^ D(x, E). Consequently, if x G (c, e) we have e G" -F(x, -E). Hence, c is a 
first element of e. □ 

This last proposition is of great interest; in the sequel we shall prove many 
results concerning the first element. Accordingly, these results remain valid in 
case of sets having centers. In fact, this will open a wide door of questions trying 
to generalize the known results on the relation of centers and uniquely remotal 
sets to similar results on first elements and uniquely remotal sets. For example, 
it is known, see [I] , that if the farthest distance mapping restricted on [c, e] is 
continuous at c, then E is a singleton. Here E is a uniquely remotal set having 
a center c, and e G F(c,E). Now a related question is: If the aforementioned 
mapping is continuous at x e , does it follow that E is a singleton? 

Definition 2.6. Let E be a closed bounded subset, consisting of more than one 
element, of the normed space X and let e be a remotal point of E. We say that 
e is an isolated remotal point of E, if there exists an open ball B(e, e) such that 
B(e,e) PI F(z,E) = (f>, for all z G [e, x e ), and such that either E = E\B(e,e) 
is remotal with respect to x e or that D(x e ,E) < D(x e ,E). In case that E is a 
singleton, say E = {e}, then, by convention, e will be called an isolated remotal 
point of E. 

Lemma 2.7. For E as above, E is empty if and only if E is a singleton. 

Proof. If E is a singleton then clearly, E is empty. On the other hand, suppose 
that E := E\B(e,e) is empty, and suppose that E contains more than one ele- 
ment. If e is an isolated remotal point of E, then let e' G F(e, E). It follows that 
e' G E, which is a contradiction. Hence, E must be a singleton. □ 

In the following result, we prove the singletoness of unique remotal sets which 
have isolated remotal points; in any normed space. 

Theorem 2.8. Let E be closed bounded uniquely remotal subset of the normed 
space X . If E contains an isolated remotal point e, then E is a singleton. 

Proof. Suppose on the way of contrary that E contains more than one element. 
Let B(e,e) be an open ball about an isolated remotal point e of E, such that 
B(e, e) fl F(z, E) = 0, for all z G [e, x e ); where x e is a first element of e. Observe 
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that x e exists by virtue of Lemma 2.2 Put E = E\B(e, e), then clearly E is not 



empty because E contains more than one element, according to Lemma 2.7 



Since E is not a singleton, we have x e ^ e, by virtue of Proposition 2.3. Now 
define a function ip : [0, 1] ->Kas follows 

<p(t) = \\z t -e\\-D(z t ,E) 

where z t — (1 — i)x e + te. Then, clearly <p is continuous. Further, (p(0) = \\x e — 
e\\ — D(x e ,E). Now, according to the definition of isolated remotal points, we 
have two cases: If E is remotal with respect to x e , then ip(0) > because E is 
uniquely remotal. On the other hand if D(x e , E) < D(x e , E) then (p(0) > too. 
Thus, <p(Q) > in any case. On the other hand ip(l) = \\e — e\\ — D(e,E) = 
—D(e, E) < 0, because E ^ (f) and e G" E. Thus, the intermediate value theorem 
guarantees the existence of some t G (0, 1) such that ip(t ) = 0. But this means 
that ||zo — e ll = D(z , E) where z = (1— t )x e +t e. Now, since x e is a first element 
of e, we have e ^ F(z , E), that is \\z — e|| < D(z , E). On the other hand, since 
E is remotal, there must be an element eo € E such that Cq G F(z ,E). But, 
then eo G E because B(e, e) does not contain any remotal point for points lying 
in (e,x e ). Consequently D(z ,E) = D(z ,E), and since \\z — e\\ = D(z ,E) we 
have \\z — e\\ = \\z — e || = D(z ,E) which is a contradiction to the fact that 
B(e,e) does not contain a farthest point of z . □ 

In fact the proof of this theorem can be imitated step by step without any 
modification to prove the following stronger version: 

Theorem 2.9. Let E be a closed bounded subset of the normed space X, and e be 
an isolated remotal point of E. Let x e be a first element of e. If F(x e ,E) = {e}, 
then E is a singleton. 

Thus, singletoness of the set E follows if E is uniquely remotal only with respect 
to a first element of an isolated remotal point. That is, we do not need E to be 
uniquely remotal or even remotal! This observation is clarified in the next result. 
In the following theorem, we prove that unique remotality of a set E is equivalent 
to unique remotality with respect to a first element of an isolated remotal point. 

Theorem 2.10. Let E be a closed bounded subset of the normed space X , let 
e be an isolated remotal point of E and let x e be a first element of e. Then 
F(x e ,E) = {e} if and only if E is uniquely remotal. 



Proof. If F(x e , E) = {e} then E is a singleton according to Theorem 2.9 But 
then E is uniquely remotal. On the other hand, if E is uniquely remotal, then 
trivially F(x e , E) = {e}. D 

In other words: 

Theorem 2.11. Let E,e and x e be as above. If E is not uniquely remotal, then 
x e will have two farthest points in E. That is, x e disturbs the unique remotality 
of E, when e is an isolated remotal point of E. 
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Now some applications are given. Observe first that in our imagination, we do 
not have a uniquely remotal set but the singletons. For this, it is better to restate 
Theorem 12 .8! as follows: 

Corollary 2.12. If a non-singleton closed bounded subset of the normed space X 
has an isolated remotal point, this subset cannot be uniquely remotal. 

Corollary 2.13. If a finite set is uniquely remotal, then it is a singleton. 

Proof. Let £ be a finite uniquely remotal set in a normed space X, and let 
e G F(E). Then clearly e is an isolated remotal point. Hence, E must be a 
singleton according to Theorem |2.8| □ 

Observe that remotality (unique remotality) of a set E is equivalent to remo- 
tality (unique remotality) of F(E). Thus, in order to study remotality of a set, 
it suffices to study the set of farthest points of that set. Namely, we have the 
following simple observation. 

Corollary 2.14. Let E be a closed bounded uniquely remotal subset of a normed 
space X. If F(E) has an isolated remotal point, then E is a singleton. 



Proof. Apply Theorem 2.8 on F(E) to find that F(E) is a singleton. But then, 



E is also a singleton. □ 

Thus, in particular, if F(E) is finite, then E is a singleton; provided that it is 
uniquely remotal. This result tells us a lot; even if the set E is not finite, then 
look at F(E), and observe that F(E) is much "smaller" than E. 

Now, the natural question is whether any remotal set has an isolated remotal 
point or not: 

Conjecture 2: Every uniquely remotal set (or even remotal set) in a normed 
space has an isolated remotal point. 

Now, clearly we have: 

Theorem 2.15. If Conjecture 2 is true then so is Conjecture 1. 

We believe that studying Conjecture 2 is much easier than that of Conjecture 
1. 

The following result is strongly related to the above ones: 

Theorem 2.16. Let E be a closed bounded subset of the normed space X. If E 
can be written as a union of two disjoint remotal sets, say E = E\U E 2 , such 
that F(E) n Ei ^ cf) for i = 1,2, then E cannot be uniquely remotal. 

Proof. Let e^ G Ei be such that e^ G F(E), and observe that such elements exist 
because F(E) n Ei ^ 0. Also, let Xj G X be such that e; G F(xi,E). Define 
<p: [0,1]— M by 

{pit) = D(zt, Ei) - D(zt, E 2 ); where z t = {I - t)x\ + tx 2 . 

It is clear that tp is continuous. Further, 

y>(0) = D( Xl , E x ) - D(x 2 , E 2 ) and <p(l) = D(x 2 , E x ) - D(x 2 , E 2 ). 

Since e, G F(xi,E), we infer that <^(0) > and (p(l) < 0. 

If <p(Q) = then D(x 1 ,E 1 ) = D(x u E 2 ). But since E = E x U E 2 , we get 
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D(x\,E) = D(xi,Ei) = D(xi,E 2 ). Since E 2 is remotal, there must an element 
e' G E 2 such that D(xi,E 2 ) = e'. But then e\,e' G F(x,E), hence E is not 
uniquely remotal. Similarly, if <p(l) = 0, then E is not uniquely remotal. 
Thus, we may assume that <p(0) > and (p(l) < 0. But then, the intermediate 
value theorem guarantees the existence of to G (0, 1) with (p(t ) = 0. This means 
that D(zt , E) = D(zt , Ex) = D(zt , E 2 ). Again, since both E\ and E 2 are remo- 
tal, there would be two elements e % G Ei such that e* G F(z to ,E); i = 1,2, which 
means that E is not uniquely remotal. □ 

Thus, to study uniquely remotal sets, it suffices to study sets which cannot be 



separated as in Theorem 2.16 



Now, we move to the study of uniquely remotal sets in Hilbert spaces. 

3. UNIQUELY REMOTAL SETS IN HlLBERT SPACES 

Hilbert spaces are of special interest in the study of unique remotal sets; this is 
because of the proved result of Klee|3j that the singletoness of uniquely remotal 
sets in Hilbert spaces implies the convexity of Chebyshev sets. 
Recall, first, that any bounded closed subset of a Hilbert spaces does have a 
Chebyshev center, see [Tj. For the next result, denote the center of E by c and 
the Chebyshev radius of E by r. 

Theorem 3.1. Let E be a non-singleton closed bounded subset of the Hilbert 
space X. If for any < e < \/2r, the set 

E\B(c,e) 

is remotal with respect to c, then E cannot be uniquely remotal. Here B(c,e) is 
the open ball centered at c with radius e. 

Proof. Suppose that E is uniquely remotal and let e G F(c, E). It is proved in [TJ 
that for each y G (c, e), we have 

||z-e|| > y/2r, V2 G F(y,E). 

Consequently, if < e < \[2r then the ball B(c, e) does not contain any farthest 
point from points on the segment (c, e). This implies the fact that c is a first 
element of e. Also, since, by assumption, the set E\B(c, e) is remotal with respect 
to c, we infer that e is an isolated remotal point of E. Therefore, E cannot be 



uniquely remotal by Corollary 2.12 □ 



An immediate consequence of this theorem is the following result, which was 
proved by Klee [3]. We remark that Klee proved this result in any normed space. 

Corollary 3.2. Let E be a compact subset of the Hilbert space X . If E is uniquely 
remotal, then E is a singleton. 

Proof. Suppose that E is not a singleton. Since E is compact, then 

E:=E\B(c,e) 

is compact for any < e < \/2r. But then E is remotal, being compact. Conse- 



quently, E cannot be uniquely remotal according to Theorem 3.1 □ 



1239 
UNIQUELY REMOTAL SETS 7 

In fact unique remotality of E can be replaced by unique remotality of E with 
respect to its center c. This makes this result much stronger than the known 
result of Klee in Hilbert spaces. 

Before proceeding to the next result let us recall what a maximizing sequence is. 
Let E be a closed bounded subset of the normed space X and let x G X. We say 
that the sequence (e n ) C E is a maximizing sequence for x if \\x— e n \\ — ► D(x, E). 

Theorem 3.3. Let E be a non- singleton closed bounded subset of the Hilbert 
space X and let c be the center of E. If every maximizing sequence for c contains 
a convergent subsequence, then E cannot be uniquely remotal with respect to c; 
hence E is not uniquely remotal. 

Proof. Let e G F(c,E), and observe that such an e exists because every max- 
imizing sequence for c has a convergent subsequence. Let e > be such that 
B(e,e) n F(y,E) = <p for each y G (c,e). Denote E\B(c,e) by E. If D(c,E) < 



D(c : E) then the proof of Theorem 2.8| works, and E cannot be uniquely remotal 



with respect to c. On the other hand, if D(c, E) = D(c, E) then choose a sequence 
(e n ) C E with \\c — e n \\ — > D(c, E). But then (e n ) is a maximizing sequence for c. 
By assumption, we can assume that e n — > e^ G E. Observe that e$ ^ e because 
e n G" B(e, e) for every n. But then \\c — e\\ = \\c — eo|| = D(c, E)\ in other words 
E cannot be uniquely remotal with respect to c. □ 
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ON THE SYMMETRIC PROPERTIES FOR THE GENERALIZED 
GENOCCHI POLYNOMIALS 

SEOG-HOON RIM, EUN-JUNG MOON, JEONG-HEE JIN AND SUN-JUNG LEE 



Abstract. In this paper, we establish various identities concerning the gen- 
eralized Gcnocchi polynomials by the symmetric properties of the p-adic in- 
variant integrals and we give some interesting relationship between the power 
sums and the generalized Gcnocchi polynomials. 



1. Introduction 

Let p be a fixed odd prime number. Throughout this paper, the symbols 
Z,Z p ,Qp,C, and C p will denote the ring of rational integers, the ring of p— adic 
integers, the field of p— adic rational numbers, the complex number field, and the 
completion of the algebraic closure of Q p , respectively. Let N be the set of natural 
numbers and Z + = N[J{0}. Let v p be the normalized exponential valuation of C p 
with \p\ p = p- v " {p) = 1/p. 

Let UD(Z p ) be the space of uniformly diffcrcntiable function on Z p . For / <G 
UD{'L p ) 1 the p-adic invariant q-integral on Z p is defined as 

P N -i 

(1.1) /_,(/) = / f{x)dn- q {x) = lim -^— J2 f(x)(-lT- 

Note that 

/_!(/) = limL g (/). 

From the definition of q— integral, we have 

(1.2) /_!(/!) + /_!(/) = 2/(0), where h(x) = f(x+l). 

For neN, let f n (x) = f(x + n). 

Then we can derive the following equation from (1.2): 

n-l 

(1.3) /_!(/„) = (-l)"/-i(/) +2j](-ir'- 1 /(0. (^ [1-8]). 

1=0 

For a fixed odd positive integer d with (p, d) = 1, set 

(1.4) X = X d = \imZ/dp N Z, X 1 =Z p , 

1v 



X* = \J (a + dpZ p ), 



0<a<dp, 
(a,p)=l 



a + dp Z p = {x G X\ x = a (mod dp )}, 
where a <G Z satisfies the condition < a < dp N (see [1 — 19]). 
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It is easy to see that 



(1.5) / f(x)dn- q (x)= / f(x)dn- q (x), for/e UD(Z P ). 

Jx Jz p 

The ordinary Genocchi polynomials G n (x) arc defined as 

(i-6) -r L r eirt = E G! "( a; )^ 

e l — 1 *— ' n! 

n=0 

and G„ = G„(0) are called as the Genocchi numbers (see [10 — 20]). 

Let x be the Dirichlet character with conductor d E N with d = 1( mod 2). Then 
the generalized Genocchi polynomials G„ ;X (a:) attached to \ are defined as follows: 

(1.7) ^Ef^-lfaWe- ^.g. P 

n—0 

and G„. x = G„ ]X (0) are called as the generalized Genocchi numbers attached to 
X (see [5 -11]).' 

Recently many authors have studied the symmetric properties of the p-adic 
invariant integrals. In this paper, we establish various identities concerning the 
generalized Genocchi polynomials by the symmetric properties of the p-adic invari- 
ant integrals and we give some interesting relationship between the power sums and 
the generalized Genocchi polynomials. 

2. Symmetry for the generalized Genocchi polynomials 

Let x be the Dirichlet character with conductor d <G N with d = 1( mod 2). From 
the integral equation (1.2), we have 



(2.1) t I x(y)e {x+y)t dn^(y) = "^ l = oK H W,C ** 



x e dt + 1 

_ . V^ G Tl+ i, x (x) tf^ 
^-^ n 4- 1 n! ' 

where G„ ]X (x) are the n-th generalized Genocchi polynomials attached to X- If 
we compare the both sides, we can easily see that 

(2.2) / X (y)(x + y) n dn^(y) = G " +1 ' X 1 (X) and G , x (x) = 0. 



x 



n + 1 



In particular, 

(2.3) / X {x)x n d l x_ 1 {x) = °^f and G . x = 0. 

Jx n + l 

From (2.2) and (2.3), 

n 

™ 1 r~i ~.n—l 



(2-4) G n +i, x (x) = J2 ( i) °n+i, x x 



1=0 



By (1.3) and (1.5), we have that for neN, 

,. ,. n— 1 

(2.5) / f(x + n)dn- 1 (x) = (-l) n .f(x)d M _ 1 ( 2 ;) + 2^(-l)"-'- 1 /(0 



x Jx l=0 
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By taking f(x) — x(x)e xt in (2.5), it follows that 

(2.6) t f x{x)e {nd+x)t d^-!{x)+t f X (x)e xt d^ 1 (x) 

Jx Jx 

nd—1 

= 2tJ2 (-i) W 

1=0 
oo nd—1 ,fc 

fe=o ;=o 
For k G Z + , let us define the p-adic functional Xfc jX (n) as follows: 

n-l 

(2-7) T ka (n) = Y / (-V l x(i)l k - 

1=0 

From (2.6) and (2.7), we observe that for k,n,d £ N, 

(2.8) / x(x){nd + x) k dn-!(x)+ / X {x)x k d^ 1 (x) = 2T k . x (nd - 1). 
ix Jx 

From (2.2), (2.3) and (2.8), we obtain the following result. 
Theorem 2.1 For k G Z + and n, d G N, we have 

(2.9) G T+ i l d) + J^f?= 2Tk -* {nd - 1) - 



Let toi, w 2 G N with u>i = 1 (mod 2) and W2 = 1 (mod 2). Then we set 
(2.10) R(x,w 1 ,w 2 



Ix Ix X(xi)x(x2)e < - W ^ +W ^ +W ^ x)t d^ 1 (x 1 )d^ 1 (x 2 ) 



J x e dwiW2Xt dH-i(x) 
By the definition of p-adic invariant integral on Z p , we can derive that 



X 



, \-\ G;+i yfel) Wit' , r \-\ m , , .W^t k , 

(2.11) R( X ,w 1 ,w 2 ) = {J2 - + 1 -, }(52 T k,x(dwi-l)-jj-} 

i=0 ' k=0 

;=o j=0 ^ ' 
From the symmetry of R(x,Wi,w 2 ) in W\ and W2 ; we also see that 

(2.12) R(x, Wl ,w 2 ) = £{£ (!) ° i+ ^ WlX) T^dw, - l)wWr}i 

1=0 i=0 ^ / * + 

From (2.11) and (2.12), we have the following result. 



Theorem 2.2 Let x be the Dirichlct character with conductor d E N with 
d = 1( mod 2) and let us define the n-th generalized Genocchi polynomials attached 
to x as follows: 



n— 
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Then we have 

i 



i=0 
I 



l\ G i+ i, x (w 2 x) n ,„i,i-i 



(2.13) 2^ U ) — rzi — T J-^,x( dw i ^ iH«>2 



V i + 1 



( j J iTl T l-i,x(dW2 - l)w 2 t«i - 

i=0 ^ ' 

where w\,W2 € N with u>i = 1( mod 2), 102 = 1( mod 2). 

We also obtain some identities for the generalized Genocchi polynomials. Taking 
x = in Theorem 2.2, we have the following corollary. 

Corollary 2.3 Let \ be the Dirichlet character with conductor d € N with 
d = 1( mod 2) and let us define the n-th generalized Genocchi polynomials attached 
to x as follows: 

v*-i/_-,\j 





e dt + ]_ 


Then we have 




(2.14) 


sG)?;t t - 




-£0^ 



"Sg*.'^^..)^ 



n=0 



J-i 



'2 W \ i 



3-Ti_ ijX (ciw2 - l)t 
where wi,W2 € N with w\ = 1( mod 2), W2 = 1( mod 2). 

Now we will derive another interesting identities for the generalized Genocchi 
polynomials using the symmetric property of R(x,wi,W2)- 

(2.15) R(x,wuw 2 ) 

1 tr f t 2 Lx{x2)e W2X2t da 1 (x2) 



e WlW2Xt { / x(^i)e" ia:it dM-i(^i)} x { r , , , , \ } 

2 Jx /^e^-^iy^ifi!) J 



dwi — 1 



aw\— i „ 

- E (-^'Xtf) / X(*i)e (xi+u,2l+ ^' ),uit d/*_i(a :i ) 



^ d ^ x , G n+1 Jw 2 x+^l) t n 
= E< E (-i)'x(O + „' Wl <Y-r 



n+1 

n=0 Z=0 



From the symmetric property of R{x 1 w\ 1 W2), we also see that 

K (wiX + ■ 

n + 1 z J n\ 



(2.16) R(X,W U W2) = Y,iY, (-l)'x(O 1^ W2 - <}? 

n=0 2=0 



Comparing the coefficients on the both sides of (2.15) and (2.16), we obtain the 
following theorem. 
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Theorem 2.4 For wi,w 2 <E N with ui\ = 1( mod 2), w 2 = 1( mod 2) and n e Z+, 
we have 



(2.17) 



w „ ^ (-i)'x(O n + l — 



1=0 
dw^ — l 



2 (-i)'x(O- 



(=0 



n + l 



[2 
[3 

K 

[5 

[e; 

[T 

[8 

[9 
[10 

[11 

[12 

[13 

[14 
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A shift-splitting Jacobi-gradient algorithm for 
Lyapunov matrix equations arising from control 

theory* 
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Abstract 

In this paper, inspired by Ding and Chen [IEEE Trans. Autom. Control, 
50(2005):1216-1221; SIAM J. Control Optim., 44(2006) :2269-2284], Gu and 
Xue [Linear Alg. Appl, 430(2009):1517-1530] etc., a shift-splitting Jacobi- 
gradient iterative algorithm for solving Lyapunov matrix equations by using 
a hierarchical identification principle is presented. The iterative algorithm 
converges to the true solution for any initial values with some conditions and 
the computational cost and storage can be reduced by choosing the parameters 
appropriately. Finally, the numerical results illustrate the effectiveness. 

Key words: Lyapunov matrix equations; Hierarchical identification prici- 
ple; Gradient based iterative algorithm; Jacobi-gradient iterative algorithm; 
Shift-splitting 

1 Introduction 

We consider the following Lyapunov equations 

AX + XA T = C, (1) 

where A,C G R nxn are constant matrices and X G R nxn is the unknown matrix. 
Many problems can lead to solve the Lyapunov equations in system theory [12]. 
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Although exact solutions, which can be computed by the Kronecker product, are 
theoretically appealing, they may suffer computing problems in practice as the di- 
mensions of matrices increase. For some applications such as stability analysis, the 
approximate solutions or bounds of solutions are sufficient. 

Many numerical methods for solving Lyapunov equations have been proposed 
[1, 6, 13-15]. Traditional methods convert Eq.(l) into an equivalent equation of the 
form: Ax = b, where the vector x has n 2 unknown consisting of elements of X 
and A is a n 2 x n 2 matrix in the Kronecker product form [10]. It is obviously that 
we will encounter dimensionality problem leads to computation difficulty when n is 
large. Other methods to solve the matrix equations are based on the preliminary 
matrix transformations to Jordan canonical form [4], companion-type form [5, 10], 
Hessenberg-Schur form [6, 7]. However, these methods are required to compute some 
additional matrices. 

Recently, Ding and Chen [1, 3] presented a gradient based iterative algorithm 
for solving a class of matrix equations by applying the so-called hierarchical iden- 
tification principle [8, 16]. Fan, Gu and Tian [9] realized the matrix multiplication 
in iterations would cost large time and spaces if the matrix A is not sparse, so they 
presented a Jacobi-gradient iterative algorithm. In order to improve the speed of 
the convergence of Jacobi-gradient iterative algorithm, we propose a shift-splitting 
Jacobi-gradient iterative (SSJGI) algorithm to solve Lyapunov matrix equations by 
borrowing the shift-splitting idea from the shift-splitting hierarchical identification 
(SSHI) method Gu et al. presented in [11]. 

The rest of this paper is organized as follows. In section 2, we recall the gradient 
based iterative algorithm (GI) and Jacobi-gradient iterative algorithm (JGI). In 
section 3, we derive a new iterative algorithm for solving the Lyapunov matrix 
equations (1) and study the convergence properties of the algorithm. In section 4, 
we present several examples to illustrate the effectiveness of the algorithm proposed. 
Finally, we end the paper by a brief conclusion in section 5. 

2 Gradient based iterative algorithm and Jacobi- 
gradient iterative algorithm 

In this section, we mainly review the GI and JGI algorithm for solving Lyapunov 
matrix equations. In [2, 3], Ding and Chen presented a large family of iterative 
methods to solve the linear equations 

Ax = b, (2) 

where A is a given full-rank n x n matrix with non-zero diagonal elements, b G R n 
is a constant vector, and x G R n is an unknown vector to be solved. 

Let G G R nxn be a full-rank matrix to be determined and fi > be the step-size 
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or convergence factor. The iterative method is: 

x(k) = x(k-l) + fiG[b - Ax(k - I)], k = 1,2,3, • • • , (3) 

which includes the Jacobi and Gauss-Seidel iterations as special cases. Let D be 
the diagonal part of A, L and U be the strictly lower and upper triangular parts 
of A, respectively. When G = D and jj, = 1, we get the Jacobi method; when 
G = [L + D)~ l and n — 1, we get the Gauss-Seidel method. 

Lemma 1. [2] Let G = A T . Then the gradient iterative algorithm can be written 
as 

x(k) = x(k-l)+fiA T [b-Ax(k-l)], (4) 

0< " < ju^ or 0< " < Ri 5 - 

2.1 Gradient based iterative algorithm 

Applying the hierarchical identification principle, Ding and Chen [1] decom- 
posed the system (1) into two subsystems. The details are as follows. Define two 
matrices 

b 1 = C- XA T and b 2 = C - AX. (5) 

Then, from (1), we get 

AX = b x and XA T = b 2 . (6) 

Let Xi{k) and X 2 (k) be the estimates or the iterative solutions of X at iteration 
k, associated with the subsystem in (6), respectively. Using Lemma 1 leads to the 
following recursive equations: 

X 1 (k) = X t (k - 1) + M T [6i - AX ± (k - 1)], (7) 

X 2 (k) = X 2 {k - 1) + fi[b 2 - X 2 {k - l)A T }A, (8) 

where /i is called the iterative step-size or convergence factor, and 

f i = {2X max [AA T ]}- 1 or f , = {\\A\\ 2 +\\A T \\ 2 y 1 , (9) 

where A max is the maximum eigenvalue of the given matrix. Substituting (5) into 
(7) and (8) gives 

X x (k) =X 1 {k-l)+ fiA T [C - XA T - AX±{k - 1)], (10) 

X 2 (k) = X 2 (k - 1) + fi[C -AX- X 2 (k - 1)A T ]A. (11) 

The unknown variable X on the right-hand sides of (10) and (11) was replaced with 
its estimate at step (k — 1). Meanwhile, taking the average of Xi(k) and X 2 (k), the 
gradient based iterative algorithm (GI) can be expressed as 

X(k) = [X 1 (k)+X 2 (k)]/2, (12) 
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X ± (k) = X(k - 1) + fiA T [C - AX{k - 1) - X(k - l)A T ], (13) 

X 2 (k) = X(k - 1) + fi[C - AX{k - 1) - X(k - 1)A T ]A, (14) 

f i = {2X max [AA T ]}- 1 or A1 = {||A|| 2 + ||A T || 2 }- 1 . (15) 

Lemma 2. [1] // £/ie Lyapunov matrix equation (1) has a unique solution X , 
then iterative solution X(k) given by the algorithm in (12)- (15) converges to X for 
any initial value X(0). 

2.2 Jacobi-gradient iterative algorithm 

In order to reduce computation and save space in iterations, Fan et al. [9] 
presented a Jacobi-gradient iterative algorithm (JGI) to solve the Lyapunov matrix 
equation. The details are as follows. 
Let 

A = D + L + U, 

where D is the diagonal part of A, of the form 

D = diag[a n , a 22 , • • • , a nn ] G R nxn , 

L and U are strictly lower and upper triangular parts of A, respectively. Then, from 

(1) it is easy to get that 

DX = C - XA T - (L + U)X, (16) 

XD = C -AX -X(L + U) T . (17) 

Analogously, according to the hierarchical identification principle, the Jacobi-gradient 
iterative algorithm can be expressed as 

X{k) = [X 1 (k)+X 2 (k)]/2, (18) 

X ± (k) = X(k - 1) + fiD[C - AX(k - 1) - X(k - l)A T ], (19) 

X 2 (k) = X(k - 1) + n[C - AX(k - 1) - X(k - l)A T ]D, (20) 

||/ - fiDA\\ 2 + ||/ - i^A T D\\ 2 + 2^i||D|| 2 < 2, (21) 

where o~\ is the largest singular value of the matrix A. 

Lemma 3. [9] If an ^ 0(i = 1,2, ••• ,n) in the diagonal matrix, the iteration 
X(k) given by the algorithm in (18) -(21) converges to X for any initial value X(0). 
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3 Shift-splitting Jacobi-gradient iterative algorithm 

In this section, we propose a shift-splitting Jacobi-gradient iterative algorithm 
(SSJGI) for solving Lyapunov matrix equations. The purpose of our method is to 
improve the convergence of the JGI algorithm. 

First, we briefly introduce some necessary notations, definitions and basic results 
to be used later. Let \{M) represent the ith eigenvalue of a square matrix M. The 
notation I n is the n x n identity matrix. For two matrices M and N, M £g> N is 
their Kronecker product. For an m x n matrix X = [x±,x 2 , ■ ■ ■ ,x n ], col[X] is an 
mn-dimensional vector formed by the columns of X, i.e., col[X] = [x±, x\, • • • , x^] T . 

The following result is well known. 

Lemma 4. [1] The matrix equation AX + XB = C has a unique solution if and 
only if \i(A) + Xj{B) ^ for any i and j. In this case, the unique solution is given 
by 

col[X] = [(/ n ® A) + {B T ® I m )]- l co\[Cl (22) 

and the corresponding homogeneous equation AX + XB = has a unique solution 
X = 0. 

In particular, if B = A T , the necessary and sufficient condition for the existence 
of a unique solution is that \i(A) + \j(A) ^ for any i and j. 
Now, we decompose the matrix A in the form 

A = (aI + D)-(aI-L-U), (23) 

where a is a constant, D, L and U are the same definition as mentioned earlier. 
Substituting (22) into (1), we get two equations in the form 

(al + D)X = C - XA T + (al -L- U)X, (24) 

X(al + D) = C-AX + X(aI-L-U) T . (25) 

According to the hierarchical identification principle, the system in (1) is decom- 
posed into two subsystems. Using Lemma 1, we obtain the iterative algorithm as 
follows: 

Xi(ib) = Xi(jfe - 1) + fi(al + D)[C - AX ± (k - 1) - X x (k - 1)A T ], (26) 

X 2 (k) = X 2 (k - 1) + fj,[C - AX 2 {k - 1) - X 2 {k - l)A T ](aI + D). (27) 

In fact, we need only an iterative solution X(k) rather than two solutions Xi(k) 
and X 2 (k). Taking the average of Xi(k) and X 2 (k), we get the following iterative 
algorithm: 

X(k) = [X 1 (k)+X 2 (k)}/2, (28) 

X ± (k) = X(k - 1) + fi(al + D)[C- AX(k - 1) - X(k - l)A T ], (29) 
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X 2 {k) = X(k - 1) + n[C - AX{k - 1) - X(k - l)A T }{aI + D). (30) 

Theorem 1. If the Lypaunov matrix equation (1) has a unique solution X , then 
iterative solution X(k) given by the algorithm in (28)- (30) converges to X for any 
initial value X(0), if the parameters fi and a satisfy the inequality 

\\I - fiDA\\ 2 + ||/- ; uA T Z)|| 2 + 2/^ 1 ||£>||2 + 4/!CKr 1 < 2, 

where U\ is the largest singular value of the matrix A. 
Proof. Using (28)-(30), it is easy to get 

Xik) = X(k - 1) + \\xD[C - AXik - 1) - X(k - 1)A T ] 
+ \ix[C - AX(k - 1) - X(k - l)A T ]D + na[C - AX(k - 1) - X(k - l)A T \. 

Define the error matrices by 

X(k) :=X(k)-X, 

X(k-l) :=X(k-l)-X. 

Thus 

X(k) =X{k - 1) +^D[-AX(k - 1) - X(k - l)A T ] 
+ lfi[-AX{k - 1) - X(k - 1)A T ]D + ixa[-AX(k - 1) - X(k - l)A T \. 

Taking the 2-norm of X(k), then 

\\X(k)\\ 2 < \\X(k - 1)|| 2 x [±\\I - fiDA\\ 2 + \\\I- tiA T D\\ 2 + /^i||L>|| 2 + 2//a<n]. 
Defining 

q = -\\I - fiDA\\ 2 + - \\I - fiA T D\\ 2 + ^i||D|| 2 + 1 m a x . 

We have 

||X(A;)|| 2 <g||X(A:-l)|| 2 <---<g fc ||X(0)|| 2 . 

Therefore, if 

\\I - fiDA\\ 2 + ||J- ; uA T I9|| 2 + 2/io- 1 ||I9|| 2 + 4 / uao- 1 < 2, 

then 

X{k) — > as A; — > oo. 

This completes the proof of Theorem 1. □ 

With the Theorem 1, we can simply write the SSJGI algorithm as follows: 

AX{k-l) = C-AX{k-l)-X{k-l)A T , (31) 

X(k) = X(k - 1) + -fiDAX(k - 1) + -fiAX(k - l)D + fiaAX(k - 1), (32) 
\\I - fiDA\\ 2 + || I- fiA T D || 2 + 2^! || D || 2 + 4/10^ < 2. (33) 
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4 Numerical experiments 

In this section, we give several examples to illustrate the effectiveness of the 
SSJGI algorithm for solving Lyapunov matrix equations. 
Example 4.1 [11] Consider AX + XA T = C, where 

-4=1 ?' 5 "AM, c li 2 



0.1 0.8 J ' V i 

Then, from (22) the solution of X is 

xn x 12 \ / 4.2125 1.3004 



1 x 2 i a; 22 7 V -0-2381 0.5586 

Taking X(0) = 10~ 6 i2x2, we apply the algorithm (31)-(33) to compute X{k). 
The iteration solution of X is shown in Table 1 with the relative error e(k) := 
\\X(k) — X\\/\\X\\. From Table 1, it is clear that e(k) is becoming smaller and 
goes to zero as k increases. This indicates that our algorithm is effective. And the 
iterative errors e versus the iterative step k about the GI algorithm, JGI algorithm 
and SSJGI algorithm are shown in Fig. 1, which shows that our algorithm is more 
efficient than the GI algorithm and JGI algorithm. In addition, the effect of changing 
the parameter a is shown in Fig. 2 while fixing the \x as the same as in [1]: fi = 
2norm(AA T ) ■ Under satisfying the control inequality (33), we can see that the larger 
the a is, the faster the algorithm converges. This situation exists in /j while fixing 
the a, which is shown in Fig. 3. In fact, we can choose relative large /i and a 
not satisfying the inequality (33), which also converges to the true solution. This is 
because that the inequality is just a sufficient condition but not a necessary condition 
and we magnify the inequality too large during the proof. However, it is difficult to 
determine the optimal values of the parameters fi and a. 

Example 4.2 [1] Consider AX + XA T = C, where A and C are 10 x 10 matri- 
ces {m = n = 10) and produced randomly in Matlab, with the simulation program 
given here. 

m = 10; ra = 10; A; = 30; 

X = ones(m, n) * le — 6; 

rand(' state', 0); 

A = triu(rand(m, m), 1) + diag(ao + diag(rand(m))); 

D = diag(diag(A)); C = rand(m,n); 

XX = reshape((kron(eye(m) , A) + kron(A, eye(n)))\reshape(C,m * m, l),m,m); 

$ = kron(eye(m) , A' * A) + kron(A, A') + kron(A' , A) + kron(A' * A, eye(n)); 

ql = eig(§);q2 = [max(ql),min(ql),max(ql)/min(ql)}; 

NX = norm(XX); 

fi = 0.5/norm(A * ^4'); 
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Gl 

JGI 

- SSJGI 



Figure 1: /i 



2norm(AA T ) 



,a = 0A 



a = 12; 

fori = 1 : k 

ct = C-A*X-X*A'; 

X = X + fi*(D*ct + ct* D)/2 + fi*a*ct; 

e(i) = norm(X - XX)/NX; 

end 

This program contains a variable «o- For different a® values («o — 0.1, 0.5, 1.0, 1.5), 
the iterative errors e versus k are shown in Fig. 4 and the corresponding condition 
numbers of $ are in Table 2, where A max ( ( l ) ), A min ( < l ) ) represent the largest and 
smallest eigenvalues of $ and cond[$] denotes the condition number of $. 

From Fig. 4 and Table 2, increasing a leads to small iterative errors, i.e. the 
convergence rate becomes faster as the condition number of $ is decreasing. More- 
over, we can see that SSJGI algorithm converges to the true solution more quickly 
than the GI algorithm and the JGI algorithm even when cond[$] is large, i.e. the 
system is ill-conditioned. It is exactly what we expected. 

5 Conclusions 



All results show that our algorithm has good convergence property and less 
computational cost. In addition, the algorithm can be easily extended to study the 
iterative solutions of the Sylvester equations. However, the determination of optimal 
values of the parameters ji and a for the SSJGI algorithm needs further studies. 
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and a is changing in SSJGI algorithm. 
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mu=0.1 

mu=0.3 

- mu=0.5 



Figure 3: a — 1 and \x is changing in SSJGI algorithm. 



Table 2: Condition numbers of $ with different o.q 

ap A max [$] A min [<f>] cond[<f>] 

O.f 43.8950 0.0014 30558.8620 

0.5 53.8244 0.2f73 247.6491 

1.0 68.1553 1.7866 38.1480 

1.5 84.5712 5.2420 16.1333 
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Figure 4: X axes iterative step, F axes relative error and figures (a)-(d) denote the 
different c*o=0.1, 0.5, f.O, 1.5 respectively. 
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A NEW PROOF OF THE SYMMETRIC PROPERTIES FOR 
THE TWISTED GENERALIZED EULER POLYNOMIALS OF 

HIGHER ORDER 

SEOG-HOON RIM, YOUNG-HEE KIM, BYUNGJE LEE, AND TAEKYUN KIM 



Abstract In the previous paper ([2]), Kim-Lee-Kim have derived the symmetric iden- 
tities for the twisted generalized Eulcr polynomials of higher order attached to \ from the 
properties of the multivariate p-adic invariant integral on Z p . The purpose of this paper 
is to give a slightly different proof for the symmetric identities of the twisted generalized 
Eulcr polynomials of order r in the complex number field. 

Key words and phrases : Eulcr numbers and polynomials, twisted Eulcr numbers and 
polynomials, symmetry 

1. Introduction/Definition 

Throughout this paper, the symbol N be the set of natural numbers and Z + = N U {0}. 
The classical n-th Eulcr polynomials, E n (x), are defined by 

2 „ A „ , , t 



-e xt = y^E n {x)- v \t\ < 7T, see [5-14]. 
1 z — ' n! 



n=a 



In the case x = 0, E n = E n (0) are called the n-th Eulcr numbers (see [2, 4, 15]). 

For / e N, let £ = e 2m 'f , where i = s/-i. For d E N with d = 1 (mod 2) and (d, /) = 1, 
let x be the primitive Dirichlet's character with conductor d. Then the generalized Eulcr 
polynomials are also defined by 

2E(-l) a x(«)e Qt oo 

n— 

In the special case x = 0, E 7ltX = E n ^ x (0) are called the n-th generalized Euler numbers 
attached to %. 

For these numbers and polynomials, we consider the twisted Eulcr numbers and polyno- 
mials. Now we define the twisted Euler polynomials as follows : 

00 -in 

e xt = Y^E n>i {x)- } , |i + log£|<7r, (see [1-3]). (1) 

1 *— i n! 



£e< 



n=0 



In the special case x = 0, E n ^ = E n ^(0) are called the n-th twisted Euler numbers. 
The generalized twisted Euler polynomials attached to x, E n _ x ^(x), are defined by 

2 < E(-irx(aK a e ai oo 

" = ° £dedt T I ^ = £*W(z)^ (Beep]). (2) 

* n=0 
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In the special case x = 0, E 7ltX _^ = E n , x ^(0) arc called the n-th generalized twisted Eulcr 
numbers attached to \. 

For r G N, we consider the generalized twisted Euler polynomials of order r attached to 
X> E nlA x )' as follows : 



/ 2 E(-i) Q x( a )£ a e Q *^ 



d&dt 



\ 



£ d e 



^ = EO)! 



(3) 



n=0 



(r) (r) 

In the special case x = 0, E n ' , = £^ ' ,(0) arc called the n-th generalized twisted Eulcr 
numbers of order r attached to \- When r = 1, the polynomials and numbers are the n-th 
generalized twisted Euler polynomials and numbers. 

In the previous paper ([2]), some interesting identities of symmetry for the generalized 
twisted Euler polynomials of order r using the multivariate p-adic invariant integral on Z p 
are investigated. In this paper, we give a slightly different proof for the symmetric identities 
of the twisted generalized Eulcr polynomials of order r which are treated in [2] . 

2. An identity of symmetry for E^' Ax) 

For d G N with d = 1 (mod 2), let x be the primitive Dirichlct's character with conductor 
d G N. Then we note that 



^ 2 E(- 1 ) a x(«)C a e a *\ 



a=0 



d„dt 



\ 



£, d e 



/2S(-l) a x(a)fe°^ 



nd tpnd I 



/ 



dpdt 



V 



i e 



nd—1 



= 2£(-l)'x(*H'e tt ) (4) 



/ 



/=() 



where n G N with n = 1 (mod 2). Let 

n 

r fe , x ,s(n) = £(-l)'x(0£'* fc - 

By (4) and (5), we easily see that for m G Z+, 

e" d ^ ro , x ,i(nd) + £ m , Xi£ = 2T roiXi€ (nd- 1), 

where n G N with n = 1 (mod 2). 

For wi, ui2, d G N with wi = 1, W2 = 1 and d = 1 (mod 2), we set 



(5) 



(6) 



•^v r l(wi,w 2 |a;,y) 



pdw\w 2 „dw%w 2 t i i 



^ 2 E(" 1 ) Q x(a)C u ' ia e" ,ia ^ 



xe 



UJiW2iEt 



^2E(-l) a x(a)^"< 

a=0 

fw 2 d e w 2 dt i J 



Cw\dpW\d t I 1 

1020^-^)204 \ 



(7) 



wiw 2 yt 



J 
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From (7), we can derive 



K^(wi,w 2 \x,y) = 



1 2J2 (~l) a x(a) £ Wia e Wiat ' 

g=0 

CwidpWidt I 1 



(8) 



1 ' 2 E (-!) a x(a) £ W2a e W2at ^ 



xe 



W\W 2 Xt 



a=0 



V 



Cw 2 dgW 2 dt I ^ 



I ' 2Y J {- l Yx{a)£, W2a e W2at \ 



w t w 2 yt 



a=0 



Cw 2 dgW 2 dt I ^ 



By (4), (5) and (6), we see that 

d-l 

a=0 



pdw\ p dw\t i i 



/2E(-l)»e ^ 



V 



e dt + l 



rfl^l — 1 



E (-i)'x(oc' e " = E T ^(^i-i)L- (9) 



;=o 



fe=0 



From (7), (8) and (9), we note that 
K^(w 1 ,w 2 \x,y) 



oo / n 



n=0 \j=0 



= E E ,V2<~^»-*x,c-i («**)£ {F^-Kd-i^ir^^iv) 



fc=0 



(10) 



).!' 



,(r) 



It is easy to show that K^Aw\,w 2 \x,y) is symmetric in w\ and u>2- By the symmetric 
property of K^Uwi,w 2 \x,y), we see that 

K^\{w 1 ,w 2 \x,y) 



oo / n 



(ii) 

71 \ 



= E I E • H wr ^"--.e^^^ 

By (10) and (11), we obtain the following theorem. 

Theorem 1. For deN with d = 1 (mod 2), Zei x ^ e ^ e primitive Dirichlet's character 
with conductor d. Suppose that Wi,w 2 € N with w\ = 1 (mod 2) and u>2 = 1 (mod 2). 
TTien /or n G Z + , we ftawe 



EC") w{ W r J E^_. XtiWl ( W2 x)E ( l) T k , x ,^ (w ld l)El~ k l^ 2 ( Wl y) 



j=o 



fe=0 



fc=0 



E (J) ->r^, x ,«- (-i-)E ( ; ) T «^ («** l^r^ ( W2V ) . 



Remark 1. Using the multivariate p-adic invariant integral on Z p , Theorem 1 is introduced 
in the p-adic number field (see [2]). 
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From (7), we note that 

= { E (-i)'x(or 2 ' 



/=o 



V 



r-l 



xe 



w±w2yt 



fW\dpW\dt _|_ 1 

g=0 

fw 2 d e w 2 dt _|_ J 

v s / 



M)l(^-(+U)2x)t"l 



/ 



oo n 



w\d— 1 



n =o fc=o v 7 ;=o 



By the symmetry of K^ i{wi, w 2 \x, y) in w\ and u>2, we also see that 



K^\{wi,w 2 \x,y) 



oo n 



U)2d—1 



(12) 



^2,^' 



DE H^^Um E (-i)'x(or»'^i^(^+?o} 



tci n! 



(13) 



wi nl t" 



= E£ KrttUw E (-i)'x(ocXi,^K*+£<)} 

n=0 fc=0 ^ ' ;=o 

By (12) and (13), we obtain the following theorem. 



Theorem 2. Let w\, w 2 , d £ N wii/i u>i = 1, w 2 = 1 and d = 1 (mod 2). For n € Z + and 
r€N, we ftawe 

i^irf— l 



k=0 



= E 

fc=0 



E>^r'CtU(»^) E (-i)'x(or*'<L-i(«**+^o 



1^2^—1 

1=0 2 



^n-fc^r-l) 



Remark 2. From the properties of symmetry for the multivariate p-adic invariant integral 
on Z p , Theorem 2 was derived in the p-adic number field (see [2]). 
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On the Global Convergence for a Variant of SQP Method* 
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Abstract 

In [J.T. Mo, K.C.Zhang and Z.X.Wei, A variant of SQP method for inequality constrained 
optimization and its global convergence, J.Comput.Appl. Math. 197 (2006) 270-281], a variant of 
SQP method for inequality constrained optimization is presented. The method uses a modified QP 
subproblem which can overcome the inconsistency of QP subproblem in the standard SQP method 
to generate a descent direction. Under mild conditions, the algorithm either terminates at KKT 
point within finite steps or generate an infinite sequence whose accumulation point is a KKT point 
or satisfies certain first-order necessary condition. In this note, we give an improved result about 
the global convergence for this variant of SQP method under the same conditions as [11], i.e., the 
algorithm either terminates at KKT point within finite steps or generate an infinite sequence whose 
accumulation point is a KKT point. Obviously, our result is stronger than theirs. 

Keywords: SQP algorithm, inequality constrained optimization, global convergence. 

AMS(MOS) subject classifications: 90C30, 65K10 



1. Introduction 

In this paper, we consider the following nonlinear inequality constrained optimization: 

min f(x) 
(P) s.t. a{x) < 0, i el= {1,2, ...,m}, 



;i-i) 



where the functions /, Cj(i € /) : R n — >R are all twice continuously differentiable. 

It is well known that sequential quadratic programming (SQP) algorithms are widely acknowledged 
to be among the most successful algorithms for solving (P). A good survey of SQP algorithms by Boggs 
and Toll can be found in [2]. 

At each iteration of a SQP algorithm, a search direction d k is calculated by solving the following 

QP subproblem: 

min Vf(x) T d+U T B k d 

(Q P ) d \ ' /\r/ T ( L2 ) 

s.t. a(x) + Vci(xy d < 0, i el, 

where B k is symmetric positive definite. The iteration then has the form 

Xk+i = x k + a k d k , 



'Project supported by Hunan Provincial Natural Science Foundation of China(05JJ40103) and Scientific Research 
Fund of Hunan Provincial Education Department of China(09C565) 
^Corresponding author. E-mail address: wscabcbank@sina.com 
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where the stepsize a^ is chosen to yield a sufficient decrease of a suitable merit function. 

A serious shortcoming in the conventional SQP method for problem (P) is the possible inconsistency 
of the constrains in (1.2). To overcome this difficulty, various method have been proposed. In [3], 
Han and Burke give a modification to SQP method wherein QP subproblem is altered in a way 
which guarantees that the associated constraint region is nonempty for each x £ R n and for which 
a reasonably robust convergence theory is established. Similar to the method of [3], Zhou [4] give a 
modification to QP subproblem and provide a modified SQP method. Under some conditions, the 
algorithm either terminate at a KKT point within finite steps or generate an infinite sequence whose 
every cluster is a KKT point. However, Han and Burke's method is only a conceptual method and 
can not implementable practically. Zhou's method can be implemented in practice, but its global 
convergence is obtained under exact line search. In [5, 7], Zhang and Zhang proposed a robust SQP 
method for solving (P) by using QP subproblem in [4], under mild conditions, its global and local 
superlinear convergence are obtained. However, the method in [4, 5, 7] need to solve two subproblem to 
generate a search direction, one is a linear programming with bound constraint, the other is a quadratic 
programming. Recently, motivated by [6, 8, 9, 10], Mo, Zhang and Wei [11] present a variant of SQP 
method for inequality constrained optimization. The method uses another modified QP subproblem 
which can overcome the inconsistency of QP subproblem in the standard SQP method to generate a 
search direction. Under mild conditions, the algorithm either terminates at KKT point within finite 
steps or generate an infinite sequence whose accumulation point is a KKT point or satisfies certain 
first-order necessary condition. 

In this paper, we give an improved result about the global convergence for this variant of SQP 
method under the same conditions as [11], i.e., the algorithm either terminates at KKT point within 
finite steps or generate an infinite sequence whose accumulation point is a KKT point. Obviously, our 
result is stronger than theirs. 

The remainder of this paper is organized as follows. In Section 2, we give the Mo-Zhang- Wei SQP 
method. In section 3, an improved result about the global convergence of the method is obtained. 

2. Mo- Zhang- Wei SQP method 

In this section, we give the Mo-Zhang- Wei SQP method for convenience of discussion. For this, a 
penalty function associated with (P) is used as merit function, i.e., 

* CT (x) = f(x) + a&(x), 

where a > is the penalty parameter and 

<3?(x) = max{cj(x),0}. 

The directional derivative of $(x) in any direction d £ R n is 

&(x;d)= max {Vcj(x) d}, 
iei {x) 

where Io(x) = {i £ I : Ci(x) = <3?(x)}. 

In general, <&'(x; d) is not continuous. In [1], Bazaraa gave the following continuous approximation 
of $'(x;d): 

§*(x] d) = max {q(x) + Vci(x) T d} - $(x). 

i£l Q (x) 
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The approximation directional derivative of ^> a {x) is 

6 a {x; d) = Vf(xfd + ct$*(x; d). 

Lemma 2.1 (See[lJ)For V x, d G R n , we have 

$*{x;d) >&{x;d), 

and there exists 5 > such that 

<!>*(x;td) = <f>'{x;td), VtG[0,<5]. 

Now we state the Mo-Zhang- Wei SQP method as follows: 

Algorithm 1: 
Step 0: Given initial point xo G K a , a symmetric positive definite matrix Bq G R nxn , some scalars 
w € (0, 1), (3 G (0,0.5) and initial penalty parameter gq > 0. Set k = 0. 
Step 1: Compute (d^, z k ) by the following QP subproblem: 

min z + dr B k d 

d,z 

s.t. Vf(x k ) T d < z, (2- 1 ) 

Ci(xfc) + Wci(x k ) T d < z, iel. 

If dfc = 0, then stop. 

Step 2: If 9 (Tk (x k ;d k ) < —d^.B k d k , let 0fc + i = cr^. Otherwise, 0fc + i is updated by the following way: 

Vf{x k ) T d k + dlB k d k 

ak+1 = max{ =1R^4) ' 2afc} - 

Step 3: Compute t k the first number t in the sequence {1, u, co 2 , ■ ■ •} satisfying 

^ CTfc+1 (x fc + td k ) - ^ CTfc+1 (x fc ) < tf36 ak+1 (x k ;d k ). 

Set Xfc+i = Xfc + £(4- 

Step 4: Generate B k+ \. Set fc = fc + 1 and go to Step 1. 

3. An improved global convergence result about the Mo- Zhang- Wei 
SQP method 

In this section, we establish an improved global convergence result for the Mo-Zhang- Wei SQP method. 

For this, we make the same assumptions as [11] as follows: 

Assumption 1. The sequence {x k } and {d k ,z k } are bounded. 

Assumption 2. The functions / and a,i G i are twice continuous differentiable. 

Assumption 3. For all x G R n , the set of vectors {Vcj(x) : i G Iq(x)} is linearly independent, where 

I (x) = {i : a(x) = $(x)}. 

Assumption 4. There exists constants < M\ < M2 such that 

Mi||d|| 2 < d T B k d< M 2 ||d|| 2 , V d G R n , V k. 
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Lemma 3.1 (See[ll])Suppose that x £ R n , B is a positive definite matrix and (d,z) is the solution 
of (2.1). 

(1) The following inequality holds: 

1 T 

z < $(x) - -d T Bd. 
- \ i 2 

(2) If d = 0, then z = and x is KKT point of (P). 

Lemma 3.2 (See[ll])Let dk be the solution of (2.1). If K is an infinite index set such that {dk}keK 
converges to zero, then all accumulation points of {xk}keK o,re KKT point of (P). 

Lemma 3.3 For all x £ R n , d is the solution to (2.1), we have 

<5>*{x-d) < --d T Bd. 

The proof of the lemma is easy and is omitted. 
We now prove the main result of this note. 

Theorem 3.1 Let {x k } be an infinite sequence generated by Algorithm 1. Then any accumulation 
points of {xk} is a KKT point of (P). 

Proof. Let x* is a accumulation point of {xk}- In view of Assumption 1, we know that there exists 
an infinite index set K such that lim Xk = x* , lim B k = B* , lim dk = d* , and one gets that B* is a 

keK keK keK 

positive definite matrix from Assumption 4. 

First we prove that lim dk = 0. Conversely, if d* ^ 0, then we have from Lemma 3.3 
keK 

Hm Vf(x k ) T d k + d T k B k d k = Vf(x*fd* + d* T B*d* 
keK -®*(x k ;d k ) -$*(x*;d*) 

i.e., { -$*(x -d) k k ' ^ € K} is bounded. So, without loss of generality, we can assume in the 

sequel analysis that a k = o~, V/c £ K. 

Since d* ^ 0, there exist an infinite index set K' C K and a positive constant number e such that 

||4|| > £, k £ K'. (3.1) 

Now we prove that there exists t' > such that 

t k >?, ke K'. (3.2) 

Assume that (3.2) does not hold, then there exists a subsequence of {tk,k £ -ftT'}(without loss of 
generality, we can assume that this subsequence is itself) such that 

lim tk = 0. 
keK' 

From Step 3, we have that 

^a(x k + %d k ) > ^a(xk) + %P(Vf(x k ) T d k + a<5>*(x k ; 4)) (3.3) 

Using the definition of directional derivative, Lemma 2.1 and (3.3), we know that for k £ K 1 sufficiently 
large 

^(Vf(x k ) T d k + a$*(x k ;d k )) + o(%) 

> V a (x k + £d fc ) - * ff (x fe ) 

> ^(3(Vf(x k ) T d k + a^*(x k ;d k )), 
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I.e. 



(1 - /3)^(V/(x fc ) T 4 + a$*(x fe ; d k )) + o(^) > 0. 
Taking into account (3.1) and Assumption 4, one gets 

-(l-/3)M!£ 2 + -^ >0. 

Let k — > oo, A; € If', we obtain that 

-(l-/3)M l£ 2 >0. 

This contradicts /3 € (0,0.5). So (3.2) holds. 

Note that {^ a (x k )} is monotonous decreasing. Hence, considering lim x k = x* and the continuity 

k£K 

of *l> a (x), there holds that 

lim V ff (x k ) = ty a (x*) 

k— >oo 

So, we get 

= lim(^(x w ) - V a (x k )) < lim t k pe a (x k ;d k ) < -t 1 pM^ 2 < 0. 

k£K kdK 

It is a contradiction. So lim d k = 0. Using Lemma 3.2, we know that the theorem is true. 

keK 
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Abstract Let G be a graph and / : G — ► G be continuous. Denote by R(f) and 
uj(f) the closure of the set of recurrent points and w-limit set of / respectively. In 
this paper, we show that: (1) If x G to(f) — R(f), then u(x, f) is an infinite minimal 
set. (2) If / is piecewise monotone, then co(f) = R(f)- 
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1. Introduction 

In this paper, let N denote the set of all positive integers. Write Z + = Nu{0}, N n = {1, 2, ■ ■ ■ , n} 
and Z n = {0} U N n for any n G N. 

Let X be a topological space and C°(X) the set of all continuous maps from X to X. For 
any / G C°(A), the set of periodic points, the set of recurrent points, the set of cj-limit points for 
some x G X of / ( for the definitions see [3] ) are denoted by P(f),R(f) and to(x, f) respectively. 
A set McXis said to be a minimal set for / if it is non-empty, closed and f(M) C M and 
if no proper subset of M has these three properties. Write to{f) = U x ^x^>(x, f), which is called 

o 

w-limit set of /. For any A C X, we use A, dA and A to denote the interior, the boundary 
and the closure of A respectively. For any finite subset A C X, denote by \A\ the number of 
elements of A. We see from [3] that for any / G C°(X), 



(1) P(f)cR(f)cR(f)Cu(f). 

(2) A non-empty set M is minimal if and only if iv(x, f) = M for every x G M. 

(3) u(x, f) = U^ Vf (x), f n ) for any n G N. 

(4) f(oo(f r (x),f n )) = uo{r+\x)J n ) and /M/^^), /")) = w(x, f n ) for any n G N and 
r G Z n _i. 
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It is well-known that w-limit set plays an important role in dynamical systems (see [1- 
4,10,12-14]). There is a growing interest to study the topological structure of w-limit set for 
one-dimensional dynamical systems. In [4] (also see [3]), Block and Coppel studied w-limit set 
for interval maps and obtained the following theorem. 



Theorem A. Let I be a closed real interval and / G C°(I). If x € ui{f) — R(f), then u(x, f) 
is an infinite minimal set. 

Nitecki [12] studied w-limit set for piecewise monotone interval maps and obtained the fol- 
lowing theorem. 

Theorem B. Let / be a closed real interval and / € C (I). If / is piecewise monotone, then 
u(f) = Rjf). 

Recently, there is a growing interest to study the dynamics of continuous maps of a graph (see 
[5-9,16]), as this kinds of research is related to the study of dynamics of a surface homeomorphism 
and the structure of attractors of a diffeomorphism (see [11,15]). In this paper, we shall show 
that Theorem A and Theorem B still hold for continuous maps of a graph. 

By a graph we mean a compact connected one-dimensional polyhedron. Let G be a graph. 
For x £ G and a sequence of connected neighbourhoods {V{\ of x with diam(Vi) — ► 0, min{|<9(V^)| : 
i 6 N} is denoted by Valc(x) and is called the valence of x (in G). If Valcr(x) = 1, x is called 
an endpoint of G; if Valc*(x) > 2, x is called a branch point of G. We use e{G) and 6(G) to 
denote the set of endpoints of G and the set of branch points of G respectively. Denote by E{G) 
the set of all connected components of G — (e(G) U 6(G)). A finite set D(G) D e(G) U 6(G) is a 
set of vertices of G if for each J £ E(G), J n D{G) = 3, that is, we add some artificial points 
with valence 2 as vertices. In this way, each edge ( the closure of some connected component of 
G — D{G)) is homeomorphic to [0, 1] and if / and J are two edges of G, then \I n J\ < 1. For 
some edge I of G and any a, b £ /, we use [a, 6]/ (or simply [a, 6] if there is no confusion ) to 
denote the smallest connected closed subset of I containing {a, 6}. Define (x, y] = [x,y] — {x} 
and (x,y) = (x,y] - {y}. 

f G C°(G) is said to be piecewise monotone if there exists a finite subset A C G such that 
for every connected component G of G — A, f : G — ► f{C) is homeomorphic. It is easy to see 
that if / is piecewise monotone, then f n is also piecewise monotone for any n £ N. Our main 
result is the following theorems. 



Theorem 1. Let G be a graph and / £ C°(G). If x € oo(f) — R(f), then u{x, f) is an infinite 
minimal set. 

Theorem 2. Let G be a graph and / £ C°(G). If / is piecewise monotone, then u>(f) = R(f)- 
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2. Proofs of Theorem 1 and Theorem 2 



Proof of Theorem 1. Since /(w(/)) = w(/) and /(#(/)) = P(/), it follows that /(w(/) - 
R(f)) = w(/) — P(/) and there exist xi = x,X2,-"" £ w(/) — P(/) such that /(x n +i) = x n 
for every n G N. Since the number of edges of G is finite, there exist an edge I of G and 



some i,j,k G N with i < j < k such that Xj,Xj,Xfc G (w(/) — R(f))C\ I with Xj G (xfc,Xj). 
We may assume without loss of generality that / = [0, 1] with < x^ < Xj < x% < 1. Noting 
Xi,Xj,Xk G w(/) — R(f), we can take y £ G and m, n2, ^3, ■ ■ ■ G N with ni < 712 < 713 < • • • and 

o 

open intervals U, Uj and Uk in I such that 

(i) Xj G Ui, Xj G J7j and ^ 6 f/j. 

(ii) f rir (y) G Cj for all r G N and lim r >00 /™ r (y) = Xj. 

(iii) / r (xj) Uj for all r G N. 

We may assume without loss of generality that 

(iv) n(y)<f n2 (y)<f m (y)<---<^- 

(v) n r > n r _i + j -i for all r > 2 and /™ T " h7 ~%) G Uj for all r G N. 

Write L = [/ ni (y),r 2 (y)L J = [f n *{y),Xj\, P n = \Jr=of in2 ~ ni)r (L) and Q n = [Jr=o f (n:i ~ m)r (J) 
for any n G Z + , then P n and Q n are connected subsets of G with f ni (y) G P n and f n2 (y) G Q n 
for any n G Z + . 

Claim A. (1) For every n G Z+, P„ C [/ ni (y),Xj] or P n D [f ni {y),Xj\. 

(2) For every n G Z+, Q n C [/ n2 (y), / ni+J -%)] or Q n D [/ n2 (y),/ ni+J -%)]. 
Proof of Claim A. We show only (1) (the proof for (2) is similar). Assume on the contrary 
that P n (jL [f ni (y), Xj] and P n j5 [f m (y),Xj] for some n G N, then there exist m G N n , u G L 
and t> G [f ni (y),Xj] such that /(™2-™i) m ( u ) £ [/ ni (j/),Xj] and u P n . Let 

a = min{m : /("^(L) ^ [/m^.]} 

and 

w = mm{u G L : /( n2 ~ ni ) s (u) = / ni (y)}, 

then/( n2 ~ n i) s ([/ ni (y),u;]) C [f ni (y),Xj] with / (n2 ~ ni)s (/ ni (zv)) = f^- n ^ s - l \f n2 (y)) > / ni (y), 

which implies [/ ni (y), w] f~l P(/) 7^ 0. A contradiction. Claim A is proven. 

Claim B. There exists n G N such that P n D [f ni (y), Xj\. 

Proof of Claim B. Assume on the contrary that P n C [f ni {y), Xj] for all n > 1 by Claim A. 

Write W = U^o/ (n2 ~ ni)r ( L )' then /" 2_ ~ ni (W) C W C [/ ni (y),^], which implies [f ni (y),Xj] n 

P(/) 7^ 0. A contradiction. Claim B is proven. 

By Claim B, let TV = min{n : P n D [/ ni (y),^j]} (> 1) , then Pjv-i C [f ni {y),Xj) and 
/ n2 " ni (Pv-i) D [f ri2 {y),Xj\. Let a = min{t G Pv-i : f n2 ~ ni (t) = Xj } and b = max{t G 
[f n '(y),a] : /^-ni(^) = /^(y)}, then /" 2 - ni (M) = ■*• 
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Claim C. Q n C [f n2 (y), f ni+j ^(y)] for all n G Z+. 

Proof of Claim C. Assume on the contrary that Q n D [f n2 (y), f ni+:) ~ l (y)] for some n G N 

by Claim A, then / ni+J_i (y) G /("3-" 2 )s(j) for some s G N n , thus 

Jf n2 (y) f( n B- n 2)s+n 2 -n 1 -j+i/ x \\^- r(n [i -n 2 )s+n 2 -n 1 -j+i/j\ 

Since /( n 3- n 2)s+n 2 -ni-j+«^ x ^.^ ^ j/^ th ere exists a closed interval K C J such that 

j-(n3-ra2)s+n2-ni-j+i/^\ _ J 

or 

Since f n ' 2 ~ ni ([a, b]) = J, we have K C\ P(f) 7^ 0. A contradiction. Claim C is proven. 

Let I = n 3 -n 2 and Q = U r °^ f r ( J )- B Y Claim C > we have f(Q) C Q C [f n ' 2 {v), / ni+j ~%)]- 
Write 5 = /In) then Xj G uj{f) — R(f) = w(g) — R(g)- It follows from Theorem A that u>(xj,g) 
is an infinite minimal set (for g). In the following, we show that oj(xj, f) is an infinite minimal 
set (for /). 

For any z G co(xj,f) = Li r Z} u(f r (xj), f l ), there exists s G Z/_i such that z G to(f s (xj), f l ), 
thus f l ~ s (z) G uj{xj,f l ) = u>(xj,g), which implies that uj(f l ~ s (z), f l ) = uj(xj,f l ) since u(xj,f l ) 
is an infinite minimal set (for / ). Noting that for any r G Z/_i, 

"(r te),/') = /x^/')) = cu(f+'- s (z),A 

Therefore, w(z, /) = lu(xj, f), which implies u>(x, f) = u(xj, f) is an infinite minimal set (for /). 
Theorem 1 is proven. 



Proof of Theorem 2. Assume on the contrary that oo{f) — R{f) 7^ 0. Using arguments 
similar to ones developed in the proof of Theorem 1, we can show that there exist I G N and 
a closed interval K in some edge I of G such that f (K) C K and K n (oj(f) — R(f)) = 
K n (oj(f l ) — R(f 1 )) 7^ 0. Let g = / 1 \k, then g is piecewise monotone and co(g) — R{g) 7^ 0, 
which contradicts Theorem B. Theorem 2 is proven. 
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Abstract In this paper, we determine the general solution of the functional equation fi(kx + y) + f2{kx — y) — 
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1. Introduction and preliminaries 

J. M. Rassias [ll](in 2001) introduced the cubic functional equation: 

f(x + 2y) - 3/(3 + y) + 3/(.t) - f(x - y) = 6f(y) (1.1) 

and established the solution of the Ulam-Hyers stability problem for this cubic functional equation. The 
function f{x) — x 3, satisfies the functional equation (1.1), which is called a cubic functional equation. Every 
solution of the cubic functional equation is said to be a cubic function. 

K. W. Jun and H. M. Kim [6] (in 2002) introduced the following cubic functional equation 

/(2s + y) + f(2x -y) = 2f(x + y) + 2f(x - y) + 12/(x) (1.2) 

and established the general solution and the generalized Ulam-Hyers stability for the functional equation 
(1.2). They proved that a function / between real vector spaces X and Y is a solution of (1.2) if and only 
if there exits a unique function C : X x X x X —> Y such that f(x) — C(x,x,x) for all x E X, and C is 
symmetric for each fixed one variable and is additive for fixed two variables. This cubic equation (1.2) can 
be generalized to 

f(2x + y) + f(2x -y) = 2f(x + y) + 2f(x - y) + 2f(2x) - 4f(x). (1.3) 

It is easy to see that the function f(x) = ax 3 + bx is a solution of the functional equation (1.3), which is 
called a general mixed additive-cubic functional equation. A. Najati and G. Z. Eskandani [9] established the 
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general solution of the functional equation (1.3) and established the Ulam-Hyers stability of this equation in 
quasi-Banach spaces. Eq.(1.3) can be generalized to 

h(2x + y) + f 2 (2x -y) = f 3 (x + y) + U(x - y) + f 5 (x). (1.4) 

for all x,y EM., where fi, f 2 , fa, fi, fs : K — ► M. arc unknown functions to be determined. P. K. Sahoo [13] 
determined the general solution of the functional equation (1.4) without assuming any regularity condition 
on the unknown functions f\, f 2 , fs, fi, /s : M. ^ R. The solution of this functional equation could also be 
determined in certain type of groups using two important results due to Szckclyhidi. 

The functional equation (1.3) also generalizes a mixed additive-cubic functional equation 

f(kx + y) + f(kx - y) = kf(x + y) + kf(x - y) + 2f(kx) - 2kf(x), (1.5) 

for a fixed integer with k ^ 0,±1. This equation studied by the authors in [16-18]. 

Let k be a fixed integer with k ^ 0, ±1, X and Y are real vector spaces. Eq.(1.5) can be generalized to 

h{kx + y) + f 2 (kx -y) = f 3 (x + y) + U(x - y) + f 5 (x). (1.6) 

for all x,y E K, where f\, f 2 , fa, fi, /s '■ X — ► Y arc unknown functions to be determined. In this paper, 
we determine the general solution of the functional equations (1.5), (1.6) and some other related functional 
equations. We will first solve these functional equations using an elementary technique [2, 13-14, 19] but with- 
out using any regularity condition on the unknown functions. The motivation for studying these functional 
equations came from the fact that recently polynomial equations have found applications in approximate 
checking, self-testing, and self-correcting of computer programs that compute polynomials. The interested 
reader should refer to [4] and [12] and references therein. 

Let X and Y be real vector spaces. A function A : X — > Y is said to be additive if A(x + y) = A(x) + A(y) 
for all x, y <G X. It is easy to see that A(rx) = rA(x) for all x £ X and all r £ Q (the set of rational numbers). 

Let neN (the set of natural numbers). A function A n : X n — > Y is called n-additivc if it is additive in each 
of its variables. A function A n is called symmetric if A n (xi,x 2 , ■■ ■ ,x n ) = A n (x n m,x n (2), • • • ,x n / n -\) for every 
permutation {7r(l),7r(2), • • • ,7r(n)} of {1,2, • • • ,n}. If A n (xi,x 2 , • • • ,x n ) is an n-additive symmetric map, 
then A n (x) will denote the diagonal A n (x, x, ■ ■ ■ ,x) for x E X and note that A n (rx) = r n A n (x) whenever 
x € X and r E Q. Such a function A n (x) will be called a monomial function of degree n (assuming A n ^ 0). 
Furthermore the resulting function after substituting X\ = x 2 = ■ ■ ■ = Xi = x and Xi+\ = xi +2 = ■ ■ ■ = x n = y 
in A n (x\,x 2 , ■ ■ ■ ,x n ) will be denoted by A l ' n ~ l (x,y). 

A function p : X — > Y is called a generalized polynomial (GP) function of degree n E N provided there 
exist A a (x) — A° E Y and i-additive symmetric functions Ai : X % — > K(for 1 < i < n) such that 

n 

p(x) = Y^ A l {x), for all x E X 

4 = 

and A n j£ 0. 

For / : X — ► Y, let A/, be the difference operator defined as follows: 

A h f(x) = f(x + h)-f(x) 

for hEX. Furthermore, let A h f(x) = f(x), AjJ(x) = A h f(x) and A,, o A^f(x) = A" +1 /(a;) for all n E N 
and all hEX. Here A^ o AJJ denotes the composition of the operators A/, and AJJ. For any given n E N, 
the functional equation A r ^ +1 f(x) = for all x, h E X is well studied. In explicit form the last functional 
equation can be written as 

a^vw = |5(-ir +i - j Y n+ . 1 )f(x+jh)=o. 
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The following theorem was proved by Mazur and Orlicz, and in greater generality by Djokovic (sec [1, 3, 

7,8]). 

Theorem 1.1. Let X and Y be real vector spaces, n£N and f : X — > Y , then the following are equivalent. 

(1) Al +1 f(x) = for all x,heX. 

(2) A Xli ... iXn+1 /(a;o) = for all x ,Xi, . . . ,x n+ i E X. 

(3) f(x) = A n (x) + A n ^ 1 (x) + A 2 (x) + A 1 (x) + A°(x) for all x E X, where A°(x) = A is an arbitrary 
element ofY and A t (x)(i = 1,2, . . . , n) is the diagonal of an i-additive symmetric function A$ : X 1 — ► Y . 

2. Solution of equation (1.6) on real vector spaces 

In this section, we determine the general solution of the functional equations (1.5) and (1.6) and some 
other related equations without assuming any regularity condition on the unknown functions. 

Theorem 2.1. Let X and Y be real vector spaces. Lf the functions f,g,h : X —> Y satisfy the functional 
equation 

f{kx + y) + f(kx - y) = g(x + y) + g(x - y) + h(x) (2.1.1) 

for all x,y E X, then f is a solution of the Frechet functional equation A Ill2il3!l4 /(io) = for all 

X ,Xi,X2,X 3 ,Xi E X. 

Proof. Replacing kx + y by xq and kx — y by y\ in (2.1.1), respectively, we get 

f{x ) + f(yi) - h{—x + — Vl ) = 9(^^x a - -^-Vi) + 9(^j^x + -gjjrtfi). (2-1.2) 

Replacing xq by x + X\ in (2.1.2), we have 

1 1 k + 1 k — 1 1 — k k + 1 

f{x Q +x 1 )+f{y 1 )-h{ — {xo+x 1 ) + —y 1 ) = ai^rixa+x^-^^y^+gi^^ixo+x^ + ^-y^. (2.1.3) 

Subtracting (2.1.2) from (2.1.3), we get 

f(x + xi) - f(x ) - h(^(x + xi) + ^rj/i) + h(jj:Xo + ^j/i) 

= g( k -£(x + Xl ) - k -=± Vl ) - g( k -£x - *=£ V1 ) (2.1.4) 

+. 9 (^(x + Xl ) + *£ Vl ) gC-^x + *£ Vl ). 

Letting y 2 = ^sq — ^jjrj/i in (2.1.4), we have 



f(x + Xi) - f(x ) - h{- j ^ l x a + ±xi - £3x2/2) + hi-^xo - £312/2) 

= 9{ h ^x 1 + y 2 ) - g(y 2 ) + g(^x + 1 -^x 1 - §±±y 2 ) - g{^x - |±iy 2 ). 

Replacing xq by xq + x 2 in (2.1.5), we get 



(2.1.5) 



f(x + Xi + x 2 ) - /(.to + x 2 ) - h( 1 ^ l (x (3 + x 2 ) + ±xi - T^iHi) + h(-j^j(x + x 2 ) - £3x2/2) 

= .9(^1 + V2) - 0(2/2) + 9(^i(x + x 2 ) + ^Xi - |^2/2) - 9(k^i(x + x 2 ) - j^y 2 )- 

(2.1.6) 
Subtracting (2.1.5) from (2.1.6), we get 

f(x + xi + x 2 ) - f(x + x x ) - f(x + x 2 ) + /(.T ) - h(^(xo + x 2 ) + ±xi - £3x2/2) 

+Hk L i(xo + x 2 ) - jrh-ys) + M^to + ikXi - ^ya) - K^Xo - £3x2/2) (2 1 ?) 

= 9(]^l(xo + X 2 ) + 1 ^rX 1 - |^2/2)- 9(j^l(X0 + X 2 )~ ^jlftj) 

-g(t^x + ±£ Xl - f±iy 2 ) + gi^xo - |±iy 2 ). 
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Letting y% — xq — (k — 1)7/3 in (2-1-7), we have 

f(x + xi + x 2 ) - f(x + xi) - /(.T + x 2 ) + f(x ) - h(^xi + k=i X2 + Vz) 

+h( J ± I x 2 + y 3 ) + h{±xi + y 3 ) - h{y 3 ) 1 

= g(-x + j^x 2 + ±£x! + (k + 1)2/3) - g(-x + ^x 2 + (k + l)y 3 ) 
-g{-x + ±£xi + (k + l)y 3 ) + g(-x + (k+ l)y 3 ). 

Again replacing xq by xq + x 3 in (2.1.8) and subtracting (2.1.8) from the resulting expression, we get 

f(x + x\ + x 2 + x 3 ) - f(x + xi + x 2 ) - f(x + x\ + x 3 ) - f(x + x 2 + x 3 ) 
+f(x + x 3 ) + f(x + an) + f(xo + x 2 ) - f(x ) 
= g(-xo - x 3 + ^x 2 + ^rXi + (k + l)y 3 ) - g(-x - x 3 + j^x 2 + (k + l)y 3 ) 



■g(-xo - x 3 + hJrXi + (k+ 1)1/3) + g(-x -x 3 + (k + l)y 3 ) 



(2.1.9) 



2k 



(2.1.10) 



-g{-x + ^xi + -^x 2 + (k + 1)2/3) + g{-x + t^ix 2 + (k + 1)2/3) 
+g(-x + l 2 tx 1 + (k + 1)2/3) - g{-x + (k + 1)1/3). 

Putting 2/4 = — t + (k+ 1)2/3 in (2.1.9), we get 

f(xo + xi + x 2 + x 3 ) - f(x + x\ + x 2 ) - f(x + x\ + x 3 ) - f(x + x 2 + x 3 ) 
+f(x + x 3 ) + f(x + xi) + f(x + x 2 ) - f(x ) 

= g{-x 3 + j^jx 2 + ^xi + 2/4) - g(-x 3 + -j^jx 2 + 2/4) - g{-x 3 + ^£xi + 2/4) 
+g(-x 3 + 2/4) - gi^xi + t^jx 2 + 2/4) + g{^iX 2 + y 4 ) + g(^xi + y 4 ) - .9(2/4)- 

Replacing xo by xo + T4 in (2.1.10) to get 

f(xo + Xi + x 2 + x 3 + Xi) - f(x + X\ + x 2 + xa) - f(xo + X\ + x 3 + Xi) - f(x + x 2 + x 3 + Xi) 
+f(x + x 3 + Xi) + f(x + xi + x 4 ) + f(x + x 2 + Xi) - f(x + Xi) 

= g{-x 3 + j^jx 2 + ^rxi + 2/4) - g{-x 3 + ]^jx 2 + 2/4) - g{-x 3 + ^xi + 2/4) 
+g(-x 3 + 2/4) - gi^xi + j^jx 2 + 2/4) + g{- k ^ L iX2 + Vi) + gi^xi + y 4 ) - g(y 4 ). 

(2.1.11) 
Subtract (2.1.10) from (2.1.11), we get 

f(x + x\ + x 2 + x 3 + Xi) - f(x + xi + x 2 + x 3 ) - f(x + x\ + x 2 + Xi) 

-f(xo + xi + x 3 + Xi) - /(.T + x 2 + x 3 + Xi) + f(x + xi + x 2 ) + f(x + x\ + x 3 ) 
+f(x + x 2 + x 3 ) + f(x + x 3 + Xi) + f(x + xi + x 4 ) + f(x + x 2 + Xi) 
-/(t + Tl) - /(t + t 2 ) - /(.T + t 3 ) - /(t + Xi) + /(t ) = 

which is A Xl;X2;X3iX4 /(a;o) = for all x Q ,xi,x 2 ,x 3 ,Xi el.D 

Theorem 2.2. Let X and Y be real vector spaces. If the functions f,g : X — > Y satisfy the functional 
equation 

f(kx + y)- f(kx -y)= g(x + y) - g(x - y) (2.2.1) 

for allx, y € X , then f is a solution of the Frechet functional equation A XltX2tX3 f(xo) = for all To, Xi,X 2 ,X 3 € 
X. 

Proof. The proof is similar to the proof of Theorem 2.1. □ 

Theorem 2.3. Let X and Y be real vector spaces, then the functions f : X —> Y satisfy the functional 
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equation 

f(kx + y) + f(kx -y) = kf(x + y) + kf(x - y) + 2f(kx) - 2kf(x), (2.3.1) 

for all x,y € X if and only if f is of the form 

f(x) = A 3 (x) + A 1 (x) + A°(x), for all x € X, 

where A (x) = A is an arbitrary element ofY, and A l (x) is the diagonal of the i-additive symmetric map 
A l :X l ^Yfori= 1,3. 

Proof. By Theorem 2.1 we see that / is a solution of the Frcchet functional equation ^ Xl ,x 2 ,x 3 ,x i f{xo) = 
for all xo,xi,X2,X3,X4 G X . Thus from Theorem 1.1 we have 

f(x) = A 3 (x)+A 2 (x) + A 1 (x)+A°(x), forallxGX, (2.3.2) 

where A (x) = A° is an arbitrary element of Y, and A l {x) is the diagonal of the i-additive symmetric map 
A, : X 1 -> Y for i = 1,2, 3. Putting (2.3.2) into (2.3.1), and noting that 

A 3 {x + y)+ A 3 (x -y) = 2A 3 (x) + 6A 1 ' 2 (x, y), 
A 2 (x + y)+ A 2 (x -y) = 2A 2 (x) + 2A 2 (y), 

and A 1,2 (kx,y) = kA 1,2 (x,y), we conclude that A 2 (y) = for all y e X. Therefore from (2.3.2), we get 
f(x) = A 3 (x) + A l (x) + A°(x). The proof of the converse is trivial. □ 

Remark. We observe that in case k = 2, Eq.(2.3.1) yields the mixed additive and cubic functional equation 
(1.3). Therefore, Theorem 2.3 is a generalized version of the theorem for a solution of additive-cubic functional 
equations (see [9, Theorem 2.3]). 

Theorem 2.4. Let X and Y be real vector spaces, then the functions f : X — > Y satisfy the functional 
equation 

f(kx + y) + f(kx -y) = f(x + y) + f(x - y) + 2f(kx) - 2/(ar), (2.4.1) 

for all x,y G X if and only if f is of the form 

f(x) = A 2 (x) + A 1 (x) + A°(x), for all xeX, 

where A°(x) = A is an arbitrary element ofY, and A 1 {x) is the diagonal of the i-additive symmetric map 
A l :X l ^Yfori= 1,2. 

Proof. By Theorem 2.1 we see that / is a solution of the Frcchet functional equation A Xl ,x 2 ,x 3 ,x 4 f(xo) = 
for all xo, xi, X2, X3, X4 G X . Thus from Theorem 1.1 we have 

f( x ) = A 3 (x)+A 2 (x) + A 1 (x)+A°(x) 1 forallxGX, (2.4.2) 

where A°(x) — A is an arbitrary element of Y, and A z (x) is the diagonal of the i-additive symmetric map 
A, : X 1 -> Y for i = 1,2, 3. Putting (2.4.2) into (2.4.1), and noting that 

^l 3 (x + y) + A 3 (x -y) = 2A 3 (x) + 6A 1 ' 2 (x, y), 
A 2 (x + y)+ A 2 (x -y) = 2A 2 {x) + 2A 2 {y) 1 

and A 3 (kx) = k 3 A 3 (x),A 1 - 2 (kx,y) = kA 1 - 2 (x, y), we conclude that 2k 3 A 3 (x) = 2kA 3 (x). Since k ^ 0, ±1, 
we get A 3 (x) = for all x G X. Therefore from (2.4.2), we get f(x) = A 2 (x) + A 1 (x) + A°(x). The proof of 
the converse is trivial. □ 

Remark. In case k = 2, Eq.(2.4.1) yields the mixed quadratic and additive functional equation f(2x + y) + 
/(2x — y) = f(x + y) + f(x — y) + 2/(2x) — 2/(x) (see [10]). Therefore, Theorem 2.4 is a generalized version 
of the theorem for a solution of quadratic-additive functional equations (see [10, Theorem 2.4]). 
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Theorem 2.5. Let X and Y be real vector spaces, then the functions f,g,h:X^Y satisfy the functional 
equation 

f(kx + y) + f(kx - y) = g(x + y) + g{x - y) + h(x) (2.5.1) 

for all x, y G X if and only if 

f(x) = A 3 (x) + A 2 (x) + A x (x) + A°(x), 

g{x) = kA 3 (x) + A 2 (x) + A x (x) + \A°(x) + B 1 {x) + B°(x), (2.5.2) 

h(x) = (2k 3 - 2k)A 3 {x) + (2k 2 - 2)A 2 {x) + (2k - 2)A 1 (x) + A°(x) - 2B 1 (x) - 2B°(x), 

where A°(x) = A and B°(x) = B° are arbitrary elements ofY, and A l (x) is the diagonal of the i-additive 
symmetric map Ai : X' 1 — ► Y for i — 1, 2, 3, and B 1 (x) is an additive function from X to Y . 

Proof. By Theorem 2.1 we see that / is a solution of the Frcchct functional equation A Zl ,x 2 ,x3,x 4 f(xo) = 
for all xo,xi,X2,X3,X4 G X. Hence from Theorem 1.1 we have 

f( x ) = A 3 (x)+A 2 (x) + A 1 (x)+A°(x), forallxGX, (2.5.3) 

where A (x) = A° is an arbitrary element of Y, and A l (x) is the diagonal of the i-additive symmetric map 
A % : X 1 -> Y for i = 1,2, 3. Putting (2.5.3) into (2.5.1), and noting that 

A 3 (x + y) + A 3 (x - y) = 2A 3 (x) + 6A 1 ' 2 (x, y), 
A 2 (x + y)+ A 2 (x -y) = 2A 2 (x) + 2A 2 (y), 

and A 1 ' 2 (kx,y) = kA 1 ' 2 (x,y), we conclude that 

g(x + y)+ g(x - y) + h(x) = 2k 3 A 3 (x) + 6kA 12 (x, y) + 2k 2 A 2 (x) + 2A 2 (y) + 2kA x (x) + 2A°(x). 
Therefore 

g(x + y) + g(x - y) + h(x) 

= k,A 3 (x + y) + kA 3 (x -y) + (2k 3 - 2k)A 3 (x) + A 2 (x + y) + A 2 (x - y) + (2k 2 - 2)A 2 (x) (2.5.4) 
+A 1 (x + y) + A l (x -y) + (2k - 2)A 1 (x) + \A°(x + y) + \A°(x - y) + A°(x). 
Letting 

G(x) = g(x) - kA 3 (x) - A 2 (x) - A 1 (x) - ^A°(x), (2.5.5) 

and 

H(x) = -h(x) + (2k 3 - 2k)A 3 (x) + (2k 2 - 2)A 2 (x) + (2k - 2)A 1 (x) + A°(x). (2.5.6) 

Then from (2.5.4) we have 

G(x + y) + G(x - y) = H(x). (2.5.7) 

Setting y — in (2.5.7), we have H(x) = 2G(x) and hence 

G(x + y) + G(x - y) = 2G(x). (2.5.8) 

for all ijd. The equation (2.5.8) is the Jensen functional equation and its solution is given by 

G(x) = B 1 (x) + B°(x), (2.5.9) 

where B 1 : X — > Y is an additive function and B°(x) = B° is an arbitrary element of Y. Thus from (2.5.5), 
(2.5.6), (2.5.9), and the fact that H(x) — 2G(x), we obtain the asserted solution (2.5.2). □ 

Theorem 2.6. Let X and Y be real vector spaces, then the functions f,g:X—tY satisfy the functional 
equation 

f(kx + y) - f(kx -y)= g(x + y) - g(x - y) (2.6.1) 
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for all x,y G X if and only if 

f /(*) = A 2 (x) + A\x)+A°(x), 

\ g(x) = kA 2 (x)+A 1 (x) + A°(x) + C°(x), 

where A (x) = A° and C (x) = C° are arbitrary elements ofY, and A l (x) is the diagonal of the i-additive 
symmetric map Ai : X 1 — ► Y for i = 1,2. 

Proof. By Theorem 2.2, we see that / is a solution of the Frcchct functional equation A Xl ^ X2 , X3 f(xo) = 
for all Xo, xi, Xi, xg, G X. Hence from Theorem 1.1 we have 

f(x) = A 2 (x) + A 1 (x) + A°(x), for all x gl, (2.6.3) 

where A°(x) = A is an arbitrary element of Y, and .A 1 (a;) is the diagonal of the i-additive symmetric map 
A, : X 1 -> y for i = 1,2. Putting (2.6.3) into (2.6.1), and noting that 

A 2 (kx + y) + A 2 (kx - y) = kA 2 (x + y) - kA 2 (x - y), 

we obtain 

g(x + y) + g(x - y) = A 2 (kx + y) - A 2 (kx - y) + A l (kx + y) - A 1 (kx - y) 

= kA 2 (x + y) - kA 2 (x - y) + A 1 (x + y) - A l (x - y) + A a (x + y) - A°(x - y). 

(2.6.4) 
Letting 

G{x) = g{x) - kA 2 (x) - A 1 (x) - A°(x), (2.6.5) 

then from (2.6.4) we have G(x + y) = G(x — y) for all x, y G X. Hence G(x) is a constant function, that is 
G(x) = C°(x), where C (x) is an arbitrary element of Y. Thus from (2.6.5), we obtain the asserted solution 
(2.6.2). □ 

Theorem 2.7. Let X and Y be real vector spaces, then the functions fi,f2ifs,fi,fh '■ X — > Y satisfy the 
functional equation 

A (fee + y) + f 2 (kx -y) = f 3 (x + y) + h(x - y) + f 5 (x) (2.7.1) 

for all x, y G X if and only if 

= A 3 (x) + A 2 (x) + A 1 {x) + A°(x) + B 2 (x) + B 1 {x) + B°(x), 

= A 3 (x) + A 2 (x) + A 1 {x) + A°(x) - B 2 {x) - B l {x) - B°{x), 

= kA 3 (x) + A 2 (x) + A 1 {x) + \A°(x) + C 1 {x) + C°(x) + kB 2 (x) + B 1 {x) + B°(x) + D°(x), 

= kA 3 (x) + A 2 (x) + A l {x) + \A°{x) + C^x) + C°(x) - kB 2 (x) - B % {x) - B°(x) - D°(x), 

= (2k 3 - 2k)A 3 {x) + (2k 2 - 2)A 2 (x) + (2k - 2)A 1 (x) + A°(x) - 2C 1 (x) - 2C°(x), 

(2.7.2) 
where A°(x) = A , B°(x) = B° , C°(x) = C° , D°(x) = D° are arbitrary elements of Y , A l (x), B l (x), C l (x) 
are the diagonal of the i-additive symmetric maps Ai, Bi, Ci : X 1 — * Y , respectively, for i = 1,2, 3. 

Proof. It is easy to check that (2.7.2) satisfies the functional equation (2.7.1). Now we prove the converse. 
Setting y by —y in (2.7.1), we have 

h(kx -y) + f 2 (kx + y) = h(x -y) + f 4 (x + y) + f 5 (x) (2.7.3) 

for all x, y G X. Adding (2.7.1) to (2.7.3), we get 

h(kx + y) + f 2 (kx + y) + h(kx-y) + f 2 (kx-y) = h(x + y)+ f i (x + y) + h(x-y) + U(x-y) + 2,h(x) (2.7 A) 



' h(x) 


h(x) 


' h(x) 


h(x) 


, h(x) 
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for all x, y G X. Setting 2f(x) = fi(x) + f 2 (x), 2g(x) — fz{x) + fi{x), 2h(x) — 2/ 5 (x), we obtain 

f(kx + y) + f(kx -y) = g(x + y) + g(x - y) + h(x) (2.7.5) 

for all x, y E X. Similarly, subtracting (2.7.3) from (2.7.1) we get 

F(kx + y) - F(kx -y) = G(x + y) - G(x - y) (2.7.6) 

for all x, y e X, where 2F(x) — fi(x) — fi(x), 2G(x) = fs(x) — f^x). Therefore, according to Theorems 2.5 
and 2.6, we obtain the asserted solution (2.7.2). □ 

Corollary 2.8. The continuous functions fi, fa, fs, fi, /s : R — » R satisfy the functional equation 

h{kx + y) + f 2 (kx - y) = f 3 (x + y) + f 4 (x - y) + f 5 (x) (2.6.1) 

for all x,y eR if and only if 

fi(x) = a 3 x 3 + a 2 x 2 + a\X + a + 62a; 2 + hx + feo, 

h{x) = a 3 x 3 + a 2 x 2 + a\X + a - 62a; 2 — hx - bo, 

fs(x) = ka 3 x 3 + a 2 x 2 + a\X + \a a + c\X + c + kb 2 x 2 + bix + 6 + do, (2.6.2) 

fi(x) = ka 3 x 3 + a 2 x 2 + a\x + |ao + C\X + Co — kb 2 x 2 — b\X — 60 — do, 

f 5 (x) = (2k 3 - 2k)a 3 x 3 + (2k 2 - 2)a 2 x 2 + (2k - 2)a 1 x + a - 2c x x - 2c 

where a,i(i = 0, 1, 2, 3), bi(i = 0, 1, 2), a(i = 0, 1) and do are arbitrary constants.. 

3. Solution of equation (1.6) on commutative groups 

In this section, we solve the functional equation (1.6) on commutative groups with some additional 
requirements. A group G is said to be divisible if for every clement b e G and every neN, there exists an 
clement a G G such that na = b. If this clement a is unique, then G is said to be uniquely divisible. In a 
uniquely divisible group, this unique clement a is denoted by — . That the equation na = b has a solution 
is equivalent to saying that the multiplication by n is surjective. Similarly, that the equation na = b has 
a unique solution is equivalent to saying that the multiplication by n is bijective. Hence the notions of 
n-divisibility and rt-unique divisibility refer, respectively, to surjectivity and bijectivity of the multiplication 
by n. 

Lemma 3.1.(Hosszu [5]) Let n > be an integer, G and S be abelian groups. Furthermore let S be uniquely 
divisible. The map F from G into S satisfies the functional equation 

A Xl ,..., lB+1 F(x ) = 

for all xq,xi, ... , x n+ i € G if and only if F is given by 

F(x) = A n (x) + ■■■ + A l (x) + A°(x), for all xeG, 

where A°(x) = A is an arbitrary element of S and A n (x) is the diagonal of an n-additive symmetric function 
A n : G n -» S. 

Theorem 3.2. Let G and S be uniquely divisible abelian groups. Then the function f : G — » S satisfies the 
functional equation 

f(kx + y) + f(kx - y) = kf(x + y) + kf(x - y) + 2f(kx) - 2kf(x) 

for all x,y € G if and only if f is of the form 

f{x) = A 3 {x) + A 1 (x) + A" (x) , for all xE G, 

where A (x) = A is an arbitrary element of S, and A % ix) is the diagonal of the i-additive symmetric map 
A l :G l ^Sfori= 1,3. 
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Proof. It can be proved in the same manner as in the proof of Theorem 2.3 by using Lemma 3.1. □ 

Theorem 3.3. Let G and S be uniquely divisible abelian groups. Then the function f : G — > S satisfies the 
functional equation 

f(kx + y) + f(kx - y) = f(x + y) + f(x - y) + 2f(kx) - 2f(x) 

for all x,y G G if and only if f is of the form 

f{x) = A 2 (x) + A 1 (x) + A" (x) , for all xE G, 

where A (x) = A is an arbitrary element of S, and A 1 (x) is the diagonal of the i-additive symmetric map 
A l :G l ^Sfori= 1,2. 

Proof. It can be proved in the same manner as in the proof of Theorem 2.4 by using Lemma 3.1. □ 

Similar to the Theorem 2.7, we have the following theorem. As the proof is identical with the proof of 
Theorem 2.7 we simply state the theorem without proof. 

Theorem 3.4. Let G and S be uniquely divisible abelian groups. Then the functions /i, fo, f 3 , f&, /s : G —* S 
satisfy the functional equation 

fi{kx + y) + f 2 (kx -y) = f 3 (x + y) + f±(x - y) + f 5 (x) 

for all x,y € G if and only if 

= A 3 (x) + A 2 (x) + A 1 {x) + A°(x) + B 2 (x) + B 1 {x) + B°(x), 

= A 3 (x) + A 2 {x) + A 1 {x) + A°(x) - B 2 {x) - B l {x) - B°{x), 

= kA 3 (x) + A 2 (x) + A 1 {x) + \A°(x) + C 1 {x) + C°(x) + kB 2 (x) + B 1 {x) + B°(x) + D°(x), 

= kA 3 (x) + A 2 (x) + A l (x) + \A°{x) + C 1 {x) + C°(x) - kB 2 (x) - B l (x) - B°(x) - D°{x), 

= (2k 3 - 2k)A 3 (x) + (2k 2 - 2)A 2 (x) + (2k - 2)A 1 (x) + A°(x) - 2C 1 (x) - 2C°(x), 

where A°(x) = A , B°(x) = B°, C°(x) = C° , D°(x) = D° are arbitrary elements of S , A l (x), B l (x), C l (x) 
are the diagonal of the i-additive symmetric maps Ai,Bi,Ci : G l — * S, respectively, for i = 1,2,3. 

Theorem 3.4 can be further strengthened using two important results due to Szckelyhidi [15]. By the use 
of the two important results, the proof becomes even shorter but not so elementary any more. The results 
needed for this improvement are the following (see [15]). 

Theorem 3.5. Let G be a commutative semigroup with identity, S a commutative group and n a nonnegative 
integer. Let the multiplication by n! be bijective in S . The function f : G — > S is a solution of Frechet 
functional equation 

A Xll ..., Xn+1 /(x ) = 

for all Xq,Xi, ... , X n +\ € G if and only if f is a polynomial of degree at most n. 

Theorem 3.6. Let G and S be commutative groups, n a nonnegative integer, (fi,ipi additive functions from 
G into G and <fi(G) C ipi(G)(i = 1,2, . . . ,n+ 1). If the functions f,fi'G—* S(i = 1,2, . . . ,n+ 1) satisfy 

n+l 
i=\ 

then f satisfies Frechet functional equation A Xli ... )Xn+1 /(a;o) = 0. 
Using these two theorems, Theorem 3.4 can be further improved. 

Theorem 3.7. Let G and S be commutative groups. Let the multiplication by 2 and k be surjective in G and 
let the multiplication by 6 be bijective in S. Then the functions f\, fi, fs, f^, f$ : G — > S satisfy the functional 



' fi(x) 


h(x) 


' h{x) 


U{x) 


. h{x) 
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equation 

fi(kx + y) + fi(kx -y) = f 3 (x + y) + f±(x - y) + f 5 (x) 

for all x,y € G if and only if 

/iO) = A 3 (x) + A 2 (x) + A 1 {x) + A°(x) + B 2 (x) + B 1 (x) + B°(x), 

f 2 ( x ) = A 3 (x) + A 2 (x) + A\x) + A°(x) - B 2 (x) - B l {x) - B°(x), 

f 3 (x) = kA 3 (x) + A 2 (x) + A\x) + \A°{x) + C\x) + C°(x) + kB 2 (x) + B 1 {x) + B°(x) + D°(x), 

f 4 (x) = kA 3 (x) + A 2 (x) + A 1 {x) + \A°(x) + C\x) + C°(x) - kB 2 {x) - B 1 {x) - B°(x) - D°(x), 

f 5 {x) = (2k 3 - 2k)A 3 {x) + (2k 2 - 2)A 2 (x) + (2k - 2)A 1 (x) + A°(x) - 2C 1 (x) - 2C°(x), 

where A°(x) = A , B°(x) = B°, C°(x) = C° , D°(x) = D° are arbitrary elements of S , A l (x), B l (x), C l (x) 
are the diagonal of the i-additive symmetric maps Ai, Bi, d : G % — > S, respectively, for i = 1,2,3. 
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Fast Gaussian elimination with pivoting for solving linear 
systems of rational Krylov matrices * 
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In this paper, we study a special kind of linear algebraic system, where the matrix is the 
rational Krylov matrices, which arise from the problem of the eigenvalue computation. 
Fast algorithms for solving such linear algebraic system are presented, by using displace- 
ment rank method. The computational complexity is 0(n 2 ) as compared to 0(n 3 ) in 
general. 

Mathematics subject classification: 65F10, 65F50. 

Keywords: Fast algorithm; rational Krylov matrix; displacement structure. 



1. Introduction 

Many problems in engineering and applied mathematics ultimately require the solution 
of n x n linear systems of equations. For small-size problems, there is often not much 
else to do except to use one of the already standard methods of solution such as Gaussian 
elimination. However, in many applications, n can be very large(n ~ 1000, n ~ 1, 000, 000) 
and, moreover, the linear equations may have to be solved over and over again, with 
different problem or model parameters, until a satisfactory solution to the original physical 
problem is obtained. In such cases, the 0(n 3 ) burden, i.e., the number of flops required 
to solve an n x n linear system of equations, can become prohibitively large. This is one 
reason why one seeks in various classes of applications to identify special or characteristic 
structures that may be assumed in order to reduce the computational burden. Of course, 
there are several different kinds of structure. 

In this paper , we study a kind of structured matrices ,that is , rational Krylov matrices, 
which are used widely in model reduction of state space systems [2] and dynamical sys- 
tems[l]. We derive a fast algorithm for solving linear systems of rational Krylov matrices 
by using displacement rank method[5,6] and the computational complexity is 0(n 2 ). 
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and Youth Science Foundations of the Education Department of Jiangxi Province No. GJJ09450. 
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The paper is organized as follows: In Section 2, we give some definitions and lemmas. 
The main results of the paper are given in Section 3. Finally, the numerical experiments 
are presented in Section 4. 

2. Definition and lemma. 

Throughout the paper we will use the following notations: 
e,i will denote the ith column of the identity matrix I n ; 
N :— {1, 2, • • • , n) for the set of indices; 
a for any nonempty proper subset of of N; 
a = N\a for the complement of S. 

Definition 1 Let A = diag(ai, a,2, ■ ■ ■ , o n ) be any real diagonal matrix , and let d±, • ■ • , d n 
be real numbers, not necessarily distinct, such that 

det(A-dil) ^0, i = l,-~,n (1) 

Define the rational functions 

<MA) = (A - d 1 )~\ 0,(A) = (A - di)-Vi-i(A), i = 2, • • • , n (2) 

Furthermore, for any real vector v, we define the matrix 

K = K n (A, v) = [0i (AK • • • , (t> n {A)v\ (3) 

as the rational Krylov matrix generated by A, the poles di and the vector v. 

Remark The rational Krylov matrix defined by (3) is a generalization of generalized 
Vandermonde matrix defined in [7]. 

Definition 2 The Schur complement of K G C nxn with respect to a proper subset a of 
N is denoted by K/a and defined to be 

K(a) - K(a,a)(K(a))- 1 K(a,a), 

where K(a, (5) stands for the submatrix of K e C nxn lying in the rows indexed by a and 
the columns indexed by (3, while K (a, a) is abbreviated to K(a). 

Definition 3 [6] Let matrix A,F& (j nxn be given. Let K e C nxn be a matrix satisfying 
a Sylvester-type equation 

V a ,f( k ) =AK-KF = GH t (4) 

with some rectangular matrices G,H e (j nxr , where the number r is small in comparison 
with n. The pair of matrices G,H in (4) is referred to as an {A, F}— generator of K 
and the smallest possible inner size r among all {A, F}— generators is called the {A,F}- 
displacement rank of K. 

As well known, computations with structured matrices (such as Toeplitz, Hankel, Van- 
dermonde matrices, etc) can be facilitated by means of representing these matrices with 
their "short" generators associated with the Sylvester-type displacement equation, and so 
the computation, time and memory space will decrease dramatically. 
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Lemma 4 [4] Let the matrix K\ 
displacement equation 



fen U\ 

L 22 



h k?> 



of order n satisfy the Sylvester-type 



Ai,FiV^l 



{Ki 



A 1 K 1 - K X F X = 

C 1 U C a r^nxr 



an 
* A 2 
Hi e C rxn . 



■K x -K 



i • 



fn * 
F 2 



(5) 



where kn, an, fn are the (1,1) entries of K\, Ai, F-± respectively. Ifku is nonzero, then the 
Schur complement K 2 = K 22 — ^-h u i satisfies the following Sylvester-type displacement 



(6) 



equation 














A 2 K 2 - K 2 F 2 = G 2 H 2 










with 













= Gi- 


1 


5l, 


" H 2 ' 


= H X - 


-h 


1 35T«i; 



(7) 



where g\ and h\ are the first row of G\ and the first column of Hi, respectively. 



Two fundamental invariance properties that underlie displacement structure theory are: 

(a) invariance of displacement structure under inversion and 

(b) invariance of displacement structure under Schur complement. (see [5]) 

3. Fast algorithm for solving linear systems of the rational Krylov matrices. 

Firstly, we introduce the following theorem 

Theorem 5 Let the matrix K = K n (A,v) be a rational Krylov matrix defined by (3), 
then K is the unique solution of the following Sylvester-type displacement equation 



AK-KF 



ve-. 



(8) 



where F is the upper bidiagonal matrix 

di 1 

d 2 ' ■ ■ 

"-. 1 
d„ 



(9) 



Proof. By the hypothesis, the spectra of the matrices A and F are disjoint. Hence, the 
operator X — > AX — XF is invertible(see[3]). As a consequence, the solution of the 
matrix equation AX — XF = ve\ exists and is unique. We show that the matrix K is 
such a solution by considering the matrix equation (8) column by column. For the first 
column we have: 



(AK - KF)ei = A<t> x (A)v - d^Ajv = (A - diI)<j>i( A ) v = v 
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For the ith column, with % — 2, • • • , n, we have 

{AK - KF)e i = A<j>i(A)v - d i( f>i{A)v - <t>i-i{A)v = {A- dJ^Ajv - 4>i-M)v = 

owing to the Definition 1. Hence the matrices AK — KF and ve\ have the same columns 
and Equation (8) is proved. 

Theorem 6 The rational Krylov matrix K = K n (A,v) defined by (3) is nonsingular if 
and only if ai ^ a,j for i ^ j and all entries of v are nonzero. 

Proof By Definition 1, for i,j — 1, • • • ,n all the numbers Oj — dj ^ 0, so the following 
matrix 

$ = (<f>j(ai)) iij=li ... tn , 

is well defined. For the following monic polynomials 



j 

r 



vr (A) = 1,7T,(A) = Y[(\-d n _ i+1 ),j = !,-••, n- 1, 



we have 



(f)j(X) =0„(A)7T n _ i (A),j 

As a consequence, we can factor the matrix $ as 



$ 



n. 



4>n(ai) 







TTn-l(oi) 


• • • 7To( 


Oi) 





0n(a„) _ 




_ 7r n _i(a n ) 


• • • 7T (a n ) 


0n(Ol) 







1 ai 
1 a 2 


a r r l ' 

ar 1 


JC 





0n(On) . 




_ 1 a„ 


<~ l . 





where J is the reversal permutation matrix and C is an upper triangular matrix with 
unit diagonal, built from the coefficients of the polynomials vtj(A) in the monomial basis. 
Since <f) n (ai) ^ 0, then the matrix $ is nonsingular if and only if a^ ^ ctj for % ^ j. 
As the i-th column of K = K n (A, v) is 

Kei = <pi(A)v = diag(v 1 ,v 2 , • • • ,v n )^ei, 

we have K = diag(vi,v 2 , • • • , v n )&, which completes the proof. 

Corollary 7 Let K = K n (A,v) be a Krylov matrix, ai ^ a,- for i ^ j and all entries of 
v are nonzero, then the % x %{% — 1, • • • ,n) leading major sub-matrices are nonsingular. 

Proof Since K(l : i, 1 : i) = Ki(A(l : i, 1 : i),v(l : i)),i = 1, • • • , n, then by Theorem 6 
we know detK(l : i, 1 : i) ^ 0. 
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Applying Gaussian elimination to an arbitrary matrix K\ is equivalent to recursive 
Schur complement, as shown by the factorization 



K x 



-(I) 



fell 


Ml 




1 


" 




fell 


Wl 


. *1 


-"■22 




. itJ 1 


/ 







K 2 



L^\ 



where K 2 = K\ 2 — rMiWi is a Schur complement of the (1,1) entry kn in the matrix K±. 



Then for K 2 



k 22 u 2 



U K. 



(2) 
.33 



we have 



Ko 



A'.' 



1 



h {2) 7, 

K 22 U 2 

K« 



where K% = K 33 (2jl 2 u 2 is a Schur complement of the (1,1) entry k 22 in the matrix 



,W ».(2)l 



,W 



If we denote «i = [wi , i4 ], where u\ is the first entry of the row vector ui, Now we 
can get 



K x 



1 
Mi / 



1 
1 







zm^ 



li I 



ku u[ u[ 
k 22 u 2 
K 3 



LiL 2 U {2 \ 



Proceeding recursively, one finally obtains the factorization K\ = L\L 2 ■ ■ ■ L n _iU^ n ~ 1 ^ = 
LU, where L = L\L 2 ■ ■ ■ L n _i is a unit lower triangular matrix and U = [J*™ -1 ) is an 
upper triangular matrix. 

Since the rational Krylov matrix K defined by (3) satisfies the Sylvester-type displace- 
ment structured equationfsee, Eqs. (8)], according to Lemma 4, we have 



e\ (AKi - K^) = e\ G % H h {A.K, - K^a = dHe, 



that is 



,« 



.(*) 



[kl^u^ll - F t ) = g*>H u (A t - /#/) 



(<) . 



c(i) : 



1.(0 

h 



Gih 1 ; 



As Ai(i = 2, • • • , n) are still diagonal matrices and Fi(i = 2, • • • , n) are still upper bi- 
diagonal matrices, therefore, we can present a fast LU factorization method as follows, 



Algorithm 1: (A fast LU factorization algorithm for rational Krylov matrices) 

Let K = K n (A,v) be a Krylov matrix defined by (3), Oj 7^ a,- for i ^ j and all entries 

hi Mi 



of v be nonzero. Assuming that K — K\ 



placement structure equations AK\ — K\F 



a n 

* A 2 



satisfies the Sylvester-type dis- 



K x -K x 



fn * 
F 2 



G\Hi 



with Gi — v and Hi = ef , this algorithm computes the LU factorization of matrix Ki 
with 0(n 2 ) computational complexity. 
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For i — 1 : n — 1 
If i = 1, 



Compute the first column 



else 



1 



of L and the first row [ku, u\\ of U. 



Compute the first row [k u \' , Uj] and the first column [/c^ • , /f] T of K i: respectively, 
which is equivalent to solving the following two triangular linear systems 



.,(<■) 



,W 



(0 



[A£',ud(aB7 - *i) = 9? Hu (A " /ii ') 



f (0 



A: 



(') 



k 



G{h 1 



(0. 



(where oi\ and /{^ are the (1,1) entries of Aj and Fj, respectively). 
Write down the ith column and the ith row of L and U, respectively 



end 



W 



Compute the generators {Gj+i, -f^i+i} for the Schur complement ifj+i = K^ li+1 — 
yiiUi by using (7). 



k 

end 



According to Alg. 1, we can compute the solution of linear systems Kx = b by the 
following algorithm 

Algorithm 2: (A fast algorithm for solving the linear systems of rational 
Krylov matrices) 

Step 1. Compute LU factorization of K by Alg. 1 

Step 2. Solve the lower triangular linear systems of equations Ly = b, by forward substi- 
tution method; 

Step 3. Solve the upper triangular linear systems of equations Ux = y, by back substitu- 
tion method. 

Obviously, the computational complexity of Alg. 1 is 0(n 2 ) and so the overall compu- 
tational complexity of Alg. 2 is also 0{n 2 ). 

Notice that 

P 1 APl{P l K) - (Pi^)F = (P lV )eJ, 

and PiAP^ is still a diagonal matrix, where P\ is a permutation matrix, which means 
a row interchange does not destroy the displacement structure for the rational Krylov 
matrices. Hence we can obtain a fast LU factorization combined with partial pivoting 
for any rational Krylov matrix and Gaussian elimination with partial pivoting can be 
translated into the language of operations on the generators of a matrix as follows: 

Algorithm 3: (A fast LU factorization algorithm for rational Krylov matrices 
with partial pivoting) 

Let K = K n (A,v) be a Krylov matrix defined by (3). Assuming that K — K\ — 

k\\ ii\ 

satisfies the Sylvester-type displacement structure equations AK\ — K\F 



a u 
* A 2 



Ky-K X 



/ll * 

F 2 



G\Hi with Gi — v and Hi = el 
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For % — 1 : n — 1 

Determine the position, say (i,k),k >i, of the entry with maximum magnitude 
in the i — th column and record the i — th permutation matrix Pf, 
Compute At = PiAiP^Gi = P l G i ,K l = P.K,- 
If i = l, 

1 



Compute the first column 1 , of L and the first row [/cn,tii] of U. 

L sir' 1 J 

else 

Compute the first row [%,«,] and the first column [k^ , lf] T of K i: respectively, 
which is equivalent to solving the following two triangular linear systems 



[$,*](<$! -Fj = <£ ) H i ,(A i -fj§I) 






Gih 1 ; 



(where afl and fi\ are the (1,1) entries of Ai and F i: respectively). 
Write down the ith column and the ith row of L and U, respectively, 
end 

Compute the generators {G i+1: H i+1 } for the Schur complement K i+1 = K^ li+1 — 
-jijkui by using (7). 

end 

According to Alg. 3, one finally obtains the factorization K\ — P • L ■ U, where P = 
p 1 . p 2 . . . P n _ 1 and Pk is the permutation used at the k-th step of Alg. 3. 

Now we can compute the solution of linear systems Kx = b by the following scheme: 

Algorithm 4: (A fast algorithm for solving the linear systems of rational 
Krylov matrices) 

Step 1. Compute LU factorization of PK by Alg. 3, where P = P n _i • P-i • • ■ P\\ 
Step 2. Compute z = P± ■ P 2 - ■ ■ P n -ib] 

Step 3. Solve the lower triangular linear systems of equations Ly = z, by forward substi- 
tution method; 

Step 4. Solve the upper triangular linear systems of equations Ux = y, by back substitu- 
tion method. 

4. Numerical experiment. 

In this section, we demonstrate the computational time and accuracy of our algorithm 
by comparing it with the function '\' in Matlab. 

Our experiments in Matlab were carried out on a server with two 1.83GHz Inter Core 
CPUs, 512MB RAM and an 80GB disk. The rational Krylov matrices tested were gener- 
ated from random vectors. 

The accuracy of the solutions obtained was estimated by the relations 

_ \\ x ~ x Mat\\2 
\\ x Mat\\2 

where x is the solution obtained by the corresponding algorithms, xuat is the solution 
obtained by the function '\' in Matlab which we assume to be exact. 
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Example 1 K = K n (A,v),A = diag(100 ■ rand(n,l)),v = ones(n,l),d = (n + 1) ■ 
ones(n, 1), b = rand(n, 1). 

Table 1 Running times(seconds) 
n CPU time of Alg. 2 CPU time of Alg. 4 CPU time of the function '\' 
15 0M (LOO O01 
20 0.00 0.01 0.02 
25 0.00 0.02 0.03 
30 0.00 0.04 0.05 
40 0.01 0.07 0.10 
50 0.01 0.09 0.15 
60 0.03 0.11 0.23 
100 0.12 0.20 0.35 
150 0.19 0.32 0.59 
200 (125 0AI (168 

Example 2 K = K n (A, v),A — diag(100-rand(n, l)),v = ones(n, 1), d — (n+l)ones(n, 1), b 
rand(n, 1). 

Table 2 Accuracy 
n Relative error e of Alg. 2 Relative error e of Alg. 4 
15 1.47 x 10" 5 1.22 x 10~ 9 
20 2.17 x 10~ 2 1.72 x 10 -9 
25 7.11 x 10+° 4.24 x 10~ 7 
30 3.33 x 10 +1 5.19 x 10~ 6 
40 1.77 x 10+ 3 3.61 x 10~ 5 
50 2.45 x 10 +1 3.27 x 10~ 7 
60 5.25 x 10+ 2 9.11 x 10~ 8 
100 4.42 x 10 +1 2.27 x 10~ 6 
150 3.86 x 10+ 3 2.14 x 10~ 5 
200 3.43 x 10+ 1 7.62 x 10~ 6 

Our numerical experiments have confirmed the theoretical complexity and shown good 
accuracy of our algorithm. 
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AN IDENTITY OF SYMMETRY FOR THE 
GENERALIZED EULER POLYNOMIALS 

Taekyun Kim 

Abstract. The main purpose of this paper is to prove an identity of symmetry for the 
generalized Euler polynomials. 

51. Introduction 



Let p be an odd prime number. Throughout this paper Z p , Q p , C, and C p will, 
respectively, denote the ring of p-adic rational integers, the field of p-adic rational 
numbers, the complex number field, and the completion of algebraic closure of Q p . 
The normalized valuation in C p is denoted by | • \ p with \p\ p = -. We say that / is 
a uniformly differentiable function at a point a G Z p and denote this property by 

f( X \ _ f(y\ 

f G UD(Z P ), if the difference quotients Ft(x, y) = have a limit / = f'(a) 

x — y 

as (x, y) — ► (a, a). For / G UD(Z p ), let us start with the expression 

O^j^p^ 0<j<p N 

representing a p-adic analogue of Riemann type sums for /, see [4-17]. The integral 
of / on Z p will be defined as limit (n — > oo) of those sums, when it exists. The p-adic 
invariant integral on Z p of the function / G UD(7* p ) is defined as 

(1) 1(f) = / f(x)dx= lim E /(^)(-!) X 5 ^e [4-17]. 

j ' l p x=0 

In [17], Yang proved the identity of symmetry for the higher order Bernoulli poly- 
nomials. From his symmetry identities, he derived the recurrence relation and mul- 
tiplications theorem for the Bernoulli polynomials and numbers. In this paper we 
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investigate some symmetric properties related to the p-adic invariant integral on Z p . 
By using these properties, we prove an identity of symmetry for the generalized Euler 
polynomials attached to x- 

}2. Some symmetric identities of the generalized Euler polynomials attached to \ 

The n-th Euler numbers E n are defined as 



2 w v^ _ r 



(2) ^ T i = eEt = E^^'( cf -[ 1 - 13 ]) 



n=0 



with the usual convention about replacing E n by E n . 
The n-th Euler polynomials E n (x) are also defined as 

*.(*) = t (?)*-%, where (fj = "• C~ D-|-("-' + D , (see M) . 

From (1) we can easily derive 

(3) 1(h) + 1(f) = 2/(0), where h(x) = f(x + 1). 
By continuing this process, we see that 

n-l 

/(/„) + (-l^Itf) = 2 ^(-l)«-!-7(/), where f n (x) = f(x + n). 

1=0 

When n is an odd positive integer, we obtain 

n-l 

(4) /(/„) + /(/) = 2 £(-l)'/(0- 

z=o 

If n £ N with n = ( mod 2), then we have 

n-l 

(5) !(/„) -/(/) = 2 £(-l)' -1 /(0- 

For a fixed odd positive integer d with (p, d) = 1, set 

X = X d = limZ/dp n Z, Xi = Z p , 



n 

X* = U (a + cfoZA 

Q<a<dp V ■ P/ 

(o,p) = l 

a + dp n Z p = {x £ X|x = a (mod <ip n )}, 
2 
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where a G Z lies in < a < dp n . Let x be the Dirichlet's character with conductor 
d(= odd) G N. If we take f(x) = x( x )e tx , then we have 

(6) j x X(y)e^dy = ^£S^M)g!! e ^. 

Now we define the generalized Euler polynomials attached to x as follows: 

(7) 2St-, 1 (-l)'x(QeV = f > {x) * 

v > e dt + l ^ ' xV ' n\ 

n=0 

In particular x = 0, E UjX (= E njX (0)) are called the n-th generalized Euler numbers 
attached to %. From (6) and (7), we note that 



(8) En, x (x)= / X (y)(x + y) n dy. 

Jx 

For n G N with n = l(mod 2), we have 

/„ nd—l 

x ( x ) e (nd+x)t dx + / x ^ e xt dx = 2J2 (-l)'x(Oe'*- 

Let 

(10) T fc , x (n)=2^(-l) z X (/)/ fc . 

z=o 

It is not difficult to show that 

(11) / e (x+nd » X (x)dx+ [ X (x)e xt dx = 2 Jx^{x}dx = " ^ 
' Jx Jx J x e ndxt dx f^ Q fe ' xl J A;! 

Let ioi,«)2 G N with wi = l(mod 2), 102 = l(mod 2). Then we consider following 
double integral. 

Jx Jx e( WlXl+W2X2 1 t x(xi)x{x2)dx 1 dx 2 

r pdw\W2xtArf. 

(12) 

= ( (..^Id ) gxwe— (-i)'J |*-(-i; 

By (8) and (11), we see that 

(13) / x(x)((i?i + x) dx + x( x )x dx = Tk :X (nd — 1). 

ix ix 

3 
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That is, 

E kjX (nd) + E kjX = T k:X (nd - 1). 

Let 



(14) T x ( Wl ,w 2 ) 



Ix Ix x(xi)x(x2)e {wiXl+W2X2+WlW2x)t dx 1 dx 2 



w^bt 



f x edw 1 x 3 t ( i X3 

From (12) and (14), we note that 
T x (w u w 2 ) 

(i5) - ( g::;^:;; ) (£^-^<) d>x-*« 

and T x (w\, w 2 ) is symmetric in w\ and w 2 . By (6), (8), (11), (14), and (15), we see that 

(15) T x ( Wl ,w 2 ) = J2 ( Yl L) E t , x (w 2 x)T l - iyX (dw 1 - l)w\w l 2 ~ l J -. 
By the symmetric property of T x (w±, w 2 ) in w\ and w 2 , we also see that 

(16) T x ( Wl ,w 2 ) = J2 ( J2 l,)w l 2 w l 1 ~ l E i:X (w 1 x)Ti_ iiX (dw 2 - 1) J - . 

1=0 \i=0 ^ ' ) 

By comparing the coefficients on the both sides of (15) and (16), we obtain the 
following theorem. 

Theorem 1. Let x be the Dirichlet's character with an odd conductor d e N. For 
w\,w 2 , d e N m& <i = 1( mod 2), w\ = 1( mod 2), 102 = 1( mod 2), tye /lave 

J^ ( J.E iiX (u;2a;)Ti_ i>x (du;i - ljwju^ - * = ^ ( . J^xC^i^^-^x^s - l)^^!"*- 

i=0 ^^ i=0 ^ 

Remark. Setting x = in Theorem 1 we obtain 



£ QE hX T l _ hX (dw 1 - l)w\w 1 ^ = J2 Q^xTi-iAdwi - 1] 



w\w\ ' 



y 2 ^i 
\ * / 

From (14), we can derive 

dwi—l „ 

T x ( Wl ,w 2 )= J2 (- 1 ) 1 e^ +W2X+ ^ l)tWl X (x 1 )dx 1 
(17) 

00 / dw\ — 1 \ n 

n=0 \ 2=0 J ' 



On the other hand, 

00 /dw2 — l 



(18) T x ( Wl , «; 2 ) = ]T J2 (-l) l En, x (wix + — 



Win. n \ ** 



^2 1 , 
n=0 \ Z=0 ; 



By (17) and (18), we obtain the following theorem. 

4 
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Theorem 2. For Wi,W2 GN with w\ = 1( mod 2), ty 2 = 1( mod 2), toe /iai>e 

dwi — 1 d,W2 — 1 

< V (-l) z £ n , x («; 2 £ + ^Z) = ^ V (-i)'s ( Wia;+ ^i) 

^— -" ' Wi ^~^ Wo 

1=0 L 1=0 z 

Remark. From the equations of the p-adic invariant integral on Z p , some interesting 
identities of the Euler polynomials are derived in [6] . In this paper, we have studied 
the symmetric properties of the generalized Euler polynomials attached to x- To 
derive the symmetric identities of the generalized Euler polynomials attached to %, 
we used the symmetric properties of p-adic invariant integrals on Z p . 
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On properties of Strongly Prequasi-invex 

Functions* 

Wan Mei Tang 
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Abstract 

In this paper, the strongly prequasi-invex functions are further discussed. We note that strong 
prcquasi-invexity of a function can be characterized by the midpoint strong prcquasi-invexity of 
an upper and a lower semicontinuous function, respectively. Moreover under the condition of dif- 
ferentiability, an equivalent condition of strongly prequasi-invex function is also obtained. Finally, 
Sonic properties of strictly prequasi-invex, semistrictly prequasi-invex, and strongly prequasi-invex 
functions are concluded. 

Keywords: Strongly prequasi-invex functions, strictly prequasi-invex functions, semistrictly prequasi-invex 
functions, strongly quasi-convex functions, semicontinuity. 



1 Introduction 

Convexity and generalized Convexity play a central role in mathematical economics, engineering 
and optimization theory. Therefore, the research on convexity and generalized Convexity is one 
of most important aspects in mathematical programming. Recently, Weir and Mond introduced 
the definition of preinvcxity in [1], Yang and Li presented the definitions of strict preinvexity 
and semistrict preinvexity and discussed some relationships between preinvexity and scmistrict 
preinvexity in [2] . Yang and Li obtained some properties of preinvex functions in [3] . Yang also 
discussed the relationships among convexity, semistrict convexity and strict convexity in [4] . Yang 
and TEo introduced the definitions of strictly prequasi-invex functions and semistrictly prequasi- 
invex functions and discussed the relationships among prequasi-invexity, strict prequasi-invexity, 
and semistrict prequasi-invexity in [5] . Tang and Yang in [6] introduced the concept of strongly 
prequasi-invex functions and established relationships among strongly prequasi-invex functions, 
prequasi-invex functions, strictly prequasi-invex functions and semistrictly prequasi-invex func- 
tions, and an importance conclusion obtaind is that a local minimum of a strongly prequasi-invex 
function over an invex set is also a global minimum. In this paper, using Condition C and Condition 
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D [5], we study some properties of strongly prequasi-invex functions. In particular, sufficient and 
necessary conditions of strongly prequasi-invex functions are derived under the condition of lower 
scmicontinuity and upper scmicontinuity respectively We also prove that an equivalent condition 
of strongly prequasi-invex functions. 



2 Preliminaries 

Definition lJ 7 l A set H C R n is said to be convex if for any x,y G H, and VA G [ 0, 1], we have 

Xx + {1-X)y G H. 

Definition 2W A set K C R n is said to be invex if there exists a vector function rj : R n x R n — > 
R n such that for any x,y G if, and VA G [ 0, 1], we have 

y + \r](x, y) G if. 

Remark 1. A convex set is an invex set; i.e., take rj(x,y) = x — y. But the converse does not 

hold. 

Definition 3^ Let H C R n be an convex set . / : H — ► R is said to be strictly quasi-convex 

on H, if for any x, y G H, x ^ y, we have 

/(Ax + (1 - X)y) < max{/(x),/(y)}, VA G (0, 1). 

Definition 4I 8 ' Let H C R n be an convex set . / : H — > R is said to be semistrictly quasi-convex 
on H, if for any x,y € H, /(x) ^ f(y), we have 

/(Ax + (1 - X)y) < max{/(x), f(y)}, VA e (0, 1). 

Definition 5^ Let H C _R" be an convex set . f : H — ► i? is said to be strongly quasi-convex 
on H, if there exists a constant (3 > such that for any x,y £ H, we have 

/(Ax + (1 - A)y) < max{/(x), f(y)} - /3A(1 - A) || x - y || 2 , VA e [ 0, 1]. 

Definition 6^ Let if C R n be an invex set with respect to -q : R n x R n — > i?". / : if — ► i? is 
said to be strictly prequasi-invex on K 1 if for any x, y G if, x 7^ y, we have 

/(y + Ar?(x, y)) < max{/(x), /(y)}, VA G (0, 1). 

Definition 7^ Let if C i?" be an invex set with respect to r/ : R n x R n — ► R n . f : K — > i? is 
said to be semistrictly prequasi-invex on if, if for any x, y G if , /(x) 7^ /(y), we have 

f(y + \n(x, y)) < max{/(x), /(y)}, VA G (0, 1). 

Definition 8 1 6 ' Let if C R n be an invex set with respect to 77 : R n x R n — > i?". / : if — ► i? is 
said to be strongly prequasi-invex on if, if there exists a constant f3 > such that for any x, y G if , 
we have 

/(y + A7 ? (x,y))<max{/(x),/(y)}-/3A(l-A)||r ? (x,y)|| 2 , VAg(0,1). 
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Example 1 This example illustrates that a prequasi-invex function is not a strongly prcquasi-invex 
f -|s|, if \x\ < 1, 

w -i, */ M>i, 



function. Let f(x) 



and let 



»y(a;,y) = < 



x-y, if x>0,y>0, 

x-y, if x<0,y<0, 

1-y, if x<0,y>0, 

-1-y, if x>0,7/<0. 



Then, by [5, example 1.1], / is a prcquasi-invex function with respect to r\. However, for any 
(3 > 0, let x = 1,3/ = 2, A = \. Since 

f(y + \ V (x,y)) = /(2 + \ ■ (1 - 2)) = -1 > max{/(l), /(2)} - i/?||(l - 2)|| 2 = -1 - J/3, 

hence, / is not a strongly prcquasi-invex function for the same 77. 

Example 2 This example illustrates that a strictly prcquasi-invex function is not a strongly 

prcquasi-invex function. Let f(x) = —\x\, 



r)(x,y) 



x-y, if x>0,y>0, 

x-y, if x<0,y<0, 

y-x, if x<0,y>0, 

{ y-x, if x > 0,7/ < 0. 



Then, by [5, example 1.4], / is a strictly prcquasi-invex function with respect to r). However, for 
any /3 > 0, letx=|,j/=4,A=|. Since 



/(v+ *,(*,„)) -/(i + i.(!-i)) 



-| > m-t/(| ,, /(|) } _ ^«| _ |)> _ _|. 



then, / is not a strongly prequasi-invex function for the same 77. 

Example 3 This example illustrates that a semistrictly prequasi-invex function is not a strongly 

f -|z|, »/ |x| < 1, 

w -1, if M>1, 



prcquasi-invex function. Let /(x) 
and let 



r?(x,j/) = < 



x-y, if x>0,y>0, 

x-y, if x<0,y<0, 

x — y, if x > 1, y < — 1, 

x-y, if x<-l,y>l, 

y — x, i/ — 1 < x < 0, jy > 0, 

y — x, i/ — 1 < y < 0, x > 0, 

y — x, if 0<x<l,y<0, 

y — x, if 0<y<l,x<0. 

Then, by [5, example 1.3], / is a semistrictly prequasi-invex function with respect to 77. However, 
for any (5 > 0, by letting x = 2, y = —2, A = \. Since 

/fo + Ar?(x, y)) = /(-2 + 1 • (2 + 2)) = > max{/(2), /(-2)} - 1/3(2 + 2) 2 = -1 - 4/3, 
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hence, / is not a strongly prequasi-invcx function for the same r/. 

Remark 1. From Examples above — we know that strongly prequasi-invcx functions arc different 

from strictly prequasi-invcx functions and semistrictly prequasi-invcx functions and prcquasi-invex 

functions. 

Example 4' 6 ' This example illustrates that a strongly prequasi-invcx function may be not a 

f ~\x\, if -1 <x< 1, 

k -2, */ M>1, 



strongly quasi-convex function. Let f{x) 



il(x,y) 



x-y, 


*/ 


0<x< 1, 


0<y<l, 


x, 


if 


<x < 1 


2/>l, 


y, 


if 


<x < 1 


-1 <y < o 


-x, 


if 


0< x < 1, 


?y < -i, 


y- 


if 


-1 <x<0, 


|y|<i, 


-x, 


if 


- 1 < x < 0, 


y>i, 


x, 


if 


-1 <x<0, 


?y < -i, 


y- 


if 


lwl<i. 


x|>l, 


o, 


otherwise. 





Let /3 = 1. Then, it is easy to verify that / is a strongly prequasi-invcx function with respect to r/. 
However, for any j3 > 0, by letting x = 3, y = —1, A = ^ ■ Since 

f(y + X(x - y)) = /(-l + i . (3 + 1)) = /(l) = -1, 



max{/(x) ) /(j/)}-/3-A-(l-A).||.T- ? y|| s 



■/3-(3+l) 2 



-1-4/3. 



By —1 > — 1 — 4/3, hence, / is not a strongly quasi-convex function. 

Remark 2. From Example 4, we know that the definition of strongly prequasi-invex functions is 

a true generalization of that of strongly quasi-convex functions. 

Definition 9' 9 ' 10 ! A diffcrentiable function / : K — > R on an open invex subset K of R n is a 

strong quasi-invex function with respect to r\ on K 1 if there exists a constant /3 > such that for 

any x,y <E K, we have 

f(x)<f(y) implies r](x,y) T W f(y) + P\\r](x,y)\\ 2 < 0. 

Definition lO^ 10,11 ! Let K of R n be an invex set with respect to -q. Then, F : K — > R n is said 
to be strongly quasi-monotone with respect to r\ on K of R n , if there exists a constant /3 > such 
that for any x, y € if, we have 

T](x,y) F(y) + (3\\r](x,y)\\ 2 > implies r](y,x) F(x)<0. 

Condition C^ The vector-valued map rj : R n x R n — ► R n is said to satisfy the Condition C, if 
for any x,y £ R n and for A G [0, 1], 

v(y, y + Ar?(x, y)) = -\r)(x, y), 
r](x,y + Xr)(x,y)) = (1 - X)r](x,y). 
Condition D^ Let the set K be invex with respect to -q : R n x R n 



R n , and let / : K 



R. 



Then, 



f{y + v(x,y)) < f(x), Vx,yeK. 
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3 Main Results 

In this section, we'll present two conditions that determine the strong prcquasi-invexity of a func- 
tion via an intermediate-point strong prequasi-invexity check under conditions of upper and lower 
semicontinuity, respectively. At first, we'll give an important lemma as follows. 
Lemma 3.1. Let K C R n be an invex set with respect to vector- valued map r\ : R n x R n — > R n . 
Assume that the following condition is satisfied: 
(i) Condition C and D are satisfied; 
(ii) there exist a constant (3 > and a <G (0, 1) such that, for all x,y € K, 

f(y + arj(x, y)) < m&x{f(x)J(y)} - /3a(l - a)||r?(a;, y)\\ 2 . (3.1) 

Then the set defined by 

A={\€[O,l}\f(y + \ V (x,y))<m S x{f(x),f(y)}-0\(l-\)\\r ] (x,y)\\ 2 , 3(3 > 0, Vx, y € K} 

is dense in the interval [ 0, 1]. 

Proof. Suppose that A is not dense in [ 0, 1]. Then, there exist a A G (0, 1) and a neighborhood 

A r (A ) of A such that 

7V(A o )n,4 = 0. (3.2) 

From Condition D and (3.1), we have 

{A e A | A > A } ^ and {A e A \ A < A } ^ 0. 

Define 

X t = inf{A e A | A > A }, (3.3) 

A 2 = sup{A e A | A < A }. (3.4) 

Then, by (3.2), we have 

< A 2 < Ai < 1. 

Since {a, (1 — a)} € (0, 1), we can choose u\,U2 G A satisfying u\ > Xi,U2 < A2, such that 

max{a, (1 — a)}(ui — U2) < Xi — A2. (3-5) 

Next, let us consider 

A = au\ + (1 — a)U2- 

From Condition C, we have 

y + \r](x,y) = y + (u 2 + a{u x - u 2 ))r](x, y) 

= y + u 2 r)(x, y) + ot{- til ^)ri{y, y + u^x, y)) 

= y + u 2 n{x, y) + an(y + Uirj(x, y),y + um(x, y) + ^^^(y, y + um(x, y))) 

= y + u 2 i](x, y) + an(y + U\n{x, y),y + u^x, y) - (ui - u 2 )r](x 1 y)) 

= y + U2n(x,y) + an(y + uin(x,y),y + U2r](x,y)), Vx,y e K. 
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Hence, from (3.1) and the fact that u\, u 2 G A, we get 

f(y + Xf](x,y)) = f(y + u 2 r](x 7 y) + aT](y + u 1 T](x,y),y + U2f](x,y))) 

< max{/(y + uiT)(x, y)), f(y + u 2 t](x, y))} 
-/3a(l - a)\\r)(y + mr)(x,y),y + u 2 T](x,y))\\ 2 

< max{max{/(x),/(j/)}-/3ui(l — t^x) ||^?(^, 2/) II 2 , 
max{/(x),/(y)}-/8w2(l - u 2 )\\r](x,y)\\ 2 } 
-/3a(l - a)\\r)(y + mr)(x,y),y + u 2 r](x,y))\\ 2 

< max.{f(x),f{y)} - /3a (1 - a)||r?(y + Ui7?(ar, y), j/ + u 2 7y(x, y))|| 

Again from Condition C, we have 

v(y + uiTf(x, y),y + u 2 t](x, y)) = (ui - u 2 )n{x, y). 
Thus, we have 

f{y + Xt]{x,y)) < max{/(a;),/(y)}-/3a(l-a)(ui-M2) 2 !|?7(s,y)|| 2 

< max{/(x), /(i/)} - 0a(l - a)(«i - « 2 ) 2 A(1 - X)\\ v (x,y)\\ 2 

< max{f(x),f(y)} - /3a(l - a)(Ai - A 2 ) 2 A(1 - A)||»y(»,i/)|| 2 



= max 



{/(^),/(2/)}-/3'A(l-A)h(x, 2/ )| 



2 



Taking /?' = /3a (1 - a)(Ai - A 2 ) 2 > 0. That is, \ e A. 
If A > Ao, then it follows from (3.5) that 

A - u 2 = a(«i - u 2 ) < Ai - A 2 , 

and therefore A < Ai. Because of A > Ao and A £ A, this is a contradiction to (3.3). Similarly, 
A < Ao yields a contradiction to (3.4). Hence, A is dense in [ 0,1]. 

Theorem 3.1. Let K C R n be an open invex set with respect to vector- valued map r\ : R n x R n — ► 
R n . If / : K — ► R is upper semicontinuous on K and Condition C and D are satisfied, then, / is 
a strongly prequasi-invex function for the same rj on K if and only if there exist a constant [3 > 
and a € (0, 1) such that, for all x,y G K, 

f(y + arj(x, y)) < max{/(x), f(y)} - /3a (1 - a)||r?(a;, y)|| 2 . 

Proof. The necessity is obvious from Definition 8. We only prove the sufficiency. Suppose that 
/ is not strongly prequasi-invex function for the same rj on K. Then, there exist x,y € K and 
A e (0, 1) such that 

f(y + \ V (x,y))>max{f(x),f(y)}-p\(l-\)\\ V (x,y)\\ 2 , V/3 > 0. (3.6) 

Let 

z = y + Xf](x,y), 

A = {A € [ 0, 1] I f(y + Xri(x,y)) < max{f(x)J(y)} - /3A(1 - X)\\r,(x, y)\\ 2 , 3/3 > 0, Vx,y e K} 

From Lemma 3.1, there exists a {A„} C A such that 

X n — > A (n — > 00). 
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Define 



From Condition C, we have 



Hence, 



z- ( 1 _" A )v{x,z). 



Vn = y+ -. r^r]{x,y). 



Vn — > y (n — ► oo). 
Note that if is an open invex set. Thus, for n sufficiently large, we have 

y n e AT. 
Furthcrcmore, by Condition C, we have 

IM + A„ry(x, y n ) = y + jE^ri{x,y) + Kv( x , V + jEj^v( x , y)) 

= y + Xrj(x, y) (3.7) 

= z 

By the upper semicontinuity of / on K, it follows that, for any e > 0, there exists an TV > such 
that 

f(y n ) < f(y) + e, for n > N. 

Therefore, from (3.7) and the fact that A„ G A, we have 

f( z ) = f(yn + Kv(x,y n )) 

< max{/(aO,/(»)} - /?A„(1 - \ n )\\v(x,y n )\\ 2 

< max.{f(x), f {y ) + e} - A„(l - \ n )\\rj(x,y n )\\ 2 

— > mnx{f(x),f(y) + e}- (3X(1-X)\\7](x,y)\\ 2 (n — > oo). 

Since e > may be arbitrarily small, we have 

f(z)<max{f(x),f(y)}-pX(l-\)Ux,y)\\ 2 , 

which is a contradicition to the inequality (3.6). Thus, / is a strongly prequasi-invex function for 
the same r\ on K. 

Theorem 3.2. Let K C R n be an open invex set with respect to vector- valued map 77 : R n x R n — ► 
R n . If / : K — ► R is lower semicontinuous on K and Condition C and D are satisfied, then, / is 
a strongly prequasi-invex function for the same rj on K if and only if there exist a constant (3 > 
and a € (0, 1) such that, for all x,y € K, 

f(y + uv{x> y)) < max {/( a; ), f(y)} - /fo(i - a )ll 7 7( x > y)ll 2 - 

Proof . The necessity is obvious from Definition 8. We only prove the sufficiency. Let 

A = {A e [ 0, 1] I /(y + ArKx, y)) < max{/(»), / (y)} - /3A(1 - A)||»?(a:, y)|| 2 , 3/3 > 0, Vx, y e K} 

From Lemma 3.1, A is dense in [ 0, 1], Thus, for any A £ (0, 1), there exists A„ € (0, l)(n = 1, 2, • • •) 
such that A„ G A, A n — > A. Thus, for any x,y € K, we have 

f(y + \nv(x, y)) < max{f(x),f(y)} - /3A„(1 - X n )\\v(x, y)f. 
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Since / is a lower semicontinuous function, we have 

f{y + Xrj(x,y)) < lim f(y + X n rj(x,y)) 

n kx) 

< max{f(x),f(y)}-0X(l-X)\\v(x,y)\\ 2 , Vx,y e K. 

Hence / is a strongly prcquasi-invex function for the same a and rj on K. 

Theorem 3.3. If rj : R n x R n — > R n is a vector-valued map and K is an invex set with respect to 
rj, and / : K — > R be a differentiable function on X. Then / is a strongly prcquasi-invex function 
for the same 77 on K if and only if / is a strongly quasi-invex function for the same rj on K. 
Proof. We first prove the only if part. Suppose that / is a strongly prequasi- invex function for 
the same rj on K, then there exists a constant [3 > such that for any x,y G K, the following 
inequality hold 

f(y + Xr,(x, y)) < max{/(x), f(y)} - 0\(1 - X)\\ V (x, y)\\ 2 , VA e [ 0, 1]. (3.8) 

Let x, y £ K be such that 

f(x) < f(y). (3.9) 

We need to show that there exists a constant (3 > 

7?(x,y) T V/(y)+/3!|7 ? ( a ;,y)|| 2 <0. 
Because of / is a differentiable function on K, thus, from (3.8) and (3.9), we get 

f(y + Xrj(x,y))- f(y) 2 
^ < -/?(l-A)||T7(a;,j/)|| . 

Letting A — ► in the above inequality, we have 

)7(a;,y) T V/(i/)+/3||»7(a:,|/)|| 2 <0. 

Hence / is a strongly quasi-invex function for the same 77 on K. 

Now we prove the if part. Suppose that / is a strongly quasi-invex function for the same 77 on K. 

Then there exists a constant f3 > 0, for any x,y € K such that 

f{x) < f(y) (3.10) 

implies 

7?(x,y) T V f(y) + P\\rj{x,y)\\ 2 < 0. (3.11) 

By / is a differentiable function on K, thus, (3.11) becomes 

f(y+Xr,(xy))-f(y) +m ^ y)ll2 ^ o _ ^ 

A 

Integrating the (3.10) and (3.12), the following inequality hold 
f(y + Xri(x,y)) < f(y)-pX\\v(x,y)\\ 2 



= max 



{f(x),f(y)}-0\\\v(x,y)\ 



2 



< max{/( a; ),.f(y)}-/3A(l-A)||7 ? ( a ;,y)|| 2 , VAe[0,l]. 

Hence / is a strongly prequasi-invex function for the same rj on K. 

Theorem 3.4. Let K C R n be an open invex set with respect to vector-valued map rj : R n x R n 
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R n and ij satisfy Condition C, and / : K — ► R be a differentiable function on K. If / is a strongly 
prcquasi-invcx function for the same 77 on K, then V/ is a strongly quasi-monotone on K. 
Proof. Suppose that / is a strongly prequasi-invcx function with respect to 77. Let f3 > and 
x, y G K be such that 

V (y,x) T Vf(x) + f3\\r ] (y,x)\\ 2 >0. (3.13) 

We need to show that 

7 1 (x,y) T Vf(y)<0. 

Because of / is a strongly prcquasi-invex function with respect to 77 on K, then, from Theorem 3.3, 
/ is a strongly quasi-invex function for the same 77 on K. Thus, from (3.13), we have 

f(y) > /(*). (3.14) 

Again from the strong quasi-invcxity of / with respect to 77, inequality (3.14) implies that 

v(x,y) T Vf(y) <-l3\\v(x,y)\\ 2 <0. 

Hence V/ is a strongly quasi-monotone on K. 

Theorem 3.5. Let K C R n be an invex set with respect to vector-valued map 77 : R n x R n — ► R n 
and 77 satisfy Condition C, for any x,y G K with x ^ y, r](x, y) ^ 0. If / : K — ► R satisfy Condition 
D, then / is a strongly prequasi-invex function for the same 77 on if if and only if for any x, y € K 1 
the function 

<s>(\) = f(y + \v(x,y)) 

is a strongly quasi-convex function in the interval [ 0,1]. 

Proof. We first prove the only if part. Suppose that / is a strongly prequasi-invex with respect 
to r\. From the definition of strong prequasi-invexity, there exists a constant f3 > such that for 
any x, y € K , we have 

/(y + Ar;( a ;, 2 ;))<max{/( a; ),/( ? y)}-/3A(l-A)||7 ? ( a ;,y)|| 2 , VAe[0,l]. (3.15) 

For any ai,a 2 G [ 0, 1], VA G [ 0, 1]. 

If ct\ = a<i. By / is a strongly prequasi-invex with respect to 77, then, we have 

$(Aai + (1 - A)a 2 ) = $(a 2 ) 

= f{y + a 2 v{x,y)) 

= max{<I>(ai),<I>(a2)} - /3A(1 - A)||ai - a 2 \\ 2 - 

Hence, ^(A) is a strongly quasi-convex function in the interval [ 0, 1]. 

If a\ 7^ a 2 . Without loss of generality, suppose that a\ > a 2 . By ai, a 2 G [ 0, 1], thus, a 2 7^ 1 and 

< aze < 1 We have 

1—0:2 — ' 

$(Aai + (1 - A)a 2 ) = f{y + (a 2 + A(ai - a 2 ))j?(x,j/)) 

= f(y + a 2 r](x,y) + \(a 1 -a 2 )ri(x,y)). 

From Condition C, we have 

v(y + atiri(x, y),y + a 2 r](x, y)) = 77(7/ + a 2 r](x, y) + (ai - a 2 )i](x, y),y + a 2 r\{x, y)) 

= V(y + a 2 r](x, y) + ^E^r)(x, y + a 2 rj(x, y)),y + a 2 r](x, y)) 

= ^E^r,{x,y + a 2 f]{x,y)) 

= (ai-a 2 )r](x,y). 

(3.17) 
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From (3.15)— (3.17), we obtain 

$(Aai + (1 - A)a 2 ) = f(y + (a 2 + \(a 1 -a 2 ))r)(x 1 y)) 

= f(y + a 2 r)(x, y) + Xrj(y + a^x, y),y + a 2 r)(x, y))) 

< max{/(y + am(x, y)),.f{y + a 2 ij(x, y))} 
-/3A(1 - X)\\r){y + a x -q{x,y),y + a 2 -q{x,y))\\ 2 

= max{$(ai),$(a 2 )} - BX{1 - A)||ai - a 2 \\ 2 ■ \\i](x, y)\\ 2 

< max{$(ai),$(a 2 )} - /9'A(1 - A)||ai - a 2 \\ 2 . 

Taking 3' = min {/3||7y(x, y)|| 2 }. 

Vx,y£K 

If x 7^ y, because of for any x,y € K with x ^ y,r/(x,y) ^ 0, then, 8' > 0. Hence, ^(A) is a 

strongly quasi-convex function in the interval [ 0, 1]. 

If x — y, then f(x) = f(y). Since rj satify Condition C, thus, from x — y, we can deduce that 

i](x,y) = 0. 

i.e., 

f(y + \r)(x,y)) = f(y) 

= *(0) 

= A$(0) + (1 - A)$(0) - /3A(1 - A)||0 - 0|| 2 . 

Hence, ^(A) is a strongly quasi-convex function in the interval [ 0, 1]. 

Now we prove the if part. Suppose that ^(A) is strongly quasi-convex function in the interval 

[ 0, 1], then, there exists a constant 8 > such that for any a\, a 2 £ [ 0, 1], we have 

$(Aai + (1 - A)a 2 ) < max{$( ai ),$(a 2 )} - 8X{1 - A)||ai - a 2 \\ 2 , VA G [0,1]. 

If x y^ y. Because of for any x,y G K with x ^ y,rj(x,y) ^ 0. From the strong quasi-convexity 
of ^(A) in the interval [ 0,1], and / satisfy Condition D, then, thus, exists a constant 8 > 0, 
V A G [ 0, 1], for any x,y G K, we obtain 

f(y+X V (x,y)) = $(A) 

= $(A-l + (l-A)-0) 

< max{$(l),$(0)}-/3A(l-A)- ||1-0|| 2 

< max{/(y + v (x, y),f(y)} - /?'A(1 - \)\\ V (x, y)\\ 2 

< ma X {f(x)J( y )}-8'X(l-X)\\ V (x 7 y)\\ 2 . 

where take 8' = min j n , m. 2 )■ Hence, f is a strongly prequasi-invcx function for the same r\ 

on K. 

If x = y, then, f(x) = f(y). Since r\ satify Condition C, thus, from x = y, we can deduce that 

T](x,y) = 0. 

i.e., exists a constant 8 > such that for any x,y G K with x = y, the following inequality hold 

f(y + X V (x, y)) < msx{f(x),f(y)} - /?A(1 - X)\\ V (x, y)|| 2 , VA G [ 0, 1]. 

Hence, / is a strongly prcquasi-invex function for the same r\ on K. This completes the proof. 
Theorem 3.6. Let K C R n be an invex set with respect to vector-valued map r\ : R n x R n — > R n 

10 



TANG: STRONGLY PREQUASI-INVEX FUNCTIONS 1307 



and 77 satisfy Condition C, for any x,y G K with x =/= y,rj(x,y) 7^ 0. If / : K — > R is a strictly 
prcquasi-invex function for the same 77 on K, then for any x,y € K, the function 

$(\) = f(y + \ V (x,y)) 

is a strictly quasi-convex function in the interval ( 0, 1). 

Proof. Suppose that / is a strictly prequasi-invex with respect to 77. From the definition of strict 

prequasi-invexity, for any x,y € K, with x 7^ y, we have 

f(y + X V (x,y))< max{/(aO, /(?/)}, VAe(0,l). (3.18) 

For any Oi,a 2 € ( 0,1), VA e ( 0,1). 

If a.\ 7^ a 2 . Without loss of generality, suppose that oi\ > a 2 , then a 2 7^ 1 and < " 1 _T^ 2 < 1- 

Thus,We have 



$(Aai + (1 - A)a 2 ) = /(y + (a 2 + A(ai - a 2 ))r](x,y)) 

= /(y + «2?7(a;, y) + A(ai - a 2 )rj(x, y)). 



(3.19) 



From Condition C, using the same way as in theorems 3.5, we have 

r](y + air](x, y),y + a 2 r)(x, y)) = (ai - a 2 )r](x, y). (3.20) 

By for any x,y € K with x,y <G K with x 7^ y,r\(x,y) 7^ 0, and a\ 7^ a 2l then, y + airj(x,y) 7^ 
y + a 2 r)(x,y), thus, From (3.18)-(3.20), we obtain 

$(Aai + (1 - A)a 2 ) = /(y + (a 2 + A(a x - a 2 ))r?(x,y)) 

= f(y + a 2 T](x, y) + \i](y + a>ir)(x, y),y + a 2 r](x, y))) 

< max{f(y + aif](x, y)),.f(y + a 2 rj(x, y))} 

= max{$(ai),$(« 2 )}. 

Hence, ^(A) is a strictly quasi-convex function in the interval ( 0, 1). 

Theorem 3.7. Let K C R n be an invex set with respect to vector-valued map r/ : R n x R n — > R n 
and 77 satisfy Condition C. If / : K — > R is a semistrictly prcquasi-invex function for the same r\ 
on K, then for any x, y £ K, the function 

<P(X) = f(y + \v(x,y)) 

is semistrictly quasi-convex function in the interval ( 0, 1). 

Proof. Suppose that / is semistrictly prequasi-invex with respect to 77. From the definition of 

semistrict prequasi-invexity, for any x,y € K, with f(x) 7^ f{y), we have 

f(y + X V (x,y))<m^{f(x), f(y)}, VA 6(0,1). (3.21) 

For any a u a 2 € ( 0,1), VA e ( 0,1). 

If $(ai) 7^ <fr(a 2 ), then, f(y + airi(x,y)) 7^ / (y + a 2 r](x , y)) and &\ 7^ a 2 . Without loss of generality, 

suppose that ax > a 2 , then a 2 7^ 1 and < ^Z^ 2 < 1- Thus, we have 

3>(Aai + (1 - A)a 2 ) = f(y + (a 2 + A(ai - a 2 ))r](x,y)) ,„ „„, 

= f{y J rOi 2 r]{x,y) + A(ai - a 2 )7?(a;,y)). 



11 
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From Condition C, we have 

n(y + air](x, y),y + a 2 rj(x, y)) = (ai - a 2 )rj(x, y). (3.23) 

From f{y + airj(x,y)) ^ f(y + a 2 r)(x 1 y)), (3.21)-(3.23), we obtain 

$(Aai + (1 - X)a 2 ) = f{y+{a 2 + \(a 1 -a 2 ))ri(x,y)) 

= f{y + a 2 i](x, y) + Xi](y + airj(x, y),y + a 2 r](x, y))) 

< max{/(y + anr)(x, y)),f(y + a 2 rj(x, y))} 

= max{<J>(a!),$(a2)}- 

Hence, ^(A) is semistrictly quasi-convex function in the interval ( 0, 1). 
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Abstract 

In this paper, we prove //-convergence for p > 1 of the particle filter for a class of un- 
bounded functions. Furthermore, it can be shown that the approximation solution converges 
in probability to the true optimal estimate for the case 1 < p < 2 and the approximation 
solution converges almost surely to the true optimal estimate for the case p > 2. In addition, 
some numerical experiments are presented to illustrate the main convergence results. 
Key words Bayesian estimation, Conditional expectation, Particle filter, Probability den- 
sity function. 

1 Introduction 

Many problems in science require estimation of the state of a system. Bayesian approach provides 
a rigorous general framework for dynamic state estimation problems. The general solution of the state 
estimation problem is given by the Bayesian recursive relations which generate conditional probability 
density functions (pdf 's) of the unknown state of the system. The exact closed-form solution of the 
Bayesian recursive relations has been known only for linear Gaussian systems [1] and several special 
cases. However in many real-world applications, these linearity and Gaussianity assumptions are not 
valid and one needs to use numerical methods. The most widely used approach is the extended Kalman 
filter (EKF)[2], which is based on the Taylor series expansion of the state. However, the EKF is prone 
to divergence due to poor representations of the nonlinear functions. The problem of divergence of the 
EKF has been resolved by the unscented Kalman filter (UKF)[3, 4, 5], which uses deterministic sets 
of points in the space of the state variable to obtain more accurate approximations to the mean and 
covariance than the EKF. Unfortunately, the UKF has the shortcoming that it can't be applied to general 
non-Gaussian distributions. Particle filter is an effective solution for handling nonlinear/non-Gaussian 
dynamic problems. Over the past years, this method has been applied in many different fields including 
computer vision, signal processing, and so on[8, 9]. 

Since particle filter has become the most common and useful method in approximating the optimal 
nonlinear filtering problem, it is necessary to consider the approximation solution converges to the true 
optimal estimate as the number of particles tends to infinity. The particles are interacting, thus, classical 
convergence results on Monte Carlo methods, based on independent and identically distribution (i.i.d.) 
assumptions, do not apply. An extensive treatment of the currently existing convergence results can be 
found in [10, 11]. However, these results only treated bounded test functions. 

From a practitioner viewpoint, it seems unsatisfactory to have to assume the test functions bounded 
to obtain some convergence results. The excellent paper [12] extended the existing convergence results 
to a class of unbounded test functions and proved L 4 -convergence of the modified particle filter. More- 
over, the existing L 4 results were sufficient for almost sure convergence. Compared with the sampling 
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importance resampling (SIR) particle filter, the modified particle filter added a step to check whether 
the normalizing constant greater than a threshold y t . Hence the modified particle filter algorithm had 
random cost per iteration. However, this modification was motivated from the mathematics in the proof 
and leaded to an improved result in practice. Furthermore, it was related to the degeneracy of the particle 
weights[ll]. In this paper, we prove some important inequalities based on the conditional expectation 
and obtain LP -convergence f or p > 1 of the particle filter under reasonable conditions for a class of 
unbounded functions. In addition, numerical experiments are also provided. 

The rest of this paper is organized as follows. In Section 2, the notations we need are introduced 
and a brief description of a particle filter algorithm is given. In Section 3, some relevant inequalities are 
proved. Section 4 investigates the convergence results for 1 < p < 2. In section 5 we present the case 
p > 2. Section 6 provides some simulation results. Finally, our contribution is summarized in Section 7. 

2 Preliminaries 

Before we proceed, we introduce some notations and represent the particle filter algorithms used 
throughout the paper. 

We begin with a complete probability space (Q., C, P) on which the process X = {X t } denotes the 
evolution of the hidden state of a dynamic system, and Y = {Y t } describes the observation process of the 
same system. The system process {X t } is assumed to be a Markov process with state transition kernel 
K{dx t \x t -\) and the observation process is defined by Y t = h t {X t ) + w t where w t is an i.i.d. noise process. 
The prior initial state distribution, denoted by To(dxo). The transition from r f _i|,_i to T t \ t is defined using 
the Bayes recursion as follows: 

XM(yt\xt)Tt\t-i(dx t ) 
T t ^\^i{dx t ^)K{dx t \x t -\) -> T,\ t (dx t ) = ■ — . (2.1) 
_** L„.. u(y t \xt)Ti\t--\(dxt) 



Then 



(T t \t-l,lfffl) 

(T,\ t -i,lff) = (Tt-l\t-l,Tllf) -> (T,\,,tff) = (2.2) 

KT t \t-\,n) 

Hence, E(ifr(x t )\yi;t) = (r t \t, i/0- Obviously, (j t \t-\ , /z) > by the definition of the conditional expectation. 

Let the filter state estimate x t = E{x t \Y\- t ) be the mean of the conditional distribution T t \ t {dx t ) - 
P{X t € dx t \Y\ :t = y\. t ) and x^ be an approximation of x t = E{x t \Y\ :t ). 

In the following, the particle filter, as it was introduced in [7], will be referred to as the standard 
particle filter. For a thorough introduction to the standard particle filter, see [11] and [12]. 

We define a new set of weights (3 ' according to 

P^V^fl^...^) (2.3) 

satisfying 

P)>0, |>} = 1, j>} = l. (2-4) 

7=1 <=1 

Note that if /? '. = 1 for j = i, and /3 '■ = for j + i, then we can obtain the standard particle filter 
algorithm. The extended particle filter proceeds as follows. 

Algorithm 2.1 The extended particle filter algorithm[12] 

1) Initialize the particles, {xl} 1 ^, ~ To(dxo). 

N 

2) Predict the particles by drawing independent samples according to x\ ~ 2Z /3)K(dx t \x f_j), i = 

7=1 
l,...,N. 



N 
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3) Compute the importance weights {d>' t } N _,, oj' t = p(y t \x' t ), i = l,...,N, and normalize U)\ = 

N 

Z' 

7=1 

4) Resample, x\ ~ f^(dx t ), i - 1, . . . , N. 

It is clear that the optimal filter recursion requires that 

(r At . 1 ,n)>Q. (2.5) 

In the step 3 of Algorithm 2.1 we have used: 

1 N 
(T t \,-un) « (fj_ lt /i) = - 2_^n(y t \^. (2.6) 

i=i 

Then the filter algorithm has to be modified to ensure that (2.5) is fulfilled. The modification is to choose 
a threshold y t so that 

1 N 

(T^l./i) - ^J^ 1 ^ - 7t > ^ (2 " 7) 

The detail of the modified particle filter can be found in [12]. Thus, the modified algorithm can be 
described as in Algorithm 2.2. 

Algorithm 2.2 The Modified Particle Filter 

1) Initialize the particles, {x l }f =[ ~ To(dxo) 

N 

2) Predict the particles by drawing independent samples according to x\ ~ £ /3'.K(dx t \x J ,), i - 

7=1 ; 

l,...,N. 

N 

3) If (I IN) Yj n(yt\x l t ) > Ju proceed to step 4 otherwise return to step 2. 

4) Rename x\ = x\, i = l,...,N and compute the importance weights {cL>' t }f =[ , and normalize 

N 

7=1 

N 

5) Resample, x\ ~ f^ f (dx t ) = 2 a>' t 6^(dx t ), i = 1, . . . , N. 

£=1 
f) Set t:=t+I, and repeat from step 2. 

As we will show in Section 4, the modified algorithm will not run into an infinite loop in step 2-3 if 
y t is chosen small enough. 

3 Some important inequalities 

In this section we present some inequalities with respect to the conditional expectation. This in- 
equalities play an important role in establishing the main convergence results. We can get Lemma 3.1 
by the Marcinkiewicz-Zygmund (M-Z) inequality. It is easy to obtain the following Lemmas 3.2-3.3. 
For the sake of brevity we omit their proof. 

Lemma 3.1 For 1 < p < 2, let {&, i = 1, • • • ,n] be conditionally independent random variables given 
a- algebra f such that E(£i\f) = 0, E(\gi\ p \9 r ) < oo. Then there exists a constant B p depending only on 
p, such that 

n n 

E(\ ^ a p W) < B P E((J] l£l¥m (3.1) 

1=1 1=1 



N 
Cb' t = Oj' t / ^ COJ. 
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Lemma 3.2 For p > 2, let {£, i = 1, • • • ,n] be conditionally independent random variables given o~- 
algebra T such that E(^\T) = 0, E{\^\ P \T) < oo, then 

n n n 

E{\ £ Ci\ P \r) < K p max{J] E{\a p \T), (£ E{\a % \f))h (3.2) 

i=l i'=l i=l 

where K p is a constant that depends only on p. 

Lemma 3.3 Let 1 < p < 2. Suppose that {^,1 = I,--- ,n\ are conditionally independent random 
variables given cr-algebra f with E(^\'F) - 0, such that E(\^i\ p \f) < oa,far all i. Then 

n n 

e(\ 2 si'tn ^ 2P £ ^wto- ( 3 - 3 ) 

i=i ;=i 

Lemma 3.4 Let 1 < p < 2. Suppose that {£,-,/ = I,--- ,n\ are conditionally independent random 
variables given cr-algebra T with E{£i(F) = 0, such that E(\^i\ p \T) < oo,far all i. Then 

E(\ - V a p \T) < 4^1 max E{\U P \T). (3.4) 

n *—* n p 1 \<i<n 

!=1 

Proof: Using Lemma 3.3, it is clear that 



. n n „ 

E{\-Ya p \r)<2 p YE{\^\ p \r) 

n *-* -f-* n 



i=l i=l 



2 p -A 2 p 

- — V (E\a p \T) < — T max £(|£f |F). 

«P -^— ' n p ~ l \<i<n 

i=\ 

This completes the proof of the Lemma. 

Lemma 3.5 Let p > 2. Suppose that {£,-, i - 1, • • • ,n\ are conditionally independent random variables 
given cr-algebra f with E{^i\f) - 0, such that E(\£i\ p \f) < oo, far all i. Then 

K n 



E(\- V a p \T) < -f max E{\a p \T). (3.5) 

n *—? „j \<i<n 

r=l " 

Proof: By Lemma 3.2, we have 

. n - n n 

E(\- £ a P \r) < -K p max { j E{\a p \T), £ £(l^| 2 |D) f )■ (3.6) 

i=l i=i i=i 

Notice that 

n 

[V £(|£| 2 |lF)P < n'i max[(£(|^| 2 im)'] S = « f max E(\d\ p \T) (3.7) 

-^— ' l<i<« l<i<n 



i=l 



and 2Z E{\^\ P \T) <nx max E(\£\ P \T), then 

(=1 !<!<« 



1 " 1 1 

E(\ - V &H70 < ^mail — max £(|^f|D, — T max E(|&H:F)}. (3.8) 

« *—f n j \<i<n n p ~ 1<!<« 

p 1 

Since p > 2, then l/«2 > l/n p \ Thus the assertion follows. 
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4 LP -convergence for an arbitrary 1 < p < 2 

In this section, we focus on establishing //-convergence results for 1 < p < 2 of unbounded test 
functions arising from Algorithm 2.2. 

Let us list the following assumptions needed for the proof of Theorem 4. 1 and 5.1. 
AO : For given y\ :s , s = 1, . . . ,t, (t s \ s -i,/j) > 0; and the constant y s used in Algorithm 2.2 satisfies 

0<y, <(t s1 . v _ !,,u), s= l,...,t. (4.9) 

Al : g(y s \x s ) < oo; K(x s \x s -i) < oo for given y i:s , s = l,...,t. 

A2 : Let p > 1. The function ip{-) satisfies sup Xs \tf/(x s )\ p p(y s \x s ) < A(yi :s ) for given y\. s , s = 1, . . . , t. 
Note that A 1 and A2 imply that the conditional moment for any p > 1 of if, is bounded, that is 



/ 



\\tp{x)\ p p(y s \x)T s \ s -i{dx) 

i\Pt ' j ~^ — J 



\ifr(x)\ p T s]s (dx) = 



(t s \ s -um) 

C yi .f T s \ s -i(dx) 

< < oo. 

(Ts\s-1,M) 



Furthermore, the set of all bounded functions is a subset of the class of functions specified in A2. Let 
L P (g) be the class of functions ip satisfying A2, where g satisfies Al. Using the above assumptions, we 
have the following theorem. 

Theorem 4.1 Let 1 < p < 2, under assumptions AO, A 1 and A2 , there exists A t \ t independent ofN such 
that for any if/ € L P (g), we have 

£|(tJ,^) - {T tV M p < M^f> (4-10) 

- N 

where \\ if/ \\t, p = max{l,(T s \ s , \iff\ p ) p ,s = 0,l,...,t} and i , is generated by Algorithm 2.2. 

Proof: Since most of the computations are similar to those made in the proof of Theorem 6.1 of [12], 
the proof will be only sketched. 

Initialization: Let {-^/Ii be independent random variables with the same distribution To(dxo). Applying 
lemma 3.4, we obtain 

1 N 
E\(t%, .A) - (T , n P = jf p E\ YP&q) - Effl&W 



P 



ftp-1 ' 'V,p "'" N p~i 



Similarly 



E\(r$, W) - (T , W)\ < 2E\^(xl ) )\ p . (4.12) 



Then 



£|(7#, W)\ < 3£|t(x )|P 4 H \o || if, f 0p . (4.13) 

Prediction : Let us assume that for any ip € L p {jj) 



II # II -i P 
E\{t" v iIj) - (J t -ii t -i,m p < A f _i| f -i _ / (4.14) 



and 

E\(T?_ llt _ v M p )\ < ff,-i| f -i II iff \t hp (4.15) 

5 
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holds, where A r _i| f _i > and H t -\\ t -\ > 0. Let Q t -\ denote the cr-algebra generated by {x' t _ l }f ={ . Notice 
that 



(f^ t _ v ^-(T tlt - l ,^ = ri+r 2 + T 3 



where 



(=1 i= 1 

1 * 

r 3-^E(vf; t -P^)-(^-i^) 



i=i 



and t _,'_ . = Yj fi l £ j (dx t -i). Let us now introduce the notation 

' /=i ^ >-i 

EbK^,-i)\&t-i\ = (t?_%_ v KiJ,), (4.16) 

where x\ be drawn from the distribution (j t ' X ,K) as in step 2 of Algorithm 2.2. By (4.16) and 
Chebyshev inequality, we obtain 

A, I., i II k\\p Ha* llf-i „ A II j" llf_i „ 

P[(T? Ut .,K/i)< 7t ] < , f-11 " " ' ' ^ ^ Ay, ^. (4.17) 

By Lemma 3.3 and (4.16), it is clear that 

2 2 P |mi P // f -l|r-l II g Hf-i, p A II g Hf-l, P 



Using (4.16), we have that 



Besides, 



Thus, 



£-|r 2 |^ < — ^ ^f(Tf_ 1M ,^) 

(l-e^W^ 

2 

2^11^11^11^11 U\\l lp a ||*|£ 

■ ; — = Ar„ K : — . 

(l-e t y NP- y 2 NP- 1 



ll^llf_ lpA ll<Allf_ lp 
E\T 3 \p < A t . 1]t . v || K \\p —^ 4 A r3 ^^. 



E\(f% t _ v M - (T At . 1 ,f)\ p < (Al + [A r2 || K II]? + A*/ 



i II -A Id 



NP- 



A t\t-\ Arn _ 1 



ATP- 



Since 



1 N 
E{E{{f%_ v \m - jj 2_p N At-v K W P )\&)) < 2 II K \\p tf f _i| t _i || «A ll£. lfP ■ (4-18) 



N U 
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by applying (4.15), it follows that 

E\(f%_ v W) - (f„ M , \xff\ p )\ < (3tf M |*-i + 1) || K HI iff \\ p t _ lp ± H At . t || if, \\ p t _ lp . 
Update : Clearly, 

1 (r% t _ v p) (%-i,A0 

0fr-l./4fr) (f f |f-i,/i^) (f^-i./i^) (Tjt-lv^Q 

(^J_i.)") (r t \t-up) ' (rt\t-up) (r^-up) ' 
where 



(Vi'^ } (**-i,/^),^ II wA 



and 



giving 



£*|(Tj,^)-(T^r < ([2%^ r ]?+Ap 



KH<A 



lr./> 



£-1 



II ^ 






(4.19) 



* ..;. ..j TAt-uV) - (^-1^)1- (4-20) 



(fj_!,^) (r,\ t -i,p) 7r(T«|*-l,/i) 
Here, y r is the threshold used in step 3 of the Algorithm 2.2. Thus, 

4-1 II A* II (II H> II +Tr) II <A ||f_! _ A _ II -A llf.j . 
£|(fJ^)-(T f | t ,^)p < [-*-!— Y JJ' P =A tlt J_' p . (4.21) 

Similarly, 

n r, n || uiA p || -2 || ju || H t \ t -imax{\\ p ||, 1} „ 

1 ' rKTf|f-i,//) (rut-up) ' l ' p 

Since || if/ \\ s%p > 1 is increasing with respect to s, we have 

mtnH m\p\\^>x ,11^11-211^11 H t \t-\max{\\n\\,\) , p A & p 

£|(rL|^r)l ^ 3max{ ; ^> ; : » 1 • II <A II „= H t\t II <A II ,„ ■ (4-23) 

1 yt(r t \i-up) (r t \t-up) '' '' 

Resampling : It is easy to see that 

(tJ, .A) - (r fk , «A) - (tJ, <A) - (fj, if,) + (fj, «A) - (T„ r , .A). (4.24) 

Then, we have 

£[|(rj, «A) - (t*. ifr)\ p ] p < E[\{t%, ifr) - (f Au <A)H ' 

+ E[\(T» t ,i(,)-(T t \ t ,if,)\ P r>- (4-25) 

Let C t be the cr-field generated by [x] }^L V Notice that 



£[(tJ,^)|C,] = (tJ,^) (4.26) 

E[\(t%, iff) - (f tlt , n P \Ct\ < 2 p B p H tlt -^f {A. 21) 



(4.28) 
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Thus, 

Furthermore, by (4.25) we have 

E|(tJ, l<Al p ) - (r At , \ft\ p )\ < (3H At + \)\\ft lljp ■ (4-29) 

Hence 

E|(tJ, MOI < (3^1/ + 2) || <A ||^= H t]t || -A llfj, - (4.30) 

Consequently, we obtain the assertion of the theorem. 

By Chebyshev inequality, we have the immediate consequence below. 

Corollary 4.1.1 Let 1 < p < 2, ifAl and A2 hold, then for any ft e L P {p), (j^,ft) converges in pr. to 
(r t \t, ft)- That is, for every e > 0, we have lim ^{\{t^ u , if/) - (r t \ t , \fr)\ > e} - 0. 

N— >oo "' 

5 LP -convergence for an arbitrary p > 2 

This section presents the LP -convergence result for p > 2 of the particle filter. Similar to the proof 
of the Theorem 4.1, we have the following Theorem 5.1. 

Theorem 5.1 Under assumptions A0, A\ and A2 , there exists A' t , ( independent of N such that for any 
if/ € lf t (g) with p > 2, 

£|(rj,f) - {r tV ,n p < Aq—t*-* (5-31) 

1 „ 

where \\ ft \\t iP = max{\,{T s \ s , \ft\ p ) p ,s = 0,l,...,t} and 1 . is generated by Algorithm 2.2. 

Consequently, by Chebyshev inequality and the Borel-Cantelli lemma [13], we have a corollary as 
follows. 

Corollary 5.1.1 Let p > 2, ifAl and A2 hold, then for any ft e L p t {p) 

lim (tJL ft) = (r f | f , ft), almost surely. (5.32) 

N—tco ' 

6 Numerical Illustration 

In this section we provide simulation results obtained for the problem described in the previous 
Theorems. 

The nonlinear process model and measurement model are as follows [12]. 

x 25x 

x t+[ = -1 + '- + Scos(l.2t) + v t , v, ~ N(0, 10). 

2 1 + xf 

x 2 

yt = 20 + W " Wt ~ N( -°' 1)- 

The initial state was xq ~ N(0, 5) and y t = 10" 4 . We used 300 time instants and 500 simulations. 
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Numerical Illustration 6.1 




Fig.l. The figure shows the second moment convergence. 

Numerical Illustration 6.2 




350 3o ° 250 a»~sr^r 

N 



Fig.l. The figure shows the fourth moment convergence. 

In figure 1 and figure 2, the vertical axis was denoted by the error x t - x t , where x t was computed 
from Algorithm 2.2. As expected, the errors in performance were decreased as the number of particles 
N was increased. 



7 Conclusion 



The main contribution of this paper is that we have proved the LP -convergence for p > 1 of the 
modified particle filter for a class of unbounded test functions. Apparently, the L 4 -convergence is a 
special case. In addition, some numerical results have been shown to illustrate the convergence results. 
The case of p = 1 will be further discussed in future. 
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A Derivative- Free Method for Nonlinear System of Equations 

with Global Convergence* 

Jianguo Zhang! Yun-Hai Xiao™ and Dangzhen Zhou^ 



Abstract 

In this paper, we propose a simple derivative-free method for solving large-scale nonlinear system 
of equations. It comes from a simple sufficient descent method [17] for unconstrained optimization 
problems. A remarkable property of the proposed method is that it can solve nonlinear system 
without requiring Jacobian matrix information. It is also suitable to large-scale equations due to its 
lower storage requirement. Under appropriate conditions, we show that the method with nonmono- 
tone derivative- free line search is globally convergent. Preliminary numerical results show that the 
proposed method is promising. 

Key words, nonlinear system, sufficient descent direction, derivative-free method, nonmonotone line 
search, global convergence 

AMS subject classifications. 90C25 65H10 

1. Introduction 

In this paper, we concerned with the development of a derivative-free method for solving the nonlinear 
system of equations 

F(x)=0, ieR", (1.1) 

where F : R n — > R n is a continuous and monotone mapping. Many methods for this problem fall into 
the Newton and quasi-Newton category (e.g. [2, 8, 12, 13, 14]). A general quasi-Newton method for (1.1) 
generates a sequence of iterates {x k } by letting x k+ \ = x k + a k d k , where a k is a steplength, and d k is a 
solution of the system of linear equations: 

B k d + F(x k ) = 0. (1.2) 

If matrix B k is replace by the Jacobian of F at x k , and a k = 1, this method reduces to the well-known 
Newton method. The main advantage of a quasi-Newton method is its local supcrlinear convergence rate 
without requiring computation of Jacobians [10]. 

Despite the quasi-Newton method enjoy some attractive properties, still it need to solve a linear system 
of equations at each iteration using the Jacobian matrix or an approximation of it. For this reason, this 
method is quite efficient for nonlinear system with relatively small dimensions, but unattractive for large- 
scale case. In this paper, we are interested in the case where n is large, or the Jacobian of F is not 
available, or requires a prohibitive amount of storage. In this case, to solve the problem, the derivative- 
free methods arc welcome. 
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To solve problems (1.1) with high dimensions, the derivative-free or matrix free methods have received 
much attentions in these years. The first work is due to Cruz, Mrtinez, and Raydan [6], in which 
they extended the two-pint stepsize method [1] to solve (1.1), and developed the Spectral Algorithm for 
Nonlinear Equations (SANE). SANE firstly uses the residual ±F(xk), in a systematic way, as a search 
direction. The first trial point at each iteration is x^ — o~kF(xk), where o~j~ is a spectral coefficient. Global 
convergence is guaranteed by means of a variation of the nonmonotone strategy of Grippo, Lampariello 
and Lucidi (GLL) [9]. Moreover, to improve the performance of SANE, Cruz, Martinez, and Raydan 
[7] develped a so-called derivative- free algorithm DF-SANE. DF-SANE uses the same direction and the 
same initial stcplcngth as SANE. However, a derivative-free line search which based on LF condition [12] 
and GLL condition [9] is used to guardee the global convergence. DF-SANE is truly a derivative-free 
method, and numerical results show that the line search benefits to its performance. Recently, to avoid 
the drawbacks of GLL line search, Cheng and Li [4] appealed the nonmonotone line search of Zhang & 
Hager to take the place of GLL one in DF-SANE, and developed a new derivative-free spectral residual 
method N-DF-SANE. The reported numerical experiments on a large set of test problems show that 
N-DF-SANE is very promising. 

As it is well-known, conjugate gradient method, due to its simplicity and low storage, it is very suit 
for solving large-scale unconstrained minimization problems. However, the work of conjugate gradient 
methods for solving large-scale nonlinear equations is relatively fewer. To best of our knowledge, [5] is 
the only regular paper we can exceed. The generated directions of the method in [5] can be regarded 
as a convex combination of two sufficient descent conjugate gradient method in [16, 3] for unconstrained 
optimization. There, they were applied in a different environment. In this paper, we also develop an 
efficient derivative- free algorithm for solving (1.1). Our work can be considered as a further reaserch 
of the simple sufficient descent method of Zhang, Xiao, and Zhou [17] in unconstrained optimization. 
Here, we extend it to solving nonlinear equations with some modifications. An attractive feature of this 
algorithm is that the Jacobian of F is fully not used. Moreover, preliminary numerical results indicate 
that the proposed method performs well. 

The reminder of this paper is organized as follows. In the next section, we aims to construct our 
new algorithm with a derivative-free line search. In section 3, we establish the global convergence result 
under some appreciate conditions . Finally, we do some experiments by using some large-scale nonlinear 
equations to show the efficiency of the method. Throughout the paper, J(x) denotes the Jacobian matrix 
of F computed at a;, N is the set of natural numbers. Symbol || • || denotes the Eucilidean norm of vectors. 

2. Algorithm 

In this section, we firstly focus on the unconstrained optimization problem 

min f(x) : x e R™, (2.1) 

where / : R" — R is a continuously diffcrcntiable function, and its gradient at point Xk is denoted by 
g(xk), or <?fc for the sake of simplicity. The simple sufficient descent method (SSD) of Xiao et al. [17] is 
to generate a sequence {xk} such that 

Xk+i = Xk + oikdk, A; = 0,1,... 

where the stcplcngth a^ is determined by a line search, and the search direction dk is generated by 

{-go, if k = 0, 

-^ + ( J -rakK-i- if fc>o, (2 ' 2) 
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where / is an identify matrix. Obviously, the generated direction is a linear combination of gradient at 
current at previous step. It is easy to see that d k satisfies 

9k d h = -\\g k \\ 2 , (2.3) 

and this property is independent of any line search which is used. Consequently, (2.3) shows that vector 

d k is a sufficient descent direction of / at x k . The reported numerical results show that the SSD method 

works well. As an attempt, the better performance and the simple iterative form of SDD motivated us 

to extend it to solve the nonlinear system of equations (1.1). Similar with Eq. (2.2), we define the search 

directions as 

f -F , if fc = 0, 

dk= { -F k + X k (l-^$)F k _ u if fc>0, (2 ' 4) 

where X k is a scalar and trends to zero as k — ► oo. Clearly, the definition of d k does't need the Jacobian 
information of F. Moreover, the following equality always holds without requiring any line search: 

d T k F k = -\\F k f. 

We know that, many numerical methods for solving (2.1) are mainly to solve the nonlinear system of 
equations 

g(x) = 0, 

and using |jg(a;)|| 2 as a merit function to globalize the process. Therefore, a natural connection for solving 
(1.1) is to apply the same technique but now forcing F(x) — and using 

f{x)= l -\\F{x)\\\ (2.5) 

as a merit function. From now on, we abbreviate f(x k ) as f k for the sake of simplicity. 

The main purpose of this paper is to use the direction d k defined in (2.4) to solve (1.1). Obviously, the 
search direction d k may not be a descent direction for (2.5), hence we replace d k with — d k in this case. 
In order to get the global convergence of the proposed method, we consider the following derivative-free 
nonmonotone line search. That is find a k satisfies 

f(x k + a k d k ) <C k + e k -^a 2 k f(x k ) (2.6) 

where 7 G (0, 1), Co = /o, the given positive sequence {e^} satisfies ~^2 k=0 < 00, and C k is updated by 

VkQ k (C k + e k ) + f k+1 



Qk+l = VkQk + 1) C, 



k + 1 



Qk+l 



with Qq = 1 and r\ k G [0, 1]. The nonmonotone line search is originated from Li & Fukushima [12], and 
Zhang & Hager [15], which has been proved very efficient when its applied in unconstrained optimization 
[11] and nonlinear system [4]. 

Now we are ready to state the steps of the derivative-free SSD method for nonlinear system of equations 
as follows. 

Algorithm 2.1. (DF-SSD algorithm) 

Step 0. Given an initial point xq <E R n , constants e > 0, < r/ m i n < 7y max < 1, < p min < p ma , x < 1, 

(3 > 0, and 7 > 0. Choose a positive sequence {e k } satisfies 



E e ^ e - ( 2J ) 



fe=0 
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Set Co = fo, Qo = 1, and k = 0. 

Step 1. 7/ ||.F(xfc)|| = 0, then stop. 

Step 2. Compute d k by (2.4)- Set a + = (3 and a_ = [3. 

Step 3. Nonmonotone line search. 

If 

f(x k + a + d k ) <C k + e k - ^a\f{x k ), (2.8) 

then set a k = a+, x fe +i = x k + a k d k . 
Else if 

f(x k -a_d k ) < C k + e k -^a 2 _f{x k ), (2.9) 

then set a k = a_, a;fe+i = ^fc ~ ct-d k . 

Else c/ioose a +ne „, g [p min a+, p max a+], a^ new g [p m i„a_,p mox a_]. Replace a + = a +new , a_ = 

End if 
Step 4. Choose n k g [??min j ^max] a?J rf compute 

r\ /O i 1 /-< VkQkCk + Jfe+1 / 01 m 

<2fc+i = %Qfe + 1, C fc+ i = — , (2-10) 

Vfc+i 

Step 5. Let k = k+ 1. Go io Step 1. 

Let Afc be the average function value for A;, i.e., 






Afe= A:, 

i=0 

The following result shows that for any choice of 77^ , C k lies between /& and A k . The proof of this lemma 
can be found in [4, Lemma 2.2]. 

Lemma 2.1. The iterates generated by Algorithm 2.1 satisfy f k < C k < A k for all k. Moreover, the 
sequence {C k } satisfies C k < C k ^\ + e k -i- 

3. Convergence analysis 

This section is devoted to establish the global convergence of Algorithm 2.1. The following assumption 
is very important to analyze the global convergence result. 

Assumption 3.1. The level set Q = {x : f(x) < f(x ) + e} is bounded, where e is defined in (2.7). 

Assumption 3.2. In some neighborhood N of£l, the mapping F(x) is Lipschitz continuous, i.e., there 
exists a constant L > such that 

\\F(x) - F(y)\\ <L\\x-yl V x, y e N. (3.1) 

The assumptions show that there exists a positive constant 7 such that 

|| 5 (*)||<7, Vieil. (3.2) 

From Step 4 in Algorithm 2.1, we know that 

f(xk+i) < C k + e k . 
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From Lemma 2.1, wc have 



/Ofc+i) < Cfe-i + efc_i + e fc 



< /(»o) + X] £fc 



fe=0 

< /(s )+e- (3-3) 

Consequently, combining with Assumption 3.1, (3.3) shows that the generated sequence {xk} is contained 
in f2. The following lemma comes from [4, Lemma 3.2], we list here without proof for conversance. 

Lemma 3.1. Let the sequence {x k } be generated by Algorithm 2.1. Then there exists an infinite index 
set K <Z N such that 

lima 2 k f(x k )=0. (3.4) 

Moreover, if ?7 max < 1 then 

lim alf(xk) = 0. (3.5) 

k — >oo 

Using the preceding lemmas, we will prove that at every limit x* of the subsequence {xk}x one 
necessarily has that F(x*) T J(x*)F(x*) = 0. In other words the gradient of ||.F(x)|| 2 at x* is orthogonal 
to the residual F(x*). 

Theorem 3.1. Suppose that Assumptions 3.1-3.2 hold. Let the sequence {xk} is generated by Algorithm 
2. 1 and ?7 max < 1 . Then we have 

liminf ||F(x fe )|| =0, (3.6) 

k^oo 

or every limit point x* of {x k } satisfies 

F(x*) T J(x*)F(x*)=Q. (3.7) 

Proof. Let x* be any limit point of {xk} and let K\ C iV be an infinite sequence of indices such that 

Yir&k^Kx Xk — x* . By (3.5), we have lim^gXi <2fc||-Ffc|| = 0. Therefore, the proof can be divided into two 

cases. 

Case I: If liTaswp keK a^ ^ 0, then there exists an infinite set Ki C K\ such that a^ is bounded 

away from zero for all k G K 2 . By (3.5), wc have lim^g^ || ^(refc) || = 0. Since F is continuous and 

linifcgif 2 Xk = x* . This implies that linifcg^ ^(x*)!) = 0, thus (3.6) holds. 

Case II: If 

lim a k = 0, (3.8) 

fceXi 

then there exists an index ko € K\ such that a k < 1 for all k > ko with k <E K\. From (3.8), we can 
suppose that, at iteration k, the number of inner loops in Step 4 is denoted by m k . Let a k and a k be 
the values of a + and a_, respectively, in the last unsuccessful steplcngth. By the choice of a +new and 
oi-new i n Step 3 of the Algorithm 2.1, we have that 

for all k > ko, k e K\. By (3.8), we have limkeKt rn-k = oo. From the choice of a+ new and a- new , wc 
have 

f)l + < n mk ^ 1 
w fe — rmax 7 

and 
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Since p max < 1 and lim m k = oo, wc can get 

keK x 

lim at = lim al = 0. 
keKi K keKx K 

By the line search rule, we have for all k G K\ with k > fco, 

/(x fe + a + d fc ) > C fc + e fe - 7a+/(xfe), (3.9) 

and 

/(xfc + a_dfe) > C fe + e fe - "fa 2 _f(x k ), (3.10) 

By using Lemma 2.1, we have 

/(x fe + a + d fc ) > / fe - 7a+/(xfc), 

and 

/(xfe + a_dfe) > /fe - ja 2 _f(x k ), 

Because (3.3) implies that f k < /o + £fc = C, then we have 

/(xfe + a+d k ) - /fe > - 7 Ca+, (3.11) 

and 

/(a* + a_d k ) - /fe > -7C0I, (3.12) 

From (3.11), we obtain that 

W Xk + a +dk )\\*-\\F k \\* > _ 2Ca+ ^ 

By the mean value theorem and (3.13), there exists a £& <G (0, 1) such that 

(J(xk + £, k a + d k ) T F(x k + S, k a + d k ),d k ) > -2Ca + . 
Therefore, we get from (2.4) that 

(J(x k + £ k a + d k ) T F(x k + Z k a+d k ),F k - \ k H k F k ^) < -2Ca+. (3.14) 

Notice that Afe — > as k — > 00, and take limits in (3.14), we obtain that 

F(x*) T J(x*)F(x*) <0. 
Using (3.12) and proceeding an analogous way, we obtain 

F{x*) T J{x*)F{x*) >0. 
The last two inequalities imply (3.7). □ 

If the mapping F{x) is strict and admits a solution, its solution must be unique, which can be stated 
as the following corollary. 

Corollary 3.1. Suppose that Assumptions 3.1-3.2 hold. Let the sequence {x k } is generated by the 
algorithm 2.1 and the mapping g{x) is strict. Then the every bounded subsequence {x k } converges to the 
unique solution of (1.1). 
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4. Numerical experiments 

The main work of this section is to report the performance of the algorithm DF-SSD and compare it with 
DF-SANE. The DF-SSD code was written in Fortran77 and in double precision arithmetic. All runs are 
performed on a PC (CPU 1.6 GHz, 256 memory) with Window XP operation system. Our experiments 
are performed on a set of 44 nonlinear equations from [7] . We test each problems twice with different 
size. Altogether, we tested 88 problems. 

We performed DF-SSD with the following parameters: r/k = 0.85, p m { n = 0.1, p max = 0.5, 7 = 10~ 4 
and 6^ = L^J for all k. We choose the initial stepsize (3 in a various way. Specifically, we let 

s kVk 

where s k = x k +i — Xk and yk = -Ffc+i — Fk- Moreover, if /3 ^ [10 -10 , 10 10 ], we replace f3 by 

if \\F{x k )\\ > 1, 

if l>||F(x fc )||>10- 5 , 

if \\F(x k )\\ < 10- 5 . 

We implemented the DF-SANE algorithm with the same parameters as Cruz, Martinez and Raydan 
[7]. That is: nexp = 2, a min = lO" 10 , a max = 10 10 , <j = 1, r min = 0.1, r max = 0.5, 7 = 1(T 4 , M = 10, 
and Vk ll n+ k °)2 for all k e N. Both in DF-SANE and DF-SSD, we stop the process when 

M^< ea + er M^ (4 . 1} 

where e a = 10 -5 and e r = 10 -4 . The numerical results of the algorithms DF-SANE and DF-SDD are 
listed in the following table. The columns have the following meanings: 

No.: number of the test problem; 

Dim: dimension of the test problem; 

Iter: number of iterations; 

Nf: number of function evaluations; 

Time: CPU time in seconds. 

The symbol "-" indicates the related algorithm which is failed on this problem. 

Observing Table 4-1, we see that algorithms DF-SSD and DF-SANE work successfully almost on 
all these test problems. Moreover, in many cases, the number of iterations, the number of function 
evaluations and CPU times of both algorithm arc identical. In summary, we observed the following: 

• DF-SSD and DF-SANE failed to reached a stationary point based on the stopping criteria (4.1) on 4 
and 3 problems, respectively; 

• 16 problems where DF-SSD was superior to DF-SANE in Iter; 

• 17 problems where DF-SANE was superior to DF-SSD in Iter; 

• 13 problems where DF-SSD was superior to DF-SANE in Nf; 

• 19 problems where DF-SSD was superior to DF-SANE in Nf. 

From the above numerical analysis, we conclude that our proposed method provided a valid approach 
for solving large-scale nonlinear system of equations. Specifically, for some specific problems, the en- 
hancement of DF-SSD on limited test problems is still noticeable. Moreover, preliminary experimental 
comparisons also indicate that algorithm DF-SSD is competitive with the well-known method DF-SANE. 
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Table 4.1 Tost Results of DF-SSD 


md DF 


-SANE 








DF-SSD 


DF-SANE 


NO. 


Dim 


Iter 


Nf 


Time 


Iter 


Nf 


Time 


1 


1000 


5 


5 


0.0000 


5 


5 


0.0000 


1 


10000 


2 


2 


0.0156 


2 


2 


0.0156 


2 


1000 


40 


54 


0.0938 


210 


218 


0.1562 


2 


5000 


37 


55 


0.1875 


339 


345 


1.2500 


3 


1000 


14 


21 


0.0156 


14 


21 


0.0156 


3 


10000 


28 


72 


0.5156 


96 


200 


1.1875 


4 


1000 


27 


99 


0.0781 


- 


- 


- 


4 


10000 


27 


99 


0.3750 


188 


792 


1.5312 


5 


50 


551 


3009 


0.2344 


- 


- 


- 


5 


100 


851 


5723 


0.3281 


2144 


9734 


0.5000 


6 


100 


3 


3 


0.0000 


3 


3 


0.0000 


6 


10000 


3 


3 


0.0000 


3 


3 


0.0000 


7 


100 


233 


286 


0.0313 


23 


29 


0.0000 


7 


500 


- 


- 


- 


23 


29 


0.0156 


8 


1000 


1 


1 


0.0000 


1 


1 


0.0000 


8 


10000 


1 


1 


0.0000 


1 


1 


0.0000 


9 


100 


6 


6 


0.0000 


6 


6 


0.0000 


9 


1000 


6 


6 


0.8750 


6 


6 


0.9375 


10 


1000 


2 


12 


0.0156 


2 


12 


0.0156 


10 


10000 


2 


12 


0.1875 


2 


12 


0.0469 


11 


1000 


13237 


121451 


68.8281 


17 


49 


0.0469 


11 


5000 


- 


- 


- 


17 


49 


0.1875 


12 


1000 


55 


186 


0.3281 


34 


75 


0.0938 


12 


10000 


29 


121 


1.6250 


15 


33 


0.4062 


13 


100 


3 


7 


0.0000 


3 


7 


0.0000 


13 


1000 


4 


8 


0.0156 


4 


8 


0.0156 


14 


1000 


12 


18 


0.0156 


12 


18 


0.0156 


14 


10000 


12 


20 


0.1250 


12 


20 


0.0469 


15 


1000 


5 


5 


0.0469 


5 


5 


0.0156 


15 


10000 


5 


5 


0.0781 


5 


5 


0.0781 


16 


1000 


14 


16 


0.0156 


14 


16 


0.0156 


16 


5000 


17 


17 


0.0781 


17 


17 


0.0313 


17 


1000 


7 


9 


0.0000 


7 


9 


0.0000 


17 


10000 


7 


9 


0.1094 


7 


9 


0.0625 


18 


50 


19 


21 


0.0000 


19 


21 


0.0000 


18 


100 


- 


- 


- 


- 


- 


- 


19 


1000 


5 


5 


0.0156 


5 


5 


0.0156 


19 


10000 


5 


5 


0.0462 


5 


5 


0.0469 


20 


100 


30 


42 


0.0000 


40 


42 


0.0000 


20 


1000 


102 


208 


0.2188 


49 


57 


0.0156 


21 


399 


5 


7 


0.0000 


5 


7 


0.0000 


21 


9999 


5 


7 


0.1094 


5 


7 


0.0469 


22 


1000 


1 


2 


0.0000 


1 


2 


0.0000 


22 


10000 


1 


2 


0.0000 


1 


2 


0.0000 


23 


500 


2 


18 


0.0000 


2 


18 


0.0000 


23 


1000 


2 


20 


0.0000 


2 


20 


0.0000 


24 


100 


- 


- 


- 


27 


34 


0.0156 


24 


500 


13 


22 


0.0000 


59 


99 


0.0156 


25 


100 


2 


6 


0.0000 


2 


6 


0.0000 


25 


500 


3 


9 


0.0000 


3 


9 


0.0000 


26 


1000 


1 


1 


0.0000 


1 


1 


0.0000 


26 


10000 


1 


1 


0.0000 


1 


1 


0.0156 


27 


50 


10 


10 


0.1250 


10 


10 


0.0469 


27 


100 


11 


11 


0.2500 


11 


11 


0.2656 


28 


100 


1 


1 


0.0000 


1 


1 


0.0000 


28 


1000 


1 


1 


0.0000 


1 


1 


0.0000 


29 


100 


1 


5 


0.0000 


1 


5 


0.0000 


29 


1000 


1 


5 


0.0000 


1 


5 


0.0000 


30 


99 


12 


21 


0.0000 


11 


16 


0.0000 


30 


9999 


12 


21 


0.1875 


11 


16 


0.0781 


31 


1000 


6 


6 


0.0156 


6 


6 


0.0313 


31 


5000 


6 


6 


0.0781 


6 


6 


0.0781 


32 


500 


6 


7 


0.0000 


6 


7 


0.0156 


32 


1000 


6 


7 


0.0156 


6 


7 


0.0000 


33 


1000 


7 


21 


0.0313 


45 


62 


0.0469 


33 


5000 


4 


16 


0.0469 


4 


16 


0.0469 
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Table J,..! Continued- 







DF-SSD 


DF-SANE 




Dim 


Iter 


Nf 


Time 


Iter 


Nf 


Time 


34 


1000 


35 


73 


0.0313 


28 


38 


0.0156 


34 


5000 


12 


18 


0.0313 


12 


18 


0.0313 


35 


1000 


21 


33 


0.0156 


21 


27 


0.0000 


35 


5000 


22 


32 


0.0781 


38 


48 


0.0781 


36 


100 


24 


34 


0.0000 


52 


02 


0.0000 


36 


500 


70 


182 


0.0469 


45 


57 


0.0156 


37 


1000 


30 


48 


0.0156 


21 


27 


0.0000 


37 


5000 


30 


48 


0.0938 


21 


27 


0.0469 


38 


1000 


22 


36 


0.0156 


25 


30 


0.0156 


38 


5000 


22 


36 


0.1094 


25 


30 


0.0781 


39 


1000 


17 


29 


0.0156 


14 


20 


0.0156 


39 


5000 


17 


29 


0.0625 


14 


20 


0.0156 


40 


1000 


1 


1 


0.0000 


1 


1 


0.0000 


40 


5000 


1 


1 


0.0156 


1 


1 


0.0000 


41 


500 


7 


9 


0.0000 


7 


9 


0.0000 


41 


1000 


3 


3 


0.0000 


3 


3 


0.0000 


42 


1000 


19 


27 


0.0000 


44 


52 


0.0156 


42 


5000 


19 


27 


0.0625 


44 


52 


0.0781 


43 


100 


111 


173 


0.0000 


111 


145 


0.0156 


43 


500 


708 


1692 


0.5469 


270 


436 


0.0625 


44 


1000 


4 


4 


0.0156 


4 


4 


0.0156 


44 


5000 


3 


3 


0.0313 


3 


3 


0.0313 
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NOTE ON p-ADIC g-EULER MEASURE 

YOUNG-HEE KIM, LEE-CHAE JANG, TAEKYUN KIM, BYUNGJE LEE, 

AND SEOG-HOON RIM 

Abstract In [1], Carlitz defined g-Bernoulli numbers as follows : 

(1 if k=l, 

[0 if k > 1, 

with the usual convention of replacing (3 k by (3k,q- In [13], Kolbitz constructed a p- 
adic Carlitz 's (/-Bernoulli measure for studying the g-extension of p-adic L-function. 
In [4, 8], T. Kim considered the Carlitz's type g-Eulcr numbers and polynomials. In 
this paper, we consider Nasybullin's type p-adic g-measure and we derive a Carlitz's 
type g-Euler measure on Z p from the Nasybullin's type p-adic g-measure. 

Key words and phrases : g-Eulcr numbers and polynomials, p-adic q-Eulcr 
measure 

1. Introduction 

Throughout this paper, the symbol Z, Q, Z p , Q p , and C p denote the ring of 
integers, the field of rational numbers, the ring of p-adic rational integers, the field of 
p-adic rational numbers, and the completion of algebraic closure of Q p , respectively 
Let N be the set of natural numbers and Z + = N U {0}. Let v p be the normalized 
exponential valuation of C p such that \p\ p = p^ u p^ = -. When one talks of q- 
extension, q is variously considered as an indeterminate, a complex number q G C 
or a p-adic number q G C p . If q G C p , we normally assume |1 — q\ p < 1. Now we 
use the notation of g-numbcr : 

1 -q x 

l-q 
Note that lim[a;] (? = x for any x with \x\ p < 1 in the present p-adic case. 

Let p be a fixed odd prime. For / G N with / = 1 (mod 2), let / — lcm(f,p) 
be the least common multiple of / and p. For / G N, we set 

X = X 7 = lim(Z//p Ar Z), Ai = Z p , 

N 

X* = X^ = U_ (a + JpZ p ) } 

J 0<a<Jp 

(a,p) = l 

a + Jp N Z p = {xeXj\x = a (mod Jp N )}, 

where a G Z lies in < a < fp N . 

Let A be a field over Q p . Then we call a function /i a A- measure on A^ if fi is 
a finitely additive function defined on open-closed subset in Xj. Any open-closed 
subset in A-^ is a disjoint union of some finite intervals I a ^ n = a + /p"Z p in A^ , 



[x] q = [x:q] = -, (see [1-13]). 
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where a £ Z prime to /, and therefore a i^-measure (i is determined by its values 
on all intervals in Xj (see [8, 10]). Let Q^ denote the set of all rational numbers, 

whose denominator is a divisor of fp n for some n. 

For any positive integer N, T.Kim defined a p-adic g-invariant measure on Xj 
as follows: 

^ q (a + J P N Z p ) = -tg- = { \ +q)i r q J\ (see [2-7]). (1) 



This measure yields an integral for each uniformly diffcrcntiablc function f(x) as 
follows: 

f lpN - 1 

/ f(x)dn- g (x) = Jim V f(x)ii_ q (x + fp N Z p ) 

In [1], Carlitz's g-Bcrnoulli numbers are defined as follows : 

(1 if k=l, 
A,,, = l, g(9/3 + I) fe -& 1<? ={ (2) 

[0 if fc > 1, 

with the usual convention of replacing /3 1 by j3i :Q . In [4], Kim also defined Carlitz's 
type a-Euler numbers as follows : 

f [2], if n = 0, 
[0 if n > 0, 

with the usual convention of replacing E l by E iq . These numbers are represented 
by p-adic q-invariant integral on Z p as follows : 

x]^dfj,- q {x) = / [x]^dAt_g(x) = E n>q , forneN. (3) 

&p "AT 

The g-Eulcr polynomials arc defined by 

£n>) = £(")MrV x £«,,, (see [4]). 
From (2) and (3), we can easily derive 

E n . q {x) = / [x + t] n q d^ q {t) 



[2] ' £(?)<-»'r£* 



(1-9) 



, =0 W ^p 



(?^+N,r 
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By (4), we can easily derive the following distribution relation for the Carlitz's type 
q-Eulcr polynomials as follows : 



r>— 1 



Many authors have been interested in p-adic measures (cf. [13-14]). In [13], 
Kolbitz constructed p-adic Carlitz's (/-Bernoulli measure. In this paper, we consider 
Nasybullin's type p-adic g-mcasurc and we derive a Carlitz's type g-Euler measure 
on Z p from the Nasybullin's type p-adic g-measure. 

2. p-ADIC q-MEASURE 

First, we consider the Nasybullin's type p-adic g-measure. 

Theorem 1. Let R q be a K-valued function defined on Qv> with the following 

properties : 

(i) there exist two constants A, B <G K such that 



p-i , , 

J2R qP (^^)(-l) k = AR q {x) + BR ql/p (px), 
fc=o P 



and 

(ii) R q (x + 1) = R q (x), for any number x E Qv>. 

Suppose that p is a root of the cusp equation y 2 = Ay + Bp. Then there exists a 

K(p)-measure \i on X^ such that 



Kla.n) = p- n (-q) a R qpn j(^) + Bp-(" +1 )(- 9 ) a J R gP n- 17 (- a _), 

P J P J 

for any interval I a , n - 

Proof. It is sufficient to show that 



p-i 

2_^ ^ a+p n Jk,n+l) = M(-*o,nJ- 

fe=0 
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From the definition, we note that 

P -i 

k=0 

= p- (n+1) E V^^^x^r^ 



k=0 

p-l 



, a+p n fk s a+v "fk 






p- 1 -^= + k 



p-l 
O ,-^(_g)-2iJ (gpn7)p (^_)(_ 9 ) 



fe=0 r 

p-l 

+B p-^) { - q yY J R qV ~A^ + k){-qY nfk 

fc=0 P J 

= p- (n+1) {-q) a AR qpnl {^=) + p-W(-q)«BR „_ 17 (-^=) 
P / P J 

+Bp-(»+2)(_g)-pii 7 ( " ) 

P / 

= p- ( " +2) (-9) a (M + p5)^7(^) + p -(n+l)(_ 9 )-Bi2 „_ 17 (-^-) 

Pi P J 

= P -(- ff) - V7(^) + Bp-w { - q rR qM (-^-=) 

= p(Ia.n)- 

Thus, we have 

V{Ia,n) = E Kh.n+l)- 

b (mod p"+ 1 J) 
b = a (mod p nj) 

This proves our assertion, because any open-closed subset is a disjoint union of 
some finite intervals. □ 

Now we derive a Carlitz's type g-Eulcr measure on Z p from the Nasybullin's type 
p-adic g-measure. 

Let E mq (x) be the m-th Kim's Carlitz g-Euler polynomials and let E m ^ q (x) be 
the m-th Carlitz's type g-Euler functions, that is, for < x < 1, 

Note that lim_B m „(x) — E, m {x) is the m-th Eulcr function. For any positive integer 

g-»l 

m with m = 1 (mod 2) and k G Z + , we have 

191 m_1 -I- ' 

Ek, q {x) = [m]^ ^(-czm,^ — )• ( 6 ) 

In the special case m = p, 



in 



E k , q {x) = H^B-^Vfv)' 
14 «» J=0 p 
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5 
Thus, we note that E m ^ q (x) satisfies the properties of Theorem 1 with constants 

It is easy to show that p =/= is equal to [p]<7 m yf^, as p 2 = Ap + Bp reduces 
simply to p 2 = [p) q m Kw-p- By Theorem 1, we obtain the following p-adic q-Eulcr 



Theorem 2. (p-adic Carlitz type q-Euler measure) For m, E Z + , let the function 
Mm = p-m-.q be defined on J 0; „ as follows: 

TTien /i m is a Q p (q) -measure on Xi. 

Let x be a primitive Dirichlct character modulo /. Then the n-th generalized 
Carlitz 's type g-Euler numbers attached to \ are defined as 



E n, X ,q = / M^M-gO) 



We can compute the p-adic (/-/-function of Kim by the following p-adic g-Mellin- 
Mazur transform with respect to p m . 



L{p mi x) = / X(a)dp m (a) 

= lim V" X{a)/J"m(Ia,n)- 

n — *oo * — ' 



. (modp™/) 

>ei, (o,p)=i 



Since the character \ ' IS constant on the interval I a0 , it follows that 
L{ix m ,x) = X x(a)Mm(4,o) 



a (mod /) 

a£Z, (a,p) = l 



[2] 



a (mod/) [ V J 

a£Z, (a,p) = l 

= E m ^ q - x(p)j7 ) r L [p\ q nE m,x,q'>, 

[ z \q p 
where E m _ x , q is the m-th Carlitz's type q-Eulcr number attached to X- 
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Wolfe type second-order symmetric duality in 
multiobjective programming over cones * 

Yu Chen^ Zhi-ming Luo 

School of Information, Hunan University of Commerce, 

410205, Changsha, P.R. China* 

Abstract 

In this paper, a pair of Wolfe type second-order symmetric duality in multiobjective 
programming over arbitrary cones is fomulated. The weak, strong and converse duality 
theorems are also established for these programs by using r/-invexity assumptions. Our 
results generalize these existing dual formulations which were discussed by the authors 
in [8, 10, 11, 20]. 

Key words. Multiobjective programming, symmetric duality, cones, 77-invexity 

MR(2000) Subject Classification: 49N15,90C30 

1. Introduction 

The concept of symmetric dual were first introduced by Dorn [1] in 1960 for quadratic pro- 
gramming. Subsequently, Dantzig [2] and Mond [3] in 1965 extended his results to general 
nonlinear programs for convex\concavity functions. Later on, another pair of symmetric 
dual nonlinear programs under weaker convexity assumptions were presented by Mond et 
al. [6] in 1981. Weir et al. [8] in 1988 as well as Gulati et al.[10] in 1997 proved multiobjec- 
tive symmetric duality results. In 1998, Chandra and Kumar [11] studied Mond- Weir type 
symmetric duality with cone constraints. His results were extended by Khurana [20] in 2005 
to the case which the objective function has been optimized with respect to a closed convex 
cone. 

Mangasarian [4] in 1975 introduced the concept of second-order duality for nonlinear 
programs. He has also indicated a possible computational advantage of the second-order dual 
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over the first order dual. This motivated several authors [5, 9, 12, 13, 14, 15, 17, 18, 19, 21, 22] 
in this field. In 2005, Yang et al. [19, 21] studied second-order multiobjective symmetric 
dual programs and established the duality results under F-convexity assumptions. Gulati 
et al. [22] in 2008 studied Wolfe and Mond-Weir type second-order symmetric duality over 
arbitrary cones under r]-bonvexity\?7-pseudobonvexity assumptions. 

In this paper, we consider Wolfe type second-order multiobjective symmetric dual pro- 
grams over arbitrary cones and prove weak, strong, converse duality results under ??-invexity 
assumptions. Our results generalize the work in [8, 10, 11, 20]. 

2. Preliminaries 

We consider the following multiobjective programming problem: 

K — minimize f(x) 

s.t. —g( x ) £ Q, x g S, 

where S C R n + m [ s open, / : S —¥ R k , g : S — >■ R m , K and Q are closed convex pointed 
cones with nonempty interiors in R k and R m , respectively. 

Let X° = {x G S : —g(x) G Q} be the set of all feasible solution for (P) and f be 
differentiable on S. 

Definition 2.1 [20] A point x G X° is an efficient solution of (P) if there exists no x G X° 
such that f(x) - f(x) G K\{0}. 

Definition 2.2 [7]The function f is invex at u G S with respect to n : S x S — >■ R n if for 

any x G S , 

f(x)-f(u)> V (x,u) T Vf(u). 

Definition 2.3 [16] Let C be a closed convex cone in R n with nonempty interiors. The 
positive polar cone C* of C is defined by 

C* = {zeR n : x T z > for all x G C}. 

3. Wolfe type symmetric duality 

We consider the following pair of Wolfe type second-order multiobjective symmetric dual 

problem and establish weak, strong and converse duality theorems. 

Primal(MP): 

K - minimize f(x,y) - y T (V y (\ T f)(x,y) + V yy (u T g)(x,y)p)e 
s.t. -{V y {\ T f){x,y) + V yy {uj T g){x,y)p) G C 2 *, 

A G intK*, (x, y) G C l x C 2 , e G K, X T e = 1, 
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Dual(MD): 

K — maximize f(u, v) — u T (V x (X T f)(u, v) + V xx {oj t g){u, v)r)e 
s.t. (V x (X T f){u,v) + V xx (u T g)(u,v)r) G C{, 

A G intK*, (u, v) e C 1 x C 2 , e G K, X T e = 1, 

where 

(»)e=(l,l,...,l) T Gi2 fc , 

(ii)Si G R n , S2 G R m are open sets, 

(iii)f : Si x ^2 — > R k is a twice differentiable function of x and y, 
(iv)g : Si x S2 — > R q is a twice differentiable function of x and y, 
(v)A ER k , to G i? 9 , p G iT 1 , r G i? n , 

(vi)for i — 1,2, C{ G ^ is a closed convex cone with nonempty interior and C* is its 
positive polar cone. 

Theorem 3.1 (Weak duality) Let (x,y,X,oj,p) be feasible for (MP) and (u,v,X,cu,r) be 
feasible for (MD). Suppose that 

(i) (X T f)(-,v) be rji-invex at u with respect to rji for fixed v; 

(ii) —(X T f)(x, •) be r)2-invex in the second variable at y; 

(Hi) r)i(x, u) + u G Ci for all x G C\; 

(iv) r]2(v, y) +_y G C 2 for all v G C 2 

V xx (cj T g)(u,v) 



(v) 



p 



r 







■V yy {u T g){x,y) 



rji{x,u) 
.m{v,y) 



<0 



Then f(u,v) - u T (V x (X T f)(u,v) + V xx (u T g)(u,v)r)e - f(x,y) + y T (V y (X T f)(x,y) + 
V yy (uj T g)(x,y)p)e(£K\0. 

Proof. Suppose,to the contrary, that 

f(u,v) - u T (V x (X T f)(u,v) + V xx (u T g)(u,v)r)e 

- f(x, y) + y T (V y (X T f)(x, y) + V yy (cu T g)(x, y)p)e G K\0 

Since A G intK*, we obtain 

X T {-f(u,v) + u T (V x (X T f)(u,v) + V xx (co T g)(u,v)r)e 

+ f{x, y) - y T {V y {X T f){x, y) + V yy {u T g){x, y)p)e} < 0. 



(3-1) 



In view of X T e = 1, one gets 

-X T f(u,v) + u T (V x (X T f)(u,v) + V xx (co T g)(u,v)r) 

+ X T f{x, y) - y T {V y {X T f){x, y) + V yy {u T g){x, y)p) < 0. 

By ^-invexity of X T f(-,v), 77 2 -invexity of —X T f(x, •) and hypothesis (v), we have 

X T f(x,v) - X T f{u,v) > V J(x,u){V x (X T f)(u,v) + V xx {u T g){u,v)r}, 



(3.2) 



(3.3) 
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\ T f(x, y) - \ T f(x, v) > -rg(v, y){V y (\ T f)(x, y) + V yy (u T g)(x, y)p}, (3.4) 

The first constraint in (MD) and hypothesis (iii) implies that 

rj[(x, u){V x (\ T f)(u, v) + V xx (u T g)(u, v)r} > -u T {V x (\ T f)(u, v) + V xx (u T g)(u, v)r}. 

(3.5) 
Similarly, by hypothesis (iv) and the first constraint in (MP), 

-^(v, y){V y (X T f)(x, y) + V yy (u T g)(x, y)p} > y T {V y (X T f)(x, y) + V yy (u T g)(x, y)p}. 

(3.6) 
Finally, the above four inequalities (3.3) (3.4) (3.5) (3.6) yield 

-\ T f(u,v) + u T (y x (\ T f)(u,v) + V xx (cu T g)(u,v)r)e 

+ \ T f(x, y) - y T (V y (\ T f)(x, y) + V yy (u T g)(x, y)p)e > 0, 

which contradicts (3.2). 

Theorem 3.2 (Strong Duality) Suppose that (x,y, X,uJ,p) be an efficient solution for (MP). 
Let 

(i) V yy (uJ T g)(x,y) be nonsingular, 

(ii) the set {V y fi(x,y),i — 1, • • • ,k} be linearly independent, and 

(in) V yy (u T g)(x,y)p(£ span{V y fi(x,y), ■ ■ ■ , V y f k (x,y)}\{0}. 

(w) x T V x (ff)(x,y) = y T V y (ff)(x,y). 

Then, (x, y,oo,f = 0) is feasible for (MD)j, and the objective function values of (MP) 
and (MD)j are equal. Also, if the hypotheses of a weak duality theorem are satisfied for 
all feasible solutions of (MP)j and (MD)j, then (x, y, UJ, f = 0) is an efficient solution for 
(MD)j. 

Proof. Since (x,y,X,ZJ,p) be an efficient solution for (MP), by using the Fritz John type 
necessary optimality conditions established by Suneja et al. in 2002 (See Lemma 1 in [16]), 
there exist a G K*, (3 G C 2 , such that the following conditions are satisfied at (x, y, X,uJ,p): 

(x - x) T [V x fa + (V yx (ff) + V x (V yy (p T g)p))(f3 - a T ey)} > 0, for all x G C u (3.7) 

(V ~ y) T {VJ(« - a T e\) + [V yy (ff) + W y iy yy (uJ T g)p)](P - ^ T ey) - a T eV yy (cu T g)p} > 0, 

(3.8) 
for all y G K m , 

[(/3 - a T ey) T V y f}(\ - A) > 0, for all X G intK*, (3.9) 

00 - a T ey) T {V^V yy {u T g)p)) = 0, (3.10) 

((3 - a T ey) T V yy {u T g) = 0, (3.11) 

(3 T (V y (ff) + V yy (uJ T g)p) = 0, (3.12) 

(a, 13)^0. (3.13) 
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(3.8) and (3.9) yield the equations 

V y f(a - a T ea) + [V yy (ff) + V „(V yy {u T 'g)p)](0 - a T ey) - a T eV yy (u T g)p = (3.14) 

and 

(f3 - a T ey) T V y f = 0. (3.15) 

By hypothesis (i) and (3.11), we have 

f3 = a T ey. (3.16) 

Now, we claim that a T e ^ 0. Indeed, if a T e = 0, then /3 — from (3.16). Therefore, from 
(3.14), we get 

(W v f)a = 0, 

which by hypothesis (ii) give a — 0, and contradicts (a,/3) ^ 0. 
Substituting (3.16) into (3.14), we have 

V 3/ /(a — a T e\) = a T eV yy (co T g)p. 

Using hypothesis(iii), the above relation implies a T eV yy (uJ T g)p = 0, which in view of hy- 
pothesis^) yields p — 0. Thus V y f(a — a T e\) = 0. By hypothesis (ii), one gets 

a = a T e\. 

Further, the above equation, (3.7)and (3.16) imply 

(x - x) T V x (\ T f) > for all x e C x . 

Let x G Ci, then x + x <E Ci and the above inequality implies 

x T V x (ff) > for all x e C x . 

Therefore V x (ff) G C{. 

Hence (x,y,uJ,f = 0) satisfies the constraints of (MD)j, that is, it is feasible for the 
dual problem (MD)j. Moreover, (MP) and (MD)j have equal objective function value from 
hypothesis (iv). 

Now, suppose (x, y,oo,f = 0) is not an efficient solution for (MD)j, then there exists a 
feasible solution (u,v,ou,r) for (MD)j, such that 

f(u,v) - u T (V x (\ T f)(u,v) + V xx (u T g)(u,v)r)e 

f(x,y)+y T (V y (\ T f)(x,y) + V yy (co T g)(x,y)p)e G K\0, 

which contradicts weak duality. Hence (x, y, uJ, f = 0) is an efficient solution for (MD)j. 
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Theorem 3.3 (Converse Duality) Suppose that (u, v, A, u, r) be an efficient solution for (MD). 
Let 

(i) V yy (uj T g)(u,v) be nonsingular, 

(ii) the set {V y fi(u,v),i — 1, • • • ,k} be linearly independent, and 

(m) V yy (uJ T g)(u,v)f <£ span{V y fi(u,v), ■ ■ ■ , V y f k (u,v)}\{0}. 

(w) u T V x (ff)(u,v) = v T V y (ff)(u,v). 

Then, (u,v,u,p = 0) is feasible for (MP)j, and the objective function values of (MD) 
and (MP)j are equal. Also, if the hypotheses of a weak duality theorem are satisfied for 
all feasible solutions of (MP)j and (MD)j, then (u,v,uJ,p = 0) is an efficient solution for 
(MP)j. 

Proof. Follows on the lines of Theorem 3.2. 
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Abstract: In this paper, we present a multivariate spectral approach for the 
system of nonlinear equations. Combined with some quasi Newton property, the 
multivariate spectral approach allows an individual adaptive stepsize along each 
coordinate direction. Based on the nonmonotone line search, we establish the 
global convergence of the proposed method. The numerical comparison with the 
classical spectral approach show the efficiency of the proposed approach. 
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1. INTRODUCTION 

In this paper, we consider the nonlinear system of nonlinear equations: finding 
a vector x* e R n such that: 

F(x*) = 0, (1) 

where F : R n — *■ K n is a continuous differentiable function. 

Such problem has many important applications and arises from engineering, 
management and economy. Different methods have been developed for (1). The 
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most popular schemes are based on Newton's method, or quasi-Newton methods 
[3, 7, 8, 11, 13, 14]. The advantage of these methods is that they converge rapidly 
from any sufficiently good initial guess. The main drawback of these methods, 
for large scale problems, is that they need to solve a linear system of equations 
at each iteration using the Jacobian matrix or an approximation of it. 

Recently, La. Cruz and Ray dan [6] extended the spectral gradient method for 
unconstrained optimization [1, 2, 12] to problem (1) and introduced a spectral 
approach(SANE) for problem (1). The SANE uses systematic way ±F(x) as 
search directions, global convergence is guaranteed by means of a variation of 
nonmonotone line search strategy of Grippo, Lampariello and S.Lucidi [9]. Since 
it does not use the Jacobian matrix at each iteration, it is suitable for large scale 
problem, and some related variation algorithms have been developed [4, 5]. 

More recently, by replacing the classical spectral stepsize with a matrix, Han, 
Yu and Guan [10] defined a new iterative scheme and propose a multivariate 
spectral gradient method for unconstrained optimization. The new method is 
finitely convergent for positive definite quadratics and globally convergent for 
general function. 

In this paper, we aim to extend the multivariate spectral algorithm to nonlin- 
ear equations (1). Combined with some quasi Newton property, the multivariate 
spectral method allows an individual adaptive stepsize along each coordinate 
direction. By using the nonmonotone line search [9], we establish the global 
convergence of the proposed method. 

The remainder of our paper is organized as follows. In Section 2, we introduce 
the multivariate spectral algorithm and discuss the global convergence. Section 
3, we present our numerical results. The conclusion is presented in Section 4. 
Throughout this work || • || denotes the 2-norm of vectors and matrices. For a 
given x € K™, we use Xk to denote the kth iteration point, x denote its trans- 
pose x k denote its ith sub-variable for i = 1, 2, • • • , n. 
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2. ALGORITHM AND CONVERGENCE 

In this section, we describe our multivariate spectral algorithm for solving 
problem (1). In what follows, we first introduce the spectral approach for non- 
linear systems problem: 

F(x) = 0, (2) 

the iterations are defined as 

Xk+i = Xk F(x k ), (3) 

Oik 

where the scalar a k is given by 

ak = -r , (4) 

Sfe_l«fc-1 

with s fc _i = Xk - Xk-i,Vk-i = F(x k ) - F(xk-i)- 

Define f(x) = \\F(x)\\ 2 and let J(xk) be the Jacobian of F at the vector 
Xk- Since in general the symmetric part of J(xk) is not positive define, then 
F(xk) T J(xk)F(xk) could be positive, negative or even zero, dk = —F(xk) is not 
necessarily a descent direction for the function f(x). To overcome this difficulty, 
La.Curz and M.Raydan [6] introduced dk = ±F(xk) as the search direction. 

By replacing ak with a matrix, the multivariate spectral approach generate a 
iteration sequence by the following iteration: 

Denote the ith diagonal element of a k by \ k and let diag{X k , A|, . . . , A£} be 
generated by minimizing 

||dta0{A 1 ,A 2 ,...,A n }« fc _i-|fo_i|| (5) 

with respect to {A l }™ =1 , then the multivariate spectral approach is defined as: 

x k+1 =x k ± diag{l/\l 1/A 2 fe , . . . , l/A£}F fe . (6) 
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Based on Eqs.(5) (6), we describe the multivariate spectral method for prob- 
lem (1) as follows: 

Algorithm 2.1(MSANE) 

Step 0. Given x £ R n , a £ R nxr \ an positive integer M > 1, 7 £ (0, 1), S > 

0, < 0-1 < 02 < 1, e > 0. Set k = 0. 

Step 1. If ||F fe || < e, stop. 

Step 2. If \F^J k F k \/F^F k < e, stop. 

Step 3. Compute sgn k — sgn(F k J k F k ), set d k = —sgn k F k . 

Step 4. 

(a) If k = 0, set x k +i = x k — a k d k , go to Step 8. 

(b) If yt-i/4-i > °i sct 4 = 2/fe-i/4-ri otherwise, set A l fe = sl^yk-i/sl^Sk-i, i 
1,2,--- ,n. 

(c) If Aj. < £ or Aj. > 1/e, Sct Aj. = 5, % = 1, 2, • • • , n. 

Step 5. Define o^ = diag{l/\ k , 1/A|, . . . , 1/AJJ} and 2^ = afcdfc. 
Step 6. Sct t = 1, If 

f(x k +Tz k ) < max f(x k -j) +^TF k J k z k (7) 

je[0,min[fe,M-l]] 

then sct r fe = r, x k+1 = x k + r k z k , s k = x k+x - x kl y k = F k+1 - F k and go to 

Step 8. 

Step 7. If (7) does not hold, then define r new £ [ciTfejO^Tfe], set T k — T new and 

go to Step 6. 

Step 8. Sct k:=k+l, go to Step 1. 

The following Lemma shows that in most cases the parameter X k is positive. 

Lemma 1. Let X k be generated by Step (4), then A^ > when one of the 

following cases holds. 

(i) F^_ x F k < 0; 

(i) i^Li^fc > and HJ-fcll < H^fc-iH- 
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Proof. By Step 4(b), if i£_i/4-i > 0, then X\ = i£_i/4-i > 0, if yj_i/4-i < 

T 

0, then A^ = r -1 fc ~ 1 , and therefore 



s^(Afe) = -sgniF^yk^/F^Fk-i) = -sg^F^y^x) 
If (i) holds, then 

*£_ lW b_i = j^f* - i^iJ^-i < o, 

hence A J. > 0. 

If (ii) holds, then by Cauchy-Schwarz inequality, we obtain 

< F^Fk < ||F fc _ 1 ||||F fc || < HiVxH 2 = F^F^, 



and so 



hence X k > 0. 



i^lfe-i = F^F* - i^_iF fc _i < 0, 



Notice that the only case in which A^ could be negative, and as a consequence 
we would have to choose 6 > in Step 4, is when F k r _ 1 Fk > and ||i*fc|| > 
H-Ffc-iH, i.e., no descent is observed in the merit function. Hence we know that 
the matrix au defined by Step 5 is positive define. 

To analyze the global convergence of the algorithm, we make the following 
assumptions: 

Assumption A 

(i) The level set C = {x G R n \.f(x) < f(x )} is bounded, 
(ii) F(x) is continuously diffcrcntiable C 
(iii) J(x) is nonsingular for all x G C. 

The following Lemma gives the property of z^ defined by Step 5. 

Lemma 2. Under Assumption A, if {xk} is generated by Algorithm 2.1, then 
there exist positive constants Ci,C2 and C3 such that 
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INI<ci||v/M|, (8) 

||V/(x fc )ll<C2|l«fcll. (9) 

and 

F£j k z k <-c 3 \\Vf(x k )\\ 2 . (10) 

Proof. Let Mi and M 2 be positive constants such that || J(x)' 1 \\ < M x and 
||J(x)|| < M 2 for all x £ ft. Since mm(e,l/5) < X k < max(l/e, 1/5) and 
a k = diag{l/\l,l/\l,...,l/\l}. By \\z k \\ = \\a k d k \\ = \\a k F k \\ and F k = 
|J^ T V/(x fc ), we have 

\\z k \\ < ^IIJfc-'llllafcllHV/^fc)!! < ■ rT7K llV/(x fc )ll, 
2 min(£, l/o) 

i.e., ci = . f\ ... > 0. 

' x min(e,l/d) 

On the other hand, since V/(#&) — 2J^Fj i and Fk = —sgrikOc^. Zk, we have 
||V/(a;fc)|| < 2||J fe ||||F fc || < 2||J fc ||||Ofc 1 ||||« fc || < 2M 2 max(l/ £ , l/5)\\z k \\, 
i.e., c 2 = 2M 2 max(l/e, 1/5). 

Finally, for all k > 0, we have from Step 3 that 

\F^J k F k \>e\\F k f, 

which means 

\\a^\\\F^J k z k \>e\\F k \\ 2 . (11) 

Hence from Step 5, we have 



_ ~F k J k ot k F k Fp. J k F k > 0, 

F k J k z k = F k J k (-sgn k )a k F k = { ^ (12) 

F k J k a k F k F k J k F k < 0, 



1348 



Zhcnshcng Yu Jinhong Yu 7 

which implies that F^ 'JkZk < 0, hence by (11) and (8), we have 

F^J k z k < — ^-\\F k \\ 2 < —^Ha-^H 2 < - £ min( e ,l/<5)||z fc || 2 < -c 3 \7f (x k )\\ 2 , 
\\ a k II IK II 

where C3 = — emin(e, l/5)c^" > 0. 

By Lemma 2, the convergence theorem in [9], and similar to proof of Theorem 
3.4 [6], we can easily obtain the main convergence theorem as follows: 



Theorem 1. Under Assumption A, Algorithm 2.1 cither terminates at a finite 



iteration j where Fj = or \Fj JjFj\ < e\\Fj\\ 2 , or it generates a sequence {x k } 



such that 



lim \\F k \\ = 0. 

k— »oo 



3. NUMERICAL TESTS 

In this section, we implemented Algorithm 2.1 in Matlab 7.0. We compare 
the performance of the MSANE algorithm, on a set of large-scale test problems, 
with the SANE algorithm in [6]. 

The problems used in our tests are well-known large functions which chosen 
from [6], Table I lists the problems and the starting points xq- In both algorithms, 
we use parameters: 7 = 0.01, e = 10~ 5 , ci = 0.1, (72 = 0.9, ao = I ■> M = 5, 

1 if \\F k \\ > 1, 

ll^fell if 10- 5 < ||F fe || < 1, 
10- 5 if \\F k \\ < HT 5 . 

The numerical results are shown in Tables II and III. We report the problem 
number and the dimension of the problem (No(n)), the number of iterations 
(IT), the number of function evaluations (F), Time denotes the CPU time (in 
second) used when the iteration is stopped, ||.F(x*)|| denotes the final function 
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value. The numerical tests show that our algorithm works quiet well for those 
test problems, and the method is comparable with the method [6]. 

Table I: Tests problems 



Problem 



Name 



Start point 



1 


Exponential function 1 ( 


n/(n — 1), n/(n — 1 


,-•• ,n/{n-l)) T 


2 


Exponential function 2 


(n/n 2 , 1/n 2 , • 


■■A/n 2 ) T 


3 


Exponential function 3 


(l/4n 2 ,2/4n 2 , 


■ ■ ,n/4n 2 ) T 


4 


Extended Rosenbrock function 


(5,1,5,1,-- 


•,5,1) T 


■5 


Chandrasckhars H-cquation 


(!,!,••• 


,1) T 


6 


Logarithmic function 


(!,!,••• 


,1) T 


7 


Broyden Tridiagonal function 


(-1,-1," 


•,-l) T 


8 


Trigexp function 


(0,0,- • • 


,0) T 


9 


Function 15 


(-1,-1" 


•,-l) T 


10 


Strictly convex function 1 


(l/n,2/n, 


",1) T 


11 


Strictly convex function 2 


(1,1,-" 


,1) T 


12 


Function 18 


(0,0,- •• 


,0) T 
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Table II: Numerical Results for MSANE 



No(n) 


Iter 


F 


Time 


\\F(**)\\ 


No(n) 


Iter 


F 


Time 


ll^*)ll 


1(1000) 


8 


8 


1.000 


4.3258e-06 


7(500) 


35 


37 


2.899 


9.8167e-06 


1(5000) 


7 


7 


16.592 


5.0582e-06 


7(1000) 


42 


42 


12.716 


3.8522e-06 


1(10000) 


7 


7 





5.0582c-06 


7(2000) 


35 


39 


22.924 


7.6898e-06 












7(5000) 


32 


32 


112.384 


6.1711e-06 


2(200) 


3 


7 


0.074 


5.7747e-06 


8(100) 


19 


22 


0.420 


4.0179e-06 


2(500) 


2 


2 


0.321 


9.3255e-06 


8(500) 


21 


21 


1.952 


6.7657e-06 


2(1000) 


4 


6 


0.760 


1.9317c-07 


8(1000) 


17 


17 


3.867 


5.4889e-06 


2(2000) 


3 


59 


13.042 


7.2816e-06 


8(2000) 


13 


13 


8.064 


5.1012e-06 












8(5000) 


12 


12 


40.029 


9.9579e-06 


3(100) 


6 


6 


0.254 


5.1855e-06 


9(100) 


65 


83 


1.693 


5.7020e-06 


3(200) 


5 


5 


0.216 


9.1314e-06 


9(500) 


59 


73 


4.155 


6.7910e-06 


3(1000) 


3 


3 


0.528 


4.0507e-06 


9(1000) 


82 


106 


16.938 


5.8209e-06 


3(2000) 


3 


3 


2.055 


4.8157c-06 












3(5000) 


2 


2 


0.216 


6.8302e-06 












4(1000) 


14 


15 


4.396 


1.2990e-06 


10(1000) 


8 


8 


0.930 


9.1993e-07 


4(2000) 


11 


11 


0.254 


5.8340e-06 


10(5000) 


8 


8 


19.980 


2.0372e-06 


4(5000) 


9 


9 


47.328 


8.4091e-06 


10(10000) 


8 


8 


38.003 


2.5746e-06 


5(100) 


17 


18 


4.331 


2.8086e-06 


11(100) 


12 


43 


0.220 


4.3625c-06 


5(200) 


27 


27 


40.469 


3.7744e-06 


11(500) 


30 


605 


7.540 


4.5363e-09 


5(500) 


24 


36 


579.850 


5.2465e-06 


11(1000) 


48 


1207 


44.325 


1.6228e-10 


6(1000) 


6 


6 


1.402 


2.5837c-07 


12(99) 


6 


6 


0.211 


4.8803e-09 


6(2000) 


6 


6 


2.261 


3.5822c-07 


12(399) 


6 


6 


0.417 


1.4567e-08 


6(5000) 


6 


6 


12.823 


5.5970c-07 


12(999) 


6 


6 


1.320 


2.3049e-08 


6(10000) 


6 


6 


59.147 


7.8840e-07 


12(3999) 


6 


6 


13.176 


4.6116e-08 
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Table III: Numerical Results for SANE 



No(n) 


Iter 


F 


Time 


\\F(x*)\\ 


No(n) 


Iter 


F 


Time 


\\F(x*)\\ 


1(1000) 


14 


17 


1.438 


7.9822e-06 


7(500) 


23 


24 


0.962 


4.5644c-06 


1(5000) 


11 


13 


24.174 


3.6738e-06 


7(1000) 


23 


24 


2.395 


5.5515e-06 


1(10000) 


9 


12 


81.503 


8.7411c-06 


7(2000) 


25 


25 


9.389 


4.5721c-06 












7(5000) 


26 


26 


53.275 


6.1626e-06 


2(200) 


22 


33 


0.537 


6.1833e-06 


8(100) 


10 


13 


0.383 


5.5431c-06 


2(500) 


22 


32 


0.914 


9.7121c-06 


8(500) 


9 


12 


0.710 


3.3164e-06 


2(1000) 


14 


23 


1.767 


9.2286e-06 


8(1000) 


8 


11 


1.501 


8.1520c-06 


2(2000) 


13 


23 


5.802 


8.2819e-06 


8(2000) 


8 


11 


3.639 


4.0945e-06 












8(5000) 


7 


10 


18.773 


9.6326e-06 


3(100) 


6 


6 


0.373 


5.1554e-06 


9(100) 


48 


62 


1.047 


3.0012e-06 


3(200) 


5 


5 


0.453 


6.5307c-06 


9(500) 


49 


59 


2.765 


9.5874e-06 


3(1000) 


3 


3 


0.993 


9.6314e-06 


9(1000) 


41 


48 


5.856 


4.1449e-06 


3(2000) 


3 


3 


1.163 


4.8157e-06 












3(5000) 


2 


2 


4.724 


4.4575e-06 












4(1000) 


25 


44 


4.888 


6.8517c-06 


10(1000) 


9 


9 


1.060 





4(2000) 


52 


109 


18.007 


1.039c-06 


10(5000) 


9 


9 


20.360 





4(5000) 


11 


13 


26.001 


1.0407e-06 


10(10000) 


9 


9 


90.440 





5(100) 


8 


8 


2.088 


1.1053e-06 


11(100) 


76 


128 


1.575 


9.4372e-06 


5(200) 


8 


8 


12.795 


1.5671c-06 


11(500) 


1149 


5161 


84.610 


9.9310e-06 


5(500) 


8 


8 


148.729 


2.4796e-06 


11(1000) 


2378 


13122 


582.349 


9.9813c-6 


6(1000) 


6 


6 


0.697 


2.5837e-07 


12(99) 


5 


6 


0.180 


7.2559e-09 


6(2000) 


6 


6 


2.643 


3.5822c-07 


12(399) 


5 


6 


0.280 


1.4567c-08 


6(5000) 


6 


6 


20.510 


5.5970c-07 


12(999) 


5 


6 


0.836 


2.3049e-08 


6(10000) 


6 


7 


41.657 


7.8840e-07 


12(3999) 


5 


6 


10.820 


4.6116e-08 
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4. CONCLUSION 

In this paper, we extend the multivariate spectral approach to the nonlinear 
equations problems, compared with the classical spectral approach, our method 
allows an individual adaptive stepsize along each coordinate direction. The 
numerical tests for a set of large scale problems shows that our algorithm works 
quiet well. How to improve the algorithm to obtain the local linear convergence 
rate deserves further study, we leave it as the future work. 
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